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ABSTRACT. In this article we prove a general theorem which establishes the existence of limiting
distributions for a wide class of error terms from prime number theory. As a corollary to our main
theorem, we deduce previous results of Wintner (1935), Rubinstein and Sarnak (1994), and of Ng
(2004). In addition, we establish limiting distribution results for the error term in the prime number
theorem for an automorphic L-function, weighted sums of the Mobius function, weighted sums of
the Liouville function, the sum of the Mdbius function in an arithmetic progression, and the error
term in Chebotarev’s density theorem.

1. INTRODUCTION

In recent years, limiting distributions have played a prominent role in many problems in analytic
number theory. Indeed it is convenient to study number theoretic questions from a probabilistic
point of view. Limiting distributions have been a useful tool in problems concerning summa-
tory functions [18], [35], prime number races [37], [9], [26], and the distribution of values of
L-functions [19], [16], [25]. In this article, we shall investigate the limiting distributions associ-
ated to some of the classical error terms that occur in prime number theory. In 1935, Wintner [41]
proved, assuming the Riemann hypothesis (RH), that the function

e V2 (Y(e¥) — ev) (1.1)

possesses a limiting distribution, where ¢ (x) = me <, log p. By his method, one may show that
on RH -

ye V2 (m(e¥) — Li(e?)) (1.2)

possesses a limiting distribution, where 7(z) = #{p < z | pis a prime} and Li(z) = [ 15%' Over
the years, other researchers have investigated similar questions for related error terms. Let ¢ > 2
and ay, ..., a, be reduced residues modulo ¢g. Define 7(z; ¢, a) to be the number of primes less
than or equal to « which are congruent to ¢ modulo g. In 1994, Rubinstein and Sarnak [37] proved,
assuming the generalized Riemann hypothesis for Dirichlet L-functions, that the vector-valued

function
ye 2 (p(q)m (e g, 1) — w(e), .. p(g)m(e’s ¢, ar) — m(e¥)) (1.3)

possesses a limiting distribution. These distributions were employed to give a conditional solution
to an old problem known as the Shanks-Rényi prime number race game. In 2004, Ng [35] studied
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the sum of the Mobius function. This arithmetic function is defined by

1 ifn=1,
u(n) =< 0 if n is not squarefree,
(=1)* if n is squarefree and n = p; ... py,

and its summatory function is M (z) = >~ pu(n). He showed that

e Y2 M(eY) (1.4)
possesses a limiting distribution assuming the Riemann hypothesis and the conjectural bound
> K<, (1.5)
0<[S(p)I<T

where ((s) is the Riemann zeta function and p ranges through its non-trivial zeros p = % + 1.
The common element in the proofs of the existence of a limiting distribution of (1.1), (1.2), (1.3),
and (1.4) is an “explicit formula” for each of these functions. For instance, the truncated explicit
formula for ¢ (z) is

B xP zlog?(2X)
P(r) =z — <§O ?%—O(T—i—logx ,
p:

IS(p)[<X

valid for x > 2 and X > 1 (see [7, Chapter 17]). On the Riemann hypothesis, it follows that

i 1002 Y

1. p
p=75+uy
0<y<X

Based on this formula Wintner deduced that (1.1) possesses a limiting distribution. In this article,
we shall prove a general limiting distribution theorem for functions ¢(y), possessing an explicit for-
mula of a particular shape which is modelled on (1.6). Our theorem will include the above results
as special cases and we will provide some new examples of functions with limiting distributions.

We now recall the definition of a limiting distribution for a vector-valued function ¢ 0,00) —
Rf, where ¢ € N.

Definition 1.1. We say that a function ¢ : [0,00) — R has a limiting distribution ji on R if 1 is
a probability measure on R and

i [ (6 dy = [ s

Y —oo
for all bounded continuous real functions f on R¥.

We next describe the functions considered in this article. Let ¢ : [0,00) — R and let y, be a non-
negative constant such that ¢ is square-integrable on [0, yo|. We shall assume there exists (A, )nen, @
non-decreasing sequence of positive numbers which tends to infinity, (r,,),cn, a complex sequence,
and c a real constant such that for y > yg

oy) =c+ 3?( Z rneM"y> +E(y, X), (1.7)

An<X
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Y
lim l/ 1E(y, e¥)|*dy = 0. (1.8)
Yo
There shall be various conditions imposed on the coefficients 7, and the exponents \,,.
Our approach in proving the limiting distribution of ¢(y) is to show that ¢(y) is a B?-almost
periodic function. We say that the real function ¢(y) is a B?-almost periodic function if for any
€ > 0 there exists a real-valued trigonometric polynomial

N(e)

Prio(y) =Y ra(e)e?
n=1

such that
Y

, 1
limsup o [ |6(y) — Pno(y)|*dy < €.
Y —oo Y 0

Our main result is the following.

Theorem 1.2. Let ¢ : [0,00) — R satisfy (1.7) and (1.8). Let v, f > 0, and vy > 0. Assume either
of the following conditions:
(a) 3> 1/2and

Yool < (log 7 (1.9)

T8
T<A\n<T+1

forT > Q.
(b) B <min{1,a}, o* + a/2 < >+ (3, and

Z ] < (T — S)Sﬂ(logT)7

(1.10)
S<An<T

forT > S > 0.

Then ¢(y) is a B*-almost periodic function and therefore possesses a limiting distribution.

In Theorem 1.2, we prove that the conditions on ¢ imply that it is a B2-almost periodic function.
However, as it is known that B2-almost periodic functions possess limiting distributions (see [42,
Theorem 8.3] and Theorem 2.9 in this article), we also obtain that ¢ possesses a limiting distribu-
tion. It would be interesting to determine the weakest conditions on the coefficients (r,),cn and
the exponents (), ),en which imply that ¢ is B2-almost periodic.

Note that in part (b), the conditions 3 < « and o + /2 < (3 + (3 are equivalent to

/ 11
fa<\[BP+0+-7 (1.11)

The next corollary provides simpler criteria for which ¢ possesses a limiting distribution.

Corollary 1.3. Let ¢ : [0,00) — R satisfy (1.7) and (1.8). Assume either of the following condi-
tions:

(a) rn < N\, P for B > % and
> 1<logT. (1.12)

T<An<T+1
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(b)0 <6 <3—+/3 (1.12), and
> Nr)? < T (1.13)
A <T

Then ¢(y) is a B*-almost periodic function and therefore possesses a limiting distribution.

Part (a) of this corollary is useful to apply when the 7,,’s satisfy the nice bound r, < A"
where 5 > 1/2. On the other hand, if the 7,,’s oscillate significantly, then by part (b) of the above
corollary it suffices to have a modest bound for the second moment of \,|r,|. Indeed, there exist

sequences which satisfy the conditions of (b), but not (a). For instance, let r,, = A, 1 2, where
(An)nen satisfies (1.12) and 30, _, 1 < T%for1 < <3 — /3.

The existence of limiting distributions for (1.1) and (1.3) may be deduced from part (a). If we
assume RH and the bound .

() <ol (1.14)
then part (a) implies that (1.4) possesses a limiting distribution. It has been conjectured by Gonek
[15] that |¢'(p)|~" < |p|3=. However, there currently is not a lot of evidence in support of this
bound. On the other hand, if we assume RH and the bound (1.5), then part (b) implies that (1.4)
possesses a limiting distribution. Currently, there is significantly more evidence supporting the
truth of (1.5), including the work of [14], [19], [21], and [29].

More generally, we prove a version of Theorem 1.2 for vector-valued functions whose compo-

nents are of the type ¢(y). For instance, let b [0,00) — R’ be given by

6(y) = (1(y), - &), (1.15)
where each ¢ (y) is of the shape (1.7). Then we have the following.

Theorem 1.4. Suppose that the conditions of Theorem 1.2 or Corollary 1.3 hold for each ¢y (y)
for 1 < k < (. Then ¢(y) possesses a limiting distribution.

This theorem contains as special cases the results of Wintner, Rubinstein and Sarnak, and Ng. That
is, the functions in equations (1.1), (1.2), (1.3), and (1.4) possess limiting distributions.

We also provide several new examples of functions which have limiting distributions. These
functions are now described.

Let 7 be an irreducible unitary cuspidal automorphic representation of GL4(Ag), and let L(s, 7)
be the automorphic L-function attached to 7. We have

™) = H Ly(s,mp),

p<oo

o) =T (1 222

J=1

for %(s) > 1. The completed L-function (s, ) is defined by
D (s,7m) = Loo(S, o) L(s, ),

where the Archimedean local factor is

where

0o (8, Too) HFR s+ i (j
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and I'y(s) = 77°/2'(s/2) where I is the classical gamma function. For 1 < j < d, the complex
numbers o (p,j) and u,(j) are called the local parameters. 1t is known that (s, 7) is entire
(except in the case L(s,m) = ((s — irp) for 7y € R, which in this case ®(s,7) has two simple
poles) and satisfies the functional equation

O(s,m) = €e(s,m)P(1 — s,7),

with
(s, m) = ,QY*3,
where (), > 1 is an integer called the conductor of 7, €, is the root number satisfying |e,| = 1,
and 7 is the representation contragredient to 7. It is expected that all non-trivial zeros of L(s, )
are located on the line R(s) = 1/2 and this is known as the generalized Riemann hypothesis for
L(s, ).
We now consider prime counting functions associated to L(s, 7). Let

d
ax(p") = ax(p.j)F, (1.16)
j=1

and define
W(w,m) =Y An)ax(n),
n<x
where A(n) is the classical von Mangoldt function. We have, for R(s) > 1,
) _ 5= Aln)as(n)
L(s,7) p— ns

The prime number theorem for L(s, 7) (see [28, Theorem 2.3]) is the assertion that

(e, 7) = 8(2,7) + Ofa exp(—cy/log 2))
for some positive constant ¢, where

1+iTg . -
L if L(s,m) = ((s — i)
0 — 1447 1 ) )
() { 0 otherwise.
From Corollary 1.3(a) we are able to deduce that a scaled version of the above error term possesses

a limiting distribution.

Corollary 1.5. Under the assumption of the generalized Riemann hypothesis for L(s, ) the func-
tion
Ex(y, ) = e ((e¥, ) — 3(eV, )

has a limiting distribution.

Note that Wintner’s theorem (1.1) is a special case of the above corollary. In addition, for a
modular newform f of weight k£ and level N, we conclude, under the assumption of the generalized
Riemann hypothesis, that e7%/2¢)(e¥, f) has a limiting distribution.

We now introduce several other functions that possess limiting distributions. These functions are

related to certain negative moments of the derivative of an L-function evaluated at its zeros. The
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first case to consider is the Riemann zeta function. Gonek [14] and Hejhal [19] studied J_{(T") =
> 0<<1 [¢'(p)|~* and Gonek conjectured that

3

J_l(T> ~ FT

Assuming the Riemann hypothesis and all zeros of () are simple, Milinovich and Ng [29] proved

that J_{(T) > (525 — €)T for every ¢ > 0 and T sufficiently large. In our work, we make the

weaker assumption
J_1(T) < T? with1 < 0 < 3 — /3. (1.17)

Currently, assuming the Riemann hypothesis and the simplicity of zeros of {(s), no upper bounds
are known for J_; (7). However, the weak Mertens conjecture, the assumption that

[ (MY e <10 x

Xz

implies |('(p)| ™! < |p| and thus J_1(T) < T3¢ (see [40, p. 377, eq. (14.29.4))).
We also require a version of (1.17) for Dirichlet L-functions L(s, x). We assume there exists a
positive 6 such that

S Y (e x) TP, T where 1 < 6 < 3— /3, (1.18)
x mod g 0<[S(py ) |<T
L(px,x)=0

It seems plausible that such a bound holds and it is natural to conjecture there is a positive constant

C, such that
Y e~ G

x mod q 0<|S(py ) |<T
L(px:x)=0
In fact, we can prove that this sum is greater than a positive constant times 7', assuming that all
zeros of the L(s, x) are simple and lie on the critical line. Finally, observe that (1.17) implies that
all zeros of ((s) are simple and (1.18) implies that all nonreal zeros of the L(s, x) are simple. We
make use of these facts in our applications.
We shall introduce several other summatory functions. For « € [0, 1] and x > 0, we set

M, () = pn)
n<x ne
Over the years, there has been significant interest in these functions. For instance, Landau showed
in his Ph.D. thesis that M, (x) converges to 0. In 1897 Mertens conjectured that My(x) = M (x)
is bounded in absolute value by /z. This conjecture implies the Riemann hypothesis. Many
researchers studied the size of My(x). Finally, in 1985, Odlyzko and te Riele [36] showed that
Mertens’ conjecture is false. On the Riemann hypothesis, it is known that M (z) < z2+e for
any ¢ > 0. Hence, by partial summation, it follows that M, (z) converges to ((a)~! for a > %
Consequently, we observe that the behaviour of M, (x) changes at & = 1/2 and thus define

e¥(=1/2+a) pp () if 0<a<1/2
oy(—1/2+a) (Ma(ey) _ @) if 1/2<a<l.
6
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We now consider weighted sums of the Liouville function. The Liouville function is given by
A(n) = (=1)%M™ where (n) is the total number of prime factors of n. We set

n<zx

Pélya and Turan studied Lo(x) = L(z) and Ly (x), respectively. Early numerical calculations sug-
gested that the inequalities Lo(x) < 0 and L, (x) > 0 hold for all x > 2. In 1958, Haselgrove [17]
showed that Ly(z) and L, (z) change sign infinitely often. Tanaka [39] showed that the first value
of n for which Ly(n) > 0 is 906,105,257. Borwein, Ferguson, and Mossinghoff [4] determined
that the smallest value of n for which L;(n) < 0is 72,185,376,951,205. It would be interesting to
know how often L, () is positive or negative. In order to study such questions we define the error
terms
eV(Z1/2H) [, (eY) if  0<a<1/2,
Es(y,a) = ey(=1/2+a) (La(6y> - m) if a=1/2, (1.20)
ey(=1/2+a) (La(ey) _ CC((2§))) if 1/2 <a<l.

In [35] it was mentioned that F3(y, 0) possesses a limiting distribution under the same hypotheses
for which e~¥/2M (e¥) possesses a limiting distribution. Recently, Humphries [22] studied these
functions in the range o € [0,1/2) and showed that, for these «, the Riemann hypothesis and
J_1(T) < T imply that E3(y, ) possesses a limiting distribution.

Our next example concerns the Mdbius function in arithmetic progressions. For ¢ > 2 and
(a,q) =1, let

M(zga)= Y pln).

n<x
n=a (mod q)

This is a variant of M (x) with the extra condition n = a (mod ¢) inserted. Sums like M (z;q, a)
reflect the behaviour of primes in arithmetic progressions. In fact, many theorems which can be

established for
T
Aln) — —
2 AMm-gn

n<x
n=a (mod q)

have corresponding analogues for M (z; ¢, a). For a fixed integer ¢ > 2, we define
Ey(y:q,a) = e M(e";q, a). (1.21)

The next corollary establishes the existence of limiting distributions for Fs(y, ), F3(y, a), and
Ei(y:q.a).

Corollary 1.6. Let a € [0,1], ¢ > 2, and (a, q) = 1.

(i) If RH is true and (1.17) holds, then Fs(y, ) possesses a limiting distribution.

(ii) If RH is true and (1.17) holds, then E3(y, ) possesses a limiting distribution.

(iii) If the generalized Riemann hypothesis is true for all Dirichlet L-functions modulo q and (1.18)
holds, then E4(y; q, a) possesses a limiting distribution.

Part (i) improves and generalizes the main result of [35]. Similarly, part (ii) improves and
generalizes the limiting distribution result of [22]. In [35] and [22] the bound J (T) < T is

employed, whereas we use the weaker bound (1.17). It it possible that parts (i) and (ii) may be
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extended to hold for all & € R. In addition, assuming the same conditions as in part (iii), we can
show that for ¢ > 2 and (a, ¢) = 1 that e=%/2L(e¥; ¢, a) possesses a limiting distribution where

L(z;g,a)= > An).
n<x
n=a (mod q)
Our final example of error terms which possess limiting distributions is related to number fields.
Let K /k be a normal extension of number fields with Galois group G = Gal(K/k). Denote by O,
and O the corresponding rings of integers of k£ and K. We define several counting functions. Let

m(x) = Z 1

Np<lz

where Np denotes the norm of the prime ideal p C O, and for a conjugacy class C' of G

Wc(l’) = Z 1

Np<lz

op=C
where o, is the Frobenius conjugacy class associated to p. Associated to r distinct conjugacy
classes (', ..., C, in GG, we define

= |Gl |G

Es(y) = ye Y2 (chl(ey) —m(eY), ..., mwcr(ey) — ﬂk(ey)) )

In order to study Es (y), we require information regarding the zeros of Artin L-functions associated
to the extension K /k. Let p be a representation of G in GL,,(C) with character y = tr(p). The
principal character Y, is the character attached to the trivial representation po = 1. For each
character x of GG, we associate the Artin L-function L(s, x, K/k). It is known that L(s, x, K/k)
is a meromorphic function on the complex plane. Moreover, there is the following fundamental
conjecture.

Conjecture 1.7 (Artin’s Holomorphy Conjecture). If x is non-trivial then L(s, x, K/k) is entire.

Also it is conjectured that an analogue of the Riemann hypothesis holds for Artin L-functions.
For further information regarding Artin L-functions see [5, pp. 218-225] .

In his Ph.D. thesis [34], the second author showed that 55(y) possesses a limiting distribution.
This can be deduced as a corollary of Theorem 1.4.

Corollary 1.8. Under the assumptions of the generalized Riemann hypothesis and Artin’s holo-
morphy conjecture for L(s,x, K/k), where x ranges through the irreducible characters of G,

Es(y) possesses a limiting distribution.

This result contains as special cases the fact that (1.2) and (1.3) possess limiting distributions.
The above corollaries are just a few applications of Theorems 1.2 and 1.4 and there are other
interesting examples. For instance, Fiorilli [10] applies our theorems in his work on highly biased
prime number races and also in his work [11] on prime number races associated to elliptic curves.
Our next theorem states that under an additional assumption on the exponent set (\,),en the
Fourier transform of the limiting distribution of Theorem 1.4 can be explicitly calculated. In order

to explain our result we require some notation.
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For 1 < k </, let the component function ¢ () of (1.15) be defined by

or(x) = ¢ + 3?( Z rk,nei)‘kvny> + &y, X)),

)‘k,nSX

where ¢, € R, (Arn)neny C RT is an increasing sequence, (ry.)nen C C, and E(y, X) satisfies
(1.8). Note that the collection of (A, )nen for 1 < k < £ is a multiset. We now consider the set

US_, U, { Ak} and reorder its elements to construct the increasing sequence (A, )men. Also, we
define

|} ren i Ay, = A, for somen € N,
k(M) = { 0 otherwise.

With this notation in hand, we now provide a formula for the Fourier transform of the limiting
distribution of ¢(y).

—

Theorem 1.9. Assume that p is the limiting distribution associated to ¢(y) as given in Theorem
1.4. Suppose that the set {\,, } men is linearly independent over Q. Then the Fourier transform

—

~ iS¢ .
) = / - R Shdp(ty, .. 1)
R

of u at 5: (&1,...,&) € R exists and is equal to

—

(€) = exp (= iX p_ i) % H Jo (|32 mars ()&

):

where Jy(z) is the Bessel function

1
JO (Z) _ / e—iz COS(?ﬂt)dt.
0

The above theorem is a useful tool in studying arithmetic applications of our limiting distribution
theorems. We now discuss an application. For ¢ > 2 and ay, ..., a,, r distinct reduced residue
classes mod ¢, consider the set

Sgarar = 12> 0| M(2;q,a1) > M(v;q,a2) > --- > M(z;q,a,)}.

In analogy to the Shanks-Rényi prime number race, we ask whether this set contains infinitely
many natural numbers and if it possesses a density. In this situation it is convenient to consider
logarithmic density.

Definition 1.10. For P C [0, c0), set

_ 1 dt
d(P) = limsup
X—oo lOg X tePN[2,X] t

and

d(P) = lim inf dt

X—oo log X' Jieprp2,x) t

If 6(P) = 6(P) = 6(P), we say that the logarithmic density of P is §(P).
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In order to study Sy, ... 4., We consider
EG(y) = eiy/Q (M(eya q, al)a ey M<€y; q, ar)) .

Theorem 1.4 implies Eg(y) has a limiting distribution jig.q, . ., assuming the generalized Riemann
hypothesis for Dirichlet L-functions modulo ¢ and (1.18). If it were known that ji4.q, 4, 1S an
absolutely continuous measure, then it would follow that

0(Sqar.a) =u({x €R" |2y > 29 > -+ > 2, }). (1.22)

In order to show that p.,,, . 4. 1s absolutely continuous, we require further information on the
imaginary parts of zeros of Dirichlet L-functions. We now recall a folklore conjecture concerning
the diophantine nature of the imaginary parts.

Conjecture 1.11 (Linear Independence Conjecture). The multiset of the nonnegative imaginary
parts of the nontrivial zeros of Dirichlet L-functions corresponding to primitive characters is lin-
early independent over the rationals.

With this conjecture in hand, it follows from Formula (4.23) and Theorem 1.9 that

fgar o (s &) = ] HJo(z‘ZjZIX(aj)gj‘). (1.23)

2(0)| oL (px> X)|

x mod q x>0

Following the arguments in [8, Lemma 2.1] and [22, Lemma 6.4] we can deduce from (1.23)
that fi4.q, .4, possesses a density function and is absolutely continuous. Thus on the generalized
Riemann hypothesis, Conjecture 1.11, and (1.18) it follows from (1.22) that §(S,.4,... 4,.) exists.
We can also employ (1.23) to investigate symmetries of the density function of fig.4,, . 4.. The
proof of Proposition 3.1 of [37] yields the following.

Proposition 1.12. Assume the generalized Riemann hypothesis, (1.18), and the linear indepen-
dence conjecture. Then the density function of i,.q, .. 4, is symmetric in (t1,...,t;) if and only if
either r = 2 or r = 3 and there is p # 1 such that p> = 1, ay = a,p, and as = a,p?* (modulo q).

As a consequence of the symmetry of the density function of /i, ... 4, We obtain the next corol-
lary.

Corollary 1.13. Assume the conditions of Proposition 1.12. If either r = 2 or r = 3 and there is
p # 1 such that p* = 1, ay = a,p, and az = a,p* (modulo q), then

5({x>0 | M(z;q,a1) > M(z;q,as) > - >M(m;q,ar)}) :l.

rl

In particular, if a; and a5 are distinct residues modulo ¢,
1
0({z > 0] M(x;q,a1) > M(w;q,a2)}) = 6({z > 0| M(w;q,a0) > M(w59,m)}) = 5.

This shows that the race between the summatory functions of the Mobius function on two arith-
metic progressions is unbiased.

Our general limiting distribution theorems can be used in proposing and studying many new
arithmetic problems. For example, let

Brly) = (v (a(e) = Li(e?)), e M ().



Then Corollaries 1.8 and 1.6(i) imply that if the Riemann hypothesis and (1.17) hold, then E7(y)
possesses a limiting distribution. If in addition, the linear independence conjecture for the zeros of
1 M
L (r(z) - Li(z)) > (z) }

((s) is true, then
{x >0 NG NG

possesses a logarithmic density. It would be interesting to determine the value of this logarithmic
density. However, this requires further analysis of the constructed distribution.

As mentioned before, our strategy in the proof of our general limiting distribution theorem will
be to prove that ¢(y) is a B*-almost periodic function. Since Besicovitch [1, Section 2] proved
that B2-almost periodic functions satisfy a Parseval type identity, we deduce the following result.

Theorem 1.14. Suppose that the function ¢(y) of (1.7) satisfies the conditions of Theorem 1.2 or
Corollary 1.3. Then we have

lim —/ o(y)2dy =+ 1 ZW? (1.24)

Y—oo Y

In fact, it is possible to show following an argument of Fiorilli [10, Lemmas 2.4, 2.5] that

Y
Jim o / oly)dy — / £du(t)

where 1 is the limiting distribution associated to ¢. A similar argument would also establish that

lim —/ o(y dy—/td,u() (1.25)

Y=o Y

Observe that (1.24) provides a formula for ¢ + Var(u), where Var(u) is the variance of p, and
(1.25) shows that the expected value of p is E(u) =

As a corollary, we deduce Cramer’s result [6] and its analogues for the error term of an auto-
morphic L-function, e ¥/2M (e¥), and e¥/2L(eY).

Corollary 1.15. (i) Let L(s, ) be an automorphic L-function. If the generalized Riemann hypoth-
esis is true for L(s, ), then

1 [ (e, m) —d(e¥, ) 2 2m

lim — ’ ’ dy = 4 (ord,_1 5 L(s, )% + E .

yl /0 ( e Y (or =1/2 (S, )) ~ le 72 )
L(1/2+i,m)=0

where m., denotes the multiplicity of the zero 1/2 + iry.
(ii) If the Riemann hypothesis is true and (1.17) holds, then

1Y M(eY) 2 B 2
ylgrio?/o (eyﬂ)dy_ 2 1pC' (p)[*

v>0
((3+im)=0

(iii) If the Riemann hypothesis is true and (1.17) holds, then

g o [ (MDY -

2

’p(’

>0
¢(3+iv)=0

11



Note that Theorem 1.15 (ii) improves Theorem 3 of [35] where the stronger condition J_;(T") <
T’ 1s assumed.

The rest of this article is organized as follows. In Section 2 we review background material on
BP-almost periodic functions and show that almost periodic functions possess limiting distribu-
tions. In Section 3, we prove Theorem 1.2 and Corollary 1.3. In Section 4, we deduce Corollaries
1.5, 1.6, and 1.8. In Section 5, we prove Theorem 1.9. Finally, we mention some notation used
throughout this article. We write f(z) = O(g(z)) or f(z) < g(x) to mean there exists M > 0
such that |f(x)| < M|g(x)| for all sufficiently large .

2. BP-ALMOST PERIODIC FUNCTIONS AND LIMITING DISTRIBUTIONS

The main goal in this section is to provide the necessary background on BP-almost periodic func-
tions needed in the proof of Theorem 1.4. It has been known since the 1930’s that any B”-almost
periodic function ¢! possess limiting distributions. Such a result is mentioned in [24, Theorems
25 and 27] and proven in [42, Theorem 8.3]. However, the authors were unable to find a refereed
publication from the 1930’s which proves this result. The earliest journal publication we are aware
of is [3], though it only proves the result for ¢ = 1. In order to keep our article self-contained, we
provide a proof in the general case of a vector-valued function.

We review some facts from the theory of almost periodic functions. Let L ([0, 00)) be the set

of locally p-integrable functions on [0, 00). For p > 1 and ¢ € L} ([0, 00)), define
Y

o(w)Pdy) "

Denote by .7 the class of all real-valued trigonometric polynomials

1
ol Br = <lim sup v

Y —oo 0

N
Py(y) =) me™? (y€R),
n=1

where r,, € C and \,, € R. The BP-closure of .7, denoted H p» (), is the set of functions ¢ € Z
that satisfy the following property:
For any ¢ > 0 there is a function f.(y) € . such that

lo(y) — fe(W)llsr <e
Definition 2.1. Any ¢ € U,>1Hpr(.7) is called an almost periodic function. If ¢ € Hp»(7) we
say that ¢ is a BP-almost periodic function.

For ¢ € Hpr(.7) and given € > 0 there exists

N(e)
Py (y) =) ra(e)e* 2.1)
n=1

in .7 such that
16(y) = Priey()llsr < e
It is an important fact of the theory of almost periodic functions that in (2.1), A, () can be taken
only from a set A(¢) = {\, | n € N} and the corresponding values for r,, are given by
1 [r \
— lim — —iAny
ra=Jim g | oly)e Yy

'n this section ¢ denotes a Lebesgue integrable function.
12



(see [3)]).

Definition 2.2. A vector-valued function gg . [0,00) — RY, 5 = (¢1,...,¢0), is called almost
periodic, if there is a p > 1 such that each component function ¢, (1 < k£ < /) belongs to
Hpr (7). Moreover ¢ is called BP-almost periodic if each ¢, (1 < k < ¢) is BP-almost periodic.

It is known that Hp» (7)) C Hp(7) if 1 < g < p (see [3, p. 476]). So a vector-valued function
is almost periodic if and only if each of its component functions is almost periodic.

The following lemma states a version of the Kronecker-Weyl equidistribution theorem.

Lemma 2.3. Lettq, ..., ty be arbitrary real numbers. Suppose that A is the topological closure of
{y(ts,...,tn) | y € R} JZV in the torus T. Let g : RY — R be a continuous function of period
1 in each of its variables. Then we have

1 (Y
lim — t1, ..., yty)dy = d
Yggoy/o 9(yty, - ytn)dy /Ag(a) w
where w is the normalized Haar measure on A.

Proof. This may be deduced from the Kronecker-Weyl theorem (see [20, pp. 1-16]), and is also a
special case of Ratner’s theorem on unipotent flows (see [33]). U

Next we prove that every vector-valued function whose components are real-valued trigonometric
polynomials has a limiting distribution.

Proposition 2.4. For 1 < k < {, let (\.,) %, be a real sequence and (ry, )%, be a complex

sequence. Set
N

Pi(y) = ZTk,nGM’“"y (y € R).

n=1

If Pe(y) € Rforall y € R, then
P(y) = (Pi(y), ... Puly))

has a limiting distribution.

Proof. We consider the set U%_, U,]lvil {A\k.n} and write its elements in increasing order as the
sequence (A\,,)¥_,. For 1 < k </, we set

Tk(Am) = Z Tk:,n-

1<n<Nj
Ak,n:Am

Let f : R® — R be a bounded continuous function. Suppose that X : TV — Rfandg: TV — R
are defined by

N N
X(01,...,0n) = ( Z 1 (A )20 Z T’g()\m)€2ﬂi0m>

m=1 m=1

and g(6y,...,0n) = f(X(Ol,...,GN)). By applying Lemma 2.3 with t; = ;—;r, oty = é—g, we
have

1 /Y
lim—/ g(La . 1y dy:/g(a)dw,
YooY 0 (271' 1327r) A



where A is the closure of {y(3%,...,3%) | y € R}/Z" in TV and w is the normalized Haar

270 2m

measure on A. Define a probability measure py on R’ by pn(B) = w(X(B) N A), where B is
any Borel set in R. By the change of variable formula [2, Theorem 16.12],

/ gla)dw = [ fdun (2.2)
A R¢
and thus

Y
i /0 F(Py)dy = /R fuy,

Y —oo

for all bounded continuous real-valued functions f on R, Therefore, P (y) has a limiting distribu-
tion. U

Our next goal is to show that every almost periodic function possesses a limiting distribution.
This requires several concepts from probability.

Definition 2.5. Let (1, ).cn be a sequence of finite measures on a measurable space X. We say
that (1, converges weakly to (i if for every bounded real-valued continuous function f we have

/ Fpy — / fdu 23)
X X

In fact, it is well known that (2.3) only needs to be verified for Lipschitz functions.

as n — oQ.

Lemma 2.6 (Portmanteau). p,, converges weakly to y if and only if

/X Fpn — /X Fd

for any bounded Lipschitz function f on X.
Proof. See [30, Theorem 3.5]. O
Next we define the tightness of a sequence of probability measures.

Definition 2.7. A sequence (/i,,)nen Of probability measures on R is tight if for any € > 0 there

is A. > 0 such that f‘prE du, < ¢, foralln € N.
The following lemma illustrates the importance of a tight sequence of measures.

Lemma 2.8 (Helly’s Selection Theorem). Let (ii,)nen be a sequence of probability measures on
R’. Then (i, )nen is tight if and only if for every subsequence (Wi, )jen there is a further subse-
quence (,unjk )ren and a probability measure i such that [in;, converges weakly to .

Proof. See [2, Theorems 25.8 and 25.10]. [
We are ready to prove the main result of this section.

Theorem 2.9. Every almost periodic function possesses a limiting distribution.

Proof. Consider an almost periodic function qg : [0,00) — R% For Y > 1, let
1 -
vy (B) = smeas([0, Y] 0 ()7 (B)

for any Borel set B in RY, where meas(+) is the Lebesgue measure on R.
14



Note that, by Definition 2.5, gg(y) has a limiting distribution if and only if there exists a prob-
ability measure p such that the sequence (vy )yen converges weakly to . By Lemma 2.6 this is
equivalent to

deY - fdlua
R¢ R¢

as Y — oo, for any bounded Lipschitz function f : R — R.

Now let ¢(y) = (61(y), - .- de(y)) such that ¢y, (y) belongs to Hp1 () for 1 < k < {. (Recall
that Hpr(.7) C Hp:(7) for any p > 1.) Then for each component ¢ (y) and for M € N, there
exists Ni(M) € N and sequences (75,,)>%, and (A, ) %, such that

Ny (M) 1
lim sup — ‘ Pen€ ¥ | dy < —. 2.4
Hop or(y Z b y <7 (24)
By Proposition 2.4,
B N1 (M) ‘ N (M) ‘
Py (y) = ( Z Tl,nezykl,n’ o Z W’nezyke,n) (2.5)
n=1 n=1
has a limiting distribution ji,, i.e.
R S
Jin o [ Putw)dy = [ f@duan(o) = (1),
- 0 R¢

for all bounded continuous functions f : R® — R. From now on for a probability measure v on R
and a function g, we shall make use of the notation

o) = | gayivia)
R¢
Let f : R® — R be a bounded Lipschitz function which satisfies
() = F(W)l < crle =y
for all z, y € R® where c; is the Lipschitz constant. Then we have

/ <1<1’}@<»d+ﬁ/ﬂ&>—ﬁ<w 2.6
yY MyyYOyMyy .

—/ @>_/ }M @——/ M@ 2.7)

forany Y > 0 and M € N. Moreover,

Y- :
7 [ 18w - Puty \dy<§: 2 [ ot - PERE
0

If we apply the latter inequality in (2.6) and (2.7) and take lim sup and lim inf as Y — oo, respec-
tively, by employing (2.4) we obtain
Y Y

—

() — Leg/M < timind < [ §()dy < Timsup > [ F(60)dy < () + e /M.
D e (2.8)

and

15
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These inequalities imply that L(f) := limy % fOY f (gzﬁ(y))dy exists. Moreover, (2.8) implies
that

Jim v () = T guas(f) = L() (2.9)

exists for every bounded Lipschitz function f : R® — R.
We next show that (vy )yey is tight, i.e. for any € > 0, there is A. > 0 such that

/ dvy < €
|x|>Ae

forall Y € N. Let ¢ > 0 be given. We choose a natural number M such that {/M < e. By (2.4)

and (2.5), there exists a vector function ﬁM(y) with trigonometric polynomials as its components
such that

[6(y) — Par(y)l < ¢/M <, (2.10)
where |.| denote the Euclidean norm in R*. Let
Az = sup |Py(y)l + 1.
y€[0,00]

Now by employing (2.10) we have

1 - Y- -
/ dvy = Smeas{0 <y < Y, |6(y)] > A} < © / 18(y) — Puly)ldy < e.
x> A Y Y Jo

Hence (vy)yen is tight, as we stated. Thus, by Lemma 2.8, there is a subsequence (vy,);en of
(vy)yen and a probability measure . on R such that

L(f) = lim vy, () = ().
This together with (2.9) shows that
lim wy(f) = T ju(f) = p(f), 2.11)

for every bounded Lipschitz function f : R® — R and the proof is complete. U

3. PROOF OF THE MAIN THEOREM

The goal in this section is to prove Theorem 1.4. By Theorem 2.9, we know that (E(y) has a
limiting distribution if ¢(y) is a B2-almost periodic function. Since ¢(y) is a B2-almost periodic
function if and only if each of its component functions ¢y, (y) is B2-almost periodic, Theorem 1.4
will follow as a consequence of Theorem 1.2.

The proof of Theorem 1.2 under the conditions given in (a) is based on an idea of Gallagher’s
[13], using the following lemma. The proof under the assumptions given in (b) follows an argument
first employed by Cramér [6] and later used by Ng [35].

For a proof of the following lemma see [12, Lemma 1].

Lemma 3.1 (Gallagher). Let (v,)nen be an arbitrary sequence of real numbers and (¢, )nen C C.
Assume that f(x) = > >0 c,e*™% is absolutely convergent. Let 0 < § < 1. Then, for U > 0,

n=1

U 00 2
/]f(x)]Qdm<<9U2/ ] S cn’ dt.
-U —00

1

t<vn <t+6/U
6



Proof of Theorem 1.2. Let X > T > 1and V' > 0. Assume either of the conditions of Theorem
1.2. We shall begin by showing that there exist 6 > 0 and 1 > 0 such that

V+1
/ E roe 1y/\

T< <X

(log T)°
Yy << Tn

(3.1)

First assume that Condition (a) in Theorem 1.2 holds. Then, by the change of variable y = V +2t,
we have

V41 9 1/27T
/ ‘ E Tnezy)\n dy — 27T/ § z)\nV 27rz)\n dt
v T<An<X T< <X
AV 2midnt |2
< 27 ey ettt
—1 T<)\n<X
Lemma 3.1 implies
! AnV 2midnt |2 AnV 2mint |2
‘ E rpe’ e dy < rpeY e At dt
1 pan,<x —o0 T<)\n<X
t<An<t+3
<</ g |rn|) dt.
T<An<X
t< A <t+1

In the last integral, ¢ satisfies T — 1 < ¢ < X. From (1.9) and 3 > 1/2, we have

(logt)* (log T)*
/ Z 7] dt</ Z |7~n|) dt<</1 a7t < o

T< <X t<An<t+1
t<Ap<t+1

So (3.1) holds for 6 = 2y andn = 25 — 1.
Next assume that (b) holds. Note that, by dyadic summations, (1.10) and o > [ imply

> fral < TP (log T)*.

An<T

Thus, by partial summation, we conclude that if K > o — $ and v > 0, then

- 1 >\ log TV Hv+1
Z |7 ( og < (logT) . (3.2)

Tr—a+B
An>T

Since |z|* = 2%, we have

V+1 V41
[]E menfar= 55w [ ey
i

T<A<X T<A <X T<An<X

1
< Z Z |rn’rm|m1n< W |)221+22,

T<AI <X T<AIn<X
17




where ¥; is the sum of those terms for which we have |\, — \,,,| < 1, and ¥ is the sum of the rest
of the terms. For .1, by employing (1.10) and (3.2) we have

Wog ) (log T)»+!
NP RTINS I P ol L0 SOMPRL: £V AR

)\ﬁ T?ﬁ—a

Note that the last inequality is justified since (1.11) implies that 5 > o — (3. To study X5, we define
forany 7' > 1

where U > T'. Then we can write

S X Il X s X Inlsiow.

T<An<X T<Om<X T<An<X
An—Am|>1

We determine an upper bound for S7(U) as follows. Let 0 < ¢ < 1 and 7" > 1 be fixed. For any
number U > T consider the set of numbers U¢, U — U¢, and U — 1. Either of the following cases
occurs

T<U° U<T<U-U° U-U°‘<T<U-1, or U—-1<T<U.

Suppose that the first case happens, i.e. 7' < U*¢. Then

ST<U>=(Z+ PO D DR D DR D P *Z)%'

T<Am<Ue  UsAn<U-U®  U-U<An<U~1  UH1<An<UHUS  UAU<An<2U A >2U
Denote these six sums by o1, ..., 0. Then, by applying (1.10), we deduce

1 (U — T)*(logU)' _ (log U
<
o1 > U—-Uc¢ Z |Tm| < (U _ UC)TB Ul—ca ’

T<Am<U®

Uc (Uc)ﬁ Uc+cﬁfa ’

1 1 (U =2U0)*(log(U — U*))” logU)”
el Y e L2080 -0 (g )

c
Uc<Amn<U-U*°

(U)*(logU)" _ (logU)”
93 S Z |Tm| < (U _ Uc)ﬁ < Uﬁ—ca ’

U-Uc<in<U-1

(U°)*(logU)* _ (logU)”

o4 < Z ‘Tm‘ < UB < UB—ca ’
U+1<Am <U+U*

and
1 U(logU)"  (logU)”

1
o5 < ﬁ Z ‘Tm‘ < ﬁ B < Ucti—a
U+Uc< Ay, <2U

For 0g, we divide the interval of summation into subintervals (2*U, 28+1U] to get

1 = kY (logU)Y  (logU)Y
<2k _ 1)U Z |Tm| < (Z 2k’(ﬁ+1—o¢)> UB+l-a < UB+l-ca’

2kU <\, <2kH1U k=1

(o)
o6 <
k=1

18



which is justified since o < F + 1 by (1.11). We observe that 0 < 05 < 09, 04 < 03, and
01 < o3 since 5 < 1. Thus we have
(logU)”  (logU)”

ST(U) < (o) + g3 < Uc+cﬁfa Uﬁfca .

In the last inequality we choose ¢ = 222 and hence if T < U°, then

a+pB+1
(logU)”
ves

Sr(U) <

where
5 _ 62 _ &2 + ﬁ
 a+fB+1
By similar arguments, we find the same bound for S7(U) in the three other cases of (3). Condition
o+ a/2 < 32 + Byields € > a — (3. Hence (3.2) implies

locT 2v+1
S < > [ralSr(h) < <7§€_—2+ﬂ, (3.4)
A>T
where (5 ) 4 (28 )
200 —a®) + (20 — «
—a+ 0= .
E-at+h a+p+1
By (3.3) and (3.4), we have
(log T)Q’y—i—l
Y1+ K W,

since v, # > 0 implies that { —a+ 3 < 23 —«. Thus (3.1) holds for § = 2y+1andn =& —a+ 0.
Now we show that (3.1) together with (1.8) imply that ¢(y) is a B>-almost periodic function. It
follows from (1.7) that for e¥ > T > X, and y > v,

o e 5 re) =8 5 ) et

A <T T<An<eY

Then, by employing (3.1) and (1.8), we obtain
I ,
lim sup v : ’¢(y) —c— 3‘%( Z rne’)‘”y)
An<T
2 LY V|2
dy + lim v IE(y, e )| dy

Y —oco
§ : Tnezy)\n
Y-

T<Ap<eY vo

Y=vol  ryotj+1 '
‘ E r,eVAn

< limsup — E /
Y —oo Y - +7
j=0 J¥orJ T<An<e¥

2
dy

Y

< li 1
1m sup —
Y_’C’Opy Yo
(logT)°

n

2
dy <

This inequality together with

1 [Yo
lim —
YEI;OY/O

imply that ¢(y) is B2-almost periodic. Hence, the theorem follows from Theorem 2.9. U

2
dy =20

o(y) —c— §R< Z rnei’\"y)

A <T

We next prove Corollary 1.3.
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Proof of Corollary 1.3. (a) Since r, < \,” then (1.12) implies that

log T
> Il <=2
T<AI<T+1

Now Theorem 1.2(a) implies the result.
(b) By partial summation, using (1.13) and 6 < 2, we have

x dt o -
Dl = 2/3 (Z A3|rn\2)t—3+)}@mx 2( > A3|rn|2> -5 2(
An2>S An <t

An <X
o0
< / t973dt + 5972 « 5§92,
S

By employing this bound, (1.12), and Cauchy’s inequality, we have

Z ’7“ ’ < (T_ S)%(IOgT)%
n 0 .
S<An<T Stz

3 Aiw)

An<S

Now we choose o = 1/2, 3 = 1—6/2, and v = 1/2, and employ Theorem 1.2. If 1 < 6 < 3—+/3
the conditions given in (b) in Theorem 1.2 are satisfied. Note that this also implies the result for

0 <6 < 1since in this case Y, _, An|ra|? < T° < T.

4. APPLICATIONS OF THE MAIN THEOREM

In this section, by applying Theorem 1.4, we prove Corollaries 1.5, 1.6, and 1.8.

3.1. Proof of Corollary 1.5.

O

Error term of the prime number theorem for automorphic L-functions. Let 7 be an irreducible
unitary cuspidal automorphic representation of GL4(Ag) and let L(s, ) be the automorphic L-

function attached to 7w. We follow the notation in the introduction. For § > 0 let
C0) =C\{z € C|lz+p(j) +2k[ <6, 1 <j < d, k> 0}.
We need the following lemma.
Lemma 4.1. (i) Let 0 < —1/2. Then for all s = o + it € C(9),
L'(s,m)
L(s,m)
(ii) For any integer m > 2, there is T,, with m < T,, < m + 1 such that
L'(o +iT,,,m)
L(o +iT,,,7)

< log |s|.

< log2 T,

uniformly for —2 < o < 2.

(iii) For T' > 2, the number N (T, ) of the zeros of L(s, ) in the region 0 < R(s) < 1,

satisfies
N({T+1,7)— N(T,7m) < logT
and

N(T,m) < TlogT.
20
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(iv) There is a constant 0 < 6 < 1/2 such that for all 1 < j < d,
| (p, )| < p” and [R(px(5))] < 6. (4.1)

Proof. For (i) see [32, p. 177] for GL, automorphic L-functions. The general case is similar. See
[27, Lemma 4.3(a)(d)] for (ii) and (ii1). For (iv) see [38, p. 275]. Note that in (ii), and (iii) the
implied constants depend on 7, and in (i) the implied constant depends on ¢ and 7. U

We now establish an explicit formula for ¢(z, 7).

Proposition 4.2. Let 6 be the constant given in (4.1). Forall xt > 1 and T > 2 we have

rlog®T  xlogT
T'logx T

P 9+11 2
w(ﬂ%ﬂ) —5(33,71') =R, — |C\?|<T%+O<%+lﬂlog$+
S(p)|<

), 4.2)

where p runs over the nontrivial zeros of L(s, ) with |3(p)| < T, and

_Lom) i 1(0,7) 0,
Ro=¢ MO L"(0, )
77T .

The implied constant in (4.2) depends on 0 in Lemma 4.1 and .

Proof. Recall that for £(s) > 1, we have

L'(s,7) = A(n)az(n)
L(s,m) - ; ns

From (1.16) and Lemma 4.1(iv) we conclude that |a.(n)| < dn’. Letc = 1 + 1/logz, and T}, be
as in Lemma 4.1(ii1). By Perron’s formula [40, p. 70, Lemma 3.19] we obtain

1 fetidm L'(s,m)\ x* 291 log? ©
) - - 7 _d <— 01 ) . 4.3
Ylz,m) 271 /C_Z-Tm ( L(s, ) ) P +0 T Talog® (4-3)

Let U < —1/2 and ¢ > 0 be such that U + it € C(¢) for t € [-T,,,T,,]. Consider the contour
which consists of the rectangle C with vertices ¢+ i1, c —1,,, U +iT,,, U — iT},,. By the residue
theorem, we have

1 c+ilTm ( L,(S 71')) .CES .’L"u xp
Py - : —ds =60(x,m) + R, — Z Z Z il
AT St Lsm) 7 s vero<e ' o<kp)<

IS(w) ST IS(p)|<T

1 U—iTm U+iTm c+iTm L/ s
L LG e e
2mi c—iTm U—iTy, U+iTom, L(& 7T) S

where the first and the second sums run over the trivial and the non-trivial zeros of L(s, ) inside
the rectangle C, respectively. If we follow the argument in [32, pp. 174—178] and employ Lemma
4.1(1) and (i1), we get the following estimates for the integrals on the right-hand side of (4.4). We

have
1 U_iTnz c+iTm L/ S 1 2 Tm
L[ (B, o
21\ Joir,, UtiT,, L(s,m)/ s T, log x
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and

TnxYlog |U + iT,|
U] '

1 U+iTm, ( L/(S, 71')
—iTm

) T ds <
—ds
21 Jy L(s,m)/ s

Now we let U — —oo through admissible values and note that (7},2Y log |U + iT,,|)/|U| — 0.

Moreover, Lemma 4.1(iv) implies

Z x“ << 0 1 + Z x—2k‘ << 0
— sz : x’.
—oco<R(u)<O H 1<j<d |§R(:u7r<j)) - Qk‘
[S(w)|<T k>0

Inserting the above estimates in (4.4) together with (4.3) establishes (4.2) in the case T' = T,,,.
Now note that if we change T,,, by an arbitrary 7" € [m, m + 1], then we have the same estimate as
in (4.2), since by Lemma 4.1(iii), we have

> i > x_p<<:c1<;§;T'

o<t P o<k P
Tm<[S(p)|<T T<IS(P)I<Tm

This completes the proof. 0

We now show that, under the assumption of the generalized Riemann hypothesis,

(e, m) —(e¥,m)

ey/2

E1<y7 7T) =

has a limiting distribution. By pairing the conjugate zeros p = 1/2 + iy and p = 1/2 — iy in (4.2),
fory > 0and X > 2, we get

—2e1Y

Ei(y,m) = —20rds—1/9L(s,7) + 3‘%( Z

0<y<X P

) + &y, X),

where ord,—1 /2 L(s, m) is equal to the multiplicity of the zero of L(s,m) ats = 1/2if L(1/2,7) =0
and ord,—y 2 L(s, ™) = 0 otherwise, and £ (y, X) satisfies

2,y(1/2+0) ¥/2 1002 X ¥/2 o0 X
ye o—-1/2) , €108 e’ " log
Ex(y, X) =0 ¥—— y(6-1/2) :
(4, X) ( < Tye tx T x
Note that Condition (1.8) for yo > 0 is satisfied for (e, e¥). Setting 7, = —2/p, and \,, =
3(pr) where the non-trivial zeros of L(s, 7) are labelled (p;,),en, we obtain from Lemma 4.1(iii)

ZAiVnF: Z 4—72<< Z 1< TlogT.

2
A <T 0<y<T |p| 0<y<T

Hence, assuming the generalized Riemann hypothesis for L(s, ), Corollary 1.3(b) implies that
E, (y, ) has a limiting distribution.
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3.2. Proof of Corollary 1.6.

Before proceeding we require the following two lemmas. The first lemma derives an explicit
formula for sums of the shape > _ a,n™°.

n<x

Lemma 4.3. Let (a,)nen be a bounded sequence. Assume there exist complex functions F(w)
and G(w) such that " a,n™" = % for R(w) > 1. Letx > 1, a € [0,1], B € R, ¢ =
l—a+1/logz, b# a,andb < c + o

Assume the following three conditions hold:

(i) For any t > 0, within and on the box B; with vertices ¢ + o + it,b + it,b — it,c + o — 1t,
F(s) is either holomorphic or it has a simple pole of residue dy at sy € (b,c + «), and G(s) is
holomorphic with simple zeros at py, . . ., py inside B, and each different from sy. In the case F'(s)
has a simple pole at s = sy, let dy be the value of F(s) — dy/(s — so) at s = s.

(ii) There exists 6 = 6(b) € R — {0} such that

F(b+it) 5
—= =0((|t| +1)°).
Gl = O+ 1))
(iii) There exists an increasing sequence of positive numbers (T,,)men tending to infinity such that
F(o +iT,,)
—— " —O(T¢
G(o +£iT,,) (T).
uniformly on b < o < ¢+ .
Then for a € [0,1] and x > 1,
J .
an F(pj)ari—e g logx  acTPt _
— = Ras (517)—1— ; +O< T St a(Tm+1)+$ a)j
g ne 0 ; (pj — )G (pj) T log =
pjEBL
where
(0 if  a,s0¢ (bc+ ),
F
% lf @E(b,C-}-O&), SO%(buc—Fa)a
e g (beta) s (beta)
1 (07 7C o 9 S 7c a Y
Ra,so (-73) = (SO — Oé)G(S()) ( ) 0 (45)
dox®0™¢ Fla
+ i a, sy € (b,c+ a), a# s,
(ds()l_a)G(S(zg G(C(ZI)GI( ) f 0 ( ) 7& 0
01087 1 0 (So .
+ — [ a,sg € (b,c+ a), a = sp.
| Glo) "G @y T eBerakazs
Proof. Applying Perron’s formula [40, p. 70, Lemma 3.19] with ¢ = 1 — a + 1/ log x gives
a 1 [T P(s 4 a)z® ' log x
L o s+ (B e, 46
n®  2mi Jo_n. G(s+a)s o T i (4.6)

n<x
If we replace s by s — « in the integral, we obtain
1 [ P(s+a)a® 1 cratilm p(g) g5

20 Joir,, GGsta)s 20 Jopair, G(5)s—a
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Cauchy’s residue theorem and (i) imply

1 cta+iTm F s—a Fp:\xri—
o - (8) T dS = Ra,SO( ) + (pj)x N
2mi cta—iTm G(S) §— ':1 (p] - Oé)G (p])

1 sz b+iTm cta+iT, .les_a
+ — (/ / / > ds, (4.7)
2mi +a—iTy, T +i T, S —Q

where R, s, () equals the sum of the residues at s = sy and s = «, and the sum appears from the
residues at the zeros of G(s). Taking into account the various cases for a and sy, a simple residue
calculation yields (4.5). From assumptions (ii) and (iii) we obtain

1 b+iTm, F(S) 5

M“

— d bma(® 41 4.8
211 Jy_ir,, G(s)s —a s < (T + 1), (4.8)
1 cta+iTp, F s—a cpB-1
— O (4.9)
210 Sy, G(s)s—a log x

and similarly

1 b—iTpm, F s—a epB-1
— () 27 o T Tm (4.10)
270 Jeyaoir, G(5)s — log x

The result follows by combining (4.6), (4.7), (4.8), (4.9), and (4.10). [l

In the previous lemma, a convenient sequence (7, )men of reals is chosen so that F'(s)/G(s) is
not too large on the contour 3(s) = T,,,. Consequently, in the explicit formula for ) _ a,n~?,
the sum over p; is constrained by the condition |3(p;)| < T,,,. The next lemma allows us to replace
this condition by |(p;)| <7 forany 7" > 1.

Lemma 4.4. Let (2,)neny C C and (\y)neny C R be sequences and let x, ¢y, and cy be positive
reals. Let T, T" € [1,00) such that |T — T'| < 1. Assume that for t > 1 we have

>z <t @.11)
An<t
and
> 1< (logt)*. (4.12)
t<An<t+1
Then

Z Zn 1‘2 . Z anz —|—O(Z‘%T(Cl_Q)/Q(lOgT)CQQ)‘

A<T’2+Z>\ A<T2

Proof. We begin by assuming 7' — 1 < T" < T'. By the Cauchy-Schwarz inequality

> oamen( oy E) () .
2 T el () <
T! <Ay <T 5 + iAn T' <A <T ' 2 5+ ik T' <Ay <T
(4.13)
by (4.11) and (4.12). In the case T' < T" < T + 1, we obtain the same bound as (4.13). [
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We now prove Corollary 1.6. In each part of this corollary, we shall apply Corollary 1.3(b) to
establish the existence of the limiting distribution.

(i) Weighted Sums of the Mobius Function. In this proof we assume the Riemann hypothesis and
assumption (1.17). We shall show that F(y, «v), defined in (1.19), possesses a limiting distribution.
We start by establishing an explicit formula for

M, (x) = Z%.

n<x

We first consider the case @ # 0. Let 0 < b < min(1/2,a) and 0 < ¢ < 1/2 — b. Under the
assumption of the Riemann hypothesis, there exists a sequence (7, )men, Where 1), € [m — 1, m],
such that

|C(o 44T, | < T, (4.14)

uniformly for —1 < o < 2 (see [40, pp. 357-358]). Moreover, for any € > 0, we have
[C(b+it)| < [ 71/

for |t| > 1 (see [31, Corollary 10.5 and Theorems 13.18 and 13.23]). By taking F(s) = 1,
G(s) =((s), a, = p(n), B =¢,and 6 = —1/2 + b+ ¢ in Lemma 4.3 we derive

1 P r!~*log x x
Ma@)=—+ 5 — 40 ( +
D-T@* 2 e T, | Titlogs

11—«

+ x”—a) , (4.15)

where p ranges over the non-trivial zeros of ((s). Let 7" > 1 and m > 1 be the natural number
such that ' € [m — 1,m]. Label the non-trivial zeros of ((s) with positive imaginary part in
non-decreasing order by (p,)nen. An application of Lemma 4.4 with A, = S(p,), 2, = '(pn) 7%,
c1=0,c0=1,0=1/2,T,and T" = T,, implies that

—« P

2 (p—a)l(p) 2 (p—a)l'(p)

[VI<Tm vI<T

+ O (#1022 (1og T)V?). (4.16)

Substituting (4.16) in (4.15), for a # 0, we have

—Q

1 xP
Mol = 5+ 2 o)

[T

' %log x i 1/2
O Y2 (702 0g T ) (417
* ( T +T1*€10g;ﬂ+x ( ogT) "+ , &17)

valid forx > land 7T > 1. If « = 0, we let 0 < b < 1/2. Then similarly we have

x? xrlogx x _ 1/2
My(z) = > 00 +0( T T T oz + 22 (T2 1og T) / —i—xb). (4.18)
yI<T

We now analyze Es(y, «) in the cases a € (0,1/2), a € (1/2,1], @ =0, and o = 1/2.
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For 0 < a < 1/2, by (4.17), for X > 1 and y > 0, we have

]- 1/24«
EZ(y,a) (/2 O‘)C( ) +ey( /2+a) Z
|V|<X
yey/2 ey/2 0—9 1/2 ]_
+0( X yxie + (X7 log X) ev(1/2-) |-
Thus .
2e'Y7
Baln) =R ¥ )+l X).
OES:X( —a)'(p)) "
where y y
B yey/? e¥/? 0—2 1/2 1
g“’a(y,X) =0 ( e + yX1s + (X logX) + ey(1/2—a)

Note that in this case the term ¥~/ in &, ,(y, X) comes from the term e¥(*~1/2) /((a) in
Es(y, av), since we chose b < a.

For 1 < a < 1, we recall that Ex(y,a) = e¥"1/2F) (M, (e¥) — 1/((c)). By (4.17) and by
pairing conjugate zeros, we obtain

2647
R e R !
O;X (p=a)C(p)) "
for X > 1 and y > 0, where
yey/2 ey/Z 09 1/2 1

For o = 0, from (4.18) we have

2e™7
Ey(y,0) = R 2O ) v E0(y. X),
(4,0) (0§Xp</<p>)+ (4, X)

where £, (y, X) satisfies (4.19).
Finally, for « = 1/2, (4.17) implies

1 2eY
Es(y,1/2) = O] + %(ogszx m) + &y, X),

where &, 1/2(y, X) is bounded as (4.19).
Note that £, ,(y, e¥) satisfies (1.8) for yo > 0, for any @ € [0, 1]. Setting r,, = 2/(p,, — @){'(p)
and \,, = (p,,), it follows from (1.17) that

2 2 472 0
S X = > o < T,

Thus Corollary 1.3(b) implies that, under the assumptions of the Riemann hypothesis for ((s) and
(1.17), E5(y, ) has a limiting distribution.

(ii) Weighted Sums of the Liouville Function. In this part, we show that F3(y, ), defined by

(1.20), possesses a limiting distribution. We begin by establishing an explicit formula for L, (z) =
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Y <z AM(n)n~. Assume the Riemann hypothesis for ((s) and (1.17). For a € (0, 1] and = > 1,

let
zl/2e ¢(20) .
Ra () :{ T-20)C(173) T C(o) if  a#1/2,

log x CI(1/2) . B
QC(%/Q) + C(,ly%) 2((1/2)2 if o = 1/2’

where 7 is Euler’s constant. Let 0 < € < b < min(1/4, «). Then we have

‘C bbj it)))‘ b+

forall |t| > 1, and
C(2(0 + iT,)
‘ C(o+1iTy,)
uniformly for b < o < ¢ + « (see [31, Corollary 10.5 and Theorems 13.18 and 13.23]), where
(To)men is the sequence introduced in (4.14). Set F(s) = ((2s), G(s) = ((s), zm = A(m),
B=1/2—2b+¢,and § = —b + . Then if a # 0, Lemmas 4.3 and 4.4 imply that, for z > 1 and
T>1,

‘<<T1/2 2b+e

- N = ((2p)
La(it) = Ra,so( ) + »;T p—a C’(p)

O 1:1—04 IngE N xl—aT—1/2—2b+€
T log

+ 2! /2 (T2 1og T) V2 xb—a> . (4.20)

If « =0,welet0 < e < b< 1/4. Similarly, we have

z'/? z? ((2p) <x logz ol ~1/22b+e 1/2
Lo(z) = + — +0 + + 22 (T 210gT) " + xb) :
=) MZ@ p ¢(p) T log x ( )

4.21)
For a € [0, 1], let

) .
C:{m if 0<a<l/2orl/2<a<]1,

dup _
qm o wapr 0 a=1/2

Then (4.20) and (4.21) imply that, for y > O and X > 1,

E = C, y(—1/2+a) M
3(y, @) +e ;X PR

¢(2p) ey
- C, +Z @) 5 Eraln, X)

|v|<X )

_ 2¢ (2p)6“”
= Co+ %(Oggzx oo a)(,(p)> +Enaly, X),

+ g)\,a<y7 X)

where
yey/2 ey/QX—l/Q—Qb-i—e

02 1/2 1
< ; + (X" ?log X) '~ + ST
27

g)\,oc(ya X) <



Observe that (1.8) for yo > 0 holds for &, ,(y,e¥). Since r, = 2((2p,)/(pn — @)¢'(p) and
An = S(pp), it follows from (1.17) that

4~21C(20)12 4~2(1 3/2+e€
S = 3 e < X, Tl e < T e
An<T ocr<r I\P P o<r<r I\P p

Note that, in the previous inequalities we have used the fact that ((1 + it) = O((logt)¥**) (see
[40, Theorem 6.14]). Hence by Corollary 1.3(b), under the assumptions of the Riemann hypothesis
for ((s) and (1.17), E3(y, ) has a limiting distribution.

(iii) The Summatory Function of the Mobius Function in Arithmetic Progressions. In this part
we prove the existence of a limiting distribution for £,(y; ¢, a) defined in (1.21). We first establish
an explicit formula for

M(ig,a)= 3 uln),

n<x
n=a mod q

where ¢ > 2 and (a,q) = 1. Let0 < b < 1/2and 0 < € < 1/2 — b. Assume the generalized
Riemann hypothesis for Dirichlet L-functions modulo ¢ and (1.18). An argument analogous to
the proof of the existence of the sequence (7},,)men introduced in (4.14) may be carried out for
Dirichlet L-functions. Following the proof of [31, Theorem 13.22], we are able to show that
the generalized Riemann hypothesis for Dirichlet L-functions implies that there is a sequence
(Tonx)men, Where T,,, . € [m — 1,m], such that

|L(0 + i, X)) < T,
uniformly for —1 < ¢ < 2. Moreover, for any € > (, we have
[L(b+it, x)| " < [t /20

(see [31, Corollary 10.10 and p. 445, Exercises 8 and 10]). The orthogonality relation for charac-

ters asserts that
1 1 if n = a (mod q),
= I IRONORS (mod )

otherwise,

(see [31, p. 122]). Thus

M(z;q,0) = > x(@)) - u(n)x(n). (4.22)

x mod g n<lz

Let F(s) = 1, G(s) = L(s,x), z2n = p(n)x(n), 8 =¢&,6 = —1/2+ b+ ¢, and @ = 0. Then
by applying a slight variant of Lemma 4.3, which takes into the consideration the potential pole of
1/L(s, x) at s = 1/2, and Lemma 4.4, we obtain, for z > 1 and 7" > 1,

> un)x(n) = Ress:%<

n<x

T ) xPx
_|_ e
L(s,x)s gng L' (px; X)

Yx#0

xlog x x _

O 1/2 T@ 21 T1/2 b

+ ( 7 +T1_€log:z:+x ( ogT) "= +2a"),
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where Res,_1 (.) denotes the residue at s = 1/2. Substituting this in (4.22) implies that, for x > 1
and T > 1,

M(:B;q,a):i Z WRess_%(L(ms >+¢1) ZWZ o

/
A — S5 X)$ (@) ooy e L o )
£(1/2,0=0 A0

xlogw T L
9] /2 (6 21 1/2 b )
+ ( 7t i T2 (T°*logT)"* +x

Assuming the generalized Riemann hypothesis for Dirichlet L-functions modulo ¢ and (1.18), it
follows that, for y > 0 and X > 1,

E4(y;qaa)=L Z WResS:;< - )

) — 2\L(s, x)s

L(1/2,x)=0

LY N Y o gl X) (4.23)
+— xla 7y T Cuaal¥, &), :
ol0) ot G il o)

Yx 70
where
yey/? ev/? (log X)/? 1

Enaaly, X) < X +yX1—€ + X1-0/2 + ou(1/2-b)"

Let (A, )nen be the non-decreasing sequence that consists of all the numbers v, > 0 satisfying
L(1/2 +i7,, x) = 0, for some Dirichlet character x mod ¢, and let (r,,),en be defined as
2 X, (a)
(@) (1/2 + X)L (1/2 + i, Xn, )
where Y, is the character which corresponds to \,,. We can rewrite (4.23) in the form of

Ei(y;q,a) = L Z X(CL)RGSS:% (%) + ?R( Z rneiy’\"> +&qa(y, X).

QD(Q) x mod ¢ 5 X An <X
L(1/2,x)=0

Observe that (1.8) for yo > 0 holds for &, ,.(y,e") and (1.18) implies
Z A2l < T,

A <T

Tn =

for 1 < @ < 3 — /3. Hence Corollary 1.3(b) implies that, under the assumptions of the general-
ized Riemann hypothesis for Dirichlet L-functions modulo ¢ and (1.18), E,(y; ¢, a) has a limiting
distribution.

3.2. Proof of Corollary 1.8.

Chebotarev’s Density Theorem. Let K/k be a normal extension of number fields with cor-
responding Galois group GG. We shall consider the squaring function sq : G — G given by
sq(z) = z%. For a conjugacy class C of G, let Ay, ..., A; be the conjugacy classes which satisfy

A? C C. We observe that
t

sa'(C) = A
n



and define

c(G,C) = |sq —l— 2 Z C)ords—1/2L(s, x, K/k)
XF#X0

where Y ranges over the irreducible characters of G and x, denotes the trivial character. It was
proven in [34, pp. 71-73] that the generalized Riemann hypothesis and Artin’s holomorphy con-
jecture imply that, forx > 1,7 > 1land1 <5 <,

v (\’g |\ @) - ”k(x)) -

xx z/?1og*(xT) 1

XFX0 0<| | LT

where for each x, p, = 1/2 + iy, runs over the non-trivial zeros of L(s, x, K{/k). In this formula,
the term ¢(G, C}) is the number field analogue of the constant term ¢(q, a) which appears in the
Chebyshev bias phenomenon. Let (), ),cn be the non-decreasing sequence that consists of all the
numbers v, > 0 which satisfy L(1/2 + iv,, x, K/k) = 0 for some x # xo. Suppose that y,, is the
character which corresponds to \,,, and for 1 < j < rsetr;, = —2x,(C;)/(1/2 + i\,). Then
(4.24) implies that

. aQ .
B9 (y) = (Um (%) - m(ey)) ye v — _o(G,Cy) + éR( Z ) o, (1 X),

[ 0 A< X
where
e¥?log?(evX) 1
Eac.(y, X) =0 —=———2 4+ — ).
G;Cj (y7 ) < X + y)

Observe that Condition (1.8) for o > 0 holds for £g.c, (¥, e¥) and by [23, Theorem 5.8] we have
> X< > 1< TlogT.
An<T An<T

Therefore, Theorem 1.4 implies that, under the assumptions of generalized Riemann hypothesis

and Artin’s holomorphy conjecture, Es (i) = (Eél)(y), e Eér)(y)) has a limiting distribution.

5. CALCULATION OF THE FOURIER TRANSFORM /i

Proof of Theorem 1.9. Let 7, = (r1(A), ..., 7¢(An)) and N € N. By Proposition 2.4, the vector-
valued function

P(y) = (cl + 3%( g: Tl()\m)eiy)\m> et 3%( iv: rg(Am)eiyAm>>

has a limiting distribution u. Since {\1, - -+ , Ay} is linearly independent then by the Kronecker-
Weyl theorem [20, Chapter 1] we have

N AN YAn
lim — LN gy = d
Yo Y 0 g(27r o )W /TN glajde,
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where g : RY — R is any continuous function of period 1 in each of its variables and dw (61, . . ., On)
is the normalized Haar measure on TV which is equal to the Lebesgue measure df; . .. dfy on T*.
Hence, by taking f(ti,...,t;) = exp(—ix._, &) and A = T in (2.2), we obtain

/ e—iZf;:lgktkd,u,N(tl, ooy ty)
R¢
_ / exp ( iyt [Ck + %(Zﬁzlrk@m)e%w"‘)} gk) dw(By,. .., 0x)
TN
— i ko1 kbr / exp ( - i?]%(ZfX:l G Sehw’”>)de1 .diy
TN

— e ko Kbk l_N[ /1 exp (—i?R <(f’m . @62Wi6)> do. (5.1
m=1"0

Thus, in view of (2.11) and (5.1) we deduce that

) = / €_izi:1€’“t’“du(t1, .., ty) = lim e_izizlf’“tkd,u]\;(tl, o t)
R? N—oo R¢

— 1 ko1 OR ﬁ /1 exp <—i3? ((Fm . 962”9)) do.
m=1"0

Ifr,, - f;«é 0, then

[ oo (< (7))o = [ e

oo
= /0 exp (—z]f’m . f_] cos (27?9 + arg(Fm . f})) do

iR (Ifm . g,ez(zwﬂarg(fm-s)))) do

1+arg(Fm-§) /27 .
= / exp ( — i|7, - €] cos(2mt))dt

= Jo (|2 hea ) &k])- (5.2)
Ifr,, - E = 0, then (5.2) holds trivially. Hence

—

() = e i TT Jo(| s n)é]).
m=1

O
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