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1 Introduction

Let E be an elliptic curve defined over the rationals. For any prime p of good reduction,
let E, be the elliptic curve over F, obtained by reducing E mod p. Let a,(E) be the trace
of the Frobenius morphism of £E,. Then, Hasse proved that #E(F,) = p+ 1 — a,(F) with
lap(E)| < 2,/p. The case a,(E) = 0 corresponds to supersingular reduction mod p.

Let N be a positive integer. For a fixed r € Z, and fixed curves Ei, ..., Ey, we define

.....

.....

From Hasse’s bound, the probability that a,(E) = r is

1
T < )
Prob {a,(E) = r} ~{ VP s
0 if [r| > 2\/p.
This suggests the asymptotic behavior
\/E

() ~ Z Prob{a,(E) =1} ~ Cg,

p<z
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where Cg, is a constant depending on E and r. Similarly, assuming that a,(E;) = r and
ap(Ey) = r are independent events for non-isogenous curves E; and Es, we have for |r| < 2,/p

1
Prob{ap(El) = a,(Ey) = T} ~ @
and more generally
1
Prob{ap(El) =...=a(Ey) = T} ~ ANpN/2®

Summing the probabilities as above leads to the following conjecture.

Conjecture 1.1 (Lang-Trotter conjecture) Let N be a positive integer, let r € Z, and
let Eq,...,ENx be elliptic curves over Q, not Q-isogenous and if r = 0 without complex
multiplication. Then,

Ve if N =1;

Elzr 10

T Br e En (x) - CE17E2,7‘ lOg lOgZC Zf N = 27'

| 1s finite if N > 2.

For N = 1, there is a more precise conjecture by Lang and Trotter [LT]. Their conjecture is
based on a probabilistic model more refined than the simple heuristic above, and they then
get a conjectural value for the constant C'z,. In particular, the constant can be 0, and the
asymptotic relation is then interpreted to mean that there are only finitely many primes p
such that a,(E) = r. This can happen, for example, if £ has rational torsion over Q. Some
other such cases were classified in [DKP].

To this date, very little is known about the Lang—Trotter conjecture. It was shown by
Elkies [Elk] that for any elliptic curve E over Q, there are infinitely many primes such that
a,(E) = 0, but this result is not known for any curve E if r # 0. The best (unconditional)
lower bound for this case is 7% (z) > logz z/(log, )9 for any positive § and z sufficiently
large [FMI1].

For any r € Z, it was shown by Serre [S] that 7},(z) has density 0 in the set of primes,
and the best result for this case is 7j(z) < z*/°(logx)~"/° [MMS] under the Generalised

Riemann Hypothesis. For r = 0, the unconditional bound 7%(z) < 23/* was obtained by
Elkies and Ram Murty.

A classical way to get evidence for hard distribution questions like the Lang-Trotter conjec-
ture is to look at average estimates. For any a,b € Z such that 4a® + 27b% # 0, let E(a,b)
be the elliptic curve

y* =2 +ax +b.
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It was shown by Murty and Fouvry [FM1] that for » = 0, the Lang-Trotter conjecture holds
on average, i.e. as T — 00

1 0 Vi
B 2 b ()~ Co s

la|]<A
b|<B

where C is an explicit non-zero constant. This result was extended to all r € Z by David
and Pappalardi [DP] who showed that as z — oo

Lo v
1B 2 "Hen) = O o

a|<A
lbl<B

where

2 P’ p(* —p—1)

= Ue=lle ==y W
We prove in this paper that the Lang-Trotter conjecture holds on average when N = 2.
If » = 0, this was done by Fouvry and Murty [FM2]. We extend it in this paper for all
r € Z. As for all those average results, the key step is a theorem of Deuring which relates
the number of elliptic curves over the finite fields I, with a,(E) = r to the class number of
the quadratic imaginary order of discriminant r? — 4p (see Section 2). Using Dirichlet’s class
number formula, the averages to consider are then averages of special values of Dirichlet
L-functions (for N = 1), or averages of products of special values of Dirichlet L-functions
(for N > 2). In the case r = 0, one can compute those averages by splitting the L-functions

L(Lx)zZ@

n>1

into 2 sums, depending if n is a square or not, as only the terms with n a square will
contribute to the main term. This is not the case when r # 0, because there is a shifting
in the characters y. Then, all the terms of the Dirichlet L-functions will contribute to the
main term, and the computations are more delicate. The average Lang-Trotter conjecture
for 2 elliptic curves then follows from this average of products of special values of Dirichlet
L-functions.

Theorem 1.2 Let € > 0, and let r be an odd integer. Let A, B be positive integers with
A, B> z'¢. Then as x — o0,

! ,
s O hu(e) ~ Clogloga

layl]slag|<A

[b1],]b2|<B



where

p2(p? +1) pp—2p —3p—1)

C, . 9

7T2 Hp_l H (p—1)3 (2)
plr pir

We remark that for technical reasons, we restrict to the case r odd in the statement of
Theorem 1.2. A similar result (with a different constant) would hold for r even, but is not
included here, except for the case r = 0 (done previously by Fouvry and Murty) which is
done in section 5.

The structure of this paper is as follows: in Section 2, we reduce the statement of Theorem
1.2 to an average of product of special values of L-series; in Section 3, we find a precise
asymptotic for the average of product of special values of L-series that is necessary for our
application; in Section 4, we find the expression for the constant C, as an Euler product; in
section 5, we show that our method implies the Fouvry-Murty result in the case r = 0.

Acknowledgment: We would like to thank Ram Murty for reading the manuscript and for
commenting on an earlier version of this work.

2 From elliptic curves to L-series

In all the following, we fix an integer r. For any integers ay, as, by, by such that 4a?$ + 2703 # 0
and 4a3 + 2703 # 0, let

El : y2:$3+G1$+b1
Es y2:x3+a2x+b2

be two elliptic curves over Z. Then, for such aq, by, as, by, we define

T, (1) = #{p <@+ ap(Er) = ap(Ey) =71}

We consider

Z 7TTE1,E2 ()

lai];lag|<A
[b1],[b2|<B

where ay, as, by, by are such that (4a3 + 270%)(4a3 + 27b3) # 0. Reversing the summations,
this is
> #{lal laa] < A |bil, [bo] < B 1 ay(Er) = ap(B2) =1} + O(A’B?) (3)

Br<p<lz

where B, = max(3,r%/4), and the O(A?B?) comes from the fact that we removed the primes
2 and 3 from the sum.



Let E(a,b) be the elliptic curve y* = 23 +ax+b with a, b € Z. The reduced curve E(a,b),/F,
is the reduction modulo p of a minimal model at p for E(a,b). Write a = p*a’ and b = p**¥’
with & > 0 and integers o/, b such that v,(a’) < 4 or v,(b') < 6 (v,(n) is the power of p
appearing in n). Then, for p > 3, E(a’,¥) : y* = 2 + d’z + ¥ is a minimal model for F(a, b)
at p. Hence, each elliptic curve E, over the finite field I, is the reduction of

(5 +om) (5 +ow) +o (5)

curves E(a,b) with a,0 € Z and |a| < A, |b|] < B, where the second term accounts for
non-minimal models. It follows that,

# {anl, laz] < Asfbr], [bo] < B+ ap(Er) = ay(Ez) =1}

4AB A B AB 2
— +O(—+—+—+1)) N(p,r) 4
(p2 p p (#.7) )

where N(p,r) is the number of curves E over the finite field F, such that a,(E) = r, or
equivalently with p + 1 — r points over that field.

Lemma 2.1 (Deuring’s Theorem) Let p be a prime, and r an integer such that r* —4p <
0. Let H(r? — 4p) be the Kronecker class number

H(r* —4p) =2 Z %

f2r2—4p

~—

where the sum runs over all positive integers f such that f2|r? —4p and d = (r? — 4p)/f? =
0,1 mod 4 and is not a square, and h(d) and w(d) are the class number and the number of
units in the order of discriminant d respectively. Then,

(p—1)
2

N(p,r) = H(r* — 4p).

Proof: See [Deu| or [Cox, Theorem 14.18]. QED.
Using the last lemma and the standard bound H(r? — 4p) < \/ﬁlogz p, we get

27172
p H*(r —4p
N(p,r)* = —(4 )+O(p210g4p)

< pPlogp.



Replacing in (4) and (3), this gives

r H2(T2_4p)
S ) - aep Y T
lay],lag|<A B, <p<z p
|b1],|b2|<B

+0 (AZB2 + (A’B + ABHxlog'z + (A + AB + B2 log' z + . ..
+ (A + B)2z*log* z + 2 log* ZL‘>

We take A, B such that

A, B > z'te (5)
for any € > 0. Then, we have
H?(r? — 4
o mhplr) = 44’8 > M + O(A2B?). (6)
lay|slag|<A Br<p<z P

b1],]b2]<B

We now analyse the main term. By definition of the Kronecker class number, and using the
class number formula, we get

1 H(r* —4p) ; h(dy) h(dy)
4 Z p2 - Z Z w(dl) Z (dz)

w
Br<p<z Br<P<33 f2|r2—ap g2|r2—4p
f2d1 =r2_4p g2d2:r274p
1 \4p —r? Viap —r?
= 472 E E f L(laXdl) E L(LXdz)
BT‘<p<$ f2|r2—4p g2|r2—4p g
f2d1 =r2_ 4p 2d2 7‘274;7

1 4p—r
= 4—7T2 Z Z 1 Xd1)L(1 Xd2)

f<2f €s
9<2vz p fial

where Sy ,(z) is the set of primes
Sf,g(x) = {BT<pr : f2’T2_4p, g2|7”2—4p,
dy=(r*—4p)/f*=0,1mod 4, dy = (r* — 4p)/g* = 0,1 mod 4}.

We rewrite the last sum as

1 Xd1 1 Xd2) 1 Xd1 1 Xd2)
_ngz O ngz Y

fL2vT es f<2vT es
9<2Vx PESpg(@ 9<2\T PESyg(®



We will prove in the next section (Theorem 3.1) that for any ¢ > 0

xr

f<2vz es
9<ovE p fg( )

Then, using Theorem 3.1 and partial summation, we find that the first sum of (7) is

1 1 [* t 1+ logt
—— (Ka+0(—2 +—/ Kt+0(— T80 g
m2xlog x log® x T2 Jy log®t t2log”t

K,
~ — loglogx
T

and similarly that

Z fg Z 1 Xdl 1 Xdz) _ 0(1)

fL2vz pESy ¢(x) p
g<2yz

Then,

1 Z H?(r? — 4p)

K,
po ~ log log x

Br<p<z

and replacing in (6), we get

1 . K,

16A2B2 2 ., (%) ~ —5 loglog
lay];lag|<A
|b1|7|b2|§B

for A, B > z'*¢. Notice, assuming Theorem 3.1, this shows Theorem 1.2. The next section
consists of a proof of Theorem 3.1.

3 Average values of product of Dirichlet L-functions

Theorem 3.1 Let r be an odd integer. Then, for any ¢ > 0,

> Z > L(1,xa)L(1, xay) logp = K,z + O (10;60:5)’

rerviozayi 9 pes; oo

where

K. —3 Hp (p? +1 Hp (p* —2p —_31{1)—1)‘



This section consists of a proof of Theorem 3.1. As r is odd, it follows from the definition
of Sg,(x) that f,g are also odd, and that d;,d, are congruent to 1 modulo 4. Also, any
common factor between r and f would divide the primes p € Sy ,(z), which is impossible
because p > B, = max (3,7%/4). Then, the sum is empty unless (2r, fg) = 1, and we can
rewrite the sum of Theorem 3.1 as

> fg > Llel (1, Xa) log p

fg<2\/_ pESy g(x

(2r,fg)=
where
Sre(@)={B, <p<a : f7[1*—dp, g* | r* —dp}.
Let
— Xa: ()X, () O @y a5 (¢)
L(s) = L(s, xa,)L(s, Xa,) = Z W _ Z A,
=l =1
n=1
where

Qdy ,do (e) = Z Xd1 (m)XdQ (n) (8)
We then have the trivial bound
adl,dQ (6) <K d(g) < ge (9)

for any € > 0, where d(¢) is the number of divisors of /. We need an expression for the
truncated L-series of L(1).

Lemma 3.2 Let U > 0. Then, for any e > 0,

L(l) _ adh?(g) e—f/U +0 <
=1

|d1d2|3/16+e
Ul/2

where the error term depends on e.

Proof: We have the integral representation

(&

Q=

1 d
= — [ rs+nUr

2w Joy S

(see [M], p. 353 for a proof). Using this we have

> ds

Ady,do (6) —¢/U 1 / s
= — L nr HU*—.
. c 2mi Sy (s+1DI'(s+1) .

8



Now moving the line of integration from (1) to (—3) and calculating the residue at s = 0
yields

Z ad1,d2(£) e—l/U — L(l) + L/ L(S + 1)F(S + 1)U dS (10)
— Yl 211 (-4 s

t\.’)\»—A

Recalling Burgess’s result (see [Bur]), we have for any € > 0,

L(1/2+ it) = L(1/2 +it, xa,) L(1/2 + it, Xa,) <c |dads|*1OF,

and then | /16
1 didy ¢
— [ L+ I+ )Y« 02
3 iy, (s+1DI'(s+ )U '« TiE
Replacing this in (10) completes the proof. QED.

Using Lemma 3.2, we write, for any € > 0,

S Y L) losp

g
f9<2z €84
Binl " Pesral®)

1 Ay a5 (0) e |dydy [P/
l Zf_z{z R S e § S

Losavs 7 pesyg(a) (=1
_ 1 - _Z/U N1 O 1 1 d.d 3/16+el
- Z f_z Z (dyd5 (€) log p + Uiz Z E Z |d1ds| ogp
(g,g?Q)f =1 pESy ¢(x) (f2,g?2)\/51 pES} 4(x)
r.f9 rfg)=

Replacing d; and dy by their definition, we can bound the sum in the error term by

1 1 3/84-2¢
< U1/2 Z (fg)l1/s+2e Z p logp

Ine et
3/8+2¢ ] 1 11/8+2¢
T ogx x
< [J1/2 Z (fg)ii/s+2e Z 1< U2
fa<2vE pESy 4()
(2r,fg)=1
and we have
p11/8+2¢
Z Z L(1) logp = fg Z g, 4, (£) logp + O < U2 )
19523 peSf 9 Losas PeSts(®)
(2r fg)= (2r,fg)=

(11)

for any € > 0.



Let 1 < V < 24/ be a parameter to be chosen later. We write the sum in (11) as

00 —Z/U o —Z/U

DI STRICITISND VIS 7 D) D TRAGIES
@ s};)‘/lé 1 PpESF ¢(x) Véffg<2f g PpESF ¢(x)

T rf9)

For the sum over large values of f and g, we first notice that for such f and g, we have
[f2, ¢%]|r* — 4p which implies that [f?, ¢%] < 4x. We also have that 4p = r? mod f? and
4p =r? mod ¢* <= 4p =r? mod [f?, ¢*|. Then,

% —b/U
> LSS o
Vlgsae 10 PeS1 @)
[f2,92]<4z

—d() _,
< logx — Lt 1
; ¢ V<J;2\/_ fg ;
(2r,fg)= 4p=r2 mod [f2,92]
[£2,: 21<4x
o0
d(l) 1
< zlogx etV . (12)
2 2 T
(2r,fg)=
[f2,g21§4z-

Lemma 3.3

id(@e_ew = L C2(3+1)F(3+1)U5§
=1

for the infinite sum that we want to bound, where ((s) is the Riemann zeta function. Note
that since

C(s)zs_%—i—v—i—cl(s—l)—i—...

(see [M], p. 63), the residue of the integrand at s = 0 is
1
3 log? U + 2vlog U + ¢,

where v is the Euler constant and ¢y a constant. Now by moving the line of integration from
(1) to (—3) and calculating the residue at s = 0 we get the desired bound. QED.
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Using this lemma, we can bound (12) by

2 g% 1 log zlog® U
zlog xlog? U Z (fg’gg)éxlogxlogQU Z 5 2<<xog:s/20g
V<f,0<2VE g V<f,g<2\/5f g
@r.fo)=1 (@r.fo)=1
to get that
1 1 etV
> LY s X ST S
GG e di 1T el
/8 +2e rlogxlog® U
+0 (W) +0 (T) : (13)
We now write the sum on the right hand side of (13) as
1 e v 1 etV
> 7 2 T 2 aaa@lept > oo > —— ) daa(()logp
f9<V 9 {<UlogU PESy ¢(x) fg<V g >UlogU pESyg(x)

(2r,fg)=1 (2r,fg)=1

for some parameter U = U(x) to be chosen later.
We first estimate the sum for large values of /. For any € > 0, we have

dl) o etV 1 —U
Z 76 o< Z f1—c < (UlogU)l—< Z e
(>Ulog U {>UlogU (>UlogU
1 & U 1
—_— dt = ———
< [Tlogl) /UlogUe (TlogU)
and then
1 L v N1
S Ly lew 5 g
(2&5}7%)‘/:1 £>UlogU PESy ¢(x)
ait) _,u 1 zlogxlog® V
criogr Y Mo L rlossle
o 2 Folffg] S (WUlegl)

(2r,fg)=1

Using this last result and (13), we get that for any € > 0,

> i > L) logp= ) % 2. %ew 2 tnaOlozy

Losn "7 peSre(@) @i Ul PESi.9(7)
p1/8+2e rlogxlog® U rlogxlog?V
O(F 7N o (Floszlog’ U | () (wlogwlog” VI 14
o () o () o (o) o
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We now estimate the sum of the right-hand side of (14). By quadratic reciprocity,
Xa, (M) = xa; (m) if dy = d} mod (4m).
We then have

1 e—Z/U
> g X X w Y xalmixadn)
gy T evinr T pesiy@) et
1 e~ tv a b\ —
- Y X Y () D
f,9<Vv L<Ulog U a mod 4m P
(2r,fg)=1 mn=~¢ b mod 4n

where Y7 runs over primes p such that p € Sy ,(z) and d; = a mod (4m), dy = b mod (4n),
i.e. the primes p such that B, < p < x and

p=(r*—af?)/4mod mf* and p= (r* — bg*)/4 mod ng*.

If (r—af?)/4 # (r* — bg*)/4 mod (mf? ng?), there are no such primes. If the above
congruence is satisfied, let § = 6(a,b,m,n, f,g) be the unique residue modulo [mf? ng?

which is congruent to (r* — af?)/4 modulo mf?, and congruent to (r? — bg*)/4 modulo ng?.
If (r* —af?)/4 # (r? — bg?)/4 mod (mf? ng?®), we set § = 0. Then, we can rewrite the last

sum as
1 1, a b
e og p.
Sy e s (Y)Y e
f,g<V <U logU a mod 4m Br<p<z
(2r,fg)=1 mn=4{ b mod 4n p=6 mod [mfz,ngQ]
Let a,n be positive integers with (a,n) = 1. Following the standard notation, we write

Y(rin,a) = Y logp=

p<z
p=a mod n

o) + E(x;n,a).

With this notation, we rewrite the last sum as

1 1 * a b T |
S a2 )G (G B lnrtoato)

(2r,fg)=1 mn=4( b mod 4n

where ) a mod am means that the sum runs over invertible residues a,b modulo m,n respec-
b mod 4n

tively such that (r? — af?)/4 = (r* — bg*)/4 mod (mf? ng?), and @ is invertible modulo
[mf?,ng?], or equivalently (r? — af? 4m) =4 and (r* — bg?,4n) = 4. We then define

a b
T _
ctq(m,n) = 5 E (E> (E) . (15)
a (4m)* b (4n)*
(r2—af2,4m)=4 (r2—bg2,4n)=4
(r2—af?)/4=(r2—bg?)/4 mod (mf2,ng?)

12



Using this notation, we have

1 et/ 1 etV ¢ (m,n)
s ady a,(0) logp = x = g
f;/ fa e<U;gU ¢ pesz(;p) o f; fg K;OM ¢ o(Imf?,ng?)
(2""f§):1 - F9 (QT,fE):l “mn=¢
1 et < ay\ (b
P Y Y e X (5 (2) el (o)
(2');:3‘3)‘/:1 eseli:il] % IIII]ICC))(; f:

We first deal with the second sum of (16) which is bounded by

*

Z % Z % Z |E(x; [mf?,ng?], 0)].

fg<Vv mn<U logU a mod 4m
(2r,fg)=1 b mod 4n

In the sum > % modam, each pair of residues a,b modulo 4m and 4n respectively yields a
b mod 4n

different residue # modulo [mf? ng?. We then have

Z % Z |E(x; [mf? ng®,0)| < Z . Z | E(x; [mf?, ng’],0)|

mn
mn<U log U a mod 4m mn<U logU 6 mod [mf2,ng?]

1
< ¢ ) 7 > ) |E(x:0,0)]

{<UlogUf2g2 6 mod ¢
where ¢({) is the number of ways that we can write ¢ = [m f? ng?. More generally, we have

Lemma 3.4 Let n be a positive integer, and let C(n) be the number of ways to write n =
[n1,mn9] for any positive integers ny and ny. Then, C(n) < 2¥Md(n), where v(n) is the
number of distinct prime factors of n and d(n) is the number of divisors of n.

Proof: Let n = [[;_, p{" with oy > 1 for ¢ = 1,...,7. Then, n = [ny,n] implies that
n, = H:lefi and ny = [[i_, p}* with 0 < 3,7 < o; and max (5;,v;) = o; for i =1,...,7.
As there are 2a; + 1 such pairs (3;, ;) for each i, we have

T s

C(n) = [[(2a; +1) <[] 2(e + 1) = 2™d(n).

i=1 i=1
QED.
Using this result in the last bound, we get

S LS mwmeadel< e Y DS pees)

mn
mn<U log U a mod 4m <UlogU f2g? 6 mod ¢
b mod 4n -

13



1/2 1/2

< fg° > dz(f) > Bx;0,9)

2<U log U f2 42 2<Ulog U f242
6 mod ¢ 6 mod ¢

using the Cauchy-Schwartz inequality.
For the first parenthesis, we use the result of Ramanujan [Wil]

Z d"(0) ~ A, Nlog¥ ' (N), for r > 2 and A, an absolute constant
(<N

with » = 4. Using partial summation, and the fact that f,g <V, this gives

1/2 12

dA (v dA(¢
Z £(2 ) < Z —é ) < log® (V*UlogU).
ZSUglog[CJlf;gz EgUlogUfQQQ

For the second parenthesis, we apply the theorem of Barban-Davenport-Halberstam [Dav,
p. 169]. This gives

1/2

Z E*(x;4,0) < (V'U=z logUlogyE)l/2

1<V4U log U
6 mod ¢

whenever .

o <V logU < x, (17)
og

for some A > 0.
Finally, summing over f, g, this gives

ngZ

Z (%) (%) E(x; [mf?,ng’],0)

fg<Vv L<U logU a mod 4m
(2r,fg)=1 {=mn b mod 4n
< (V4U:E10gU10g:17) 12 log V4UlogU Z fg
Fg<V
(@r.fg)=1
< VO(UzlogUlog x)'/?log® = (18)

whenever (17) holds.
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We now have to evaluate the first sum of (16). We first rewrite the sum as

= ¢}, (m,n)e voc,(m,n)
fig=1 fg m,n=1 mn¢ mf2 ng f,g<VvV fg £>Ulog U g (b mf2 ng ])
(2r,fg)=1 (27‘fg) 1 mn=4¢
> i Gl (19)
—T
f.g>V fg mn¢ mf2 ng ])
(2r, fg)=1

We first deal with the two error terms of (19). This is done using the bound

mn

cr g (m,n) < (20)

k(mn)(m,n)
which is shown in Lemma 4.8. Using the notation of Section 4, we write k = (f,g) and
f=kf and g =kg'. If (f',n) # Lor (¢',m) # 1, we have ¢} (m,n) = 0 by Lemma 4.3(i).
It (f';n) = (¢',m) = 1, then (mf? ng®) = (m,n)(f* ¢*). This gives

o) (mfng?) ¢ (mn)  (mn)(f2,6%) ¢y (m.m)
¢([mf?,ng?) ¢(mnfg?) ¢(mnfg?)
(mvn)(f2v ) Cf,g<m7n) < mn <f2792>

<
= Amme(Po) wlmm)a(mn)o(F2)ols)
using the bound (20) for c}vg(m, n). Replacing in the first error term of (19), we get that

1o d(f)
;/ fg f>UZlogU ¢ ¢ mfz ng’] gZ<v fg¢ )(b( %) Z K(0)o(l)

{>UlogU

(2r fg)=1 mn=~¢ (2r,fg)=1

It is shown in [DP, Lemma 3.4] that

> £3/2 B
> 21
=1
converges for Re(s) > 1. Clearly, this implies that i o) converges. Furthermore
’ = K(0)e(0) ’

using the Wiener-Ikehara Tauberian Theorem and part_ial summation as in the proof of [DP
Lemma 3.4], we can show that for any € > 0,

£>§gU % < (Ulog )~ Y2+, -
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Also,

(/%9 T,
2 Faoe )SQ; EGE (qus ) = oW

(2ng) 1 f<g Fsv
and then ( )
cfg m,n ( T )
=0 ———+. 23
f;/ fg b;;g,] o([mf?,ng?) (UlogU)t/2= (23)
(2r,fg)=1 mn=~{

We now look at the second error term of (19). As above, we have

mn/U 2)

cfg7n n B G
D Z ) < © X T

f,.9>V

2
X
(];/ fqb ) V2 2¢

for any positive € > 0, as ¢(n) > n'~ for any positive ¢ > 0 [HW, p. 267].
Then, replacing in (19), we get

c (m,n)
wagZ gZ¢fg

(2r.fg)=1

i, 10 e (bnf? ']
o —mn/U
¢} (m,m)e . ( )
Z 2. O\ 77— | +O (24
fa—1 fgmn  mné([mf? ng ])+ <(UlogU)1/2—f)+ V2—2¢ (24)

(2r,fg)=1

Finally, we remove the exponential e~V from the main term. We have, for any ¢; > 0,

—mn/U )
E Cpg(msn)e cfg(m,n) / (U)
v - F S _— dg
fgmnlmnfg¢ me ng ]) fq%lfgmnqb mf2 ng]) (c1) () mn
(2r,fg)=1 . F oyt
z cfg m,n) .
- ; I'(s)U?ds.
21t e Z , fomn) e, ng’]) )
2 fo)=

Using the bound (20) and working as above, we get

N Crg(m, 1) —~_d(0)
2 (mn)*+ fgo([mf?, ng?] ; (Oe(0)e

16



and from (21), the sum converges for Re(s) > —1/2 + ¢, for any € > 0. Then we can move
the line of integration to any —1/2+¢€ <y < 0, say v = —1/4. As I'(s) has a simple pole at
s = 0, by using Cauchy’s residue theorem and working as in the proof of Lemma 3.2, we get

% ,(m,n) . % ,(m,n) ES
! Z fgmnqbg [mf2,ng De = Z fgmn¢g([mf2,ngz]) 0 <U1/4>

fig,m,n=1 fg,m,n=1
(2r,fg)=1 (2r,fg)=1

and replacing in (24), we have

ngZ

fg<V L<U logU
(2r,fg)=

c ,(m,n)

=, o([mf?,ng?)

cfg m,n) T T -
0] ) 25
o Famnd([mf2, ng?) + <(U10gU)1/2—6 + V22 + U1/4> (25)
(27 )

This finishes the proof of Theorem 3.1. Indeed, replacing (25) and (18) in (16) and (14), we
get that

A xXr
> fg Z L(1,Xxa,) L(1, xay) logp = K,z +0O <(U10gU)1/2_6 e

f, g<2\/_ GS
(2r,fg)= b (@)

p11/8+2€ gyloga:log2 U xlogxlogQ 14
6 1/2
U1/4 + VO(Urlog Ulogz)!/*log" v + = + =1 (U'log UVG)
for all € > 0, with
Cfg m n)

26

RN “
(2r, fg) 1

We choose U = z/log” x and V = log? z for positive integers a, 4 such that o« —43 —1 > 1
insuring that the condition (17) is satisfied. Then,

X s
Y LS st - meeo( et

e pes ,(@) og”x log

(2r,fg)=
= er—l—O( xc )
log® x

for any ¢ > 0 for an appropriate choice of a and 3. This proves Theorem 3.1, provided that
we get the Euler product expansion for the constant K, of (26). This is done in the next
section.

17



4 The constant

In this section, we express the constant K, as an Euler product of local factors. We first
prove that the coefficients ¢} ,(m,n) are multiplicative, and we then use this result to prove
a bound on the size of ¢}, (m,n) needed to complete the proof of Theorem 3.1 (see Lemma
4.8). Moreover, we also use the multiplicativity of these coefficients to derive the Euler
product for the constant K, in Theorem 3.1.

4.1 Multiplicativity of the coefficients ¢ (m,n)

For all this section, let » be an odd integer, and let f and g be positive odd integers. Let
k= (f,g),and let f' ¢’ be such that f = f'k and g = ¢'k. Let m and n be positive integers.
For a prime p and an integer n, the valuation v,(n) is the power of p appearing in the integer
n.

Definition 4.1 (1) Let
a(4m)*
(r2—af?,4m)=4

(2) For any invertible residue a modulo 4m, let

i g(nsm,a) = > <%> ;

b(4n)*
(r2—bg2,4n)=4
(r?—bg?)/4=(r*—af?)/4 mod (mf?ng?)

(3) Let
g (m,m) = Z (ﬁ) g (nym, a).

m
a(4m)*
(r2—af?,4m)=4

Of course, this definition agrees with the previous definition of ¢} (m,n) in (15).

Definition 4.2 A function F(m,n) defined on the set of positive integers m, n is multi-
plicative if it satisfies
F(m, n) = H F(p”p(m)’pvp(”))'

plmn

Lemma 4.3 (i) If (m,g’) # 1 or (n, f') # 1, then ¢} (m,n) = 0.
(i6) If (n1,m2) =1, then ¢} j(nin2;m, a) = ¢ (n1;m, a) ¢} (na;m, a).

18



Proof: (i) As (r?—bg*)/4 = (r* — af?)/4 mod (mf?,ng®) <= (af?—bg?)/4 =
0 mod (mf"? ng?), we have

- £ 8 % ()

a(4m)* b(4n)*
(r27af2,4m):4 (r2—bg2,4n)=4
(af2—bg'2)/4=0 mod (mf'2,ng’2)

Suppose there is a prime p dividing (n, f'). Then, ¢ (m,n) = 0 because b = 0 mod p, as p
divides (mf?,ng”?) and (¢',p) = 1. The case (m,g’) # 1 is similar.

(ii) From the Generalised Chinese Remainder Theorem, there is a bijection between the set
of invertible residues b modulo 4n;ny such that (r? — bg? 4niny) = 4 and the set of pairs
(b1, bo) of invertible residues modulo 4n; and 4n, respectively such that (r? — byg?,4n,) = 4
and (12 — bag?, 4ny) = 4. Furthermore,

(af* —bg*)/4 = 0mod (mf? ninsg?)
if and only if
(af?* —b1g?)/4 = 0mod (mf? nig?) and (af? — bag?)/4 =0 mod (mf? nag?)

as the least common multiple of (mf? nig%) and (mf? nyg?) is (mf?, ninyg®). This proves
the result. QED.

Lemma 4.4 Let my, ma, ny, ny be positive integers such that (my,ms) = (ny,n2) = (M, ng) =
(ma,m1) = 1. Then,

C;,g(m1m2’ nlng) = C?,g(mh nl) C},g<m27 n2)-
Equivalently, the functions c; ,(m,n) are multiplicative.

Proof: Let n = nyny and m = mymy. If (m,g¢’) # 1, or (n, f') # 1, then c}vg(mlmg,nmg) =
0 by Lemma 4.3(i). But then, one of (my,¢’), (m2, d'), (n1, f'), (n2, f’) is not 1, and either

cgmi,n) =0 or ¢} (ma,ng) =0

by Lemma 4.3(i). This proves the lemma in this case, and we now suppose that (m,g’) =
(n, f') = 1. Using Lemma 4.3(ii), we have

a

c},g(mmﬂm) = Z <E> cjf’g(nl; m,a) c}’g(ng; m,a)
a (4m)*

(r2—af?,4m)=4

19



with

by
yfmiim,a) = )3 ()
b1 (4nq)* !
(r2—b1g2,4n1)=4
(af2—b1¢'2)/4=0 mod (mf'2,n19'2)
By hypothesis, (mf"?,n1g"?) = (m1f”,n19"), and ¢} ,(n1;m, a) = ¢ ,(n1;my, a1) where a; is
the reduction of @ modulo 4m,. Similarly, we have c}y(ng; m,a) = c}7g(n2; ma, as) where ag
is the reduction of a modulo 4m,.

Then, applying the Generalised Chinese Reminder theorem, we have

a
rg(m,n) = Z (mlmg) ctg(niymy, ar) ¢} (ng; mo, ag)
a (4mymg)*

(r2—af?,4mims)=4

aq a2
= Z (m_1) 67},9(711;7711,@1) Z (@) 07}75,(712;7712,@2)

ay (4mq)* ag (4mo)*
(r2—aq1 f2,4mq1)=4 (r2—az2f?,4mz)=4

which proves the lemma. QED.

4.2 Bounds for the coefficients ¢ (m,n)

We prove in this section that the functions ¢} (m,n) satisfy the bound (20). This is the
result needed to complete the proof of Theorem 3.1.

Lemma 4.5 Let p be a prime, and let o, 3 > 0 be integers. Then,

(i) &, (1,1) = 1;

(i) I p1 £g (ie. 0,(F) = v,(9) = 0), then ¢, (0", %) = f,, (07, p");

(iii) If p | fg and v,(f) = vp(g), then c} ,(p® ,pP) = cp (P . pP);

(iv) Suppose p | fg and v,(f) # v,(9). If o, B > 1, then (0% p A =0. Ifa=0and 3 >1,
then ¢ ,(p*, p°) = 0 when v,(g) < Up( ) and ¢} ,(p*,p°) = ¢ (p°) when vy(g) > v,(f). If
a>1and 8 =0, then ¢} (p*,p p 0 when v,(f) < vy(g) and c}’g(pa,pﬂ) = c,(p*) when
up(f) > vp(9g)-

Proof: (i) By definition.
(i) By definition,

. a b
wet= Y (%) X ()
a(4p)* b(aph)*

(r2—a,dp™)=4 (r2—b,apP)=4
(a—b)/4=0 mod (p* p°)

20



As (f,2p) = (g,2p) = 1, there is a bijection between the invertible residues modulo 4p®
(respectively 4p”) and the set of af? (respectively bg?), where a (respectively b) runs over
the set of invertible residues modulo 4p® (respectively 4p”). This gives

af? by?
A OEEDS (—pa ) 2 (p7 -
a(4p)* b(4pﬁ)*
(r?—af?4p>)=4 (r2—bg?,4pP)=4

(af?—bg?)/4=0 mod (p=,p?)

As
(af* —bg*)/4 = 0mod (p~,p°) < (af* —bg?)/4 = 0mod (p“f* p°g?)

() =G Go)= ()

we get that cf | (p, p°) = ¢}, (p*, p°).
(iii) As p| fg, and v,(f) = v,(g), p is odd, and we have

(af? —bg?)/4=0mod (p°f*,p°¢g%) < af” = bg”? mod (p°,p°).

Let h = f~2¢"2 modulo 4p®. Then, there is a bijection between the set of invertible residues
b modulo 4p?® and the set of hb, where b runs over the invertible residues b modulo 4p”. Then,

v = 2 (5) = ()

a(4p)* b(4pB)*
(7"2 —ap2,4p0‘):4 (7‘27bp2,4p5):4
a=b mod (p&,p?)

-z E oz )

a(4pe)* b(apB)*
(r2—ap?,dp>)=4 (r2—hbp2,4pB)=4
a=hb mod (p*,pf)

As (2 — ap?, 4p") = 4 if and only if (2 — af?,4p°) = 4, (1* — hbp?, 4p”) = 4 if and only if
(12 — bg?, 4p”) = 4, and

bh\ (b

p) \p?
we get that ¢ (p%, p°) = ¢}, (%, p°).

(iv) Suppose that p|fg, and v,(f) # v,(g9). If a, 3 > 1, then one of (p®,¢') or (p?, f') is
divisible by p. Then, c?g(po‘,pﬁ) = 0 by Lemma 4.3(i).
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If « =0, 8>1and v,(f) > v,(g), then (p?, f’) is divisible by p and c?vg(pa,pﬂ) = 0 by
Lemma 4.3(1). If « =0, 8> 1 and v,(f) < v,(g), then

&, (1,5°) = 3 ()

B
b(4pB)* p
(7‘2—b92,4p6):4
(af2=bg'?)/4=0 mod (f"2,pPg'%)
is equal to ¢4(p?) as (f?,p?¢"?) = 1. Finally, from [DP, Lemma 3.3(3)], ¢ (p°) = ¢,(p°).
The proof is similar for a > 1, § = 0 and v,(f) # v,(9). QED.

Lemma 4.6 Let o« > 0.
(i) For p odd,

& (p®) — <§> when « is odd;
ot p—1-— % when « is even.
(i) For p odd,
-~ 0 when p | r;
c
pgil) =<q p—1  when a is even and p{r;
P 0 when « is odd and p 1.
(iii)
c1(2%) o
;afl - (_1) ’
Proof: This is [DP, Lemma 3.3]. QED.
Lemma 4.7 Let o, 3 > 0, not both 0.
(i) For p odd,
C{,1(Pa7pﬂ) ) - (%) when o + (3 is odd;
prax(@,0)-1 p—1-— <§> when a + 3 is even.
(ii) For p odd,
o (P 0 when p | r;
%: p—1  when a+ [ is even and p{r;
p 7 0 when a + (3 is odd and p{r.

(iii)
9max (a,8)—1 o (_ ) :
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Proof: (i) If o = 0, then ¢],(1,p") = ¢{(p”), and the result follows from Lemma 4.6(i).
Similarly for 5 = 0. We then suppose that «, 5 > 1, and without loss of generality that
a < (. As p is odd, we have

s - ¥ () % (Y

a (p™*)* b(phP)*
(7.270471)):1 ('r27b,p):1
b=a mod p*™

ez (s )

a (p*)* p a (p)*
(r2—a,p)=1 a#r? mod p

This proves (i).
(ii) As in (i), we can suppose that 1 < a < . As p is odd, we have

e - X (8 2 ()

a (p*)* b(pP)*
(r2—ap?,p)=1 (r2—bp2,p)=1
bp?=ap? mod p+2

If p | r, then p | (r* — ap?,p), and ¢, (p*,p°) = 0. If pfr, then (r* — ap®,p) =1, and
b(pP)*

wro - £ 2 ()

a a+p3 ) a a+p
s (e
Q) ok p p
a(p®)
This proves (ii).
(iii) As above, we can suppose that 1 < a < 5. We have

@) = Y (5) X (g)ﬁ

a(20+2)* b(2,8+2)*
(r?2—a,20t2)=4 (r2—b,20+2)=4
a=b mod 2212

IO

a(2a+2)*
(r2—a,20+2)=4

As the value of the character depends only on the value of a modulo 8, and as 7> = 1 mod 8,

we have s
r 204 Qﬁ _ 2[370420471 <g>o& _ 2[3’71 _1 Ol+,3.
ch1(2%,27) Z 5 (-1

a(8)*
a=5 mod 8
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This proves (iii). QED.

Lemma 4.8 For any integers m,n > 1, we have

Cr(m,m) = O (W) |

Here k(n) is the multiplicative arithmetic function generated by the identity

(™) = { p aodd

1 « even

for any prime p and any positive integer c.

Proof: From Lemma 4.4, ¢} (m,n) is multiplicative, i.e.
g (m,m) = Hcfg ) pPP).
plmn

Let p be any prime. It then follows from Lemmas 4.5, 4.6 and 4.7 that for integers «, 5 > 0,

we have
B) < pa+ﬁ )
ch (0%, 07) K
ral ) )

with an absolute constant. We then have
p®P)+8(p) _ mn
/g(pa(l’)‘f'ﬂ(l’)) (pa(l’) , pﬂ(P)) H(mn) (m’ n) ’

ct (m,n) < H

plmn

QED.

4.3 FEuler Product

We compute in this section the Euler product for the constant C,. We recall from Section 2
that

and from (26)




From Lemma 4.3(i), ¢} ,(m,n) = 0 when (f’,n) # 1 or (¢',m) # 1. Now, if (f',n) =
(g ,m) =1,
[mf? ng®] = k* [mf?, ng”] = k*[m,n] f2¢” = [m,n] [f*,¢°] .
Using that and the identity
¢(ab) =
we get that
= o(m,n)o([f?, %], [m, n])

f;l fao( f2 fgo((f% ¢%) Z  mnd([m, n])([f2, g%, [m, n])’
(2r,fg)=1
One can check that the function in the inside sum is a multiplicative function of m and n.

For such functions, we have the following.

(27)

Lemma 4.9 (Euler product) Let F(m,n) be a multiplicative function. Then,

Z F(m,n):HZFp

m,n>1 P o,3>0
We then write the inside sum of (27)
o~ Crg(mn)o([f, g° ¢t (%, 0")8([f*, 9%, [p*, p"])
mgl mng([m,n])([f*, g 1;[&%;019 PPl PD(IF2, 9%, I, 7))

We now break the product in 3 parts, depending on the p-adic valuations of f and g. We
first notice that for any prime p
1 ifa =p0=0;
o([f% 9] [p*.p"]) 1 if pt fg;
(

12,91, [p™, 7)) p%l p| fg, a, 5 not both 0.

Then, using Lemma 4.5, we can rewrite the last product as

1 (0, p°) p—1 (™, p7)
11> ppPo([p, p%)) IT v p 2 pp?o([p, p%)

fg a,3>0 | a,3>0
" vo(Drpa) (0, 8)2(0.,0)
r ﬂ T (0%
p—1 Cp(p)) < p—1 Cp(p))
X H 1+ Z H 1+
B (10 Y
. ( p PP o P =poo(p”)
vp(f)<vp(g) vp(f)>vp(g)
H E(p) H Es(p) H Es(p) H Es(p)
Ei(p) Ei(p) Ei(p)
p plfg plfg plfg
vp(f)=vp(g) vp(f)<vp(g) vp(f)>vp(g)
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where

B (0™, p°%)
Blp) = Zp%%([?",pﬁ])

a,820

L r-l opl0”, ")
Bp) = 1+— 2. pepPo([p*, p?))

a,3>0
(,8)#(0,0)
(B
b — 1 Cp(p )
Es(p) = 1+ > .
&) &)
p 4 po”)
Replacing the last equation in (27), we get
1 Es(p) E;5(p) E5(p)
K, = Ei(p _— .
a0 2 o U 5 I w56 11 55
@rfo)=t vp(f)=vp(9) vp(f)<vp(9) vp(f)>vp(9)

One can check that the function

1 E(p) 0 E(p)
09 = gemey 1L B 1 Eey LB

vp(f)=vp(9) vp(f)<vp(9) vp(f)>vp(9)

is a multiplicative function of f and g. We compute F'(1,1) = 1, and for v, > 0 not both 0

( 1 Ey(p) .

fry =6

o P R

NSy 1 Es(p) . ,

F(p?,p’) = o7 7%]) B lp) if v < 9;
1 Es(p) .

fry >4

L pP°o([p*, p*]) E1(p) he

Using Lemma 4.9, this gives

K = ][]l D Fo'.p)

pf2r v,6>0
1 1
- };[ Ei(p) p]g Ei(p) + Esx(p) ; o) 2E5(p) ;) I )

)
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One computes

4
Ei(2) = 9
2( 2
p*(p*+1)
Ei(p) = o1)e for p | r
5 4 3 2
p’—p —p°—4p°+1
E = f 2
1(p) (p_1)3<p+1)2 OI‘p'f r
4 3 2
pr+p’+2p—p—1
Ey(p) = for p 1 2r
) = T DL f
1 P+p+1
Es(p) = 1+ =
a(p) pp+1)  p(p+1)
1 B p
= p7o(p”) (p=1)(p* = 1)

5

; p”p%([zlﬂ”,p%]) B (pfly (p31—1 N p41—1> T 0 - 1)(pf— D(p—1)

,6>0
<0

Replacing in the last expression for K., this gives

pp+1 pp—2p—3p—1)
K, =
I 7

plr

5 pr s Hp (p* —210 —3191)—1)

plr

and finally

pr+1 pr—Qp -3p—1)
w17 -7
plr pir

5 The supersingular case

The case r = 0 was considered by Fouvry and Murty in [FM2], and we verify here that our
method gives the same asymptotic. We start by considering Equation (3.1) of [FM2]

Ty = Y CD oy hEph(Eap) | g~ W(dp)

2
p<z p p<x p<w p

= T171<£L') + 2T174( ) + T474(£2§').
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Proceeding as in Section 2, we write

T = 3 Hbxep)thx)

PES2 2(x) p
L(1,x—p)L(1, x—
T174<x) = 2 Z ( X p) ( X 4p)
pESQJ(m) p
L(1,x_4p)L(1, x—
Tya(x) = 4 Z (1, x 1p) (1,x 4p).
pES1(x) p

We replace 1/p by log p in the above sums, and we call the corresponding new sums TZ] (x).
One can easily get the asymptotic for 7" from T by partial summation as in Section 2. We
now calculate each of the sums 7} ;(z).

Proceeding as in Section 3, we get

R N c32(m,n)
Ti(a) ~ (Z mn¢<[4m,4n}>) !

m,n=1

a b
A3 5(m,n) = g (—) g (—> )
’ m n
a(4m)* b(4n)*
a=1 mod 4

where

b=1 mod 4
(a—b)/4=0 mod (m,n)

When m and n are odd, we have

- X @) 5 ()

* b(n)*
a(m) a=b mod (m,n)

and for 1 < a < 3, we have
94(2%,2%) = 271 (1 + (=1)**7).

Using these and following the arguments of Section 4, we get the Euler product

i 0(2)72(77%”) 1 H 1+1/p* 5_7T2
o (

mng([4m,4n]) 2 1—1/p2)* 24~

m,n=1
Proceeding similarly, we get

e}

0
. ¢y 1(m,n)
T ~ 2 -
1,4<5U> mzn_l mneo([4m, n))
n odd
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where

w0 2 ) 2 (5)

a(4m)* b(n)*
a=1 mod 4 a=b mod (4m,n)

When m is odd, we have

Somn=> (9 % (Y

a(m)* a=b rl;(:d)*(m n)

and for a > 1, we have
A 1(2%,1) =207 (=1)~.

Using these and following the arguments of Section 4, we get the Euler product
5, (m,n) 1 1 1+ 1/p? 72
Z mng([4m, n]) <2> <1—1/22) H(l—l/p?f 4

m,n=1 >3
n odd b=

Proceeding in the same way, we get

~ C m,n
T474($)N 4 Z —1’1( ) xr

m,n=1
m,n odd

where

G- G T (G)

a(m)* a=b I};A(:d)*('m n)

Here m and n are odd, and we have

4 ( 1+ 1/p? 3
4 =4 - E 2
Z (T ]) | eyl

m,n odd
Finally, putting the last 3 estimates together, we get

5 1 3 = 3 =z

T o2
(z) ~ <24+ +4> logz 24 logx

and then Theorem 1.2 also holds for » = 0 with Cy = 35/96. This is the result obtained by
Fouvry and Murty in [FM2].
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