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BOUNDS FOR ORDERS OF ZEROS OF A CLASS OF EISENSTEIN SERIES AND
THEIR APPLICATIONS ON DUAL PAIRS OF ETA QUOTIENTS

AMIR AKBARY AND ZAFER SELCUK AYGIN

ABSTRACT. Let k be an even positive integer, p be a prime and m be a nonnegative integer. We find
an upper bound for orders of zeros (at cusps) of a linear combination of classical Eisenstein series
of weight k and level p™. As an immediate consequence we find the set of all eta quotients that are
linear combinations of these Eisenstein series and hence the set of all eta quotients of level p™ whose
derivatives are also eta quotients.

1. INTRODUCTION

For an element z in the upper half-plane of the complex numbers, let g := ™. The classical
Eisenstein series are defined by

-B
E@) =5 + ) owa(nd, (1.1)

n>1

where k > 2 is an even integer, By is the k-th Bernoulli number and o_;(n) = Y.y, d*'. (Here we
use the normalization given in [10, p. 88] for the Eisenstein series E(z).) Let

Eu(N) = (Ex(z) —dE>(dz); 1 <d|N)g ifk=2,
" \(Ewdz); 1 <d| Nyg otherwise.

Let M (I'y(N)) be the space of modular forms of weight k for I'o(N). Then it is known that for all
even k > 2 the space E(N) is a subset of M (I'((N)).

Some infinite products that can be expressed explicitly as infinite sums are elements of E;(N).
For example we have

— gy

=
L T =gnsa =gy

= 8E(z) — 32E,(42),

s (1 _ q2n)2(1 _ q4n)4(1 _ q6n)6
L (=g =g - g

= 2E2(Z) - 3E2(2Z) + 4E2(4Z) + 9E2(6Z) - 36E2(12Z),
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and
b (1 _ q2n)5 e
£10—qﬂ%1—¢ﬂJ
=2k 1t -1)F+1 2%k
~ By (2(2k : Ey(z) - %E%(ZZ)"‘ Ezk(4Z))
+ ) 0",
n=1

where the first identity can be deduced from Jacobi’s formula for the representation by four squares
[S]], the second identity is from Williams’s paper [11, Table 1, No. 24], and the last one is given by
Ramanujan 8}, Sec. 25] and proven by Mordell [7]].

By using [l1, Corollary 2.1] the first two indentities above induce the differential identities

b s (1 _ q4n)8 ~ s (1 _ q2n)20
L la=gr) 1 Fa=gye
and

(9]

) (1 _ an)3(1 _ q12n)6
D q l_[ (] — qn)4(] — q4n)2(1 _ q6n)3

n=1

_ ) ®© (1 _ q2n)5(1 _ q4n)2(1 _ q6n)3(1 _ q12n)2
-2 | =gy -g"7 |

Here, D := qdiq denotes the Ramanujan differential operator. Additionally, the differential identity

5 1
Ex(2)* = EE4(Z) - ED(EZ(Z))

appears in the works of Besge, Glaisher and Ramanujan independently (see [4] for the references).
In all these examples, one can replace z by #z (f € N) and obtain another product-to-sum formula.
To avoid this triviality; and to avoid counting the same example more than once we define the set

PiN) = EN)\OLN),
where
OuN) = | ] (EN/d) U{f(d2); f2) € ENI))) .
1<d|N

Let R(N) denote a complete set of inequivalent cusps of I'y(N) and for r € R(N), let v,(f) denote
the order of vanishing of f at the cusp r. Letting f(z) € Pr(p™), in this paper we find the following
upper bound for the sum of orders of vanishings of f(z) at cusps in R(p™).

Theorem 1.1. Let p be a prime and m € Ny = N U {0} and k > 2 be even. If f(z) € Pi(p™), then

we have
1 ifp" =
D v <{4 ifp" =
reRr(p™) p[(m—l)/Z](p(m—l)—Z[(m—l)/Z] + 1) lfpm + 1 or 4

Remarks 1.2. (1) For p" # 4, the proof of Theorem [L 1l more generally establishes that if
f(2) € Pi(p™), then v.(f) < 1 at any cusp r € R(p™). Note that

#R(pm) — p[(m—l)/Z](p(m—l)—Z[(m—l)/2] +1),
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see 3, Corollary 6.3.24.(b)].

(2) The bounds given by Theorem [L 1l do not depend on the weight k. Therefore, by valence
formula, as the weight increases, the proportion of the zeros at the cusps compared to all
the zeros decreases.

(3) If we let the field of coefficients in the definition of E(N) to be C, then Theorem[L 1] holds

for
F@) = )" nEy1z) € Pu(p™),
tlp}ﬂ
unless m is even and w™= # —p™/? where w is a certain p™>th root of unity defined in the

proof of Lemma(3.1l In thls case the bound on ZreR(pm) v,.(f) can be bigger because one of
the arguments in the proof of Lemma 3. 1l may fail in certain cases.

We next describe an application of Theorem [[.Il The Dedekind eta function is defined by the
infinite product

77(2) — elriz/lZ 1—[(1 _ eZTrinZ) — q1/24 l_l(l _ qn)
n=1 n=1
An eta quotient of level N is defined to be of the form

f@ =] |y, (1.2)

tIN

where the exponent r, are integers. The weight attached to this eta quotientis k = >y, 7:/2. Notice
that we do not require level to be the lowest common multiple of ¢ for which r, # 0, therefore the
level of an eta quotient in our approach is not unique. This gives us a certain freedom in our
discussions and does not affect the completeness of our results.

We say an eta quotient f is primitive if there is no eta quotient g such that f(z) = g(dz) for
some integer d > 1. A pair (f, g) of eta quotients is called a dual pair if f is of weight —k and
g is of weight k + 2, for some non-negative integers k, and the (k + 1)-th derivative of f is a non-
zero constant multiple of g. In [2] the problem of finding all dual pairs of eta quotients (f, g) on
[o(N) for which f is a primitive eta quotients is studied. Theorem[L.Thas an immediate application
on finding dual pairs of eta quotients (f, g) of weight (0,2). These are the eta quotients whose
derivatives are also eta quotients (or constant multiple of eta quotients). In [2] the set of all such
primitive eta quotients on I'o(N) with squarefree levels N is given; in [[1] a set of 203 dual pairs
of weight (0, 2) was given and conjectured to be the complete set for all N. Additionally in [1]
it is established that every such pair is induced by the eta quotients in E;(N). Since eta quotients
have all their zeros (or poles) at cusps, as a direct consequence of our Theorem [I. 1l we establish the
complete set of eta quotients of prime power levels whose derivatives are also eta quotients. This
extends the results of [2] on dual pairs of weight (0, 2) for squarefree levels to prime power levels.

As noted all zeros (or poles) of eta quotients are at the cusps. Hence, by the valence formula,
for an eta quotient f(z) of level p™ we have 3 ,cg(m v (f) = %(p’" + p™ 1) (see [2, Lemma 2.1]).
Therefore a comparison with the upper bound given by Theorem and investigations among
possible pairs of (k, p™) give us the following statement.

Theorem 1.3. Let p be prime, m € Ny and k € N be even. Then there is no eta quotient in P(p™)
unless (k, p™) = (2,4), (2,8), (2,9), (2,16), (4,2) or (4,4).

In Corollary [L.4] below the trivial extensions mean the following:
If f(z) € E(N), then cf(t12) € E(t,N) forall t, e N, ¢, | 1, and ¢ € Q.

Corollary 1.4. Let p be prime, m € N,.
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(1) The set of eta quotients

{ng(z) (42 7°Q2)  7'@n"@2) 7'°Qon*82)
7*(2)" 1*(22)" B (nd42)” 1°QRan*(82)" n*(2nt(4z)
°Qan’(4z) 7*@n'82) 1Bz n*(@n*4)n82)
1 (82) " PRaP(42) PP (92)" P QRa)nP(16z)
nQ22)n*(42)*(162) n(22)n°(4z)n(8z) n*(2)n'°(4z2)n*(16z) }
P8z T P@P(16z) T PP (8z)

is the complete set of eta quotients in E(p™) (up to trivial extensions).
(2) The set of eta quotients

{n‘ﬁ(Zz) 22  7*n*“2) n‘6(z)}
1) Tn'@n'4z) 722 n3(22)

is the complete set of eta quotients in E,(p™) (up to trivial extensions).
(3) If k > 4, then there are no eta quotients in E(p™).

It is known that the eta quotients in &;(N) are intimately related to the eta quotients of level N
whose derivatives are eta quotients. More precisely, Lemma 2.1 of [1]] establishes a one-to-one
correspondence between the eta quotients of the form 3}, 5y 75 (E2(2) — 0E2(62)) € E(N) and the
eta quotients [y 7°(02) With ry = — 33, _sy rs whose derivatives are also eta quotients.

Corollary 1.5. Let p be prime, m € Ny. The set of eta quotients

{778(2)7716(42) 7(2z) 742 n*(@Qn*(4)n'(82) 7 (42)
7?*(2z2) " nP(@né)’ @)’ n°Qz) P @nQ)n*(8z)
n*(22)n*(82) 7’ 22)n*(8z) 1°(92) ()’ (42)n*(162)
¥4z P4 " PR 1P(2)n8z2)
n(22)n°(8z) n(22)n*(162) 775(21)772(16Z)}
QPP (162)" *(2nBz) ~ 1 (@n°(82)

is the complete set (up to trivial extensions) of eta quotients of level p™ whose derivatives are also
eta quotients.

In Corollary [L.5]the trivial extensions mean the following:

If f(z) is an eta quotient whose derivative is also an eta quotient (or a constant multiple of
an eta quotient), then f‘(tz) is an eta quotient whose derivative is also an eta quotient (or a
constant multiple of an eta quotient) for all ¢, £ € N.

There is a previously known example of an eta quotient whose second derivative is also an eta
quotient

2 2 18 2
D2(774( Z)) _ 477 12( Z).
7 (2) n'%(2)
From Corollary [L.4(2) we see that

(7718(2z)) /(n2(2z)) n'°(22)

o )I\re )™ o S
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This is not a coincidence. In fact we will show that any integer solution (ry, >, r4) of the system

r1+r2+r4:—2,
5

2 l
5.2
—l’2+ }"1}"2+ }”1I”4+ }"2}"4—S2,

&I’i-i- 1"11"4+ 1"21"4—S4,

2+ ’”1’”2 = Sl,

where Y054 SsE4(62) € E4(4), gives rise to an eta quotient of weight —1 and level 4 for which
its second derivative is an eta quotient. As a consequence of this we classify all the level 4 eta
quotients whose second derivatives are also eta quotients.

Theorem 1.6. Up to trivial extensions the only level 4 eta quotient whose second derivative is also
7°(22)
()

The trivial extensions in Theorem [[.6 mean the following:

an eta quotient is

If f(z) is an eta quotient whose second derivative is also an eta quotient (or a constant
multiple of an eta quotient), then f(7z) is an eta quotient whose second derivative is also an
eta quotient (or a constant multiple of an eta quotient) for all # € N.

The arguments we use to prove Theorem will not hold for eta quotients in most of the levels
other than 4 because formulas analogous to (4.6)—(4.8)) in other levels almost always involve cusp
forms of weight 4. So the second derivative of an eta quotient in general may not be in E4(N).

The organization of the rest of the paper is as follows. In the next section we derive the Fourier
series expansions of E(7z) at each cusp using the expansion at ico of Ey(z) and some matrix re-
lations. We employ these expansions and use the description of the Eisenstein series in Pi(p™)
to prove Theorem In Section [3| we prove Theorems [I.1] and and Corollaries [L.4] and
by using the results of Section 2l Finally in Section 4] we work on the second derivatives of eta
quotients and prove Theorem

2. THE FOURIER SERIES EXPANSIONS OF E(tz) AT CUSPS a/c

Let t € N. To prove Theorem [L.1] we need to derive the Fourier series expansion of E(1z) at a/c
where a, ¢ € Z satisfy ged(a, ¢) = 1. We follow an approach similar to the proof of [[6, Proposition
2.1] where constant terms of Dedekind eta function is calculated. For notational convenience let us
denote

Ei(z) = Ex(tz) = — . Z or-1(n)g™.
n>1
Define
1 ifk=2,
Ly 1= .
0 otherwise.
Set
Gen = eZﬂigcd(c2,N)z/N,
and
1 ifc=0 (mod ?),
w = —27i ged(t,c)df
T o e 20 (mod 1),
here M = (¢ ©) e sL,@)
where M =| = 2(Z).
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Lemma 2.1. Let a/c be a rational cusp of I'o(N), where (a,c) = 1. Let b and d be two integers such

that M = ‘Cl Z € SLy(Z). If f(z) € E(N), then the Fourier series expansion of f(z) = X.yn 1Ew(t2)

at the cusp a/c is given by

(cz+d) f(M2) = (cz+d)* ) rE,(M2)

1IN

_ n n gcd(t,c)2 N/t gcd(cz,N)
=3 aule.Onesy g5 :
fIN n>0

where a,(c,t) # 0 are rational numbers given explicitly in the proof below.
Proof. It is known that

az+b
E.(M7)=E
{M2) k(cz+d

) = (cz+ dE(2) + Lki—;(cz +d) (2.1

forall M = (Z Z) € SL,(Z) (see [3, Corollary 5.2.17.(b)]). We have
tz + bt
E.(Mz) = E\tM?) = E, (“ < ) 2.2)
cz+d

Now let e := gcda(l;‘,c) and g := = di "t It is clear that e, g € Z and since gcd(e, g) = 1, there exists
f,h € Z such that
eh— fg=1. (2.3)
Therefore (; {) € SL,(Z). Hence using we obtain
at bt\ (e f\(aht—cf Dbht—df 2.4)
c d] \g h 0 —bgt + de|’ ’

Putting (2.2) and (2.4)) together we obtain
E.(M2) = E, (e f) (aht— cf bht- df)z)'

g h 0 —bgt + de
Let
__(aht — cf)z + (bht — df)
= —bgt + de '
Then using aht — cf = gcd(¢, c) we get
d(z,
gz +h = M(cz +d). (2.5)
Observe that
—bgt + de =t/ ged(t, ¢). (2.6)
Now, by employing (2.3)), (2.6), and (2.I) we have
d, o)\ d(1, 0)*z — ged(t, c)d i
E (Mz) = (gc g C)) (cz + d)E, (gc oz - ged(t, )df + Lk%(C’Z +d),

where in the calculations we use (2.3)) and
Ex(z+ 1) = Ex2).
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Additionally, if ¢ = 0 (mod 1), then gcd(z, c)df = 0 (mod ). That is, we have

k .
(gcdft,c)) (CZ " d)kEk (gcd(l;t)zz)
+rs(cz + d), ifc=0 (mod 7),

Ek’t(MZ) - (gcdit,C) )k (CZ + d)kEk (ng(hC)zz—thd(hC)df) (27)
+as(cz + d), ifc#£0 (mod o).
Applying in we obtain the following Fourier series expansion of E;(tz) at a/c:
Ey(M?)
Ik _ .
(gcdl(t,c)) (CZ n d)k (%I;k + anl T (n)eZmn gcd(t,c)2z/t)
~ +Lk4‘—%£(cz +d), 2 ifc=0 (mod ?), 2.8)
. . cd(t,0)“z—ged(t,c)d .
(ngz(t’L)) (cz+ d)k (_z_ik + sl O'k—l(n)ez’””(w))
+yrs(cz + d), ifc#£0 (mod 7).

Note that the width of the cusp a/c in I'((N) is given by
that we define

m ([3}, Corollary 6.3.24.(a)]) and recall

Gon = o2 gcd(c?,N)z/N
c, - .

Employing this in (2.8), we obtain
(cz+d) " Ex (Mz)

2 2 . .
{Zn>0 anqngcd(t,c) N/t ged(c*,N) . ifc=0 (mod 1),

N Art(cz+d)
M) nged(t,c)* N/t ged(c?,N)

( ic .
Dons0 An€ 9N + UGt ifc#0 (mod 1),

2.9

where, for a fixed k, a,, depends on ¢ and ¢ and given by

gcd(t, ¢) k —B;
( t )'Zk
gcd(t, ¢)
&

ifn=0,

a, = a,(c,t) = (2.10)

k
) Oi1(n) ifn>0,

and hence a,(c,t) € Q and a,(c, t) # 0 for all n € N,. Now recall that

ifc=0 (mod 1),

1
Wpmyr = —2ri ged(t,0)df .
! {e(gf) ifcz0 (mod 7).

Using this and noting that a,(c, ) is a function of ¢, 7 and k, we write (2.9) as

2 2 ic
(cz+ d)y*E, (Mz) = Z a,(c. Ol g EACP NI ged @)

S — 2.11
eN “ant(cz + d) 2.10)

n>0

Now, let f(z) € E(N), then we have
f@ = ) ), 2.12)

1IN
where, when k = 2, r, satisfy

I
Z ~=0, (2.13)

tIN
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and ¢, = O for all even k > 4, that is, for all even k > 2 we have

ic 3 ic o
t % "antcz+d) - *an(cz + d) % 7

Therefore from 2.11) and (2.12) we have the desired result.

3. PROOF OF THEOREM [I.1]

In this section we let N = p™ for p a prime and m a positive integer. Then for any f(z) € E(p™)

we have

f@) = Z riE(2),

flp™
where r, € Q and should satisfy (2.13)) when k = 2. Let M = (i Z
by Lemma[2.1] we have
nec 6‘2 mn cd(c
(cz+d) f(M2) = ) ) anle, rly gl

tip™ n>0

Since all divisors of p™ are of the form p’, for 0 < i < m we have

n 2 m 2i om
(pz+d) f(Mz) Zzan(p p )r ]prjq ng(P’p) /p? ged(p "

p.p"
j=0 n>0
On the other hand we have
it if pi = 0 (modpj)_ 1 ifi > j,

WMy = gamiad Y i i 0 (mod pl) | eI i<
and
P ifi > jandi>m/2,
pP= ifi<jandi>m/2,
prT2 e ifi > jand i < m/2,
pri ifi < jandi<m/2.

ged(p’, p')?p™/p’ ged(p®, p™) =

We put these into (3.I) to obtain

> ap prpd,
i>j n>0

Jj —2nindf/p/ np L
+ZZan(p pHryie . ifi >m/2,

pl P
(plZ + d)_kf(MZ) = l<} n20 npm+7 2i
Z Zan(p pj)rpfq

i>j n>0
,1 Jn— ] . .
+ZZ%(P phyryie 2mmdtir ZI’DP’” ifi <m/2.
i<j n=0

) € SLy(Z). Then for all ¢ | p™,

3.D

(3.2)

Lemma 3.1. Let f(z) € E(p™) where p™ # 4. If vy,i(f(2)) > 1 for some 0 < i < m, then either

ri=0orr, =0.
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Proof. Let f(z) € E(p™). Let 0 < i < m/2. By the Fourier series expansion of f(z) at a/p' is
given by

(Pz+d* f(M2) = Y > anp', prpgt

i>j n>0

n+/ 2i

+ Zzan(p p’)r o~ 2indf/p’™ ;p'; /

i<j n=0

If v,,i(f(2)) > 1, then the coefficient of qI‘),. o in the Fourier series expansion of f(z) at a/p' is 0,

1e., Cll(pi,pm)rpme_zmndf/[’mfi = 0. Since al(pi’pm)e—Zﬂindf/pm*f

similarly we obtain

# 0, we must have r,» = 0. Arguing

Fon =0 ifi <m/2,
r =0 ifi>m/2,
ay(p"?, Dry + ay(p"2, p")e I L = 0 if i = m/2.

Since, in notation of Lemma 2.1l ¢ = p™?, t = p™, ad —bc = 1, and eh — fg = 1, we have
ged(df, p) = 1. Therefore when p # 2 and m # 2, e 24//7""” is not a real number. Now since
a(p™?,1), a;(p™?, p™) € Q we have r; = 0 and r» = 0. Therefore the statement follows.

o

Proof of Theorem[L1l Assume p™ # 4. Let f(z) € Pi(p™). Assume, for sake of contradiction, that
Va/pi(f(2)) > 1 for some cusp a/p' where 0 < i < mand ged(a, p’) = 1. Then by Lemma[3.Ilwe have
either r; = 0 or r,n = 0. If r; = 0, then there exists a g(z) € E(p™ ") such that f(z) = g(pz), that
is, f(2) € Ox(p™). This contradicts to f(z) being in Pr(p™). If r,n = 0, then f(z) € E(p™1) again a
contradiction with f(z) being in P,(p™). Therefore we must have v,,/(f(z)) < 1 for all cusps a/p’
where 0 < i < m and ged(a, p') = 1. Since f is not a cusp form, for at least one r € R(p™) we have
v.(f(2)) = 0. Then the theorem follows from observing

BR(p") = plom=DI21(pn=D=2A0n=D121 4 1)

see [3, Corollary 6.3.24.(b)], together with the fact that all r € R(p™) can be chosen to be in the
forma/p'.
Now we prove the case p = 2 and m = 2. In this case let us fix

111
R(4) = {T, 5, Z}

By arguments similar to the proof of Lemma [3.11if v;,;(f(z)) > 1 or v;4(f(z)) > 1, then r; = 0 or
r4 = 0, that is, f(z) cannot be in P;(4). Therefore, we must have v;,1(f(z)) < 1 and v;4(f(2)) < 1.
On the other hand if v, »(f(z)) > 2, then from the expansion at 1/2, formula forp=2,m=2,
i =1, we have

Qz+d) f(M2) = ) au(2, Drigh,

n>0

+ 2 a2 Dndl + ) a2, Hre gy,

n=0 n=0
Observing that df = 1 (mod 2) yields
ao(2, Dry +aog(2,2)r, + ap(2,4)rs =0
a2, Dri—a1(2,4)ry =0
a2, Dy +a1(2,2)r, + ax(2,4)rs =0
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Putting the values of a,,’s from (2.10) in the the above equations and simplifying them we have
rL4+ T+ /28 =0,
r—raf 2k = 0,
(1 +2Dr +r+ A+ 25D /28 = 0.

Thus ry, ry, r4 = 0. Therefore, if v,,,(f(z)) > 2, then f(z) = 0.
Hence, if f(z) € Pi(4), then vi,;(f(2)) < 1, via(f(2)) < 1 and v;2(f(2)) < 2. Also since f(z) is
not a cusp form v,(f(z)) has to be O for at least one r € R(4). Thus, we have }’,cgu) v, (f(2)) <4. O

Proof of Theorem Let f € P,(p™) be an eta quotient. Then we have

*
PRZGERE

reR(p™) E(pm + p'"_l) ifm#0,

ifm=0,

see [2, Lemma 2.1].

We observe that }’,cg,m v,(f) is greater than or equal to the upper bound given by Theorem
L1l unless (k, p™) = (2,1), (4,1), (6,1), (8, 1), (10,1), (2,2), (2,4), (2,8), (2,16), (4,2), (4,4),
(6,2), (6,4), (2,3),(2,9), (4,3), (2,5), (2,25), (2,7). This means unless (k, p™) is one of the pairs
above, f € P (p™) will have at least one zero in the upper half-plane, that is, f cannot be an eta
quotient. We run the algorithms given in [1] and see that there are no eta quotients in £;(p™) when
(k,p™) =(2,1),(4,1),(6,1),(8,1),(10,1),(2,2), (6,2),(6,4), (2,3),(4,3),(2,5),(2,25),(2,7). O

Proof of Corollary[[.4 Notice that for any f € E(p™) there is a g € Pi(p™ ) such that 0 < m’ < m
and f is a trivial extension of g. By Theorem [L.3] we have

(k, p") €{(2,4),(2,8),(2,9), (2, 16), (4,2), (4,4)}.

Now we can derive the finite set of all the eta quotients of weight k and level p™ in Pi(p™) by
employing Algorithm 4.2 in [1]]. O

Proof of Corollary[[.3l By Lemma 2.1 of [1]] the desired set can be obtained by finding the an-
tiderivatives of the eta quotients given in part (1) of Corollary Now Algorithm 4.3 of [[1]
derives the required antiderivatives. O

4. SECOND ORDER DERIVATIVES

In this section we prove Theorem We start by determining the weight of an eta quotient
whose second derivative is also an eta quotient.

Proposition 4.1. If f is an eta quotient of weight k for which D*(f)/ f is an eta quotient of weight
{, thenk = -1 and { = 4.

The following lemma is needed for the proof of this proposition.

Lemma 4.2. Let f be a nonzero holomorphic function defined on the upper half-plane. Suppose

that for an M = (‘Cl Z) € SL,(Z) we have

f(Mz) = yulcz + d)f(2), .1

where k is an integer and Yy is a root of unity depending on M. Then

Dz(f(MZ))_Dz(f(Z))+k+1D(f(Z))( c )_k(k+1)( c )2
fMz) f@) m f(zx) \cz+d 472 \cz+d) -’

(cz+d)™* 4.2)
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Proof. This is a consequence of differentiation of twice and employing the transformation
property (@.1)). (For a general formula for the m-th derivative of a modular form see [9, Proposition
3.11.) ]

Proof of Proposition 4.1l Since f is an eta quotient of weight k, then (.1)) holds for any M € I'((R)
for a suitable non-negative integer R and for corresponding 24-th roots of unity ¢,,’s. Thus (4.2))
holds for such M’s. Now assume that D*(f)/f is also an eta quotient of weight £. Suppose that this
eta quotient has level N (a multiple of R) and thus satisfies

for some 24-th root of unity y,,, depending on M, and for all matrices M = ‘Cl Z) € I'hy(N). Now,

for a fixed z in the upper half-plane, applying in and rearranging the terms yields
(xm(cz +d)' = (cz+d)*) D Z;{Z ()Z)) = (k + 1) (kc*a(cz + d)* + cBlcz + d)’) (4.4)

for some fixed constants @, 8 € C. (Note that since z is fixed, the value of D(f(z))/f(z) is absorbed

k *k
N d
for which yo(Nz + d)’ — (Nz + d)* # 0, for one of the 24-th roots of unity yq, is infinite. Assuming
that k # —1, the equation (4.4)), for c = N and M € S, can be re-written as

1 DXf(2)) _ kN*a(Nz+d)* + NB(Nz + d)*
k+1 fz xo(Nz+d) —(Nz+d)*

Now for a fixed z in the upper half-plane, the right-hand side of (.3)) is equal to a fixed non-
zero complex number 7y for infinitely many values of d. This is a contradiction as the non-trivial
polynomial equation

in £.) Next assume that £ > 0 and £ # 4. Observe that the set S of matrices M = ( ) € I'h(N)

4.5)

(kN?*a)X* + (NBX? — (yxo) X +yX* =0

has finitely many solutions. The other cases can be analyzed in a similar fashion to conclude that if

both f and D*(f)/f are eta quotients, then k = —1, £ = 4, and y,, = 1. |
We continue with listing some identities that will be useful in the proof:
5 1
Ey(2)* = S E4(2) — 5 D(Ex(2)), (4.6)
12 2
1 1 1 1
Ex()Ex(22) = 5 Ea(2) + §E4(2Z) - gD(Ez(Z)) — 7 D(EA(22)), 4.7)
and
ExQEs(42) = 1=Ex(0) + —=Ey(22) + Ey(42) — —=D(Es(2) — tD(Es40),  (48)
222Z—484Z 164Z34Z16 2\Z 4 2\72)), .

first of which is due to Besge, Glaisher and Ramanujan independently and for the latter two see
[4, Theorems 2 and 4]. Additionally we note that using (4.6) and replacing z by 2z we obtain

5 1
Ey(22)* = EEAL(ZZ) - ZD(Ez(zZ)), 4.9)
using (@.6) and replacing z by 4z we obtain

5 1
Ey(42)" = T Ea(32) — g D(Ex(42)), (4.10)
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and using and replacing z by 2z we obtain

1 1 1 1
E>(22)Ex(42) = EE“(ZZ) + §E4(4Z) - 1—6D(E2(22)) - gD(E2(4Z))- (4.11)
Now we prove Theorem

Proof of Theorem If f(z) = 7" () (22)n"*(4z), then by taking logarithmic derivative two times
and employing the identity
D(log(n(2))) = —Ex(2)
we obtain
D2
% = D(-riEx(2) - 2mE(22) - 4ryEx(42))
+ (=11 Ex(2) — 2 E5(22) — 41, Ex(42))”.

Next we use (.6)—(.11) and obtain

D*(f(z 5 1 5 4 1 4
o =B (E”? £3n ) " B2 (3 F Nt gt 3
20 8 16
+ E4(4Z) (?ri + §r1r4 + ?1’21’4)

1
+ D(E»(2)) (—’”1 - 5’”1(71 +r+ 7”4))
+ D(E>(22)) (=2ry — ry(ry + 1y + 14))
+ D(Ex(42)) (=4rs — 2r4(ri + 12 + 14)) .
Noting that, by Propositiond.1l r; + r» + r, = —2 must hold, we have

D(f@) _

5, 1
Q) Ei(2) (Er1 + —r1r2)

3

5 4 1 4
+ E4(2Z) (57‘% + 57‘17‘2 + 51’11’4 + §r2r4)

20 8 16
+ E4(4Z) (?I"ﬁ + §F1I’4 + ?1’21’4) .

Therefore % € E4(4). The result follows by investigating all the eta quotients in E4(4) that are
found by using the algorithms given in [1]. O
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