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Abstract

The theory of complex multiplication has been a powerful tool for studying various aspects of
classical modular forms along with their generalizations. With the recent work of Borcherds there
has been an increase in the interest in studying modular forms on orthogonal groups of signature
(2,m) as well as the spaces on which they live. In this thesis, we study the special points (or CM-
points) that exist on these spaces. We develop cohomological classifications relating the special

points, their associated CM-fields and the spaces in which these points can be found.



Resumé

La théorie de la multiplication complexe nous donne des outils puissants pour étudier des as-
pects divers des formes modulaires classiques, ainsi que leurs généralisations. Les travaux récents
de Borcherds donne une nouvelle motivation pour étudier les formes modulaires sur des groupes or-
thogonaux de signature (2,n), ainsi que les espaces sur lesquels ils agissent. Dans cette these, nous
étudierons les points spéciaux (ou points-CM) qui existent dans ces espaces. Nous développerons
des classifications cohomologiques concernant les points spéciaux, les corps-CM associés et les

espaces dans lesquels ces points peuvent étre trouvées.
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CHAPTER 1

Motivation

The primary goal of this thesis is to attempt to understand the maximal Q-defined algebraic
tori with compact sets of real points that are contained in a given orthogonal group. The reason
why this problem is of interest comes out of a particular generalization of the concept of modular
forms, in particular a generalization of the domain for a space of modular forms.

A very general description of a modular form is a function f, defined on a hermitian symmetric
domain H, with values in C. The space H comes equipped with the action of a group I', where the
function f will be required to satisfy some sort of functional equation with respect to the action
of I'. Generally, f is not invariant under the action of I' but instead changes by some constant
power k (called the weight) of some factor of automorphy j : I' x H — C. One typically takes
j € HYT,0(H)*) (so f(v-h) = j(y,h)*f(h)). One usually also has holomorphicity requirements
defined by using the structure of H as a complex manifold.

In the classical case one has:

H:= {z € C|3(2) > 0} =~ SLy(R)/SO(2)(R) ~ SO(2,1)(R)/SO(2)(R),

and I" will be an arithmetic subgroup (more specifically a congruence subgroup) of SLy, with the
standard factor of automorphy j ((2%),z2) :=c-z +d.

In this setting there is a notion of points with complex multiplication (CM). These are points
where we expect to be able to use arithmetic information about elliptic curves to study the values of
modular forms; the CM-points are precisely the points 7 such that Q(7) is a quadratic imaginary
field, while under the SLy(R)/SO(2)(R) interpretation, the CM-points are those points whose
stabilizer in SLy(C) is a maximal algebraic torus, defined over Q, having a compact set of R
points.

When one generalizes the above construction to take H := G(R)/K(R), with G a reductive
group over Q, and K a maximal compact subgroup, one arrives at the generalized notion of CM-
points as being those points in G(R), whose stabilizer contains a maximal torus defined over Q
having a compact set of real points. In the specific setting of taking G to be an orthogonal group of
signature (2,n), the problem we are interested in is precisely the classification and understanding
of these CM-points.

To begin with we look at the problem more generally, developing a system for classifying
certain conjugacy classes of k-defined subgroups contained in an algebraic group. We then apply
this to the specific case we are interested in, that is classifying the tori in an orthogonal group.
We next attempt to develop criterion for when a particular Q-isomorphism class of a torus is
embeddable into a given orthogonal group.



CHAPTER 2
Background Material

2.1 Introduction to Algebraic Groups

Most of the material in this section is covered in: A. Borel “Linear Algebraic Groups” [Bor91],
T.A. Springer “Algebraic Groups” [Spr98| and Platonov and Rapinchuk “Algebraic Groups and
Number Theory” [PR94]; though many other good references exist.

For the remainder of this section, let k be a perfect field and k be an algebraic closure (most
of what follows would be true for non-perfect fields if one restricts to separable extensions).

Definition 2.1.1. An algebraic group G (over k) is an algebraic variety over k together with
a group structure where the group operations are morphisms of varieties. If GG is a variety over k
and the group operations are k-morphisms then G may be called a k-group, or said to be defined
over k.

A homomorphism of algebraic groups is both a morphism of varieties and a group homo-
morphism. If the homomorphism is between two k-groups and is defined over k£ we may call it a
k-homomorphism.

Definition 2.1.2. A linear algebraic group (over k) is an algebraic group over k that is affine
as a variety over k.

Remark. Through the usual correspondence between affine varieties and rings, which associates
to a variety its ring of regular functions, the extra morphisms that give a variety a group structure
under this correspondence give the associated ring the structure of what is called a Hopf algebra.
In general a Hopf algebra A over a ring R is an R algebra (with R algebra structure map i : R — A,
multiplication m : AQr A — A) equipped additionally with a co-multiplication u* : A - ARgA, a
co-unit e* : A — R and an antipode ¢* : A — A which satisfy the following commutative diagrams:

*

A— " L A9pA A— " AopA  A—" A0 A

l,u* lid@,u,* Lu* id lid@e* Jvu* L lmo(id@i*)
mo(i*®i
-3

Aop ALY o Aop A AR ASYT A AepA A

One can check that such conditions on R-algebra maps would be equivalent to the associated
variety having a group structure.

In the remainder of this thesis we shall generally restrict our attention to the case of linear
algebraic groups, and as such the word “linear” shall often be omitted. That said, a number of
the results do hold more generally.

Theorem 2.1.3._/Bor91, 1.10] Every linear algebraic group G over k is isomorphic to a closed
subgroup of GL, (k) for some n. If moreover G is a k-group, then it is k-isomorphic to a closed

subgroup, defined over k, of GL, (k).

Sketch of proof. The first step is to prove a series of lemmas concerning G actions on k-varieties.
In particular one defines the actions of left /right translation of G on k[V] for any k-variety V on
which G acts. That is A, : k[V] — k[V] via A\y(f)(v) = f(g ! ov). One then proves that we can

write k[G] = k[f1, ..., fu] where E := k[f1,..., f,] is stable under right translation. left translation
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then gives us a representation of G into GL(E) which is defined over k. Finally, it is shown that
this gives us a closed immersion, thus defining G as being a closed subvariety of GL,, (k). O

With the above theorem we will in general be viewing linear algebraic groups as being closed
subgroups of some GL,,, most often GL,(C).

As is often the case when talking about varieties, the notion of fields of definition come into
play. As such the following characterization will be useful.

Theorem 2.1.4. [Bor91, AG.14] Let G C GL, (k) be an algebraic group, then the following are
equivalent:
1. G can be defined over k as an algebraic group. ie:
The ideal defining G as a subvariety of G C GL,(k) is generated by polynomials over k
and the morphisms defining the group structure of G correspond to polynomials in k on the
coordinate ring of G.
2. G can be defined over k as a variety. ie:
The ideal a defining G as a subvariety of G C GL,(k) is generated by polynomials over k.
3. G(k) is invariant (as a subset of GL,(k)) under the action of Gal(k/k).

Sketch of proof. 1 = 2 is obvious from the definition.

2 = 1 follows from observing that the group law on GL,, is defined by polynomials with integer
coefficients and so are immediately k defined for any G.

2 = 3 is clear by applying the Galois action to the equation being satisfied.

3 = 2 we need only to check the criterion on the variety being a k-variety. The Galois criterion for
varieties is proven by proving a similar statement about vector spaces then viewing the coordinate
ring as a k-vector space.

Lemma 2.1.5. Let V' be a vector space over k and W be a subspace of Vi =V ®y k then W can
be defined over k if and only if W is defined over k and W (k) is Galois stable.

Proof of lemma. The “only if” assertion is clear.

For the “if” assertion notice that Wy := WSak/K) ig defined over k so we only need to show that
W' := spang(W}) = W. By considering W/W’ we can reduce to the case Wy = 0 in which case we
wish to prove W = 0. We remark that to show that the invariants of W/W’ would be 0 one uses
the additive version of Hilbert’s Theorem 90.

Indeed, choose a k basis e; for V. Choose an element 0 # w € W such that the number
of e; involved in expressing w is minimal. By reindexing and rescaling we can arrange so that
w = e; + agey + - -+ + aje;. Since w is not in Wy, there exists o € Gal(k/k) with o(w) # w, but
then 0 # w — o(w) € W is expressed in j — 1 terms which is a contradiction. ]

Returning to the theorem, we denote by m, the ideal of functions vanishing at z and consider
J = ﬂGmx the ideal of functions vanishing on G. Then J is defined as a subspace of k[GL,] over
TE

k. For o € Gal(k/k) we have:

UJE = N B Umx’g = N B ma(x)’g = N B mm’g = JE
zeG(k) zeG(k) zeG(k)

The last equality following from the stability of G(k). Thus, by the Galois criterion for stability
of vector spaces, J is defined over k, from which it follows that G is. O]

We next note that as a consequence of the above we can show that for algebraic groups H C G
defined over k, the following objects will also be defined over k: the normalizer Ng(H) of H in G,



the centralizer Co(H) of H in G, the commutator subgroup (G, G) and the connected component
of the identity G°.

Since an algebraic group is a homogeneous space (because: Vz,y € G, translation by yz !
is an automorphism taking = to y) we conclude that algebraic groups are smooth varieties, and
consequently their irreducible components are their connected components.

2.1.1 Characters, Co-Characters and Diagonalizable Groups

Definition 2.1.6. For an algebraic group G we define X*(G) and X, (G) to be the character group
and co-character respectively. That is:

X*(G) := Hom(G, k") and X,(G) := Hom(k ", G).

There are two distinguished types of connected algebraic groups, tori and Borel subgroups.
These are defined as follows:

Definition 2.1.7. An algebraic group G is said to be diagonalizable if X*(G) spans k[G] as
a k-vector space. A diagonalizable group D is called split over k if X*(D); := X*(D) N k[D]
spans k[D] or equivalently X*(D);, spans k[D]. Conversely D is said to be anisotropic (over k) if
X*(D), = 0. A connected diagonalizable group is called an algebraic torus. These are precisely
those groups that are isomorphic over k to G* := GL; (k)" for some n.

Remark. One should note that the conditions for an algebraic group to be diagonalizable are
equivalent to saying that for any faithful representation into GL,, the group will in fact be diago-
nalizable in the sense that some conjugate over GL,, (k) will consist only of diagonal matrices. To
see this fix a basis x1,...,x, for X*(D) as a Z-module and consider the natural representation
of D on spang(xi,...,xn). This representation will map into the diagonal matrices. One can
moreover check that diagonalizability in this sense is independent of the choice of representation.

It should be noted that every diagonalizable group is split over some finite algebraic extension

of the base field (to see this just consider the element of GL, (k) that diagonalize G, adjoining the
entries of the matrix to k gives a splitting field). We call such a field a splitting field of the group.

We notice that for an algebraic group G defined over & we will have a natural action of
Gal(k/k) on X*(G). In particular for o € Gal(k/k) and x € X*(G) we have:

(0 oX)(g) :==alx(c(9)))-

Using this structure we can obtain the following:

Theorem 2.1.8. [Bor91] Let K/k be a finite Galois extension with Galois group I' :== Gal(K/k).
The functor from the category of diagonalizable groups defined over k split in K to the category of
Z[I')-Modules taking D — X*(D) is a contravariant equivalence of categories. Moreover, the full
subcategory of tori corresponds to the subcategory of Z-torsion free Z[I']-Modules.

Sketch of proof. The proof of the first statement amounts to understanding the Hopf algebra struc-
ture on the coordinate ring in relation to the fact that the character group spans the coordinate
ring. The proof of the statements about the subcategory of tori amounts to checking that con-
nected implies torsion free character module, which follows from fact that G,, has no non-trivial
connected subgroups. O]

Definition 2.1.9. Let T" be an algebraic torus. Define T;, and T, to be the maximal anisotropic and
respectively split subtori of T'. These can be shown to exist by construction or via the equivalence



of categories stated above. One can construct T,, T} as:

T,:= () Ker(x) Tu:= (im(x)|x € X.(T)).

In order to see that these are tori one only needs to check that they are connected. For Ty this is
obvious as it is the union of the continuous image of connected sets containing a common point.
The character module for T, is X;(7T"). To show that T, is connected one uses that its character
module X*(T,) ~ X*(T)/X*(T)y is Z-torsion free. Note that since (T, NTy)° is trivial. T, NT} is
finite. We should also note that T, T, are functorial in their constructions.

Definition 2.1.10. A Borel subgroup of an algebraic group G is a subgroup which is maximal
for the property of being connected and solvable.

We now mention an important property of Borel subgroups which is the basis for proving a
number of results about them.

Theorem 2.1.11. [Bor91, IV.11.2] Let G be a connected algebraic group and P a closed subgroup.
Then G /P is projective (or complete) if and only if P contains a Borel subgroup.

As a consequence of the above theorem we make the following definition:
Definition 2.1.12. A subgroup P of an algebraic group G is called parabolic if G/ P is projective.

Theorem 2.1.13. [Spr98, CH2 3.2.2] Let G be an algebraic group over k, then there exists a
mazimal torus T in G that is defined over k.

In contrast to the above result, there need not exist Borel subgroups which are defined over
k. When there is, the group G is said to be quasi-split over k.

Theorem 2.1.14 (Conjugacy of Maximal Tori). [Bor91, IV.11.3] Let G be a (linear) algebraic
group over k. Then all mazimal tori in G are conjugate over G(k), that is to say, there is for any
two tori an element of G(k) which conjugates one to the other.

Sketch of Proof. The important points of the proof are as follows:
1. All Borel subgroups are conjugate over G. [Bor91, IV.11.1]
2. Any two maximal tori in a solvable group are conjugate. [Bor91, I11.10.6]
3. Every maximal torus is contained in a Borel subgroup (tori are connected and solvable, hence
contained in maximal such objects).
4. Hence, any two maximal tori are conjugate.
O

One can say slightly more in the case of maximal k-split torus.

Theorem 2.1.15. [Bor91, V.15.14] Let G be connected and k perfect. Then the mazximal k-split
tori of G are conjugate over G(k).
Examples. Examples of Algebraic Groups:
1. The first example is G = GL,(k), in this case we have k[G] = k[z,;, det(z;;)™!] A maximal
torus here is D, (k) the diagonal matrices. An example of a Borel subgroup is the upper
triangular matrices. In general the Borel subgroups consist of those matrices which stabilize

a maximal flag, that is which stabilize a sequence of subspaces Vi C Vo, C --- C V,, where

dim(V;) = i. We define G,,, :== GL1 (k).

2. The next is G = SL, (k), where we have k[G] = k[z;;]/(det(z;;) — 1). A maximal torus here
is T C D, (k) given by requiring the bottom right to be such that the determinant is 1. An
example of a Borel subgroup consists of upper triangular matrices of determinant 1.

3. We also have the subgroup G, C SLy(k) given by G, := {({ 1) |z € k}. We have k[G,] = k[z]

A maximal torus here is trivial. The entire group is itself a Borel subgroup.

10



4. The next example is a general construction. Let S € GL, (k) then the matrices:

G :={M € GL,(k)|"MSM = S}

form an algebraic group, the structure of which depends highly on the choice of S. If S has
entries in k, then G is defined over k. It should be noted that the group G’, defined in terms
of 'INSN where N € GL,(k), is related to G via G’ = N"'GN and thus the resulting groups
are k-isomorphic. As such, various similarity theorems can be used to convert our group to
a ‘nicer’ form.

(a)

If S is symmetric (S =*S) with non-zero determinant then we get an orthogonal group
10
(char(k) # 2). Specifically, if S,, = (

maximal torus is of the form:

. ) we get the usual orthogonal group. A
0o 1

Ay 0

0 Am
where the A; are two by two blocks of the form:

(G e er == {3 (L2 Vi) eer)

(where i is some square root of —1 in k) along the diagonal. We remark that the
character module for each of the A; is generated by the map z. If n is odd then an
additional 1 would appear in the lower right entry.

If S is skew-symmetric (S = —'S) with non-zero determinant then we get a symplectic
group. If S, = (—(l)m 16") we get the group Sp,,,. A maximal torus here consists of the

matrices: .
1

In both of the last two cases a Borel subgroup consists of the subgroup of matrices which
stabilize a maximal flag of the form:

VicVoC---CV, CVEcC-- Vi

where each V; has dimension ¢ and the V; are isotropic for the form on k". For the case of
Sp,,, an example is the subgroup of upper triangular matrices it contains.

2.1.2 Restriction of Scalars

The next section gives another method of constructing an algebraic group. It is a method

of constructing one algebraic group from another via manipulation of the fields of definition. In
particular the construction goes as follows: Let L/k be a finite field extension of degree d. Fixing
a basis for L/k we may view L as a d-dimensional vector space over k. Then the action of L on
L via multiplication on the left gives us a map L < GL4(k). Now, let G be an algebraic group
defined over L. The set of equations defining both its variety and group structure have coefficients
in L, We can translate these into matrix equations via the map L — GLg4(k), expanding out
the matrix equations will yield a set of equations over k. We then define Ry /;(G) to be the
algebraic group whose structure is given by these equations. Concretely, if G < GL, (L) then

11



Rp/k(G) — GL,q(k). We note that this construction is independent of the initial choice of basis
for L up to k-isomorphism. The restriction of scalars construction enjoys a number of very nice

properties.
1. If L/k is separable and N is the normal closure of L, then there exists an N-isomorphism
Rp/k(G) ~ [[G” where o ranges over the k-embeddings of L into N and G is the same as G

but with degning equations corresponding to the embedding of L into N by o. In particular
for any k-algebra A we have Ry ,(G)(A) = G(L ®; A).

2. The restriction of scalars operation can also be applied to morphisms of algebraic groups,
thus becoming functorial. This functor is however not full. We can however conclude that,
X*(Rrk(G))r = X*(G)1, a statement which is particularly useful when applied to tori.

One special case of the restriction of scalars construction is in applying it to a non-algebraic group
defined over one field to get an algebraic group defined over the base field.

Example. Let L/k be a finite Galois extension. Then the set {x € L| Ny ,(z) = 1} is not algebraic
in L, however viewing L as a k vector space, the corresponding set is algebraic over k, and so the
equations defining it give us a closed subvariety of Ry /x(G,,). Following the notation in Platinov

& Rapinchuk we define:

1
R (G) == {z € Ryi(Gy)| Nyji(a) =1}
where Ny, is the k-linear extension of the map defining N, sk on L as a k-vector space.

More specifically, we note that under the regular representation for L the norm map Np

becomes the determinant map and so R(L/)k = {2 € Ry /k(G,,)| det(z) = 1}. In particular one sees
that this is indeed an algebraic condition.
Specifically, consider the case L = k(v/D). If we fix the basis for L/k of 1,4/D then the

regular representation of L maps the element a + bv/D (¢°D). Consequently we have that

Rik(Gyp) = {(4°P) |a® — D # 0} . Over L this diagonalizes to the form {(“*%*/5 a—l?\/5>} with

the characters thus corresponding to the two embeddings of L over k and the non-trivial Galois
element acting on X*(Ry/x(Gy,)) by interchanging them. The torus RL /k,(Gm) is then precisely

{(2®P)|a®> — Db? = 1}. The character module is generated by the character (¢°P) — a + bv/D
and the non-trivial Galois element maps this to the inverse a — bv/D. We remark finally that a
different choice of k basis for L would correspond to conjugation in GLa (k).

2.2 The Lie Algebra of an Algebraic Group

There are many good references for the formal definitions of Lie algebras, for example see
A. Borel “Linear Algebraic Groups” [Bor91], T.A. Springer “Linear Algebraic Groups” [Spr98| or
Fulton and Harris “Representation Theory” [FH91]. The treatment we give below is less formal
and primarily intended to give a framework for understanding the dimension of an algebraic group.
For a Lie group, the idea of the Lie algebra is that it is supposed to be the elements of the
group that are infinitesimally close to the identity of the group. That is the elements X such
that (1+ X) € G and X is “close” to 0. That is to say, it is precisely the tangent space to the
“manifold” at the identity (7). One of the motivations for looking at this space is that in general
one typically finds that a neighborhood of the identity generates most of the group, and as such
understanding this infinitesimal neighborhood may give much information.
For the case of the algebraic group GL,,, the map GL,, — A™ makes it clear that the coordinate
functions are just the components of the matrix. (To be pedantic one should look at first an
embedding into M, 1; we will not do this here.) It is also easy to see, since the condition of being

12



in GL,, is an open condition on A™ that you can travel in any direction (at least a small distance)
from the identity and stay in GL, and that these directions are all independent. Thus we have
that Lie(GL,) = M,,. We note that the exponential map exp : A — 14+ A+ A?/2!+ A3/3!... maps
Lie(GL,) to GL,. This phenomenon is in fact much more general.

Algebraically, there are a variety of different definitions one may take for the Lie algebra. One
may take the Lie algebra to be the space of left invariant derivations, the tangent space at the
identity or define it to be the dual to the cotangent space which has a natural algebraic definition
as my;/m2,. We will try to avoid getting into the algebraic formalism here. For a group G C GL,,
we will view Lie(G) as X € M,, = Lie(GL,) such that “idg + ¢X € G” where € = 0.

We wish to compute the Lie algebra for Oy, this can be done in several ways. The seemingly

informal ways we present now can actually be made rigorous. Essentially one needs to make the
argument that the operations we perform on matrices, can be carried out componentwise with the
same effect.
Example (Lie Algebra of an Orthogonal Group). Let V' be a vector space over k, a field of
characteristic not 2; fix a basis for V' and let S be a symmetric matrix with non-zero determinant.
Let @ be the quadratic form given by Q(z) := (*z)Sz.

The basis for V' gives us an isomorphism, Aut(V) ~ GL,(k), under which:

Oy ~ {M € GL,(k)|"MSM = 5}.

We then wish to view the tangent space of Oy as a subspace of the tangent space of GL,. The
tangent space is then the elements X € M, (k) such that (14 X) € Oy “mod squares”. that is:
{1+ X)S(1+ X) =S which gives the condition:

'XS+S5X =0

where we consider ‘X SX a square since “it has 2 Xs”. Rigourously X SX is actually a square in
the sense we mean, componentwise all the functions it contains will be generated by products of 2
coordinate functions each from the maximal ideal, and it is this that we are modding out by.

We will now compute the dimension of the Lie algebra, which from general theory will also
be the dimension of the orthogonal group (as a manifold).

It suffices to consider the situation over the algebraic closure of k since dimensions won’t
change under extension(flatness), and here we may assume our quadratic form is the most trivial
one, given by S = id, the identity matrix. The condition !X S + SX = 0 then just says X is

skew-symmetric. The space of skew symmetric matrices in M,, (k) is easily seen to have dimension

n(n — 1)/2. Therefore,

n(n

dim(Oy) = T_l) where dim(V) = n.

2.3 Orthogonal Groups and their Symmetric Spaces

Much of the material for this section can be found in J. Brunier “The 1-2-3 of Modular forms”
[Bru08]. The material on quadratic spaces can also be found in J.P. Serre “A Course in Arithmetic”
[Ser73], and the construction of the Clifford algebra and spin group, at least for the complex case,
is also done in Fulton and Harris “Representation Theory” [FH91]. A more detailed construction
of the symmetric spaces can also be found in J. Brunier “Borcherds products on O(2,1) and Chern
classes of Heegner divisors” [Bru02].
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The purpose of this section is to develop more concretely an understanding of the spaces we
are trying to work with. We have the goal of understanding the special points in certain hermitian
symmetric domains, but what are these and which are we intending to look at?

2.3.1 Hermitian Symmetric Spaces

In this section we will attempt to quickly define the general sorts of spaces that one typically
considers modular functions on, that is, hermitian symmetric spaces. The general definitions for
hermitian spaces can be found in all sorts of sources; our definitions here are based on those from
J. Milne “Introduction to Shimura Varieties” [Mil05]. Another source on the topic is J. Helgason
“Differential Geometry and Symmetric Spaces” [Hel01].

Definition 2.3.1. A real manifold M of dimension n is a separated topological space M, locally
isomorphic to R", with a countable basis for the topology.

Definition 2.3.2. A smooth manifold M is a manifold together with a sheaf O,; of smooth
R-valued functions, such that (M, Oy) is locally isomorphic to R with its usual sheaf of smooth
functions.

Remark. To give a complex structure on M amounts to giving instead of a sheaf of R-valued
functions a sheaf of C-valued functions that makes M locally isomorphic to C* with its sheaf of
analytic functions.

To give a complex structure on an R-vector space V' amounts to giving a function J : V — V
such that J? = —1.

Definition 2.3.3. Denote by Oy, the germs of smooth functions at a point p € M; T,M the
space of R-derivations Oy, — R; and by T,M" the vector space dual of T,,M.

A smooth vector field on an open set U C M is a collection (X, € T,M ),y such that for
all f € Opy(U) the map p — X,(f) is smooth.

A smooth r-tensor field on an open set U C M is a collection (¢, : T,M"™ — R),cyy such
that for all smooth vector fields XM, ... X on U the map p > t,(XW, ... X)) is smooth.

A smooth (r,s)-tensor field on an open set U C M is (t, : T,M" x (T,M")* — R),ep with
a similar smoothness condition.
Definition 2.3.4. A riemannian metric on M is a smooth 2-tensor field g on M such that for
each p € M the pairing g, : T,M x T,M — R is symmetric and positive definite.

Definition 2.3.5. An almost complex structure on a smooth manifold M is a smooth (1,1)-
tensor field J, : T,M — T,,M on M such that J]f = —1 for each p. That is, it is a smoothly varying
family of complex structures on the tangent spaces.

Remark. An actual complex structure induces an almost complex structure.

Definition 2.3.6. A hermitian metric is a riemannian metric such that g(JX, JY) = g(X,Y)
for all vector fields X, Y.
Definition 2.3.7. A hermitian space is a smooth real manifold M with a complex structure
and a hermitian metric.
Definition 2.3.8. A homogeneous space is a manifold M such that Aut(M) acts transitively
on M.
Definition 2.3.9. A homogeneous space is called symmetric if for some point p (equivalently
any point) there exists a symmetry s, such that sf, = 1d and for some open neighborhood U of p,
p is the only fixed point of s, in U.
Example. We present a few examples of hermitian symmetric spaces:

e H, the standard upper half plane, is a symmetric space with volume element d;j;ly which has

automorphism group SLy(R)/{£1}. (9 ') acts as a symmetry at .
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Concretely, at a point p = (z,y) the tangent space has basis %, a%' We then have that the
pairing is given by the formula g,(a; 2 + GQ%, b1+ bga%) = ‘“bly%m One checks that the
complex structure J : a% —> a%v J a% > _a% preserves this pairing. Moreover, one can
check that the action of SLy(R) also preserves the form.

e More generally, the Hilbert modular spaces H" are hermitian symmetric spaces.

e The Siegal upper half space H, := {Z = X +1Y € M,(C)|Z ='Z,Y > 0} is a hermitian
symmetric space. The group Spy, acts blockwise analogously to the first example. That is

for
<é‘ g) oZ=(AZ+B)(CZ+ D)™, (é g) € Spay.

One must check that this action is well defined.
It is our goal in the coming sections to develop a further example of a hermitian symmetric
space constructed from certain orthogonal groups.

2.3.2 Quadratic Spaces

The following definitions are in some sense far more general than what is needed. To simplify
things one may generally assume in the following that R = k is a field of characteristic not 2 and
that M is a vector space over k. The only more general setting we should need, is to consider
discrete modules contained in these (that is lattices).

Definition 2.3.10. Let R be a commutative ring with unity, R* the group of units, V' a finitely
generated R-module. A quadratic form on V is a mapping ) : V' — R such that:
1. Q(rz) =7r*Q(x) for all r € R and x € V;

2. B(z,y) := Q(x +y) — Q(x) — Q(y) is bilinear.
The pair (V, Q) will be called a quadratic module (or quadratic space) over R. The space is said
to be non-degenerate if for any x € V' we have B(z,y) = 0 for all y € V, then we have = = 0.

We remark that in general the first condition follows from the second if 2 € R* as in this case
Q(z) = ;B(z, ).

Example. Let R = R be the real numbers, let (p,q) € N2 let V = RP™? have coordinates given
by T1,...,ZTp, Y1, ., Yy Define Q(v) = a3 +--- + :B]% —y— = yg. Then this gives a quadratic
form on V. We will denote this quadratic space (V, Q) by R4

[t turns out, that up to isomorphism (to be defined) these give all non-degenerate quadratic
spaces over R. One often calls (p,q) the signature of such a quadratic space. Later on, we shall
discuss the various invariants attached to quadratic forms over @Q and thus their classification.
Definition 2.3.11. Two vectors x,y € V are said to be orthogonal if B(z,y) = 0.

Using this definition one can define the notion of the orthogonal complement to a set.
Definition 2.3.12. Let A C V then A+ := {z € V|B(z,y) = 0 Vy € A} is called the orthogonal
complement of A.

We now wish to define the notion of morphism between quadratic spaces; we use the most
natural definition.

Definition 2.3.13. Let (V,Q) and (V’, Q') be quadratic spaces over R. We call an R-linear map
o:V — V' an isometry if for all x € V we have Q'(o(z)) = Q(x).

Example. Reflections: for an element x € M such that Q(x) € R*, define 7, : M — M via:

7.(y) =y — B(y,2)Q(z) 'z.
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This is an isometry and in the vector space case can be seen as the reflection in the hyperplane
x. Namely it fixes 2+ and takes x to —x.

Eichler Elements: Let u € M be isotropic (Q(u) = 0) and let v € M be such that B(u,v) = 0.
Define:

E,.(y) =y + B(y,u)u — B(y,v)v — By, u)Q(v)u.

E,., leaves {u,v}* fixed and has E,,(u) = u, E,,(v) = v — 2Q(v)v. Moreover, for vy, vy € ut
these elements satisfy iy, ,, © Eyvy = Eyvytv,-

We now define the objects we actually wish to study, that is the orthogonal group for a
quadratic space.

Definition 2.3.14. Let (V, Q) be a quadratic space. The orthogonal group of V' is:
Oy :={o € Aut(V)| o is an isometry}.

Definition 2.3.15. Suppose V' is free and vy,...,v, is a basis for V, let S := (B(v;,v;));; then
the element det(S) € R/(R*)? is independent of the choice of basis and is called the discriminant
d(V'). One can show that the space is non-degenerate if and only if d(V') # 0.

Remark. When the characteristic is not 2 giving a symmetric matrix S and a basis for V is
equivalent to giving a quadratic form since any bilinear form is determined by its evaluation on a
basis.

Moreover, when we are working over a field the Gram Schmidt process allows for the con-
struction of an orthogonal basis for non-degenerate spaces. Doing so allows us to always view our
quadratic form as being given by a;v} + - -+ + a,v? for some elements a; € R. Over more general
rings it may not always be possible to fully diagonalize.

Choosing a basis for V' also allows us to view the elements of the orthogonal group as being

contained in “GL,(R)” which allows us to make the following definition.

Definition 2.3.16. The special orthogonal group is the subgroup of the orthogonal group
consisting of elements of determinant 1, that is:

SOy := {0 € Oy |det(o) = 1}.

Remark. One should remark that the above definition is independent of choice of basis and
embedding into GL,,.
Example. Having a basis, and viewing the elements of V' as column vectors we can express B as:

B(z,y) = "zSy.

As such, the statement M € Oy amounts to saying ‘MSM = S. In the S = id case this is just
MM = id, which gives us the usual notion of orthogonal matrices.

Theorem 2.3.17. Let R = k be a field of characteristic not 2, M a regular quadratic space (that
is, for all x € M,{x}+ # M). Then Oy is generated by reflections and SOy is the subgroup of
elements that are products of an even number of reflections.

Sketch of proof. The first step is to observe that if for z,y € V we have Q(x) = Q(y) # 0 then
either 7,4, (y) = x or 7,(T4—y(y)) = .

The next step is to observe that V' must contain a non-isotropic vector x, and any orthogonal
map M carries it to another vector y with Q(z) = Q(y) # 0. Then composing the orthogonal map
with 7 as appropriate from above, we get 70 M is an orthogonal map fixing = and thus stabilizing
zt. Since dimg(z+) < dimg(x) we can apply induction and conclude the result. O
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Classification of Quadratic Forms (over Q)

We now wish to define the invariants of quadratic forms that allows for their classification over
Q. Most of the material of this section can be found in J.P. Serre “A Course in Arithmetic” [Ser73].
First we introduce the Hilbert symbol.

The Hilbert Symbol
Definition 2.3.18. Let K be a (local) field then the Hilbert Symbol:

(—,—)K K x K* — +1
is defined via the rule:
(a,b)k = 1 & 2% — ay® — bz* = 0 has non-trivial solutions in K.

Although the definition essentially makes sense for any field K, some of the following results
require K to be a local field.

What the Hilbert symbol is computing in actuality is whether or not the quaternion algebra
of type (a,b) is split over K. It is in this sense telling you information about the class of the
quaternion algebra (a,b) in the Brauer group Br(K).

One can check that the Hilbert Symbol satisfies the following properties:

Proposition 2.3.19. [Ser73] For all a,b,c € K* one has:
1. (a, b)K = (b, CL)K,'
2. (1,0)g =(a,)g = (a,1 —a)g = (a,*) g = 1;
3. (a,b)k(a,c)x = (a,bc)k.

The first two assertions are immediate, the last is a consequence of local class field theory.

Over the various completions of the rational numbers, the Hilbert symbol satisfies the following
closed form:

Proposition 2.3.20. [Ser73, 3.1.2] Let p be a prime, a,b € Q with a = p®u, b = p’v where u,v

coprime to p.
u\? v\
(@.0), = (1o (2) (1)
' p p

if p is odd then:
if p=2 then:
(av b),, = (_1)(u_l)(v_l)/4+a<”2_1)/8+5<u2—1)/8

if p = oo then:
(a,b),, = =1 a,b<0.

Moreover, for almost all valuations v we have (a,b), =1 and [[(a,b), = 1.

In the above (%) denotes the Legendre symbol.

There is also the following important result about the existence of rational numbers with
prescribed Hilbert symbols.

Theorem 2.3.21. [Ser73, 3.2.2] Let (a;)icr be a finite collection of elements of Q* and let
(eiv)icrvev € {£1}. In order that there exist x € Q* such that (a;,x), = e, for alli € I
and v € V it is necessary and sufficient that:

1. for almost all v and i we have e;, = 1.

2. for all i € I we have []e;, = 1.
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3. for allv € V there exists x, € Q} such that (a;,x,), = e;, for eachi € I.
Invariants of Quadratic Forms (over Q)

We now proceed to define the invariants of a quadratic form:

Definition 2.3.22. Let g(21,...,2,) = >, a;27 a; € Q then the invariants are:

1. The discriminant d, := [[\_, a; € Q*/Q**.

2. The Hasse-Witt invariants e,, for each valuation v, of Q, where e,, := [](a;, a;),,.

i<j

3. The signature (r,s), where r := #{a; < 0} and s := #{a; > 0}. j
Remark. One should note that we can also view these as cohomological invariants (see 3.1 for
the definition of group cohomology) via the identifications:

d, € Q'/Q? = H'(Gal(Q/Q), Z/2Z)
(e0y)uy € HX(Gal(@/Q), Z/22) = Br(Q)[2].

The first identification comes via the exact sequences:
—* 2 —x
l1->{£l}-Q —Q —1

0 {+1} - Q* =5 Q* — HY(Cal(Q/Q),Z/2Z) — HY(CGal(Q/Q), Q") = 0.

Which gives: B
H'(Gal(Q/Q), Z/2Z) ~ Q" /Q*.

The second identification comes out of the fact that the Brauer Group of a field K classifies
finite dimensional central simple division algebras over K and moreover the 2-torsion classifies the
quaternion algebras over that field. The primary invariant of a quaternion algebra over QQ is how
it splits at the various places. In particular the map:

H*(Gal(Q/Q), 2/22) — | | H*(Gal(Q,/Qy), 2/22)

allows us to detect if a quaternion algebra is split at the various primes. It is in this way that one
associates a collection of values (e,, = £1) to a quaternion algebra. The element of the Brauer
group associated to a quadratic form is the class of the algebra ), j(ai, aj;).

One can also remark that under the general method of classifying forms which we shall describe
(see 3.1) one has that quadratic spaces are classified by:

H'(Gal(Q/Q), Aut(V, Q) = H'(Gal(Q/Q), Ov).

One can use spectral sequences and other methods to construct maps:
H4(Gal(@/Q), 0v) = &H'(Gal(Q/Q), Z/2Z)

which allow one to realize the above construction. For a more detailed account see “Cohomological
Invariants in Galois Cohomology” [GMS03]. Omne can then interpret the following theorems as
saying that this map remains injective even when we project onto the ¢ = 1,2 components. The
result is true over Q, more generally a similar statement holds for number fields.

We cite here some of the key theorems concerning the classification of quadratic forms over
Q and their invariants.
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Theorem 2.3.23. [Ser73] Let (Vi,q1), (Va, q2) be quadratic spaces over Q, then they are isomorphic
(as quadratic spaces) if and only if g1 and go have all the same invariants.

Theorem 2.3.24 (Existence of Quadratic Forms). [Ser73, p44] Let d € Q*/Q*?, e,, € {1}, for
each v, and (r,s) € Zso X L>o. Let n =1+ s. In order that there exist a quadratic form q with
this prescribed set of invariants. It is necessary and sufficient that:

1. e,, =1 for almost all v, and [[e, = 1.

2. (a) if n=1 then e, =1 for all v,;
(b) if n = 2 then either the image of d in Ql’jp/ij2 #—1lore, =1;
(c) if n > 3 there are no additional conditions.
3. d,. = (—1)* and e, = (—1)°"1/2,
Proposition 2.3.25. Let g be a quadratic form as above, A € Q*, then the quadratic form g, := A\q
has invariants:
1. dy = \"d;
2. eyn = e, M AR dr Y,
3. (T,\,s,\) (r,s) if A > 0; (s,r) otherwise.

Proof. The only difficult check is that of the Witt invariants, it follows from the computation:

[T Aay), =] TOL A, (N @), (a1, A, (s, 05),

i<j 1<j
=\ ARIRTTN @), ] [ (0 ),
i<j i<j
:()\, )\)Zzgnil)/2()\, Haiaj),,pH(ai, aj)l,p
1<j 1<j
:<)\’ A)nn 1) /2()\ A 1) H(aiaaj)l/p

1<J

]

Proposition 2.3.26. Let g1, q2 be quadratic forms over Q. Let the quadratic forms q; have invari-
ants d;, €y,i, (1i,5:), ni. Then the quadratic form q := q1 @ qo has invariants:

1. dy = dydy;

2. ey pq — (d1, dz)u,,eup16up2;

8. (rq,84) = (11,81) + (12, 52).
Proof. The only non-immediate check is that of the Witt invariants, it follows from the computa-
tion:

€upq :H(ai7 aj)”pH<bi7 bj)VpH(ai’ bj)l’p
i<j 1<j @]

:eupleup2H<ai7 bj)up

i’j

:eupleup2H<ai7 d2)1/p

%

:el/pleyp2(d17 d2>up
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Proposition 2.3.27. Let g1, g2 be quadratic forms over Q with invariants as above, A € Q*, then
the quadratic form q := (Aq1) ® g2 has the following invariants:

1. dq = )\nldldg;

2. €upq = euien, o\ N " Omdy ), (M dP Y,

3. (rgy8q) = (r1,81) + (12, 82) if A >0, (s1,71) + (72, S2) otherwise.

Proof. This follows immediately from previous two propositions. n

The Clifford Algebra of a Quadratic Space

As before, let R be a commutative ring with unity, and let (V, Q) be a finitely generated
quadratic space over R. For an R algebra A we will denote Z(A) its center.

Definition 2.3.28. Let T} be the tensor algebra of V, that is Ty := @ V®™. Let Iy be the
m=0

two-sided ideal in Ty generated by the elements v ® v — Q(v) for v € V. Then the Clifford
algebra for V is
CV = TV / I V.

Remark. One should notice that V' has a natural embedding into Cy via v +— v. There may
however be in some special cases more than one way to embed V into Cy. However, unless
explicitly mentioned we always take V' C Cy in the natural way.

One should also observe that the relation v ® v — Q(v) implies v; ® vo + Vo ® v1 = B(v1, v2)
for v; € V. In particular, if R is a field (or a nice enough ring), and if we choose an orthogonal
basis {v1,...,v,} for V then we have the basis for Cy given by:

{fvi, ® - ®v,| 0 <iyp < -+ <iy <n, 1 <j<n}

In particular Cy has dimension 2" over R.

The Clifford algebra satisfies the following universal property:
Proposition 2.3.29. Let A be any R-algebra and f : V — A an R-linear map with f(v)? = Q(v)14
forallv € V.. Then there exists unique R-algebra homomorphism g : Cyy — A such that f(v) = g(v)
forallveV.

Proof. (Sketch) The proof of this fact is to appeal to the universal property of tensor products and
to note that the map descends to the quotient by Iy because of the condition f(v)? = Q(v)l4. O

Example. If we let C, , be the Clifford algebra for R”? we can compute that:

O()pﬁR OLOQR@R
Cop~C Ch0 = Ma(R)
0171 ~ Mz(R) 00,2 ~ H

(where H is the hamiltonian quaternions). To demonstrate the computation observe that Cp s is
an algebra over R in two non-commuting indeterminants x,y with the relations 22 = y? = —1,
xy = —yx. This gives the usual presentation of the quaternions.

We next observe that because the relation defining Iy, involves only tensors of even length,
there is a natural Z/27Z grading on Cy with Cy = C}, @ C{, where CY,, C{, are the even and odd
length tensors respectively. Note that CY, is a subalgebra, called the even Clifford algebra, but Cy,
is just a vector subspace.

Since multiplication by —1 on V' is an isometry we can use it to induce an automorphism J
of the Clifford algebra called the canonical automorphism. It is easy to see that (if 2 € R*)
CY, = {z € Cy|J(z) = z}.
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Next we define the canonical involution z +— ‘z on Cy.. It is defined by linearly extending
(r® - ®x,) =, - ®x;. We can use this to define the Clifford norm:

N(z) ="z,

which extends ) from V to Cy .
We now fully restrict our attention to the case R = k a field of characteristic not 2. Let (V, Q)
be a non-degenerate quadratic space and let vq,...,v, be an orthogonal basis of V. Set:

d=11Q®...0v, € Cy.

It follows from the fact that one can move from any one orthogonal basis to any other by steps
which modify only two of the basis elements, and by inspecting what such changes can do, that
the choice of ¢ is canoncial up to scaling by k*.

Theorem 2.3.30. The center of Cy is given by: Z(Cy) =k if n is even, k + 0k if n is odd. The
center of CY, is given by:
k + ok n even

Z(C%) =
(Cv) {k n odd.

Sketch of Proof. The Clifford algebra is generated over k£ by the images of 1 ® - - - ® x;. It is thus
easy to check that the centers contain the given elements. To check that those elements are the
entire center follows from the following observations:

1. If a basis vector v; is to commute with a linear combination of the basis tensors described
above it will need to commute with each individual basis tensor involved. (This is because
failure to commute with such a basis tensor is only off by multiplication by —1).

2. A basis vector v; commutes with a tensor of the form v, ® --- ® vy, if and only if it does
not appear it in and the tensor is of even length or it does appear and the tensor is of odd
length. (this follows from inspecting when you do/don’t have the —1 error).

Thus, if an elementary tensor is to commute with every basis vector, it must either contain none
and be of odd length or all and be of even length. This completes the argument. O]

Example. Let V be a non-degenerate vector space over k of dimension n and vy,...,v, an or-
thogonal basis for V.

1. if n =1 then Cy ~ k[X]/(X? — Q(v1)/2);

2. if n = 2 then Cy is a quaternion algebra of type (Q(v1), @(v2)) and moreover we have that
Cy = k[X]/(X? + Q(v1)Q(v2));
if n = 3 then C}, is a quaternion algebra of type (—Q(v1)Q(v2), —Q(v2)Q(v3));

4. if n = 4 then C}, is a quaternion algebra of type (—Q(v1)Q(vs), —Q(v2)Q(v3)) over the ring

Z(CY) = k + k.

Moreover in all the above cases the conjugation and norm on CY, correspond to the main
involution and Clifford norm respectively. To see how one shows this, observe that for the n =4
case, every even length tensor can be arrived at by taking products of wvyvs9, vov3 and 0, Thus
v1vy, Vov generate CY, over Z(C),). It remains then only to check that the relations give the
quaternion algebra structure. Moreover, one can see that 62 = Q(v1)Q(v2)Q(v3)Q(vy).

@

The Spin Group

The goal of this section is to define the spin group, which will be the covering space of the
special orthogonal group.
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We would like to make two remarks. Firstly, given any semi-simple (connected) algebraic
group G, there are two natural other groups to consider. These are the adjoint group, G/Z(G)
where Z(G) is the center of GG, and the universal covering space of G. In general (for semi-simple
groups) the former always has finite index in the latter, and many of the properties of one are
shared by the others. In particular, they share Lie algebras. Both groups are often easier to
study than the original. The spin group shall arise as the universal covering space of the special
orthogonal group.

Secondly, the term spin group arises from physics. The notion is that physical laws should be
independent of choices made by observers and so any coordinate system an observer uses to model
the universe should be equally valid. As a consequence of this one concludes that the laws ought
to be preserved under isometric transformations. It turned out that under appropriate modeling
of certain subatomic particles there was an extra degree of freedom for the configuration space
that did not seem to correspond to vector valued locations or directions but was rather a binary
property of individual particles. This property was labeled as the “spin” of the particle. Once
one applies mathematical language to this model, this extra spin parameter corresponds to what
is additionally captured by the covering space of an orthogonal group. For examples of the spin
group in physics see S. Weinberg “Quantum Theory of Fields” [Wei99].

The first step towards the construction of this covering is to define the Clifford group.

Definition 2.3.31. The Clifford group CGy is defined to be:
CGy = {x € Cy|z invertible and 2V J(z)™' = V}.

It is easy to check that this is a group.
Notice that for each x € CGy, the function:

o, (v) = zvJ ()
is an automorphism of V. We thus have a representation:
(07 CGV — AUtR(V),

called the vector representation. We observe that  : z — 'z takes CGy to itself and thus so does
the Clifford norm.

Example. Starting with a vector space V over a field k of characteristic not 2, and given an
orthogonal basis vy, ..., v, then every elementary tensor v;; ®- - -®w;, is invertible and moreover for
each k we have (v;, ®- - -®@u;, JvpJ (v, ®- - -Qu;,) 7' = £Q(v;,) - - - Q(v;, ) and s0 v, ®- - -@;; € CGy.
Lemma 2.3.32. If R = k a field of characteristic not 2, then Ker(a) = k* and the Clifford norm
gives a homomorphism N : CGy — k*.

Proof. 1t is easy to see that because the J map acts trivially on C?/ we have k* C Ker(«).

Conversely let 2 € Ker(a). we can then write z = 29 + z; with 29 € CY, and z; € C},. Using
that for all v € V we have zvJ(z)™' = v we get (zo + x1)v(zg — 21)”' = v and so rearranging
this we have zgv + 710 = vy — vz;. Looking at the C), and Cj, components and noting that V
generates Cy as an algebra we can conclude:

Xo € Z(Cv) N C?/ = k*.

The implication xyv = vxy = 1 = 0 is proven similarly to computing the center of Cy,. This
completes the first assertion that Ker(a) = k*.
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Now, for v € V we have a,(v) € V and so a,(v) = —"J(a,(v)); it follows then that we have
zvJ(z)™t =tz wJ(*z) and so:
N(z)vJ(N(z))™! = .

In particular N(x) € Ker(a) = k*. O
Lemma 2.3.33. For each x € CGy, ay is an isometry.

Proof. For v € V we have:

Q(as(v)) = N(az(v)) = (J(@))(v)(‘w)zv (277) = Q(v).
O

In particular this gives us a homomorphism « : CGy — Oy with kernel k*. Moreover, if
z € CGy NV, then Q(z) € k* and thus we have:

,(v) = zo(~2)Q(2) " = (v — Bla,0))Q2) e = v — B, v)Qz) 'x

corresponds to the reflection in the plane z+.
Definition 2.3.34. We define the groups GSpiny, and Spiny, as follows:
GSpiny, := CGy NCY, Spiny, := {x € GSpiny, |N(x) = 1}.
In the case where reflections generate the orthogonal group (which is the case when V' is a
regular quadratic space) we get the exact sequence:

15k > CGy 50y =1

and since SOy is the subgroup of elements which are products of an even numbers of reflections
we also have:
1 — k* — GSpin;, — SOy — 1.

Using that N : CGy — k*, we can construct an induced homomorphism
0: Oy — k*/(k*)?,

called the spinor norm. It is defined by taking a section of a and computing the norm in CGy.
One must check that different choices of sections give the same result up to elements of (k*)2.
Indeed, since Ker(a) = k*, a different section of o will give a k-multiple of the original choice,
since the norm map acts on k by squaring, this is the desired result.

We observe next that for € V' and 7, the associated reflection we get 0(7,) = Q(z). To see
this recall that 7, = a;, and thus can be lifted to z and N(z) = Q(z).

We then obtain the exact sequence:

1 = pp — Spiny -5 SOy —2 k*/ (k)%
Remark. We remark that the sequence:

1 — po — Spiny, — SOy — 1
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is exact as a sequence of algebraic groups over k in the sense that SOy ~ Spiny, /us. This statement
implies that for any k algebra L the sequence on points:

1 — uo(L) — Spiny, (L) — SOy (L)

is exact. However, the mapping Spin, (L) — SOy (L) is not in general surjective. However, given
any L there exists a finite extension L’ of L such that the image of Spiny (L') contains SOy (L).
Consequently we have that:

1 — po(k) — Spiny (k) — SOy (k) — 1
is exact. Taking Gal(L/L) invariants we find:
1 — pp(L) — Spiny (L) — SOy (L) — H'(Gal(L/L), j12)

is exact. This tells us that the obstruction to exactness lies in H'(Gal(L/L), u3) ~ L*/L**.

The following example shall be of some use to us later:
Example. Consider the quadratic space R?>" and consider a positive definite plane V' C R?*" and
its orthogonal complement V+ which is a negative definite space. Let V have orthogonal basis
21,75 and V1 have orthogonal basis 3, ..., Z,+9. Consider the orthogonal maps M; which sends
z; — —x; and x; — x; for i # j. Then we note that det(A/;) = —1 for each i.

However, we have that since M; is the reflection 7,, we get O(M;) = Q(x;) =1 for i = 1,2 and
0(M;) = Q(x;) = —1 otherwise.

In particular, det(M;) = 6(M;) whenever the reflection preserves the orientation of a positive
definite plane. Since reflections generate the orthogonal group, this statement is in fact true for
all orthogonal maps.

For the purpose of doing computations in low dimensions, the following lemma is useful.
Lemma 2.3.35. If dim(V) < 4 then GSpin,, = {x € C},|N(z) € k*}, Spiny, := {C},|N(z) = 1}.

Proof. The first observation is that for dim(V') < 4 we have:

V={geCilg=g}

This follows by checking that a tensor of length 3 of orthogonal elements satisfies z* = —u.

The next observations is that if N(z) € k* then 2! N(z)™! is the inverse of x. Consequently,
the equation N(z)vN(z)™! = v implies that zvz™' = (zvzr~™!)" which implies that z satisfies the
conditions to be in CY,. This completes the result. ]

Example. From the examples of the previous section we get that the groups Spin, forn =1,....4
correspond to the elements of norm 1 from particular algebras. Specifically, in the cases n = 3,4
we had the norm 1 elements of a particular quaternion algebra.

2.3.3 The Symmetric Space of an Orthogonal Group

Let (V, Q) be a quadratic space over Q. The real quadratic space V(R) := V ®R is isomorphic
to RPY for some choice of p, q.

If K C Oy(R) is a maximal compact subgroup, then it will turn out that Oy (R)/K is a
symmetric space (every point has a symmetry for which it is the unique local fixed point). It turns
out that these only have complex structures (and thus are hermitian) if one of p or ¢ is 2. Since
interchanging p, ¢ does not change the orthogonal group (it amounts to replacing @ by —@Q) we
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suppose that p = 2. We wish to construct these spaces along with their complex structure for this
case.

Remark. For the next while, we will be discussing the structure of R points, and as such the only
invariants of significance are these values p, . However, when we mention rational boundary points
the remaining details about the structure over (Q become important. So although topologically,
the spaces we define in what follows may be isomorphic, the rational structures on them may not
be so simple.

The Grassmannian - Maximal Compacts

Let (V,Q) be a quadratic space over Q of type (2,n). We consider the Grassmannian of
2-dimensional subspaces of V(R) on which the quadratic form @ restricts to one which is positive
definite, that is:

Gr(V) :={v CV(R)| dim(v) = 2,Q|, > 0}.

Theorem 2.3.36. (Witt’s Extension Theorem) [Ser73, IV.1.5] If (V,Q) and (V',Q’) are non-
degenerate isometric quadratic spaces, then every injective isometry s : U — V' from a subspace
U CV extends to an isometry s : V. — V.

Proof. For simplicity of notation we may assume that V' = V' since they are isomorphic.

We first handle the case where U is degenerate by extending s to some U’ containing U which
is non-degenerate. Let € U such that B(x,u) = 0 for all uw € U. Then since V' is non-degenerate
there exists y € V such that B(z,y) # 0, we can replace y by #ﬂ!) so that B(x,y) = 1 and we
can then replace y by y — %B(y, y)x so that B(y,y) = 0. We now consider the linear operator on
s(U) defined by I(u') = B(s~(u/),y). By non-degeneracy of V' this linear operator takes the form
B(u,y') for some y' € V. As with y we may arrange so that B(y',y’) = 0. We may now extend
the original map to U @ span(y) by taking y — ¢’. The conditions on y' guarantee this map is an
isometry. We can perform this process repeatedly so long as U is degenerate.

We may now assume U is non-degenerate. We proceed by induction on the dimension of U.

o dim(U) =1
Fix 2 € U and let y = s(z) then one can check that one of x + y, © — y is non-isotropic
call this z. Let H = z'. Let s’ be the map which sends z — —z and fixes H, that is the
reflection in zt. Then s’ extends s to V.

e dim(U) > 1
We can non-trivially orthogonally decompose U = U; & Us, then by induction s|y, extends to
amap o on V. take r = 0! o s then r acts as the identity on U; and so 7 : Uy — Uy = U,
By induction r|y, extends to a map ' : U — Uir. We extend ' to V by having it act as
the identity on U;. The map s’ = o o7’ then extends s to V.

Induction then completes the result. O

By Witt’s extension theorem, the group Oy (R) acts transitively on Gr(V).
Claim. Fiz vy € Gr(V) and let K,, be the stabilizer of vy in Oy (R). Then K, (R) is a mazimal
compact subgroup of Oy (R).

Proof. First observe that since K, preserves the plane v, it also preserves its orthogonal comple-
ment, consequently by correct choice of basis we can write K,, ~ Oy x O,, over R.

Lemma 2.3.37. Let (V',q') be a quadratic space, then Oy (R) is compact if and only if ¢’ is
definite.

Proof. The forward direction is clear. Indeed, if ¢’ is indefinite then it must contain as a subgroup
the image of SO(1,1) = {(¢?%)] a®* — b* = 1} which is non-compact as it is unbounded. This is
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because once we diagonalize the form over R we find there is a two dimensional subspace where
the quadratic form must take the shape ¢/(x1v; +x9v9) = 22 — 3. We can consider the subgroup of
Oy that acts on this subspace as SO(1, 1) and stabilizes the orthogonal complement, this subgroup
is not compact.

For the reverse direction, observe that for a matrix M € O, (R), expressed via an orthogonal
basis vy, ..., v,, we have that the columns ¢; of M viewed as vectors in R” satisfy ||¢;|| = £Q(v;)
in particular the norms of the columns are bounded in the usual Euclidean norm. Consequently
O, is bounded in the real topology in R™. Since Oy (R) is a closed subset of M, (R) it is thus
compact. 0

It follows from the claim that K,,(R) is compact as it is the product of two compact sets.

To see that it is maximal, we first remark that a maximal R compact in GL,,2(R) is given by
the usual orthogonal group O,,12(R). To see this remark that any strictly larger subgroup contains
an element which does not preserve the metric on R"*2, thus we can construct an element g and
find an x € R"™? such that g(z) = ax with a > 1. Consequently ¢g" is unbounded. We remark
further that any two maximal compacts in GL,»(R) are conjugate (this is a consequence of the
Iwasawa decomposition) and that this corresponds to a different choice of inner product on R™.

From this we conclude that the compact group Os(R) x O, (R) must be contained in some
maximal compact subgroup of GL,2(R). Indeed O2(R) x O,(R) = O,,412(R) N Oy (R). It follows
from the proof of Lemma 4.1.1 that O2(R) x O,,(R) preserves no other inner products except for
independent re-scalings of the inner product on the 2 and n dimensional subspaces. Any of these
re-scalings would give the same intersection. This completes the result. O

In addition to being maximal compact, having chosen a basis so that K,, ~ O xO,, if
we denote the action of conjugation by diag(—1,—1,1,...,1) on Oy as ¢ then we observe that
Stab,(Oy) = K,,. We can describe the corresponding action of ¢ on Gr(V) ~ Oy /K, as
follows. Suppose the plane vy has basis X,Y and that Z;, 7, € {X,Y}+, then we have that
cospan{X + 7Z1,Y + Zs} = span{X — Z;,Y — Z5}. Under a suitable metric on Gr(V') such a map
would be isometric and so by [Hel01] Gr(V) ~ Oy /K,, will realize a symmetric space.

Remark. Though this is a simple and useful realization of the space, it is not clear from this
construction what the complex structure should be.

The Projective Model - Complex Structure
We consider the complexification V(C) of the space V' and the projectivization P(V(C)). We
then consider the zero quadric:
N :={[Z] € P(V(C))|B(Z,Z) = 0}.
It is a closed algebraic subvariety of the projective space. We now define:

k:={[Z] € P(V(C))|B(Z,Z) = 0,B(Z,Z) > 0};

k is a complex manifold of dimension n consisting of 2 connected components.

Remark. One must check that these spaces are in fact well defined, that is that the conditions

do not depend on a representative Z. Indeed B(cZ,cZ) = ?B(Z,Z) and B(cZ,cZ) = ceB(Z, 7).
The assertions about the dimension and connected components is easily seen once we consider

the tube domain model later. However one can see that projectivization removes one dimension as

does the B(Z, Z) = 0 condition. Moreover, the B(Z, Z) > 0 condition disconnects the space into

two components separating Z from Z via removing the real points which all satisfy B(Z, Z) = 0.
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Remark. The orthogonal group Oy (R) acts transitively on x.

We can reformulate the condition that a given Z € V(C) will have [Z] € k by observing that:
B(X +iY, X +iY) = B(X, X)—B(Y,Y)+2iB(X,Y) and B(X +iY, X —iY) = B(X, X)+B(Y,Y).
And so the conditions B(X +iY, X +iY) =0 and B(X + Y, X —iY) > 0 give us that:

[Z] € k< B(X,X)=B(Y,Y) > 0and B(X,Y) =0.

It follows from this then that Oy (R) will in fact act on . To show that it acts transitively observe
that we can get a transformation M in Oy (R) that maps X +— X’ and maps Y +— Y’ by appealing
to Witt’s extension theorem. This transformation will then map [Z] to [Z'].

Consider the subgroup O5(R) of elements whose spinor norm equals the determinant. As was
discussed in the example following the definition of the spinor norm, this consists of those elements
which preserve the orientation of any, and hence all, positive definite planes. Then O7;(R) preserves
the 2 components of £ whereas Oy \ Of;(R) interchanges them. To see this, note that any element
of Oy (R) which takes [X + Y] to [X — Y] will have spinor norm not equal to its determinant.
This is because it changes the orientation on the positive definite plane generated by X, Y.

Pick one component of x denote it k™. For Z € V(C) we will write Z = X + iY where
X,Y € V(R).

Lemma 2.3.38. The assignment [Z] — v(Z) :== RX + RY defines a real analytic isomorphism
kT — Gr(V).

Proof. The first step is to check that this map is well defined. To see that the assignment gives
us a positive definite plane we appeal to the arguments made in the preceeding remark about the
conditions for an element to be in x.

To see that the map does not depend on the choice of representative notice that multiplying
a representative [Z] € k by C* just rotates and rescales the resulting plane. Indeed, if we rescale
to chose a different representative we find that (a 4 ib)(X + 1Y) = (aX —bY') +i(aY +bX) so the
result is that we have just changed the basis for the plane.

The next step is to check that the map is surjective. Indeed, the condition for inclusion of
elements in x in the remark was an if and only if condition. Additionally we note that we can pick
either [X +iY] or [Y —iX] at least one of which shall be is in k.

Finally we must check analyticity. First remark that since Gr(V') does not yet have a complex
structure we must only show real analycity and then use this to transport a complex structure
under which we will then have a complex analytic map.

The mappings Z — X and Z — Y are real analytic as maps from V(C) to V(R). From this
it follows that outside the region where a X = bY the assignment of the plane generated by X,Y
in Gr(V) is then a real analytic map from V(C) into Gr(V'). The mapping £ — Gr(V) we have
described can be defined by giving a covering of P(V(C)) by affine opens U; = {[z1, ..., z,)|2z: # 0}
and taking the analytic section [z1,...,2,] = (21/2i, -+ ,2n/2) into V(C) and composing with
this map.

If we wish to show that the inverse map is also real analytic, we must show that our choice
of orientation, that was the choice of [X + Y] or [Y —iX] to land in k™ can be done analytically.
Indeed, by observing that Of;(R) acts transitively on Gr(V') and real analytically on V it can be
used to continuously analytically assign an orientation to each plane, that is, by fixing one plane P
and an ordered basis Xp, Yy we can for M € Of;(R) assign the orientation M Xy, MYy to MP. O
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The “Tube Domain” Model

Pick e; a non-zero isotropic vector in V', pick ey such that B(ej,es) = 1 (note that e; may
not be defined over Q when n < 4 though for computations it is useful to when possible pick ones
that are). Define W := V Ney Nei, we then may express elements of V(C) as (z,a,b), where
z € W,a,b € C via the decomposition:

V=W @ Cey @ Cey.

Note that W is a quadratic space of type (1,n — 1) (“Lorentzian”).

Definition 2.3.39. We define the tube domain H := {z € W(C)|Q(3(z)) > 0}. where J(z) is
the imaginary part of the complex vector z.

Lemma 2.3.40. The map ¢ : H — Kk given by:

¢(2) = [(27 L, _Q(Z) - Q(€2))]

1$ bi-holomorphic.

Proof. Observing that Q(ae;, + bes) = 2(B(aey, aer) + 2B(aeq, bes) + B(bez, bes)) = ab + b?Q(e2)

allows us to check that this is well defined. Indeed we have that:

Q2 +ex+ (—Q(2) — Qlez))er) = Q(2) + Qea) + Blez, e1)(—Q(2) — Q(e2)) = 0.
Additionally:

B(z + e+ (—=Q(2) — Q(e2))er, 2 + e + (—Q(2) — Q(ez))es

= B(z +ex+ (—Q(2) — Q(e2))e1, Z + e2 + (—Q(Z) — Q(e2))er)
= B(z,2) +2Q(e2) + (—Q(2) — Qle2)) + (—Q(Z) — Q(e2))

= B(2,z) — (1/2)B(z,2) — (1/2)B(z, %)

=(1/2)(B(z,z—2) + B(z — 2,%))

= (1/2)(B(23(2), 2) — B(23(2), 7))

= 2B(3(z),3(2))

=Q(3(2))

> 0.

Given an element [Z] € k with Z = X + ¢Y the condition that X,Y span a positive definite
plane tells us that under the decomposition V(C) = W (C) @ Cey @ Ce; we have Z = (z, a, b) with
b # 0. We can see this fact by observing first that W (Q) contains no positive definite plane, and
so under the decomposition not both a, b are zero. However, since e; is isotropic it is an easy check
that W(Q) & Qe; also contains no positive definite planes and so we conclude a # 0. We can
thus rescale and write [Z] = [(z, 1,b)]. Reversing the above calculations allows us to conclude that
b=—-Q(z) — Q(e2) and Q(I(z)) > 0.

The bi-holomorphicity of the map follows from the fact that in one direction the map is a
polynomial mapping z — (2,1, Q(z) — Q(ez2)). In the reverse direction we may cover P(V(C)) by
open affines. one of which, U, is the one corresponding to the requirement that the a component
of [(z,a,b)] has a # 0. The complex structure on such an affine can be defined by the mapping
U — C"! given by [(z,a,b)] = (2/a,b/a) this mapping is then, by definition holomorphic, and
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consequently so to is the projection onto z/a. For this appropriate choice of affine covering, Kk C U
and consequently this ‘projection’ is holomorphic on k. O

H, like k, has 2 components. This follows from the fact that W (R) is a space of type (1,n—1)
and by inspecting the defining conditions. That is @ has the form Q(zy,...,z,) = a123 — ax3 —
-+ — a2 with a; > 0 and the condition is that Q(J(Z)) > 0 writing (Z) = (z1,...,,) we see
that we have 2 components corresponding to the cases x; > 0 and z; < 0. Under the map one of
these thus corresponds to k™ we shall label that one H™.

It is this HT that is the analog of the usual upper half plane, we have an action of O7(R)
acting on it through its action on . This action as before is transitive.

The advantage to viewing the symmetric space under this interpretation is that it corresponds
far more directly to some of the more classically constructed symmetric spaces. This shall be made
more explicit once we construct the correspondence between the classical SLy case and the (2,1)
case as well as the correspondences of the Hilbert modular surfaces for real quadratic fields to
orthogonal groups of signature (2,2).

Discrete Subgroups - Lattices

Let V' be a non-degenerate quadratic space over Q of type (2,n).

Definition 2.3.41. A lattice in V is a Z-module L such that V = L ®7 Q. The lattice L is said
to be integral if B(z,y) € Z Vx,y € L. It is moreover called even if Q(z) € Z Vz € L.

We define the dual lattice to be LY := {z € V|B(x,y) € Z Yy € L}. Note that L is integral
if and only if L C LY in which case LY /L is a finite abelian called the discriminant group. A
lattice is said to be unimodular if |LY/L| = |det(S)| = 1 where S is the matrix for @ coming
from a lattice basis for L.

The following along with more thorough descriptions and proofs, can be found in Brunier and
Frietag “Local Borcherds Products” [BFO1].

For the remainder L is an even lattice. Then O C Oy is a discrete subgroup. Let I' C Oy,
be the subgroup of finite index corresponding to elements which act trivially on LY/L then T
acts properly discontinuously on Gr(V) in the sense that every element z of the space has a
neighborhood U such that for all g € T" we have g(U) N U = {xz}.

We then consider the space: Y(I') :=T"\ HT, it is a normal complex space and is compact if
and only if V' is anisotropic (recall that this means that @) does not take on the value 0 on V(Q)).
If it is not compact, it can be compactified by adding rational boundary components. In the s
model the boundary components are precisely the non-trivial isotropic subspaces of V(R). The
rational boundary components are those which are defined over Q.

If an isotropic boundary component is a line in V' (R) then we call it a special boundary point.
If an isotropic boundary component is a plane in V(R) then we shall call it a generic boundary
component. We note that by the choice of signature (2,n) all isotropic subspaces have dimension
at most 2.

We then define (k%)* to be k™ U {rational boundary components}.

We have that Oy (Q)NO;(R) acts on (£7)* and by the theory of Baily-Borel, X (T) := (x7)*/T
together with Baily-Borel topology is a compact hausdorff space which can be given a complex
structure. Moreover, using modular forms one can construct an ample line bundle, hence it is
projective algebraic.

2.3.4 Modular Forms for O(2,n)
Let &t = {Z € V(C)|[Z] € k} be the cone over k.

29



Definition 2.3.42. Let k € Z, x be a character of I'. A meromorphic function on %' is a modular
form of weight k£ and character x for the group I if:

1. F is homogeneous of degree —k, i.e. F(cZ)=c*F(Z) for c € C — {0}.

2. F is invariant under I', i.e. F(gZ) = x(g9)F(Z) for any g € T.

3. F'is meromorphic on the boundary.
If F is holomorphic on %' and on the boundary, we call it a holomorphic modular form.

Remark. The Koecher principle (see for example Freitag “Hilbert Modular Forms” [Fre90]), which
says that if the codimension of the cusps is sufficiently large then analyticity at the cusps is
automatic, implies condition (3) is automatic if the Witt rank of V' (the dimension of maximal
isotropic subspace) is less than n, where the dimension of V' was n + 2. Note that for type (2,n)
the Witt rank is always at most 2, and will often be less whenever n < 2.

One should find this definition a bit troubling in that our function F' isn’t defined as being a
function on % which is largely counter to the usual situation one expects. However, we do have
that HT ~ k™ sits quite naturally inside * in that Ht < V(C) via [Z] — (2,1, —Q(2) — Q(e2)).
It is when we restrict F' to H" in this way that we can get a function on H*. We shall denote the
function on H constructed in this way as f. Moreover, it is under this interpretation that a factor
of automorphy will appear. That is, there is a unique action of Of>(R) on H (denoted by a,) so
that for each g € Of;(R) the diagram:

/<6+ [Z]—[92] KZ+

/| d

H+ %9 s [+
becomes commutative. We know that:

vog([Z) =9 o g(lz, 1, -Q(2) = Qle)]) = w7 ([, ', V]) = ' J
and so:
04(2) = B(go (2,0, —Q(2) — Q(e)), e1) ' pw(g o (2,0, —Q(2) — Qle2))).
Where py is the projection onto the W component. We then have that the function 7 : O xH — C
given by:
(g, 2) = Blgo (z,a, =Q(2) — Qle2)), e1)

defines a factor of automorphy. That is, it satisfies the cocycle condition:

j(91927 Z) = j(glv ngz)j(g% Z)

When we reinterpret conditions (1) and (2) when viewing F' as a function on H we find that F' is
not invariant under the action of I' on H through o. Indeed, for v € I' we have:

floyz) = f(B(yo(2,1,-Q(2) — Q(e2)), e1) ' pw (v 0 (2,1, -Q(2) — Q(e2))))
F(i(y,2)  (vo (2,1, —Q(2) — Q(e2)))

§(7,2) F(v o (2,1, -Q(2) — Q(e2)))

§(1,2)FF((2,1, -=Q(2) — Q(ez)))

(7, 2)" f(2).

i
N
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Example. The first standard example of modular forms are the Eisenstein series. We will first
describe the general construction somewhat vaguely and then explain how this relates to the
classical Eisenstein series for SL,.

The idea is that one first fixes a Borel subgroup B C O (recall that for an orthogonal group
the Borel subgroups are those which stabilize a maximal isotropic flag in V') or more generally
one can fix a parabolic subgroup P C O (that is a proper subgroup containing a Borel subgroup).
One then fixes a function ® that will be invariant under the action of P. One then averages this
function over (PN Of)\ O (remark here that we are using the discrete subgroup Oy and not the
full group). What we arrive at is the formula:

fE = > (2 e(r2).

v€(PNOL)\ O

If we ignore issues of absolute convergence then it is an easy check that under the action of Of,
on this function we would pull out the factor of automorphy to the k* power and rearrange the
summation. Consequently if we do have absolute and uniform convergence on a sufficiently nice
neighborhood then this would define a modular form.

In the classical SLy case, one can use the Borel subgroup of upper triangular matrices, that is
{(&,L)}. One then considers the function ® to be the constant function 1. The observation that
an element (% %) € SLy(Z) can be written uniquely as a product:

(9= )

Yo i) etz =) (cz+d)

v€(BNOL)\ O, (¢,d)

allows us to write the sum:

which recovers the classical weight k Eisenstein series. Remark in particular though that for k = 2
this does not converge absolutely, and it turns out that consequently this case does not give a
modular form.

Borcherds Products

The next construction of modular forms for these orthogonal spaces comes out of fairly recent
results of Borcherds. For details on the theory see R. Borcherds’ article “Automorphic forms on
Osi+22(R) and infinite products” [Bor95] or J. Brunier’s article and book “Infinite Products in
Number Theory and Geometry” [Bru04] and “Borcherds Products on O(2,]) and Chern classes of
Heegner divisors” [Bru02].

A nearly holomorphic modular form for SLy(Z) is a holomorphic function on the upper half
plane, with the usual transformation behavior but with the relaxed requirement that the function
may have a pole of finite order at the cusp. Such a function f has a fourier expansion at the cusp
at infinity of the form:

n>ng>—0o0

The non-holomorphic part of the fourier expansion:

> g

0>n>ng
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is called the principal part.

OnI'\ Oy (R)/K(R) there is a notion of certain special divisors, ‘Heegner divisors’, these arise
through the embedding of sub-orthogonal groups of type (2,n — 1) (where Oy has type (2,n)) into
Ov.

Borcherds discovered a lifting from nearly holomorphic modular forms of weight 1 — n/2 to
meromorphic modular forms on orthogonal spaces of type (2,n).

Suppose L C V' is an even unimodular lattice. Let K = LNW where V(C) = W & Ce; @ Cey
as in the construction of the tube domain model. For a function f as above, we consider the
product:

U(Z) = eBles().2) H (1 _ eB(,\,z))c(Q(A))
AeK
B(A\,M)>0
where p;(M) € K ® Q is a Weyl vector (see [Bru02, 3.5] for a definition of this). The variable Z
is taken to be in the orthogonal upper half space H.
Theorem 2.3.43. (Borcherds) [Bru04] Let f be a nearly holomorphic modular form for SLo(Z)
whose fourier expansion is as above and whose principal part has integral coefficients. Then the
product W(Z) converges for S(Z) sufficiently large, and V(Z) can be continued to a meromorphic
function of the symmetric space H associated to Oy . Moreover, this function satisfies the following:
1. The function is a meromorphic modular form for Op with a finite multiplier system.
2. The weight of ¥ is ¢(0)/2.
3. The divisor of ¥ is determined explicitly by the principal part of f.
Remark. It should be remarked that the construction of this lifting can be realized as a regularized
theta lift via the dual reductive pairing of SLy ~ Sp, and O, (see [Bru02] for details on this).

Example. We now briefly present a few examples of this lifting.

e Consider the weight 1/2 Jacobi theta series give by 1260(q) = 12 Zq”z. By the theorem this
nes

lifts to the modular form:

Alg)=q]J-a9™

for an orthogonal group of type (2,1). Once we have seen that the (2,1) case corresponds to
the classical upper half space we see that we recover the classic weight 12 cusp form A.

e For the next example we consider the j function, that is j = EK‘% where F, is the normalized
weight 4 Eisenstein series. Consider now J := j — 724. Since J has weight 0 it lifts to a
modular form on an orthogonal group of type (2,2). It turns out that under the isomorphism
between this space and H x H (that we shall see shortly) this lifting gives us the modular
function j(z1) — j(22) which then has g-expansion:

o' [] @ - qrag)o
m>0
nez

where ¢(mn) gives us the fourier coefficients of the function J.
e It can be shown that Ej for k = 4,6,8,10,14 are Borcherds lifts of certain half integral
weight modular forms.

2.3.5 The Isomorphism of O(2,1) and SL;

It turns out, that as a consequence of some exceptional isomorphisms between Lie groups in
low dimension that there is an isomorphism between SL, and Spin;, where V' is a quadratic space
of type (2,1). We wish now to present this isomorphism.
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Consider the vector space V' of traceless matrices in My. That is V = {(¢ %,)}. The determi-
nant then defines a quadratic form on V' of type (2,1). SLs acts on V' through conjugation and this
action preserves the determinant and hence the quadratic form. The kernel of the map is (_01 _01)
and one can check that the images all have determinant 1 and thus lie in SO(2, 1). Hence this gives
us a map of SLy to SO(2,1). By connectedness and for dimension reasons we see that this map
is surjective. Moreover, in this case we know that the even Clifford algebra CY, is a quaternion
algebra and we can check that it is split, thus C%, ~ M,. Consequently since the Clifford norm is
the determinant we have that Spin;, ~ SL,.

Consider the basis for V' given by:

v=(%) ea=0{3) e=(09).

The action of Spin,, on V' is through conjugation. Computing what this means on ¥ we have
that for (24) € SLy and (z,1,2%) € & we get:

(28)o(z1,—2%

(e (5 =2) (L)
(s ) (40)
=(

adz+bd+acz +bcz —abz—b%—a? z 2 _abz
cdz4d?+c222+cdz —cbz—db—acz?—adz

cz+d

9 az+b _(az+b)
cz+d cz+d
= (cz+d) s )

Consequently then the action on H is given by (25)oz = ‘C’jis However we notice that the factor

of automorphy is now (cz + d)? rather than the usual (cz + d). This means that our notion of
weight is off by a multiple of 2 from the classical case (That there are no classical modular forms
of odd weight and trivial character is perhaps reassuring).

2.3.6 The Isomorphism of O(2,2) and the Hilbert Modular Space

We would now like to explain how the exceptional isomorphism of SLy x SLy ~ Spin, relates
to the isomorphism of Hilbert modular spaces for real quadratic fields and with spaces of type
(2,2).

We recall quickly the definitions for the Hilbert modular space in the real quadratic case. Let
F/Q be the real quadratic field F' = Q(\/a), where d > 0 and square free. Let a’ denote the
conjugate of a in F. The Hilbert modular space is H x H together with the diagonal action of
SLy(F) via fractional linear transformation on each component via the two distinct embeddings of
F — C. A Hilbert modular form of (parallel) weight k is a holomorphic function f: Hx H — C
satisfying holomorphicity conditions as well as modularity with respect to the action of SLy(OF).
That is:

az; +b d'z+ U
ey +d dzg+d

P28 0 (1, 22)) = f ( ) — ez + d)M(cza + AV F (21, 20), ¥(25) € SLo(Op).

What we wish to do now, is to show that these spaces can be realized as a special case of the
previous construction for certain quadratic forms of signature (2,2).

As above, let F/Q be the real quadratic field F = Q(v/d). Consider the 4-dimensional Q
vector space Q ® Q @ F, with the quadratic form given by:

Q(a,b,z + yVd) = (z + yVd)(x — yVd) — ab.
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Then V is a rational quadratic space of type (2,2) so all of the proceeding constructions apply.

We consider the basis v; = (1,1,0), v, = (1,—1,0), v3 = (0,0,1), vs = (0,0,+/d). We then
have (as in the notation of Clifford algebras) that 6% = d and so Z := Z(C},) = Q + Q ~ F and
moreover C\, = Z + Zvivy + Zvyvs + Zvyvs is isomorphic to the split quaternion algebra My(F).
The isomorphism is obtained by linearly extending the mapping;:

L= (39) vve—=(5%) wus—(%5) wvvs—(95).

The canonical involution in Cf, is given by: : (25) — (25)" = (4 }).
The Clifford norm is given by the determinant: N : (2Y) — ad — be.
We thus have that Spiny = SLy(F) = Rpjg(SLg). Thus I'e = SLy(Op) is an arithmetic
subgroup of Spiny,. In fact, one can show that I'x = Spin; where L is the lattice ZGZ d Op C V.
We now explicitly describe the vector representation (that is, how does Spin,, act on V). let
o : 2+ vizvy " be Ad(vy). Then 67 = —6 and so o agrees with conjugation on F' when acting on

the center of C¥,. On My(F) the action is expressed as:
o (e = (L) = (%)

Let V = {X e My(F)|X* =X} = {X € Mu(F)| 'X = X'} = {(*Y)]|a,beQueF},
Where the quadratic and bilinear forms are given by:

Q(X) = —det(X) and B(X,Y) = —tr(XY™).

Moreover, we see that Spin,, = SLy(F) acts on V via go X = gXg~7 = gX(*¢’). We observe in
particular that V' is isometric to V with compatible action of Spiny,. So from now on we work with
V. We next notice that we have: V(C) = My(C) (that is the entire algebra and not a sub-algebra)
and so:
k= {[Z] € P(My(C))|det(Z) = 0, —tr(ZZ") > 0}.
Take e; = (' 0) and e3 = (J9). Observe that we have Q(e;) = 0 and B(ej,e3) = 1 as in
the construction of H. As before we set W = V Nef Ney. Noting that B((¢4),e;) = d and
B((2%),e2) = —a we conclude that W = {(%4) € V}. From this we see that W (C) = C? and
H = {(2,2) € C*im(z;22) > 0}.
We now define the map M : H — k. For z = (21, 22) € H we define:

. [rR122 &1
M(z) := ( 2 1) )
This corresponds to the map H — x from before. If we choose for H the component where
im(z;),im(z2) > 0 then it is immediately clear we have an isomorphism H?* = H* 2 x*. This map

commutes with the action of SLy(F') where the action on ' is given as before (that is through
Spiny, = SLy(F')). In particular, (¢5) € SLy(F) acts on M(z) € kT as:

a b\ (2122 = a '\ [(az1z2 +bz)d + (az1 + 0)V  (az122 + bzo)d + (az + b)d’
c d 2y 1 V d)  \(czizo+dz)d + (cz1 +d)d (cz129 + dzo)d + (cz + d)d’

and acts on H as:

a b o (21, 29) = azy +b dz+ b
c d DT\ e+ d dontd )

34



Applying M gives:

Zjllis Z’IZIS; Z;lis _ N(CZ + d) (azl + b) (a,ZQ + b/) (a21 + b) (C/ZQ + dl)
ijjif;ﬁ 1 N (@'zo+V)(cz1+d) (czi+d)(dzn+d))"

In particular this shows that yM(z) = N(cz 4+ d)M (vz). Moreover, we see that for parallel weight
modular forms, our definitions agree.

35



CHAPTER 3
Tori and Galois Cohomology

When we looked at the Grassmannian model of the symmetric space we saw that maximal
compact subgroups came from stabilizers of points of the Grassmannian. Moreover, we saw that
the stabilizers of positive definite planes were isomorphic (over R) to Oz x O,,. Conversely, if we
have a subgroup of the orthogonal group isomorphic to Oy, x Oy, , where V; is some ¢ dimensional
quadratic space, it will stabilize some plane. The plane however may not in general be positive
definite. However, we have seen the statement that Oy, (R) is compact is equivalent to the statement
that the quadratic form is definite. Consequently, if we require a compact set of real points, this
will correspond to a positive definite plane in the space.

By virtue of the fact that Oy x O,, contains maximal R-compact tori and that stabilizers of
points in Gr(V') are R conjugates of these, we have that any point in the Grassmannian model is
stabilized by a torus whose R points are compact, and vice-versa, any torus whose R points are
compact is contained in the stabilizer of a point on the Grassmannian. What makes the points we
are interested in special is that one expects algebraicity results concerning the values of modular
forms or related functions at these points. In order to hope to get these results the criterion we
add is that the torus be defined over Q.

These above facts contribute to the reasons that the points we are interested in are those
points « which satisfy 3 7" C Stab, such that 7" is a maximal algebraic torus in O, is defined over
Q. It is a consequence of the fact that T'(R) lies in the R-compact set Stab, that T'(R) will be
R-compact.

In the case of the usual upper half plane viewed via the isomorphism to the (2,1) case, one
finds that the points satisfying the above correspond to the quadratic imaginary points in the upper
half plane. To see this consider 7 = z + iy € H and suppose M = (%) € SLy(Q) stabilizes 7. We

then have that:
(ab)OT_aT+b_7_
cd Cer+d

Then, provided ¢ # 0 we have T satisfies a quadratic equation over Q. In the case ¢ = 0 then either
(a8)==2(§9) or 7 € Q which was not allowed. We now claim that any maximal rational torus
in SLy has rational points other than +id. Indeed, by 2.1.8 we have that one dimensional tori
correspond to Hom(Gal(Q/Q), {#1}). But picking such a homomorphism corresponds to picking
a quadratic extension L of Q, and the corresponding torus is then isomorphic to Ry g(Gy,). All
of these tori have infinitely many rational points.

Conversely, if we consider the the quadratic imaginary point 7 = yv/—D we see that it is fixed
by the torus T' = {(‘; _yZDb) | a> +y?>Db? = 1}, the point 7 = z +y+/—D is then fixed by the torus
AT (7).

In the Hilbert modular case (the (2,2) case) the CM-points can be seen to correspond to
‘quadratic imaginary’ points as well. However, in this case, they will be quadratic imaginary over
the real quadratic field used to construct the Hilbert modular surface.

In both the (2,1) and (2,2) cases these points are the subject of rather spectacular phenomenon
related to the fields in which the results of evaluating modular forms at these points lie. Specifically,
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there is a relation to class field theory in that the values are associated to the Hilbert class field of
the quadratic imaginary field.

It is our goal to study these points for general orthogonal groups of type (2,1) with the eventual
goal of evaluating modular forms at these points and of observing similar phenomenon, making
use of Shimura’s reciprocity law.

3.1 Galois Cohomology of Algebraic Groups

Most of the material in this section can be found in J.P Serre “Galois Cohomology” [Ser02]
and “Local Fields” [Ser79] as well as numerous other sources.

We intend to treat several cases simultaneously, so in the following consider I' to be a group,
and M to be either a Z[I'|-module or a group acted upon by I' via homomorphisms (or a I'-set).
The first case corresponds to abelian Galois cohomology and the second is the non-abelian case.

Let C™(I", M) be the group (or pointed set) of all functions f : I'™ — M.

We define the coboundary maps d" : C*(I', M) — C"*(T", M) via:

n—1

dn(¢>($07 Ce ,l’n) = I0¢($1, e ,l’n)—{'Z(—l)i—Hgb(Io, PN O 4 17 PO ,xn)+(—1)”+1¢(x0, Ce ,xn_l).

=0

The important property of the function d” is that d"™' o d® = 0. We then define: Z™(T', M) :=
Ker(d") and B™(T', M) := im(d"™') (or {0} if n = 0). Finally:

H™(T', M) := Z"(I', M)/ B™(T', M).

We note that this definition doesn’t always make sense, in particular in the case of a I'-set
only H%(T', M) makes sense, and in the case of M a non-abelian group things become ill-defined
for n > 1 (and for the n = 1 case the definition would better be phrased using multiplicative
notation).

In the case of a non-abelian group M, what we end up with is the following:

)

y={meM|“m=mVoecT}=M"
y={meM|°m=mVoecl'}=M"

) = {bm| Om(c) =m™(“m), m € M}

) = {8l & =£(0), &or =678 Vo, T €T}

)y ={¢€ ZYT,G)}/{¢ ~ ¢ < Im € M such that £, =m ¢ “m Vo € T'}

In the cases we are most interested in, I' will be a topological group (for example a Galois
group) and M will be an algebraic group. In this case, we add the requirement that the action
of I' be continuous (with the topology on M being the discrete topology) and that the functions
defining the cohomology also be continuous.

One of the important results of this construction is that if we have an exact sequence of objects
on which I' acts appropriately,

0>A—B—C—=0,

then we get a long exact sequence:

0 — HT, A) — H°(T, B) — H(T,C) &% H'(T, A) —» H'(T, B) — H'T',C) & H(T, A) - --
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which continues for as long as the terms involved are defined. In particular it stops early if H?(T', A)
does not exist because A is not an abelian group. (And is only an exact sequence of pointed sets.)

One constructs the connecting homomorphisms using the snake lemma, concretely it goes as
follows:

We are given [p : I™ — C] € H"(I',C), We let p : I — B be any lifting of p com-
ing from the surjectivity of B — C. We now set o := d"(p) : "™ — B. We now have
lo] € H"™Y(T', B) (one should check that [g] does not depend on choice of lifting) and moreover it
will be in Ker(H"™(T', B) — H""(T",C)). Tt follows (once one proves exactness at the middle
terms) that we can lift this to an element of H"™ (T, A). The added complexity of continuous
cohomology is that in order for this to make sense we need to end up with continuous cocycles,
this is equivalent to requiring that there exists a continuous section from C' — B. (which for our
purposes we always have).

Classification of Forms

One common use for cohomology is to allow us to classify the various “forms” of an object.
That is to say, two objects, M, M’ in some category C, may not be isomorphic. However, there
may exist a “I'-extension” Cr of the category to which M, M’ belong in which they are isomorphic.
We might then call these objects “Cp-Forms”. It turns out that one often has that “Cp-forms” of
M are classified by H'(T', Aut(M)). One useful construction for this purpose is the concept of a
twisted object. Let T be a group, M a I'-module. Now, let £ € H*(T', Aut(M)) we can define M
twisted by £ to be (M := M except we replace the usual action of I' on M with a new one. In
particular for 7 € I' if we denote the action on M (respectively ¢M) by 7a (respectively 7,57) we
have the formula:

Tau(a) = & (Tar(a)).

To see this is a group action we observe that:

Tom 0 on(a) = & (T (§o(om(a)))) = & ("o (T (om(a)))) = &ro((To) M (a)) = (T0) ar(a).

This construction is useful for allowing H'(T', Aut(M)) to classify the forms of M. In general
one would want to show that whatever sort of object M is, so too is ¢ M. For example, if we consider
the case I' = Gal(k/ k), M = G an algebraic group, then we would like (M to also be an algebraic
group, This requires some work in general (we actually do this for tori later). Assuming this has
been done, one then gets that .M will be a “Form” of M. In particular, they shall be isomorphic
in the category where we allow the additional morphisms corresponding to this twisting.

With the vaguely defined terms of “form”, “extension” as above, it may seem obvious that
this construction will always give all the possible forms (as we have seemed to define “forms”
as those things you get from twisting by H'). The real work arises when one specifies first the
definition of the categories, extensions and forms and then tries to show that they correspond to
some particular I'.

Typically, we have been (and will be) working with the category of algebraic groups defined
over k. The extensions of the category we are working with corresponds to algebraic groups over
L, a Galois extension of k. We would like to say (in terms of the vague language above) that this
is a Gal(L/k) extension of the category and thus that the L/k-forms of an algebraic group G are
classified by H'(Gal(L/k), Aut(G)).

One important tool in the proof that this makes sense is Hilbert’s Theorem 90. An important
part of the proof of which is the following lemma:
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Lemma 3.1.1 (Independence of Characters). [Hun80, V.7.5] If S C Aut(F') is a set of distinct
automorphisms of a field F', then S is linearly independent in that if we have for any a; in any

integral domain containing F' that » a;0;(u) =0 for all uw € F then a; =0 for all i.
i=1

Proof. Suppose Y a;0;(u) is a minimal counterexample. Pick v € F such that o (v) # o9(v). Then
i=1

we have: .
Zami(uv) =0
i=1
and .
01(1))2@@01‘@) = 0.
i=1
The difference of these equations then gives a smaller counterexample. O

Remark. One should note that the proof as above goes through almost completely unchanged if
we replace Aut(F) by End(F*) or Hom(F™, C*).

We now give Hilbert’s Theorem 90.
Theorem 3.1.2 (Hilbert’s Theorem 90). Let L/k be a Galois extension, then:

H(Gal(L/k), GL, (L)) = 1.

Proof. We follow [Ser79].
Let [a] € H'(Gal(L/k),GL,(L)) consider the map L, : L™ — L™ given by:

Lo(f)= Y_ alo)o(f)

c€Gal(L/k)

where we view L™ as column vectors.

Observe that 7(La(f)) = a(7) " 1Lo(f). We claim that the image of L, contains a basis for
L™. If not, then there is a non-zero linear map on A : L™ — L such that A\(L,(v)) = 0 Vv € L™,
But we can then compute that for any fixed v and for all f € L we have:

0= MLa(fv)) = Y_Ma(@)a(flo(v)) = Y o(fHMa(o)a(v)).

Then, by linear independence of the o(f) we find that for any fixed v and for all 0 we have that
AMa(o)o(v)) = 0. Using that (o) is invertible this then implies A = 0 which is a contradiction.
We can thus choose a basis v; = Lo(z;) for L"™. The map which sends e; — v; corresponds to
some matrix M € GL,(L). Moveover, we can by checking the behavior on the columns of M see
that:
P(M) = 7 (La(w:)); = ()™ (La(ws)),; = a(r) M.

From which it follows that a(7) = M7(M 1) is a coboundary which completes the result. O

Example. As a particular example of this classification at work, we consider the isomorphism
classes of rank n algebraic tori defined over k, split over a finite Galois extension L of k. Fix T a
k-split torus (7' := GI*)). We then expect to have that the forms of 7', which become isomorphic
to it over L, are classified (up to k-isomorphism) by H'(Gal(L/k), Aut(T)). But we have from
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equivalence of categories for diagonalizable groups (Theorem 2.1.8) that:
HY(Gal(L/k), Aut(T)) ~ H*(Gal(L/k), Aut(X*(T))).
Furthermore, from the description of the character module:
HY(Gal(L/k), Aut(X*(T))) ~ H'(Gal(L/k), GL,(Z)).
On the other hand, since the action of Gal(L/k) is trivial:
HY(Gal(L/k), GL,(Z)) ~ Hom(Gal(L/k), GL,(7Z)).

But Hom(Gal(L/k), GL,(Z)) precisely classifies all the possible Galois module structures of Z™. In
particular via the equivalence of categories (Theorem 2.1.8) this does classify tori. Consequently
we see that H'(Gal(L/k), Aut(T)) classifies the tori we were interested in.

3.2 Classification of Maximal Tori over k in G

Let k be a perfect field. We have the goal of trying to classify the k-defined maximal algebraic
tori in a given algebraic group over k. We know that at least one exists and that they are all
conjugate over k. As such, we first develop some tools for dealing with conjugates of k-defined
subgroups.

Proposition 3.2.1 (Criteria for Field of Definition). Let G be an algebraic group over k, H C G
a subgroup defined over k. For g € G, the subgroup gHg™' is defined over k if and only if
g 'o(g) € Ng(H),Yo € Gal(k/k).

Proof. Suppose first that both H and gH g~ " are defined over k. Then for all ¢ € Gal(k/k) we get:

gHg™' = o(gHg™") = o(g)o(H)o(g™") = a(g)Ho(g™").

Rearranging then yields H = g~'o(g)Ho(g~")g and so then we get: g~'o(g) € Ng(H).
For the converse we have that: Yo € Gal(k/k), g 'o(g) € No(H), thus H = g~ 'o(g)Ho(g7")g.
Rearranging and applying H = o(H) gives that for all o € Gal(k/k) we get:

gHg™' = 0o(9)Ho(g™") = o(gHg™").
And so by Theorem 2.1.4 we have that gHg~! is defined over k. O]

Before proceeding with the next few results we would like to introduce and explain some
notation. for H C GG and g € G we make the following notation:

H,:=gHg™!

9o := [0+ g7 'o(g)] € H(Gal(k/k), H) where g~'o(g) € H C G for each ¢ (though H need
not contain g). That g, actually gives a cocycle follows from the following computation:

9o =9 ' (10(9)) = g '7(99 ' 0(9)) = g7 'T(9)7(9 "0 (9)) = 9" o

Through abuse of notation we may view g, as being in H'(Gal(k/k), H) for more than one H; we
shall always make it clear in which cohomology any expression involving a cocycle takes place.
More generally, for [£] € H'(Gal(k/k), M) we shall often drop the [ ]. Moreover, we shall

denote §, = {(0) € M. By Hilbert’s Theorem 90 for GL,, we know that for any H' C GL, (k)
and any [¢] € HY(Gal(k/k), H'") we can write [¢,] = [g7 0 (g)] for some g € GL, (k). Consequently,

[£,] = g» and so by taking £ = g we remove the ambiguity in the notation.
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We shall generally use Latin characters g,, f,, -+ when it is clear that f, g come from some
G. We shall generally use Greek characters &,,--- when the cocycles are not from some algebraic

group.
Corollary 3.2.2 (Classification of Forms). Let H C G be as before, then we get a map:
{H,lg € G(k), H, defined over k } =+ H'(Gal(k/k), No(H))
¢: Hy — g,.
Proof of Corollary. The only thing to check is that this map is well defined, We already know that

9o is a cocycle in the appropriate group, so it remains only to check that: Hy, = Hy = g, = f, in
H'(Gal(k/k), No(H)). Indeed, the following proves slightly more.

Lemma 3.2.3. Let H,G be as above and let f,g € G then 3r € G(k) such that H, = H, if and
only if go = fo in H'(Gal(k/k), Na(H)).

Proof of Lemma.
9o = f» < 35 € Ng(H) such that g, = s~ f,7s, Vo € Gal(k/k)
= sg7'0(g) = 110(f)o(s), Yo € Gal(R/K)

= o(gs ' f 1) =gs ' f!, Vo € Gal(k/k)
= gs ' fh e G(k).

Then taking r = gs~1f~! we get:

gHg " = (gs ' f ) fHf gs ' f ) =rfHf
= dr € G(k) such that H, = H, .

Conversely, if H, = H,; we will have f~'r~tg € Ng(H) so that:

() (T ) =g e f e (f)o(F)r o (g) = go

Which implies g, = f,-. O
Taking r as the identity we thus have a well defined map. O
Claim. With the map as above,
Hy " g,

we have Ker ¢ = {H,|r € G(k)} and im ¢ = Ker [H'(Gal(k/k), No(H)) — H'(Gal(k/k),G)].

Proof. The statement about the kernel follows from the lemma in corollary. The statement about
the image follows from the fact that ¢ by definition maps to coboundaries in G. That ¢ sur-
jects onto this kernel is obvious, since if & € H'(Gal(k/k), Ng(G)) becomes a coboundary in
H'(Gal(k/k),G) then & = g~ 'o(g) for some g € G and thus &, is the image of gHg ' in
HY(Gal(k/k), Ng(H)). O

In the case we are most interested in, that is maximal tori, the fact that they are all conjugate
in G(k) means that this construction gives us a complete classification of the k-defined maximal
tori in G up to G(k)-conjugation.
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Corollary 3.2.4. Let H C G be a subgroup with both H, G defined over k. Consider the set R(H)
of G(k) conjugates of H that are defined over k, modulo conjugation by G(k). R(H) is a pointed
set with base point H and there is a bijective map of pointed sets:

¢ : R(H) — Ker [H'(Gal(k/k), No(H)) — H'(Gal(k/k), G)] .

Proof. This is simply a restatement of the previous claim. O]

Remark. We have proven the above using direct computations, however one can understand this
result conceptually by looking at the meaning of objects in the exact sequence of cohomology
corresponding to the exact sequence:

1 - Ng(H) - G— G/Ng(H) — 1

where G/N¢(H) is viewed as a pointed set with Galois action. In particular one has that as pointed
sets:
(G/Ne(H))(k)/G(k) ~ Ker[H' (Gal(k/k), No(H)) — H'(Gal(k/k), G)]

where (G/Ng(H))(k) is a pointed set with a G/(k) action so the quotient makes sense.

Since we have that all maximal tori in G' are conjugate, we find:
Corollary 3.2.5 (Classification of Maximal Tori). Let G/k be an algebraic group, fix a mazximal
torus Ty C G defined over k. Then we have a bijection:

{T C G| T mazimal k-defined torus}/G(k) ++ Ker [H'(Gal(k/k), No(Tp)) — H'(Gal(k/k),G)],

Moreover, gTg' ~ , T, where , T is the torus T with twisted Galois action (see page 38).
Proof. The only new statement here is the one about twisting. If we consider the group isomor-
phism (that it is an isomorphism is essentially by definition):

g T — gTg™?, t— gtg L.

Then the only thing to check is that it preserves the k-structure. To do this it suffices to check
that it is equivariant with respect to Gal(k/k). Indeed, on 4, T the group Gal(k/k) acts as:

o(t) =g, xt = g(,f’tg;1

where *x denotes the action of an automorphism; in this case the automorphism corresponding to
g, is the inner automorphism of conjugation by g,. We get:

Y(o(t)) = ¥(gs * 1)
=g-9,0(1)g," - g
=g-g'a(g)o(t)o(g")g g
= o(gtg™")
= o(¥(1)),

which is the desired result. O

-1

-1

Remark. The next few results involve certain seemingly difficult to describe groups. The groups
themselves turn out to have simple descriptions over an algebraically closed field. In particular we
shall eventually prove (Lemma 4.1.1) that we have Ngr,, (O) = G,, - O. From this it shall follow
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that Nyg, 0)(T) = Naw,(0O) N Naw, (T) = Gy - No(T). One should remark that these are not
direct products, in particular —Id is in both groups.

One should also remark that in general for a maximal torus 7' C G where G is a semi-simple
group we have Ng(T')/T is what is called the Weyl Group and this object has a strong connection
to the classification of semi-simple algebraic groups. Moreover, for the case of a maximal torus T’
in GL,, we have that over k we find Ngr, (T) ~ T x S, where S, acts as the permutation group
on the characters. One should note well that the rational structure of this group is non-trivial if
T is not chosen to be the split torus.

For an orthogonal group, though it is not semi-simple, the structure of Ng (7' can still be
worked out (either via ideas in Theorem 4.4.2 or by working first with SO,,). When one does this
one finds that for n even we have that over k we get No, (T) ~ T x (Z/2Z)"/* x S, /5. Here S,/
acts by permuting in a compatible fashion the characters along with their inverses and the Z/2Z
act by interchanging a character and its inverse (a similar formula exists for n odd with an extra
Z,/27 term which acts as a reflection along the line fixed by 7). Again one should note that the
rational structure of these groups will not in general be trivial to describe. It is for this reason we
continue to use No, (T) rather than T x (Z/2Z)"? x S,s as the latter seems to imply a trivial
Galois actions on the (Z/2Z)"? x S, factor.

Similarly to the result above about tori, arising from the fact that we can diagonalize any
form over an algebraically closed field, we have that all orthogonal groups are conjugate in GL,, (k)
and thus we have the following:

Corollary 3.2.6. Let Oy C GL,, be any k-defined orthogonal group of dimension n. Consider the
set:

R(O) = {0 C GL,| O a k-defined orthogonal group}/GL, (k).

Then we have a bijection: B
R(O) « H'(Gal(k/k), Nqat, (O)).

Proof. That all orthogonal groups are conjugate allows us to apply the theorem. Hilbert’s Theorem
90 tells us that H'(Gal(k/k), GLy) is trivial, as such we do not need to take the kernel of the map
to H'(Gal(k/k),GL,) as this would be all of H*(Gal(k/k), Naw, (Og)) anyways. O

As a further consequence of the fact that any two orthogonal groups are conjugate and the
fact that any two tori in them are conjugate we have the following:
Corollary 3.2.7. Let Ty C Oy be a mazimal k-defined torus contained in the k-defined orthogonal
group Oy. Consider the set:

R(T) ={T c GL,| T C O mazimal k-defined torus in O an orthogonal group}/GLy (k)
Then we have a bijection: B
R(T) « H*(Gal(k/k), Nav, (Tp)).

Proof. We remark first that the orthogonal groups in which the various 71" are contained are not
necessarily defined over k. The proof follows from the observation that any conjugate of Ty is
automatically contained in the conjugate of Oy and that any two maximal tori in any two orthogonal
groups of the same dimension are conjugate. O]

We now combine the above two results:
Corollary 3.2.8. Let Ty C Oy be a maximal k-defined torus contained in the k-defined orthogonal
group Og. Consider the set:

RO, T)={(0,T)| T c O C GL,, with T, O both defined over k}/ ~ .

43



The equivalence condition is to consider orthogonal groups up to GL, (k) conjugacy and the tori that
each orthogonal group O contains up to Ngr, (O)(k) conjugacy (we shall see later that Ngr,, (O) is
only larger than O through the inclusion of scalar matrices). We then have a bijection:

R(O,T) +» H'(Gal(k/k), Nng,. 00)(To)).

Proof. We first make a few observations about why we would expect such a result before proceeding
to give the full proof of it. that since every k-rational orthogonal group contains a k-rational
maximal torus, every k-rational orthogonal group contains a k-rational conjugate of Tj.

Now, the inclusion Ny, (0y)(T0) C Naw, (To) Gives us the map of cohomology:

H(Gal(E /), Ny, (00 (Th)) — H'(Gal(E/k), No,.(Ty)).
This allows us to get a map:
o1+ H'(Gal(/k), Nuey,, (00 (T0)) = R(T).
Likewise the inclusion Ny, (0,)(76) C Neaw,(Oo) gives us a map:
b0 : H'(Gal(k/k), Ny, 00)(Th)) — R(O).

However, the method of associating to a cohomological element g, € H'(Gal(k/k), Nng,. (00)(T0))
an element of R(T') was to took at gTpg™t, and to get an element of R(O) we have gOgg~!. Tt
follows then that the image of ¢, := ¢r X ¢o lands in R(O,T)" (where R(O,T)" is the natural
image of R(O,T) in R(O) x R(T)). Moreover, the map:

Sor : H'(Gal(k/k), Ny, 00)(To)) = R(O.T)

will be surjective. For any k-defined maximal torus 7" in a k-defined orthogonal group O we can
consider first the element h; € GL, which conjugates Oy to O then the element hy € O which
conjugates hiTyh;! to T. The element g = hoh; € GL,, then conjugates both Oy to O and Ty to
T. Consequently g, € H'(Gal(k/k), Nn,. (0y)(Tb)) and moreover ¢r(g,) = T and ¢o(gs) = O.

All that would then remain is to check that the map ¢}, factors through R(O,T), that is,
that the equivalence conditions we put on R(O,T') are in fact correct.

Now, by our previous theorems and the fact that the conjugates of Ty in Ngr,, (Op) are all in
fact inside Og we have that R(O,T) can be decomposed as follows:

R(O,T) =|_|Ker | H'(Gal(k/k), Ny, (qoug-) (9Tog™) > H'(Gal(B/k), Naw,, (9009 )|

9o

where the disjoint union runs over one representative [g,] € H'(Gal(k/k), NaL, (Op)) conjugacy
class of orthogonal group k-rational orthogonal group (we remark we can choose ¢ so that gTyg~!
is k-rational). However we also know that via the cohomological map:

H'(Gal(k/k), Nng,. 00)(To)) — H'(Gal(k/k), Ner, (O))

that every element of H'(Gal(k/k), Nng,. (0,)(T0)) must be in the kernel of the map:

HY(Gal(k/k), Nxey,, 00)(Th)) = H'(Gal(/k), No,(900g™"))
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for precisely one choice of base-point gOog~!. In particular we can decompose the cohomology
HY (Gal(k/k), Nng,, (00)(Th)) as

|_|Ker[ (Gal(F/k), Nxg,. (00)(To)) 2> H'(Gal(k/k), N, (9005~ )| -

With this we note that the map:

HI(GEﬂ(E/l{?), NNGLn(OO)(TO)) — Hl(Gal(E/k>7 NNGLn(900971)<gT0g_1>>

via twisting by g, makes it so that the combined diagram with « and  will be commutative. We
then see that we have the desired result. O

Corollary 3.2.9. Fiz an n-dimensional orthogonal group O, and a mazimal torus T and both of
which are defined over k with T' C O, C GL,,. Consider the natural maps:

¢« H'(Gal(k/k), Nng,, 0,)(T)) — H'(Gal(k/k), Aut(T))

¢o : H'(Gal(k/k), Nng,, (0)(T)) = H'(Gal(k/k), Nev,, (T))
¢3 - H' (Gal(k/k), Ny, 0,(T)) = H'(Gal(k/k). No, (0,))

Then we have correspondences:

Ker(¢y) < { k-rational orthogonal groups containing a k-rationally isomorphic copy of T }/ ~
Ker(¢g) <> { k-rational orthogonal groups containing a k-conjugate of T }/ ~
Ker(¢s3) <> { k-rational conjugates of T contained in O,}/ ~

where the objects on the right are considered up to conjugation in GL, (k) (potentially with a
multiplicity).

Proof. By the previous theorem H'(Gal(k/k), Ny, (0,)(T)) classifies up to some equivalence pairs
T Cc O C GL, such that T, O are both defined over k. By taking kernels of these various maps
we pick out specific subsets of these. Consequently the first assertions amounts to understanding
what the trivial elements on the right hand sides of the maps corresponds to. In the first case
we get pairs (O',T") where T is rationally isomorphic to 7. In the second 7" must be rationally
conjugate to T'. In the third case we require that O’ be rationally conjugate to O.

On the issue of equivalence conditions and multiplicities, these follow by comparing our stated
equivalence condition with those of the previous theorem and observing that the map may not
be one to one. For the first correspondence, we have one copy of each O’ for each class of non-
Nne, 0)(T)(k)-equivalent representation of T into O. For the second correspondence you will
have one copy of each O' for each class of non-Nyy, (0)(T)(k)-conjugate embedding of T" into O
that is GL, (k) conjugate to T" in O. O

Remark. The distinction between understanding into which orthogonal groups a given torus can
embed and understanding which contain a rational conjugate of some fixed embedding into GL,
comes down to a question about the rational representations of tori.

One might ask that if T}, T, C GL,, are conjugate over k and are k-isomorphic (via some map
that is not necessarily conjugation) then are they conjugate in GL,, over k? The answer to this
question is known to be true for the special case of split tori. However, in general we know that
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not all representations of a torus need to be linearly equivalent over k (let alone over k), but what
we are asking is if under some conditions the images of these representation are.
A related question to ask is, suppose T1,T» C G C GL,, are defined over k are conjugate by

g € G(k) and ¢’ € GL, (k) does this imply that they are conjugate over k in G? The answer to

this second question is in general no, consider for example conjugation by (? L /(i@) and (39) on

tori in SLs.

One might then ask even if it fails for general (G, are there groups for which it is true, and in
particular is it true for O, or Ngr,,(O4)? In particular if these statements where true, then this
would imply the multiplicities mentioned in the previous theorem are 1.

3.2.1 Twisting and Characters of Tori

Now that we have a classification of the maximal tori in terms of cohomology, we are interested
in which properties of a torus can be extracted just from information about the base tori and the
corresponding cohomology class of the torus. We start by trying to understand the character group
of the torus. Let T be a k-defined torus.

If we define the action of M € Aut(T") on x € X*(T) to be:

Mo x(t) = x(M~(t))

then we can twist the character module X*(T) via the elements of H'(Gal(k/k), Aut(7T)) and thus
also by H'(Gal(k/k), Ng(T)). Namely, for a cocycle £ we have X *(T) is the Galois module with
underlying group X*(T) but with twisted Galois action. For o € Gal(k/k) and x € (X*(T) denote
the action of o on x as o, and define it as:

oe(x)(a) = & (o (x))(a) = a(x(e7'(&; ' ())))-

Doing this we get the following result:

Theorem 3.2.10. Let T C G be a torus defined over k, let &, € H'(Gal(k/k), No(T)) then we
have that X*(¢,T) ~ ¢, X*(T') as Galois Modules. Moreover, this isomorphism is realized via the
map: P : X — X, that is essentially the identity map.

Proof. Since ¢,T" and T' are isomorphic as groups, 1 is certainly an isomorphism of the character

modules viewed only as Z-modules. So the only thing to check is that ¢ is Galois equivariant.
Indeed, for each o € Gal(k/k) we get (in x(¢,T)):
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If we were currently working in X*(7") this would give 7 (x o0 &,-1)(t). However, we are in ¢, X*(T')
so we have a twisted action and get: (“X*)(¢). This is because we have:

1

which completes the result. O]

Once we know how to compute the character groups for the torus corresponding to our co-
homological elements we can then use this information to determine other properties that depend
only on the character group. In particular we know that the splitting field of the torus is the
field of definition for the character module. And thus by understanding the character module
we know the splitting field. For a more direct method of determining this we note that if the
original torus 1" were split, then a torus corresponding to &, will be split over the fixed field of
Ker(¢ : Gal(k/k) — Aut(T)). If T where not split, then ¢, T will split over the composite field
of that field and the splitting field of 7', but that will in general not be minimal. We do however
know that there is a conjugate of 7' that is split somewhere in GL,, and in some situations we
can arrange that it will be contained in a conjugate of G that is defined over k (every orthogo-
nal group is conjugate to an orthogonal group containing a split maximal torus). In particular
we want, 35 € GL,(k) such that sT's™! is k-split, and sGs~! is defined over k. We then have
that s~o(s) = s, € H'(Gal(k/k), NNy, (@(T)). We then wish to study the image of &, in

H(Gal(k/k), NNey (50 G (s,7)). The map coming via:

HY(Gal(k/k), Na(T)) — H'(Gal(k/k), Ny, )(T)) — HY(Gal(k/k), Nng,. (..c)(s,T))
o — &o — s&0(s7")

Claim. With notation as above, a splitting field of the torus corresponding to &, is the fixed field

in k of Ker(sé,0(s™")) where we fix a representative of the cocycle and view sé;0(s™") as a map
of pointed sets Gal(k/k) — Ny, (., c)(s,T))-

Proof. By construction the torus corresponding to &, € H'(Gal(k/k), Ng(T)) is the same as the
one corresponding to s&,0(s™') € H'(Gal(k/k), Nng,. (.,c)(s,T)). By Hilbert’s Theorem 90 we
may write sé,0(s7') = g7'o(g). We observe that g is then an element of GL, which splits the
torus, and that the kernel we describe is precisely the field generated by the entries of g. O

3.3 Tori with Compact R-points

We have the requirement that the tori we are interested in should have that their set of points
over R be compact. Our current goal is to understand which tori these are.

3.3.1 Classification of Tori over R

A first step towards understanding which tori over Q have compact sets of real points is to
classify all tori over R and then inspect which are compact. Once we have done this we will be
able to develop a criterion for which tori defined over Q will have a compact set of real points.
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Example. We have the following examples of tori over R.
1. G,, is the most trivial case, its character module is generated by x : t — t. We have
Gn(R) = R*
2. Rer(Gr) = {( ) | a® + b* # 0}, over C this becomes isomorphic to G,, x G,, and has
Characters X1, X2 given by x; (_“b Z) — a+ bt and x, (_“b 2) — a — bi. These generate the

character module and complex conjugation in Gal(C/R) acts by interchanging them.

3. R(C/]R ={(24Y) ] +0* =1} = {1 (Z(Zt;) _Zi—f)>}. This torus is a sub-torus of

x

the one above one notices that its R-points form a compact set, the character module is a
quotient of the one in case (2) by the relation x; = X5 '. Either of the characters y; = z
or x2 = % will generate the character module. Complex conjugation in Gal(C/R) acts by
sending characters to their inverse. We remark that this is isomorphic to SO(2).
The following result is essentially stated in Platinov & Rapinchuk “Algebraic Groups and
Number Theory” [PR94].

Theorem 3.3.1 (Classification of Tori over R). Every torus over R is some finite product of tori
i the form of the above examples. That is of the form.:

Gi, x Rem(Gm)’ x RE (G
Proof. Tori over R are all forms of the torus 7' = (G,,)" for some n and are thus classified by:
H'(Gal(C/R), Aut(T))

But we have chosen T to be split over R so that the action of Gal(C/R) on Aut(T) is trivial and thus
understanding the cohomology is equivalent to classifying n dimensional integral representations
of Gal(C/R), i.e

H'(Gal(C/R), GL,(Z)) = Hom(Gal(C/R), GL,(Z)).

By observing that each such homomorphism ¢ turns Z" into a Z-torsion free finitely generated
Z|Gal(C/R)]-module the problem reduces to classifying these modules, which (as we shall prove
shortly) it turns out are all of the form:

7' ® Z|Gal(C/R)) @ I,

where I is the kernel of the augmentation map Z[Gal(C/R)] — Z. Once we have this, we know
that via a different choice of basis for Z" our homomorphism ¢ can be written in the form:

o diag [ 1,1, (00), -, (98),— 1, ,—1
S) ' (16) (16) k
t J

where o represents complex conjugation. Since, complex conjugation acts this way on the character

modules of G, Re/r(Gpy), R<(c1 /)R(Gm), we can conclude by Theorem 2.1.8 that these are all the tori.

It remains only to prove the following lemma:

Lemma 3.3.2. Every Z-torsion free finitely generated Z[Gal(C/R)|-module is of the form
7' ® Z|Gal(C/R)) @ I*.

Proof. Let M be a finitely generated Z-torsion free Z[Gal(C/R)]-module. Then M can be viewed
as being a free finitely generated Z module with an involution 7. In particular then, M ~ Z" and
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7 € GL,(Z) satisfies 72 = id,,. To get the desired result we need to show that any such 7 is similar
over Z to one of the form:

diag [ 1,---,1,(94), .-, (93), —1,---,—1
S ' £10) - (10)1¥ -
? J

It is worth noting that if Z were a field, this result would follow immediately from the theory of
rational canonical forms, moreover if Z[Gal(C/R)] were either a principle ideal domain or if it were
split, general theory would yield the results. Unfortunately, Z[Gal(C/R)] is not a principle ideal
domain as it has zero divisors, and does not split, though Z[1][Gal(C/R)] does.

Claim (1). Let M be a free Z-module, then {xy,--- ,x,} C M extends to a basis for M if and
only if {x1, -+ ,x,} is linearly independent and for all z € M such that there exists 0 # n € Z
with nz € (x1,- -+, T,)z we have z € (T1,-++ ,xn)7.

Proof. The forward direction is proven by considering some extension to a basis and showing that
if nz € (xq,--+ ,x,)z but z is not then we will have a linear dependence in our extended basis.
The reverse direction is proven by considering any basis for M and showing inductively that we
can perform a change of basis to include the x;. This requires showing that the subsets {z1,..., %}
satisfy the same conditions, which is to say that if az € (z1,--+ ,x;,)z then az € (x1, -+ ,2,)z so
z € (xq1,- -+ ,x,)z we then get two expressions for az in terms of the {z;,--- ,z,} linear indepen-
dence will then imply z € (xq1, -+, 2)7.
Now inductively suppose we have included the first m elements into a basis {1, , Zpm,y1, - U},
write x,,y1 in terms of this basis x,,.1 = @121 + - + a2, + biyr + - - - + by, the divisibility
condition on the x; implies that ged(b;) = 1 we can thus perform a change of basis within the y;
to arrange so that at least one b; = 1, replacing the corresponding y; with x,,41 is then a valid
integral change of basis and allows us to complete the result. O]

Claim (2). Let M be a free Z-module and suppose the set {x1, -+ ,x,} C M extends to a basis for
M. Lety € M\ {x1, -+ ,Tm)z, then there exists z € M,0 # a € Z such that az € (x1, -+ ,Tm,Y)z
and {x1,- -+ ,x,, 2} extends to a basis for M. Moreover, we have that:

{z € M| 30 # a € Z such that ax € (x1,- - ,Tm, Yz} = (X1, , Tn, 2)z.

Proof. Consider the Z-module M’ = {z € M| 30 # a € Z such that ax € (z1, - , 2, Y)z}.

Since {z1,---,x,} extends to a basis of M, by the conditions of claim 1 it extends to one for
M'. Let z be any element in this extension to a basis for M’, then again by claim 1 we have
{1, -+ ,x,, 2} extends to a basis for M. The assertion M' = (x1,--- ,x,, 2)z is checked that if
2 e M'\ (xy, - ,x,,2)z then for some 0 # a,b € Z we would have (xy,--- ,x,,az,bz')z a rank
n + 2 submodule of M’. O
Claim (3). 7 is upper triangularizable over Z.

Proof. We proceed inductively to produce a set {z1,--- ,z,} that extends to a basis for M and
(x1,--+ ,x,)z is T stable and 7 acts upper triangularly. So, suppose we have completed this
process up to step m and suppose y € M \ (x1,-+- ,Z,)z. We consider first the case that

{z1,-++ ,xm,y,7(y)} is linearly independent. In this case replace y by y + 7(y) (note that the
“new y” is still in M \ (x1,--- ,x,)7).

We may now suppose we are in the case where {z1,--- ,zn,y,7(y)} is linearly dependant.
We now apply claim (2) to {x;, -, 2z, y} and find there exists z € M such that {z, -, 2, 2}
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extends to a basis of M and

(X1, &, 2)z = {x € M| 30 # a € Z such that ax € (1, -+ , T, y)z}

Notice that because of the linear dependance we assumed we find 7(y) € (x1, -+, Zm, 2)z. More-
over, notice then that since (z1, -+, xn,y,7(y))z was 7 stable so too is (z1, -+, xy, 2)z. It follows
then that 7 will act upper triangularly with the basis {1, ..., %, z}. The result follows by induc-
tion. 0

Since 7 is upper triangularizable we can write:

+1  x *
T = 0 *
0 0 =#+1

Claim (4). We can sort the diagonal of T via a change of basis so that all the +1 appear before
the —1 while maintaining upper triangularity.

Proof. 1t suffices to prove that the blocks (§ %) and ('¢) are all similar since we could then
interchange the 1’s and —1’s one at a time preserving upper triangularity. The computation:

(61)(64) ((1) _11) - ((1)a—_12)
allows us to reduce a (mod 2), the case of a = 0 is seen via the identity:
(76) () (F6)=(%'1)

and the computations:

(19) (6 ) (4L =(15)
(A (G DED=(10)
give us the result in the a = 1 case. O
We now conclude that we have 7 in the form:
1 = *
T = 1
—1
*
—1

the condition 72 = id,, can be used to iteratively show that the entries above the 1’s on the diagonal
and those to the right of the —1’s are all 0. This is done by computing the a;;; entry of 72 starting
at j =1,72=1then j = 1,7 = 2 and so on. Consequently we may assume we have:

(id, A
= Om,n _de
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where A is some potentially non-square matrix. It is then an easy check that:

P Opn) (id, A Pt Opn\  [id, PAQ!
On,m Q Om,n _de On,m Q_l N Om,n _de

so that by the theory of Smith normal form, that is that invertible row and column operations
allow diagonalizing any matrix, we may assume that A is a diagonal matrix. It immediately follows

that 7 can be broken into blocks of the form (} % ). The computations in claim (4) then allow us
to conclude the desired result. ]
This concludes the proof of the theorem. n

As a natural consequence of the above classification, we get the following characterizations of
when the real points of a torus are compact.
Corollary 3.3.3. Let T be an algebraic torus defined over k C R then the following are equivalent:
1. T(R) is compact.
2. T is isomorphic over R to Rg/)R(Gm)“ for some a.
3. T is anisotropic over R, that is X*(T)r = {0}.
4. Complex conjugation acts as inversion on X*(T).

Proof. (1) < (2) in the theorem this is the only case where T'(R) is compact.

(2) < (3) in the theorem this is the only case where T is anisotropic over R.

(3) & (4) follows from fact that for any character 7 we know that the character 77 will have
be in X*(T)g. Consequently, X*(T)g = {0} implies 7=! = 7. Conversely, for 7 € X*(T)g we have
7=r7and so 7 = 7! implies 7 = id (as the character module is Z-torsion free.

0

Remark. The previous theorem suggests, that if we understand which of the above types of tori
have compact sets of real points (in particular only the last type) and construct the map:

¢ H'(Gal(Q/Q), Ng(Tp)) — H*'(Gal(C/R), Aut(Ty)),

by first associating to an element of Ng(T') the automorphism it induces through conjugation, and
then via fixing an embedding Q — C view Gal(C/R) C Gal(Q/Q) and restricting the map to this
set. We could use the map to understand which tori over Q will have T'(R) compact.

Claim. Fiz Ty any Q-defined mazimal torus in G such that To(R) is compact. Let T' be any other
Q-defined mazwimal torus in G with associated cocycle g, € H'(Gal(Q/Q), Na(T)) then T(R) is
compact if and only if g, € Ker(o).

Proof. The map ¢ associates to the torus T first its isomorphism class as a torus over QQ. Then via
restricting to Gal(C/R) we consider only its isomorphism class over R. Since all tori with T'(R)
compact of the same rank are R-isomorphic the result then follows. O

3.3.2 Structure of Tori with Compact R-points

Now that we have some criterion for detecting compactness, we wish to describe more explicitly
the possible structure of these tori.

Definition 3.3.4. An algebraic torus T'/k is said to be quasi-split if it is k-isomorphic to
[TRL,/x(Gy,) for L; /K finite extensions.
i=1

Remark that a split torus is quasi-split in the sense that one can take the fields L; to be k.
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The following general result can be found in Platinov and Rapinchuk “Algebraic Groups and
Number Theory” [PR94].

Theorem 3.3.5. Every algebraic torus T'/k can be embedded into a quasi-split torus. Moreover,
if T splits over L we can arrange so that T embeds into Ry x(Gy,)" for some L.

Proof. Let L be a finite Galois extension of k over which T splits. Then X*(T') is a Z[Gal(L/k)]-
module. Writing X*(7) as a quotient of a free Z[Gal(L/k)]-module we get the exact sequence:

0 — A — Z[Gal(L/k)]' = X*(T) = 0
Applying the contravariant functor from Galois modules to tori we get the exact sequence:
15T = Riu(Gy) — S —1

which proves the result. O

We now focus more specifically on our setting.
Proposition 3.3.6. Let k be a totally real field and T C RL/k(Gm)l have a compact set of real
points then T splits over a CM-field.

Proof. The criterion for T'(R) to be compact was that the action of the element induced by complex
conjugation in Gal(k/k) acts as inversion on X*(T'). However, which element of Gal(k/k) complex
conjugation corresponds to depends on the embedding of k in C whereas compactness depends
only on the embedding of £ into R. Consequently, we conclude any potential representative of
complex conjugation acts by inversion on X*(7).

Next, we know that a torus 7' C GL, is a form of SO,. By the classification of forms, there
exists some cocycle &, € H'(Gal(k/k), Aut(SO})) that corresponds to the isomorphism class of T
and that the isomorphism 7" — SO} is defined over the fixed field in k& of Ker(&,). We moreover
know that in general the character module of T is the same as that of SO, except with a twisted
action of the Galois group.

Now, for any potential representative of complex conjugation 7 € Gal(k/k) we have that the
action of 7 on X*(T') agrees with that of 7 on X*(SO5), In particular it acts as inversion on both
modules. Consequently, by computing the twisted action we have that x(t) = x(&(t)) for all
X € X*(T) and t € T. From this we conclude for 7, any representative of complex conjugation,
&, is the identity map. This implies that 7 € Ker(¢,). From this we conclude that the field
L' over which T is isomorphic to SOlQ, that is the fixed field of Ker(&,) in k, is fixed by every
representative of complex conjugation. Consequently this field is totally real. Since SO splits over
k(i) we conclude that T" splits over a L'(7) which is a CM-field. O

Combining Proposition 3.3.6 and Theorem 3.3.5, we conclude that every torus over Q with
T(R) compact embeds in Ry q(G,,)" where L/Q is CM.

Theorem 3.3.7. Every torus T defined over Q with T(R) compact embeds in RK/Q(R(Ll/)K(Gm))l
where L/Q is a CM-field, and K is the maximal totally real subfield of L.

Proof. By the above we know that 7" embeds in Ry /q(Rr/k(Gy,))" for some [ where L is a Galois
CM splitting field of T'. Let o represent complex conjugation in Gal(L/Q), then since we know o

acts as —1 on X*(7T') we have that X*(7) is a module over the ring Z[Gal(L/Q)]/(c + 1). Then
as in previous theorem writing:

0— A — (Z[Gal(L/Q)]/(o + 1))} = X*(T) — 0
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we get the sequence of tori:

Which completes the result. O]

Remark. We comment that the above result is a long way from saying that all such tori are
isomorphic to tori of this form. If it were true that all sub-tori of RK/Q(R(LI/)K(Gm)) where of
a similar form but for a smaller CM-field we could perhaps conclude this. But such a claim is
dubious since the similar claim is certainly not true for a general quasi-split torus.

We do however note that the embedding T — RK/Q(R(Ll/)K(Gm)) gives us a representation
Gal(L/Q) — GL(X*(T)). If this representation is not faithful, it must factor through a quotient,

and thus corresponds to a smaller subfield of L' C L and then 7" — R /@(R(Ll,)/ #(Gp)). In this
way, since we can bound the size of finite subgroups of GL,,, we may bound the size of extensions

we consider when looking at these tori.
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CHAPTER 4

Special Points on Hermitian Symmetric Spaces of Orthogonal Type

Recall from the beginning of Chapter 3 that our goal is to understand the special points that
appear on the symmetric spaces attached to orthogonal groups. To each special point we have an
associated torus of compact type and it was the appearance of these tori in our groups that we have
been looking at. The question we now pose is, given an algebraic torus 7', for which orthogonal
groups O, can we have T' C O,? We are most interested in tori with a compact set of real points.

4.1 Criterion for embedding O, in Oy

We are interested in the problem of determining which tori can inject into a given orthogonal
group. We would like to restrict this to the easier problem of studying this problem for specific
types of tori, in particular those that come from a single field and not from a product of fields.
However, in doing so, we seem to go from the problem of embedding tori maximally, to embedding
them non-maximally. To resolve this we would like to say that, whenever 7' C O, then 3¢’ such
that 7' C Oy C O, and T is maximal in Oy. This is however in general not true. We do however
have the following results:

Claim. Let T be a rank n torus defined over a field k suppose T'— Oy where q is a non-degenerate
quadratic form on V a k-vector space then:
o T acts on'V & k via some subset S of its characters. This set S spans the character module.

Proof. Diagonalizability implies T" acts via characters, that it injects into O,, and thus into
GL,, implies the action is faithful and thus 7" acts by a spanning set of characters (but not
necessarily a basis). O

o IfW CV ®FEk is a I-dimensional subspace and T acts on W wvia t o w — x(t)w then either
x=1orqlw=0.
Proof. This is because the action of T preserves the form and q(t o v) = x(¢)%q(v). O

e For each character x € S\ {1} there is a 2-dimensional subspace W, € V ® k with a basis
wy, wy such that tow, = x(t)w; and tows = x(t) twy. Moreover q|w (z1w) + Towy) = ax Ts.

Proof. By diagonalizing T over GL, (k) we may suppose that each character acts linearly.
We may thus fix w; € V ® k on which T acts linearly via y. By non-degeneracy there exists
an element w, € V ® k on which T acts linearly via another character y’ and such that g is
not trivial on W, := span(w;,wy). By the previous claim however ¢(w;) = 0. If ¢(wy) # 0
then y' = 1 and so B(t o w,tows) = x(t)B(wy,ws). Thus we conclude also that g(ws) = 0.
Consequently q|w, (z1w1 +xow2) = ax12. It follows then that since a # 0 that x' = x~ Lo O

e For o € Gal(k/k) we can take Ws, = o(W,,) in particular, if x € S then “x € S.

Proof. For w a x eigenvector of T" have:

too(w)=o((o7(t) ow) = o(x(o™ (t))w) = "x(o(w)).

This gives us the desired action. O]
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o Fizing a Galois stable linearly independent subset S' C S and considering V' := @ W,
x€S’

yields a k-rational, subspace of V. If we consider the torus T" whose Galois module is Z(S")
then it acts k-rationally on this space.

Proof. V' is rational over k since it is Galois stable. T" is rational over k since it is the image
of T" acting on GL(V”) under a k-rational morphism. O

o [f we can arrange so that S" spans X*(T) then moreover T and T will be isogenous.

Proof. This follows from the fact that X*(7”) would be a maximal rank Z-submodule of
X*(T). O

Remark. The reason we don’t get the desired result from the above is that it is possible that no
subset of S forms a Z-basis for the character module. Consider for example the torus:

2 020 0

’_ 0t20 0
T = 0 0 ¢ 0
0 0 0¢t3

It will inject into an orthogonal group for a 4 dimensional space, is rational, but it doesn’t act by
a basis of characters. However, in this case the only maximal torus that can contain it inside any

orthogonal group is of the form:
t 000
0 .
00 0s?

And this torus could be broken up in such a way that it preserves sub-orthogonal groups.

Our general hope was that if we have T' = T} x Ty x --- x T, where each T; cannot be
further decomposed as products of k-defined subtori, that whenever 7' — O, we can decompose
O, D [0, where T; — O,,. The above example shows that not all decompositions of 7" may
work, that is T'~ T" x G,, fails to decompose the space but T" ~ SOy x SO, does. It is hoped that
there always exists one that does.

The problem that this uncertainty gives us, is that one may not be able to fully understand the
embedding problem for non-maximal tori in terms of the problem for maximal tori together with
the embedding problem of orthogonal groups. This restricts what we can say about the embedding
problem for tori coming from CM-algebras (rather than just CM-fields). The embeddings of these
that we can understand in this way require us to assume that the action is “almost-regular” in
the sense that it decomposes into something sufficiently like the regular representation for each
constituent field.

If we wish to perform the program as indicated above, one of the first questions that comes
up is when can we embed one orthogonal group into another. This problem will turn out to
be of interest for another reason in the special case where the orthogonal groups have the same
rank. The reason for this is that we shall eventually be able to give some explicit descriptions of
quadratic forms that certain tori shall naturally preserve. By doing this, we obtain an embedding
of the torus into the orthogonal group associated to the form. A question that then arises is ‘how
general is this construction?’. If two orthogonal groups are isomorphic, constructing a torus in one
group would give us a torus in the other even if we did not a priori see a natural embedding of
it. As such, we will be interested in the question of to what extent are the isomorphism classes of
orthogonal groups controlled by the quadratic forms defining them? That is we will have maps:

{quadratic forms over Q up to scaling} — {orthogonal groups over Q up to isomorphism}
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{orthogonal groups in GL,, over Q} < {forms of O,, over Q up to isomorphism}

What we would like somehow to know is that the first of these maps is in fact also injective and
though not totally relevant to our objectives it is interesting to ask if the second map is surjective.

We first prove a lemma which allows us to understand the structure of Ngr,, (O,,).
Lemma 4.1.1. For O,, a orthogonal group (for an n-dimensional space) we get:

NGLn(On) = {OéM|Oé S (C, M e On}

Proof. 1t suffices to consider the case of the usual orthogonal group coming from ‘gg = I,,.

The containment {aM|a € C,M € O,} C Ngr,(0O,) is obvious. Conversely, to say that
M € Ngp, (0,,) is to say that MgM I, }(MgM~") = I, in GL,, for all g € O,,. That is equivalent
to saying 'g(*MM)g =M M for all g € O,,.

We first consider the case n = 2. Take ‘MM = (¢%) and the element (9}) € Oy. The

identity:
(Yo)(ea) (Vo) =(59)(F6) =(55)

tells us that @ = d and b = ¢ and then using the element ( % §) € Oy we get:
(Bo)(5a) (00 = (L) (1) =(57)

which then tells us that b = ¢ = 0.

We can reduce the general case to the n = 2 case by observing that we can embed Oy — O,
in sufficiently many ways to get the result that ‘MM = ald. That is the map which takes
(fy 7} € Oq to the matrix X € O,, which is equal to the identity except that X;; = X,; =« and
Xi; = —Xj; = y allows us to use the identical argument to show that (*MM);; = ("MM);; =0
and ("MM);; = ("MM);;. We can thus conclude that (—zpy)M € O,. O

The next thing we need to understand is the structure of Aut(O,). We know that for a
connected reductive group the automorphism group is precisely the semi-direct product of the
inner automorphisms and the automorphism group of the associated Dynkin diagram [Spr98]. O,
is not connected, however we do have the following:

Claim. If the dimension n for the quadratic space of q is odd then Aut(O,) ~ Aut(SO,) and if it is
even we have that Aut(O,) ~ Aut(SO,) x {£1} and in particular the automorphism corresponding
to id x —1 is the map ¢ : g — det(g)g.

Proof. There is a natural map Aut(O,) — Aut(SO,) coming via restriction using the fact that
maps must take the connected component of the identity, in this case SO,, to itself. It suffices to
show that the kernel of this map is precisely ¢ when n is even and trivial when n is odd.

Pick any element x € V where V is the underlying space of q. Let 7, be the reflection at
x. Then 7, interchanges the connected components of O, and thus we have O, = SO, | |7, SO,.
Consequently, any map on O, trivial on SO, is determined entirely by its action on 7,.

Consider a map o € Ker(Aut(O,) — Aut(SO,)). For all h € SO, we have 7,h7, = o(7,)ho (1)
and so we have that 7,0(7, ') is in the center of SO,. Since for n > 2 the center is precisely I,, when
n is odd or +1I,, otherwise we conclude o(7,) = +7,. In the n = 2 we can use that o(7,)? = I, to
get the same result. It is easy to see that o(7,) = 7, corresponds to the identity and o(7,) = —7,

corresponds to ¢. This completes the result. O

Proposition 4.1.2. For the dimension n # 8 we have that the map:

H'(Gal(Q/Q), New, (Og)) — H' (Gal(Q/Q), Aut(0y))
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which takes a rational conjugacy class to its rational isomorphism class is injective.

Proof. Since Ngr,,(0,) — Aut(O,) factors through Inn(O,) this is simply a basic property of
sequence of cohomology attached to the exact sequence:

0 — Inn(O,) = Aut(O,) = Aut(O,)/Inn(O,) — 0

which tells us that the kernel of the map H'(Gal(Q/Q),Inn(0,)) — H(Gal(Q/Q), Aut(0,)) is
precisely given by H°(Gal(Q/Q), Aut(O,)/Inn(0,))/ im [H*(Gal(Q/Q), Aut(O,))]. In all cases
other than n = 8 the group Aut(SO,)/Inn(0O,) is trivial as the outer automorphism of SO, is
conjugation by O,. We thus need only consider the morphism ¢ from the previous claim. The
map ¢ is Galois equivariant and thus gives an element of H°(Gal(Q/Q), Aut(O,)). It follows from
this that:

HO(Gal(@/Q), Aut(0,)/ Inn(0,))/ im [H*(Gal(@/Q), Aut(0,))]
is trivial.
We next consider the exact sequence:

0 — Q" — Ngr,(0Oy4) = Inn(O,) — 0

Hilbert’s Theorem 90 tells us that H'(Gal(Q/Q), Nar,, (0,)) — H'(Gal(Q/Q),Inn(0,)). This
completes the result. O

Corollary 4.1.3. For the dimension n # 8 we have that H'(Gal(Q/Q), Nav,(0,)) classifies the

rational isomorphism classes of forms of the orthogonal group which are defined by quadratic forms.

Proof. We know that any two forms of orthogonal groups for dimension n which are defined
by a quadratic form in the usual way are conjugate over Q. Thus if we consider the map
HY(Gal(Q/Q), Na1, (0O,)) — H*(Gal(Q/Q), Aut(0,)) viewing H'(Gal(Q/Q), Aut(O,)) as the clas-
sifying space for rational forms of orthogonal groups we have the image will contain all those iso-
morphism classes coming from quadratic forms. That this map is also injective gives the result. [

Remark. If one wanted to handle the cases of n = 8 as above one would need to look first at the
outer automorphism group Aut(SO,)/Inn(SO,) and determine if

H(Gal(Q/Q), Aut(SO,)/ Inn(SO,))/ H"(Gal(Q/Q), Aut(SO,))

is trivial. To do this one must understand the spin representations as it is exceptional isomorphisms
of these that give rise to the extra automorphisms. For example in the n = 4 case it was the spin
representation that gave us the isomorphism to SLy X SLs. One can see that an outer automorphism
arises by interchanging the two factors. If one looks at the case n = 8, one would find that in
general the set may seem not be trivial for the cases n = 8 depending on the choice of quadratic
form. One then needs to investigate if these automorphisms descend to SO,.

If they do descend, one might then try to argue that:

H'(Gal(Q/Q), New, (Og)) — H'(Gal(Q/Q), Inn(SO,))

is not surjective in precisely the cases where we had a kernel in the map with which it would be
composed.

Because we have not proved the result for the cases n = 4,6,8 we shall assume for the
remainder of this section that the dimensions of quadratic spaces are not one of these.
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Remark. A few final remarks are in order just to give a summary of which cohomology classifies
what. We have that H'(Gal(Q/Q),SO,) classifies quadratic forms with the same dimension and
discriminant as ¢. We know that H'(Gal(Q/Q), O,) classifies quadratic forms of the same dimen-
sion as ¢. The connection between these two facts is that H'(Gal(Q/Q), uo) classifies quadratic
extensions of Q which is essentially to say it classifies square free integers which are the possible
discriminants. We know that H'(Gal(Q/Q), Nar,(0,) = GO,) classifies both quadratic forms of
the same dimension as ¢ up to rescaling as well as rational conjugacy classes of O, in GL,,. And
we have also just proved that this classifies (for n # 4, 6, 8) the rational isomorphism classes of the
conjugates of O, in GL,,.

The next thing we would like to describe are the invariants of orthogonal groups that control
embeddings. The invariants we are looking at come not directly from the orthogonal groups, but
rather from the associated quadratic forms. In order to see to what extent the invariants of an
orthogonal group can be tied to those of a defining quadratic form we have the following:
Proposition 4.1.4. Let Oy, 0,4, C GL,(C) be orthogonal groups defined over Q with qi,qs any
quadratic forms defining them (over Q), then O, =~ Oy over Q < 3N € Q such that q1 ~ Age
(over Q).

Proof. We have that H'(Gal(Q/Q), NGLn( q)) classifies orthogonal groups in dimension n. More-
over we know that Ngr,, (0O,)(C) =

Now, we know that O, = Aut (V q) are the automorphisms of V' preserving ¢, additionally we
have C O, = Aut(V, P(q)) are the automorphisms of V' that preserve ¢ up to rescaling. In particular
then H'(Gal(Q/Q), Aut(V, P(q))) = H*(Gal(Q/Q), Nar, (0,)) classifies quadratic spaces up to
rescaling of the quadratic form. This gives us the desired correspondence between the forms of
orthogonal groups and quadratic forms up to rescaling. O

We would like to consider the conditions on having an orthogonal group be contained in
another, however we are only really interested in cases where the embedded orthogonal group is
acting as an orthogonal group. As such we make the following non-standard definition:
Definition 4.1.5. Let O,, O, be the orthogonal groups for the spaces (V,¢) and (V’,¢’) respec-
tively. Then O, C O, is a sub-orthogonal group if there exists an O, stable subspace U C V
such that Oy acts faithfully on U, (U, ¢|y) is non-degenerate and dim(U) = dim(V").

From the above result, we conclude the following general result about the embedding of

orthogonal groups:
Proposition 4.1.6. Let O, , O, be orthogonal groups defined over Q with qi,q2 any quadratic
forms defining them (over Q). Then O, is a sub-orthogonal group of O, if and only if IX € Q, g3
such that q1 ~ (Aq2) ® g3 (what we mean is an isomorphism of Q wector spaces with quadratic
forms where the right hand side is the direct sum of spaces).

Proof. The injection Oy, — O, allows us to decompose the vector space on which O, is acting
into subspace which O, acts trivially (V3) and its orthogonal complement (V3). Restricting ¢,
when restricted to V5 and V3 must give quadratic forms ¢, and g3, by the above result ¢} is a

multiple of ¢o. This completes the result. (One must of course also make a dimension argument
about V5, V3). O

Proposition 4.1.7. Let O, , O, be orthogonal groups over Q with qi,q: any rational quadratic
forms defining them. Let the quadratic forms q; have invariants d;, e,,;, (ri,5;), ni. Then Og, ~ O,
over Q if and only if (r1,s1) = (re, S2) or (s1,71) = (r2, s2) (in latter case replace q1 by —q; to be
in former case for the remainder) and

o if n = 0(mod2) then dy = dy and I\ € Q such that e, 1e,,2 = (A, (—1)”/2d),,p
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o if n = 1(mod4) then e,,1 = e,,2.
o if n = 3(mod4) then e, 1(di,dr),, = ey,2(d2, d2),, -

Proof. By applying our criterion for the isomorphism of Orthogonal groups and the proposition
above we immediately get the following conditions:

1. (r1,81) = (r2,82) or (s1,71) = (r2, $2)

in the latter case replace ¢; by —¢; to be in former.

2. 3\ € Q such that dy = Ady and e,,; = €, (A, et V> (A, d" 1), .
By using the properties of the Hilbert Symbol and the discriminant we arrive at these cases:

o if n = 0(mod4) then d; = dy and I\ € Q such that e,,1€,,2 = (X, d),,

o if n = 1(mod4) then e, = e,,2

o if n = 2(mod4) then d; = dy and I\ € Q such that e, 1e,,2 = (A, —d),,

o if n = 3(mod4) then e, 16,2 = (dida, did3),,
The extra conditions in the first and third case are in fact automatic in many cases by appealing
to the existence of rational numbers with given Hilbert symbol. The failure for the existence of a
global A, such that (A, d),, = —1 is an entirely local problem at p and says that (), d),, = 1 for all
A € Q,. In particular it would imply d is a square in Q,. n

Proposition 4.1.8. Let O, 0,4, be orthogonal groups over Q with ¢i,q2 any rational quadratic
forms defining them. Let the quadratic forms q; have invariants d;, e,,;, (riy8:), ni. Then we can
embed O,, — O, as a sub-orthogonal group if and only if (re, s2) < (r1,51) or (s2,72) < (r1,51)
(in the latter case, replace qo with —qs) and further conditions detailed in the proof of the theorem.

Proof. The literal requirement is I\ € Q, g3 such that ¢; ~ (Ag2) @ ¢3. In particular this can be
checked on the level of invariants. The condition (72, s9) < (71, 51) or (s2,72) < (71, s1) correspond
to the signature condition.

The discriminant of (Agy) @ g3 would be: A"2dsd3 thus we must have that:

d3\"? = dyds(mod squares).
The condition on Hilbert symbols in general is:
Cupt = €€y, 3( N A2V dy dy),, (A, d3* ),

Supposing now that the signature condition is met we can simplify this in the following cases:
1. ny —ny > 3 then take A = 1 condition is ds = did, €,,3 = €y,1€4,2(da, —d1)y,.
Condition for the existence of quadratic form is automatic in this case.
2. mp—ng =2
(a) np1 =0 (mod4): Then ds = didy, e,,3 = €y,1€0,2(d2, —d1),, (A, —1),,(d2, A)y,
Requirement is Vp with dyd, = —1 in Q,/Q} then 3\, € Q) with

()‘pa _d2)1/p = eypleup2(d2> _dl)llp

Or equivalently did, = —1 in Q,/Q? implies dy # —1 in Q,/Q?

(b) nq =1 (m0d4) Then d3>\ = dldg, el,pg = eyplel,pg(dg, —d1>l,p(>\, —]_>l,p<d2, >\)1/p
Then take A = d;d> and condition the condition is then automatic.

(c) n1 =2 (mod4) Then ds = didy, €,,3 = €y,1€4,2(da, —d1),,(d2, Ay,
Requirement is Vp with dyd, = —1 in Q,/Q} then 3\, € Q, with

()\pa d2>1/p = eupleVPQ(d27 _dl)up
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Or equivalently did, = —1 in Q,/Q? implies dy # 1 in Q,/Q?
(d) ny = 3 (mod4) Then dsA = dida, e,,3 = e,,16,2(d2, —d1)y, (d2, A)y,
Then take A = d;d» and condition the condition is then automatic.
3. np—ng =1
(a) np =0 (mod4): Then dsA = dyda, e,,3 = e,,1€,,2(d2, —d1)y, (N, —1),,(d2, A),,
Requirement is Vp3a\, with (A,, —ds)., = ey, 160,2(d2, —d1),,
(b) nq =1 (m0d4) Then d3 = dldQ, 61/;,3 = €l,p1€,jp2(d2, _dl)l/p (dg, /\)l,p
Requirement is Vp3a\, with (A, d2),, = ey,1€0,2(da, —d1)y,
(c) mp =2 (mod4): Then dsA = dida, €,,3 = €y,16,,2(da, —d1),, (d2, A)y,
Requirement is Vp3IA, with (X, d2),, = ey 1€0,2(d2, —d1)y,
(d) ny =3 (mod4): Then ds = dida, e,,3 = ey 1€4,2(d2, —di)y, (A, —1),,(d2, N),,
Requirement is Vp3a\, with (A, —ds)., = ey, 1€0,2(d2, —d1),,
4. ny = ny then as in the previous theorem.

O

The cases in the above that we are most interested in are those where ny is even. This is
because it is more natural to first embed tori into even dimension orthogonal groups. The case
where we have n; = ny+ 1 really describes the extra sort of freedom we have when trying to embed
tori into orthogonal groups of odd dimension. In comparison to the n; = ny case we have essentially
removed the condition that the discriminants be equal and are left only with a lesser condition
on Witt invariants. One can in a sense view this as replacing a condition about having the same
ramification and splitting behavior at all primes with one about the quadratic forms having the
same splitting behavior whenever a prime splits over either v/dy or v/—d, as appropriate. In the
ny = ng + 2 case we have even milder conditions. The n; — ny > 3 case tells us that any ‘small’
CM-algebra will always be embeddable into a sufficiently large orthogonal group. Though there
are still conditions on what one can pair such a CM-algebra with so that it becomes a maximal
torus.

4.2 Quadratic forms for the Tori RK/Q<RS31}K(Gm>)

We will now look at a particular set of examples of tori and the orthogonal groups into which
they embed.

Consider a CM-field E/Q (of degree 2n), with maximal totally real subfield K (so E = K (v/9)
where ¢ is a totally negative). Fix an element A\ € K then viewing E as a Q-vector space we get
the quadratic form ¢y on E attached to the bilinear form By(x,y) := Trg/g(Axy).

Now we can fix two basis for K/Q. Let aq,...,a, be such that By(a;,a;) = 0 for i # j and
ay, ..., a, besuch that B_ys(aj,a}) = 0. Then ay, ..., ay, a9, ... a9 is a basis for E/Q with
respect to which the matrix for ¢, will be of the form dz’ag(QTrK/@()\a?)izl,,n, 2Tk o (—=A0a?)iz1.n).
In particular, if we define a quadratic @) form on K via the bilinear formQq(z,y) := Trg g(azy)
then g, decomposes as ¢y = 2Qy @ 2Q_,s via the natural decomposition £ = K @& Kv9. So
to study the invariants of ¢, it shall suffice to look at the invariants of (), and combine them
appropriately.

One thing to observe about ¢, (which explains our interest in it) is that the algebraic tori
RK/Q(Rg) «(Gr,)) embeds naturally into O,4, for any choice of A € K. So that this construction
then gives us a method of embedding these tori into not just one, but instead a family of orthogonal
groups.

We now go about describing the invariants of the form @),. We recall that the important
invariants of a quadratic form @ are its discriminant D(Q) € Q/Q? = H'(Gal(Q/Q)),Z/27Z), it’s
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Hasse-Witt invariants, which can either be viewed as the collection e, € {&1} for each valuation
v of Q or as W(Q) € H*(Gal(Q/Q),Z/2Z), and finally its signature (r,s) € N ® N. We shall use
the following result of Serre “Invariant de Witt de la forme Tr(z?)” [Ser84].

Theorem 4.2.1. [Ser8}/
The quadratic form Q. has the following invariants:

D(Qa) = Nkjola)

W(Qu) = €(s,,) + (2)(di)

The signature is (#of positive embeddings of o, #of negative embeddings of a).

Remark. We now define the various terms that appear in the statement of the theorem:

dy is the discriminant of the field K/Q.

(z) is the element of H'(Gal(Q/Q),Z/27Z) corresponding to x € Q*/Q*2.

(z)(y) means the cup product as an element of H?(Gal(Q/Q),Z/27Z).

Now if 0y, ..., 0, are the embeddings of K in C, and £p; the square roots of o;(a)). Then we
may map Gal(Q/Q) — S(n,2) (where S(n,?2) are the Schur multipliers [DM74]) via the action of
Gal(Q/Q) on £8;. e* : H*(S(n,2),Z/27Z) — H*(Gal(Q/Q),Z/2Z) is then the map induced from
e: Gal(Q/Q) — S(n,2).

The element s/, € H?(S(n,2),Z/27Z) corresponds to a specific central extension of S(n,?2).
The complete description of the cohomology H?(S(n,2),Z/27) can be found in [DM74], we shall
only describe the element s/, which we need.

The group S(n,2) can be described as (Z/2Z)™ x S,, where this is a semi-direct product with
S, acting as permutations on the (Z/2Z)". This can be described in terms of generators and
relations as:

ri,i = 1..(n — 1) corresponds to (i,i + 1) € S, and w;,i = 1..n corresponds to 1 in the i
copy of Z)2Z. r} =1, ryr}, = (rirj)? = Lfor j # 4,i+ 1, wi = 1, wjw; = ww;, 1w; = Wiy,
riw; = w;r; for j # 4,14 1.

The central extension we would like to consider we shall denote A and is the one whose
generators are the same as before except with the inclusion of (—1) which shall commute with all
other generators We modify the other relations as follows:

ri=1,rrd, =1, (rir;)? = —1for j #4,i+1, wyw; = (—=1)ww; for j #4,i+1, raw; = wisqry,
riw; = (— )wjn for j 7é Qi+ 1.

The actual proof of Serre’s result involves reducing to the case a = 1 by replacing K by
E = K[X]/(X? — a) and observing that:

Qr1~2Qk1 D 2Qk.q

and proceeding to relate the invariants of the participating quadratic forms.
The proof for the case a = 1 in the general case is fairly technical.

We now proceed to compute the invariants for the form we were originally interested in ¢y (z, y).
Using that ¢\ = 2Q\ & 2()_»s and the properties of combining invariants for direct sums we find
the following:

Claim. With notation as above, the invariants of the quadratic form qx = Trgg(AaT) are:

D(g)) = 2" Ni/o(A\) Nisa(=Xd) = Nio(—0)

Wi(gn) = ex(sy,) + (2)(dx) + €2 \s(s7,) + (2)(di) + (D(2Q1))(D(2Q-x5))
= eX(sh) + €255(5h) + (2" Niya(A) (2" Nk o (—A9))
= e}(sn) +ela5(s7) + (2" Niyo(N) (=N so(—9))
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The signature is (2x #of negative embeddings of \,2x #of positive embeddings of \).

What the above result tells us, is that given some quadratic form ¢ in order to verify that
the associated orthogonal group is equivalent to the one coming from a quadratic form of the
shape Trp/g(A2T) then one needs to find a totally real field K of degree n which contains a totally
negative d such that Ny g(—09) = dy. In addition, the field must contain an element X that provides
for the correct Witt invariants. It is entirely unclear that any such field or elements 9, A will always
exist.

Example. We present briefly the example of how to use the formula in the case of dimension 4.
That is where we have a real quadratic extension K = Q(\/ﬁ) a totally negative element ¢ and
an arbitrary element \ in K.

One of the first things we might try to do is to evaluate a cocycle representative of e (s,) (o, 7),
to do this we must fix a section ¢ : S(2,2) — A (this shall not be a homomorphism). We then
have that for a representative of the cohomology class we can compute:

ex(sp)(0,7) = ¢(e(0))d(e(r))ple(oT) ") = £1.

What we see is that this element essentially detects the extent to which o,7 commute less in A
than in S(2,2). We observe that in the case of n = 2 the only new failure to commute is in
w1, wy so when describing our section it is enough to specify a canonical ordering of wq, wy for
describing words in S(2,2) we choose the natural lexical order. We can then check for example
that: e}(s),) (w1, wa) = —1, ex(s),)(we, w1) = 1, ei(s),) (wiwe, wy) = —1, ....

We next wish to know when such a cocycle is in a non-trivial class of H?(Gal(Q/Q),Z/27).
By inspecting the coboundary condition we make the observation that because e} (s,)(wy, wy) #
ex(sh)(we,wq) so that provided wy,ws € im(e) we will have that the cocycle is non-trivial. We
remark that such a condition implies A € K \ Q and A € K \ K2. By checking all the cases one
can establish that this is in fact a necessary and sufficient condition for e}(s!,) to be non-trivial.

The above tells us a bit about the global perspective on how to view the formula. What we
would like to do next is to give the local interpretation, that is to describe how to extract the
local Hasse-Witt invariants e,,. The most naive thing to try is to simply apply the above directly
with \ € Qp(\/ﬁ). This of course does not really make sense, what you really want to do is study
the situation in the localization of K = Q(v/D) at the prime ideal p. It turns out that Serre’s
Theorem above is true as stated for étale extensions of algebras over fields of characteristic not 2.
So provided that Q(\/E)p is étale over QQ,, all the analysis above tells us precisely how to interpret
all the terms in the formula and thus compute e,,. The only difficulty that remains is the cases
where Q(v/D), is not étale, that is the cases where p|D so that the extension is ramified.

To see the explicit computations of the Hasse-Witt invariants for this case see 4.3 (page 67).

4.3 The Hilbert Modular Case and O(2,2)

In this section we will do some explicit computations to relate the classical results of the
Hilbert Modular Case with that of the case O(2,2).

Notation

For the remainder of this section, we fix the following notation:

Let D € Z* be a square free positive integer.

Let K = Q(VD).

Let § = 61 + 09v/D € K be a totally positive element of K (0" =61 — 65V D and 6,8 > 0).
Let A € K.

Let F = K(v/=9).
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Let N be the normal closure of F'.

Fix once and for all, an embedding N < C so that we may think of the elements of Gal(N/Q)
as both automorphisms of NV but also as the various embeddings of N into C.
Remark. N will be a CM-field of degree 4 or 8, this will be shown and the cases analyzed a bit
later

The Torus F®

We consider the algebraic torus F(1) := RK/@(R;}/ «(Gyy)) of complex norm 1 elements of F.
We shall first look at the restriction of scalars down to K.

Ry (G)(K) = {a + bv/=ba,b € K, (a + bv/=0)(a — V=6) = a® + 0b%d = 1}.

The general construction of restriction of scalars gives us:

WG = {01 = (32 1peran =1} = {5 (i, I ) )

R(l)
F

Remark. The field in which a, b, t lie in the above depend on the ring in which you are trying to
take points. For the K points, a,b would be in K but ¢ would be in F.

The map between the two interpretations has t = a + bv/—9, t in particular then generates the
character module of Rg/) 1(Gn).

We will now explicitly diagonalize this torus over F'. The above representation comes from
the action of F' on F as a K vector space with basis {1,v/—0}. To diagonalize we need to find the

eigenvectors of the action on F' ®g F'. Indeed we get that M, € RF / K(Gm) acts as t on the vector

(vV/=4,1) and as 1 on (—v/—4,1). So then, if we take {(v/—0,1), (—v/—d,1)} for a basis of F @ F

we get:

R

e, ={5(51)}

We now wish to perform the further restriction down to Q. If we then take a basis of K/Q {1,v/D},
then perform the restriction of scalars we have:

s+ VD(s-1)

GG h st

1 1 ( s+1 VD{E-5s)

DT NER

V_6 = V=6+ V=¥ \/E(\/jé—\/—(sl)
“\Lw=-v=5) Vv )

We then get that if we had taken as a basis for F/Q the elements {1, vD, /=8, /—0D} we would
have () is

s+ L4241 VD(rs—L—241) VEE(rs— ) +V=8(L—2) V=D (rs— L2)+V=6'D(-Z+%)
—r_sgd epTys 1 V=3 e 1y V=8 r_. s —S(rs— L r_s
i F(“ r_s4ly re+IZ4S4 L 5t f+ Y (5 VG )V (L -5
g - do+ Ao -0 L%(rs—iw D (—24+2) A VD(rs—T—5+L)
1 TS_L 1  (_rysy 1 (o 1 (ps_rT_54 1 rs 1
755 (st e CE TR o )+\/7<+ £) F5lrs—Lt-2+d +r+s4 L

Alternatively, we might prefer to perform the restriction straight from F' down to Q. Consider
the element w = wy + wyv/D + w3V —0 + wy/—0D € F with ww = 1. Then w gives us an element
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ty € FU. Firstly in R%l/)K(Gm) we get:

T
v <w3+w4\/5 w1 + wavV'D

wy + waV'D  —6(w3 + w4\/5)) 1 < w+ ~ V=d(w — zlu))
2

To perform the restriction down to Q is to do it componentwise, this then gives:

w1y Dwe —d1w3 — Ddrwy —D((51w4 + 5271)3)

P w9 w1 —(51104 — (5211)3 —(5111)3 — D52U]4
w ws Dw4 w1 D’U)Q
W4 w3 w2 w1

To compare this to the previous version, set:

r2 =" Ngjg(w)” = (w1 + w3vV/=6 + woV'D + wyvV—0D)(wy + w3V =6 — wsv/D — wy/—=3'D)
= (w; + w3V —6)? — D(+wy + wyvV/—9)?
S = W/ Ty,

w' = (wy + w3V =90 — weV D — wyV—0'D)

then we will have 1/w’ = w’. We see that:

=w+ ww' /w+ w/ww + 1/w

=w+w +1/w +1/w

= 2wy + 2wVD + ' + W

= 411)1.
One can check that the other components also agree. In particular this tells you how to interpret
the characters r, s of our torus.

We now wish to diagonalize this torus, to do this, we need to work over N since it is over this
field that the torus splits. If we choose instead the basis of K ®q K of {(v/D,1),(=vD,1)} The

t’s would become:
f s 0 1_1 % 0
"o )T\ os)

So, if we choose as a basis of F' ®g N the elements:

{v1 = (V=6D,v—3,VD, 1), vy = (V=8'D, —V/=8,VD, 1),
vy = (V —(SD,\/T(S,—\/E,—D, vg=(V-'D,— _6/7_\/5’1)}’

Then we have:

rs 0 0 O w 0 0 O

1) 020 o|l_Jlo w 0 0
Eov=31o 0 L of(=Y|o 0o @ o
0 0 0 2 0 0 0 o
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We are now in a position to say something about which orthogonal groups such a torus can
lie in. In particular, if F' J(Vl ) Oy, then having extended scalars to N and performed the change of
basis as above we get we must have:

q(z101 4+ 2oV + 303 + T4V4) = ax173 + bToT4.

For example the map T7p/g o Np/k gives a quadratic form on F' (as a Q-vector space) which is
preserved by F() under the regular representation. We now compute what this quadratic form
looks like in terms of this other basis. (the “” in the formulas indicate that the operator has been
linearly extended and is not literally the trace or norm map).

"Trpig o Npji” (2101 + 2202 + 1303 + 2404)

=2(vV—=0D(x1 + x3) + V—0"D(x3 + x4))? + D(V=6(x1 + 23) — V=0 (22 + 24))?
+61((VD(21 + 23 — 3 — 24))? + D(21 — 22 — 23 + 74)?)

+ 022DV D(1 + 9 — 3 — x4)(z1 — Ty — 3 4 T4))

=2D(—0(x1 + x3)2 4 2V60 (z1 + x3) (29 + 24) — 8 (2 + 24)?

— 3(w1 + a3)% — 2V00 (1 + a3) (22 + wa) — & (w2 + 24)?)

+01(D(x1 + 29 — 23 — 24)* + D(x1 — 192 — 13 + 24)?)

+ 262D\/5(x1 +xo — x3 — x4) (1 — T2 — T3 + T4)

— 451D((x1 + .%'3)2 + (1’2 + .’B4)2) — 452D\/5(({B1 + x3)2 — (JIQ + 1’4)2)

+ 261D (w1 + 29 — w3 — 24) + (1 — 22 — 3 + 14)?)
+ 489DV D (1 + w9 — 23 — x4)(1 — T9 — T3 + T4)

=261 D(—8x1x3 — 8xomy) + 452D\/5(—4x1x3 — 4x914)
= —16Dd6(xz123 + z2714).

Which we note, is of the allowable form.
We will now try to “undo” the above computation and express the candidate quadratic form:

q(1v1 + T2y + T3U3 + T4vs) = ax173 + braxy

from above in terms of the usual rational basis e; = (1,0,0,0),...,e4 = (0,0,0,1). We have that:

€1 = —

€3 —

1 1

1 (N/—ap (w1 ) + 7=
1

4\/5(121 —U3+’U2—U4)

(v2 + v4)>

65

€2

e4 =

_! <1(v1 ug) = (v + v4)>

1\V=s
1

Z(Ul—v3—v2+v4)

V=



and so we can compute that:
(e1) = L) (e + b
NV =\160)\s " &
-1
i(es) = (5 ) (@D (

)
)
werven= (o) (e 150 e = () (/o )
(
g

1

(5+5)

(a+b)

| =
_ O

—_
(=}

(-1 1+4D 1+5’Db (-1 D+5 D+5’b
ater+ed) = 15p 5 Ty atez +es) = | 35 “r Ty
-1\ /1+6 14 1
q(€2+64)—<16>< 5 a+ 5 b> qles +eq) 16D> 1+\/>)a+(1—\/5) b)
And then evaluating the bilinear pairing yields:
(-1 (l—l—\/>) a by -1 (a b
e = (g5p) (( 5 b) D<5+y)) -5 %)
1+9 1+5/ b
e = (55p) ((5 ,b)@ a><aW0
1 1-|—5D 1+5’ a b
(e1,e4) (16D> (( 5 5 b>_<5+5’> D(a+b)> 0
D+5 D+5’ a b
eae= () (22 )0 (54 8) w0
1 1+ 6 1 (5’ b
= () ((3er 59 (1) -eo0)-

(e3,e4) = (IGD) (((14—\/») a—i—(l—\/ﬁ) b) — (a+b)—D(a+b)) =

In particular we then have:

-1 a b b
Q(?Jl€1+"'+y4€4):16—D[(6 (5’>y1+D((5 5,) (a+b)y3+D(a+b)

b
+2 <% — 5) \/EylyQ + 2\/5((1 — b)Ysys|-

Rescaling a, b allows us to write:

q(yier + - - - + yaes) = (a + b)y? + 2V D(a — b)yrys + D(a + b)y>
+ (a6 + b8")y + 2V D(ad — b )ysys + D(ad + b8')y;
But we are interested in forms with rational coefficients and the requirement for this is that
(a+b),v/D(a —b) € Q. But then this implies that we get a = b+ 7v/D and thus 2b + rv/D € Q.

We conclude that b = s — £v'D and a = s + 5V D for 5,7 € Q. In particular we have b = a' and
so we can rewrite this as:

q(yrer+ - +yaes) = (a+ ')y +2VD(a — )y + D(a+d)y;
+ (ad + d'0" )y + 2V D(ad — d'8)ysys + D(ad + a'8')y?
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The requirement that (ad + a/6"),v/D(ad — ') € Q is then automatic.

We notice that this is up to a multiple of 2 the form Tr/g(azT). In particular, we have shown
that, for F(! acting via the regular representation, these trace forms are the only quadratic forms
that F() can preserve.

The Forms Trp/q(ANp/k(2))

We have previously worked out the invariants of these forms for the more general case, We
will do it here more explicitly for the specific case we are looking at.

Choosing basis F//Q of the form ay, as, asyv/—9, a;/—6 with a; € K decomposes the form as:
Trro(ANp/k () ~ 2T 0(A2?) @ 2Tk j0(—A6y?).
Provided Try/g(a) # 0 we can use the basis 1,a’v/D to express the form Ty /g(ay?) as:
Tricig(a(yr + ¥/ VD)?) = Trio(@)y? + Nicjo(@) DT o)y,
If Tr o(a) = 0 then the basis 1 +v/D, 1 — /D gives us:

T?“K/Q(Od(yl(l + \/5) + y2(1 — \/5))2) = QTT'K/Q(OZ\/E)?J% — ZTTK/Q(C(\/E):US

We consider first the cases where Trg/g(a) = 0, in particular in the case A = % we get:
Trig(Ae?®) = 227 — 223,

And thus we have:

—d =y

—0
Trio(—Aoy?) = T?“K/@(\/—E)yf + NK/@(E)DTTK/@(E)?JS

= (_252)(0% - (5f - D5§)(—252)y§.
And so we get:
Trrjg(ANp/k (1)) ~ 4o — 4a3 + 2(=202)y; — 2(57 — D&3)(—202)y;
~ @} — a5 — 03y} + Nic/g(6)0213

This quadratic form has discriminant N g(9), Witt invariants (=1, —1),(d2, N(0)), and signature

(2,2). If we had taken \ = j—% we would have had Witt invariants (—1, —1),,.

If we instead consider the case A = /D&’ we get the same thing essentially. Up to scaling by
Q this covers all cases where one of the Trg/g(a) = 0.

For all other choices for A we have T'rg/g(a) # 0 for both a = A, =Ad. Up to rescaling over
Q we may assume Trg/g(A) = 1 and thus we get:

T’I’K/Q()\NF/K(ZE)) ~ T?”K/Q(/\)JI% + NK/Q()\)DTTK/Q(/\)Z’% =+ TTK/Q(—)\(;)y%
+ Ni/o(=A0) DT q(—Ad)ys.

This quadratic form has discriminant Nk /() and Witt invariants:

(D, D)(D, Nk/a(6))(Ni/a(0), Nijg(A) (Nrjo(A)s Nijo(M)(=Trk/0(Ad), —Ni/g(Ad) D),

the signature is twice the number of positive/negative embeddings of \.
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The Hilbert Modular Surface

Consider a totally real quadratic field H/Q, we have seen that the Hilbert modular space for H
comes from the quadratic form gg(a,b, h) = ab— hh'. With the choice of basis (1,1,0), (1,—1,0),
(0,0, 1), (0,0,v/d) this quadratic form is equivalent to gz = [1, —1, —1,d], has discriminant d, Witt
invariants (—1, —1), for each prime p and has signature (2,2).

So what we have now, is that we have algebraic tori F'") which will be contained in the

orthogonal group associated to the Hilbert modular space H@( NGPTEGIE Through the association

of points of the space and abelian varieties we will then have that F'") will stabilize some point
on HQ( NG and thus will map to the endomorphism group of the associated abelian variety.
However, the general theory tells us that the abelian varieties associated to ]H[Q( NGIE) should if
anything have CM through fields over Q(y/Ng/g(0)) and not over K.

We are thus driven to the questions:

e When can Ng/g(0) = d?

The answer is if and only if (d, D), = 1 for all primes. This is a local class field theory
question.

e How does an abelian variety seem to end up with CM by two seemingly unassociated fields?
The answer (in part) is in the next sections and amounts to showing how the fields are
associated, and which field the abelian variety will actually have CM by.

Field towers

We make the following definitions (which are compatible with previous notation)
K =Q(VD)

F =Q(VD,V=0) F' = Q(VD,V=¥)

L =Q(V5¢)

G = QY. V=5 +V=0) G' = Qo V=5 — V=0

N =FF =GG =Q(D,vV=65,v-0)

We then have the following diagram:

FF/’/jL\\GG’
NI\
N

Which is possibly incomplete and may have some redundancy.

Note that we have: /—§ + v —¢" = \/—2(51 — V), V=0 — /= = \/—2(61 + v0d") and
(—2(07 — V60")(—2(61 + Vd')) = 4(07 — (62 — D63)) = 4D2. Consequently we have that G, G’
are quadratic imaginary (over L) when ¢ is not in Q.

We have 3 cases to consider:
F' cyclic Galois

We immediately have N = F' = F’. Since KL is totally real this implies KL C K which
implies L C K. We note that in the case of cyclic Galois L ¢ Q since if it were, then at least
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one of G, G’ would be an imaginary quadratic extension of Q contained in F, but F' being cyclic
Galois CM, means this does not happen.

Therefor we have in this case that: N = F = F' =G = G' and K = KL = L in particular
D = 66" mod squares.

Conversely, one has that if D = d¢’ mod squares so that K = KL = L, one gets then that:
N =F=F =G =_G"and so F is at least Galois. (F = G = G follows from ¢ not being in Q
and from the remarks above).

Now we know there is an element of Gal(K/Q) which takes § — ¢’. It must have two extensions
to an element of Gal(F/Q) and each extension must act on /—d,v/—d in one of the following
ways:

e V=6 — /=6 would imply ¢ — 0 so not allowed as an extension
e V-6 —/—§ would imply ¢ — § so not allowed as an extension
e /—§+— /=& here we have the subcases:
— /=0 /= would imply &’ — ¢’ so not allowed as an extension
— /=& — /=4 For such an automorphism G is in its fixed field, but G = F.
— /=8 +— —v/=d such an element has order 4 so the Galois group is Cj.
e V/—06— —/—0" here we have the subcases:
— /=& = +£v/—6¢ would imply &' — ¢ so not allowed as an extension
— 1/—0" — /=4 such an element has order 4 so the Galois group is Cj.
— /=& — —v/=6 For such an automorphism G’ is in its fixed field, but G’ = F
In particular we see that for all valid cases, F' is a cyclic Galois extension.

F' is bi-quadratic

We again have N = F' = F’ but by the above work in the cyclic case we know that L # K,
but L C G C N = F is totally real, so we conclude L = Q. We then have that at least one of
G, G is quadratic imaginary over QQ, without loss of generality suppose it is G (this amounts to
fixing an embedding of everything in C and supposing that v/—¢,v/—¢" where both taken to be
the square roots in the upper half plane, we might as well have made this assumption earlier). We
then arrive at the following diagram of fields:

F=Q(D,v=9)
K=Q Q(v=0 + /=0 VD(V=6+ V=7))

Note that when ¢ is not in Q then Q(v/D(v/—=6 + v/=4")) = G’
F' is not Galois

Then nothing in the original diagram collapses, we should note that we do in fact have: F' ~ F”
and G ~ G’ coming from Galois automorphisms of N, moreover the map taking G’ — G can be
taken to be the Galois element o whose fixed field is /. We have that for an element f € F|
Ny/a(F) = ff, Ny (F) = ff =o(f[f).

Moreover we should generally expect to have the maps of complex norm 1 elements:
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f2)=fif2

1 PO iy UL N
+1 N Ny
+1 po e el gy g

However in the last map, the images are of the form (ff’,o(ff’)) and so we lose no information
by further projecting to G™. In particular we have maps:

11 F) 2 )

41 am B:g—go(g) P
Moreover, the composition Boa : f + f?2 and ao 8 : g — ¢>. And so what we see is that
FO ~ GM that is they are isogenous.
How GV acts on H x H

We usually interpret the action of SLy(L) on the Hilbert modular space for G as Mo (hy, hy) =
(M o hy, M’ o hy). Viewing the Hilbert modular surface as the space associated to the orthogonal
group. That is:

V.= {(g%’) la,b € Q,v € F}
together with the quadratic form given by — det (( au )) the action is given by:

a v\ a V'Y ¢,
MO(U b)_M<U b) M.

Now, the usual way to embed G — SL,(L) is via the restriction of scalars map:

a — { (x —2(0 — \/W)y> } |

Yy T

With the notation v = vy + vaV00" ;, A = 2(5; — V'), A" = 2(61 + V') (note that ' refers
to the conjugate in the appropriate field, which is not always the same field). We then have that
an element g <» = + y(v—0 + V—0') = & + yv/—A acts on the quadratic space V' as

e VY (z =2(0 = Vod )y (a o z’ Yy’
9°\w ) T \y x v b)) \=2(6 + V33 )y o
_ (xa—Ayv zv' — Ayb Y
 \ya+axzv gy +ab AN T
_ (zx'a— Ax'yv — Nzy'v' + AA'yy'b zy'a — Ayy'v — Az'yb + za'v
O\ z2’v + 2'ya — yy' AV — a2y bA’ yy'a + zy'v + 2'yv’ + x2'b
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Reinterpreting this into column vectors we get that g acts as:

xx’ AAN'yy —(Az'y + A'zy')  —(Az'y — Alzy' )V 6o a
vy’ xax xy + 'y (xy' — 2'y)V 00’ b

sy +aly) Ay Ney) (o gy (A+ N) - Syy/(A— AWV

s (@Y —ay) go=(Adly = Awy) sy (A=) (a2 + gyy (A+A) |\

We had embedded F(V < Oy via its regular representation. Decomposing the Q vector space
F ~ K;+ Kyv/—0 the mapping F' — V took the form K; — Q& Q, Ky — L. Taking as a basis for

F the elements {ﬁ, \/75, ‘ég, (61_522\(?25)‘/:3} Then the quadratic form Q53 = Trr0((62/VD)zT)

takes the form:
q(v1, v, v3,v4) = V102 + 032, - NK/@((S)UZ

An element in FY (¢; <> fi + fo/D + fsv/=6 4+ f1v/—6D) then acts on this as:

1 N 2Dosfa  —2(01fs+Doafs) —200'f3\ /g
ol 2| 35512 fi —f3— & fa 62—%f4 T3
x3 5(f3+01f1) 01fs+ Déafs fi +%f3 5 — Doy T3
4 —3./1 —f3 5 f3 fr—§fs) \¥a

Nn/F

Consider the norm map G —5 F®) it takes
2 yVTE e (o y (VS VIR + Y (VS - V)
This is:
= x2’ + 2y (V=0 — V=0) + 2'y(v/ =0 + V=) + 2yy' 5,V D
— 22’ + (a9 + YV + (2 — o) _5A/ V=6 + 2yy'5,V'D

4
A— A A—A
= z2’ + (2yy'62)V'D + (2y (1 — 61 ———) + 2'y(1 + & )V =6
466 460
/ / A—A
+ (¢'y —zy )W%V —oD

In particular, one can now check that under the given choices of basis that the actions agree,
that is we have g o (a, b, v1,v2) ~ Ny/p(g) © (21,22, 3, T4).

What the above means?

It means essentially that all is as we expected. We can embed the torus (! into the orthogonal
group and the torus G into the spin group for the quadratic space associated to the Hilbert
modular variety. The map from the spin group to the orthogonal group ends up taking G — FO
and moreover does so via the isogeny we knew existed already. It turns out that in the natural
way to attach abelian varieties to points of the Hilbert modular space (see for example [Gor02]) it
will be the tori in the spin group that end up acting on them.

What it says about abelian varieties with CM is the following: In the cyclic Galois case we
have in fact no surprises, we end up with CM by a field that is in fact an extension of a field that
should be associated to the Hilbert modular space. In the bi-quadratic case, the Hilbert modular
space we thought we had turned out not to really be one (the totally real field was Q). Though
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of course one can in fact carry out some constructions here and see that what you would have is
F acting on a product of 2 elliptic curves via the 2 complex subfields. In the non-Galois case we
saw that our torus is isogenous to one coming from a CM field of a field associated to the Hilbert
modular surface, we saw moreover how the actions are related.

4.4 The General Case - Concretely

The above constructions illustrated some of things we might try to do in a more general setting
with the algebraic torus coming from the complex norm 1 elements of a higher degree CM-field,
and moreover give us some hints at things we would like to be true.

In particular we can prove the following theorem:

Theorem 4.4.1. Let F be a CM-field and let FY) be the algebraic torus of norm 1 elements of
F. If FY acts via the regular representation, (that is on F as a Q vector space via multiplication)
then the only quadratic forms FY) can preserve are the forms Trpg(AxT) where A € FNR.

Proof. Fix a normal closure N of F'.

Fix a Q basis {v1,...,7} of I such that Trp/g(viy;) = 0 for ¢ # j. This is possible over any
field and amounts to diagonalizing the trace form on F. Note that these conditions imply also
that Trp/q(v7) # 0.

Let oy,...,0, be the distinct embeddings of F' into N.

Consider the basis of N ®¢ F given by {v; := ZTT‘:/((ZEW ® i hi=1..n-

TTF/@ Vi ’Yz'Yk)

Using that Trp/q(7iy;) = 0 we get: ;v = Z Tro(D)

Observe that:
Ul(%’) Uk(%’)
ViO) Ao Vi =) A5 @V
192 Treyg(?) &7 "2 Trg(0)) &7

Z o1(7i) ZTTF/@(%'%%)%

Trro() 5 Tree(n)

ZZ TTF/Q ’Yﬂ/ﬂk Cfl(%‘) S 7k
)

Trr(vi) Tree(y;

T i
(Z ?ﬁf/gﬂ ) %‘)

D)

Z oy ’Yﬂk ® 7k

Trro(;)

=01(75) * ZM ® Vi-

—Trr/o(77)

& Vi

That is to say that, f € I acts on the ['* basis vector via multiplication in N by o;(f).

Since the embeddings are distinct, this shows us (a-posteriori) that our purported basis actu-
ally is one, since they give us a basis for n distinct eigenspaces. Moreover we have thus diagonalized
the action of F()

Supposing that &; = 04,2 for [ < n/2 we then conclude that any quadratic form preserved
n n/2
by this action of F") must take the form Q(> z;v;) = DT T )2
i=1 i=1
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We now wish to undo the diagonalization of the form and express the form back into the basis:
e; = 1® 7. We have that:

ZUJ (v ZJ] () Z 7:(%) ® i

T?“F/@(% )

n ZUJ (vy:)
Z TTF/Q 71

:1®%

=€;.

& Vi

We note that ¢ will be a rational quadratic form, if and only if Q(e;), Q(e;+¢;) —Q(e;) —Q(e;) € Q
for all 7, 5,1. We compute that:
1 n
= 52%01@(’71%)
k=1

and

Qlei +e5) — Qe) — Qley) = %Zakak(’}/f}/_j %) = D _akok(375)-
k=1 k=1

Where we have taken aji,/2 = ax. By taking linear combinations of these conditions, we can
conclude we have the requirement that:

= wok(f) EQVfEF
k=1

We thus have that I' € Homg(F, Q) but the trace pairing on F' is perfect and thus induces an
isomorphism from F' to the vector space dual of F. Thus we have that I'(f) = Zak( Yor(f) for

some A in F.

We therefore have Y (ax — ox(A))or(f) = 0 for all f € F. But then by linear independence
k=1
of the embeddings of F' we conclude aj, = 03(A). (@rin/2 = ar implies then A is in the totally real

subfield of F).
But then the quadratic form @ is just up to integer multiples the form Trp/q(AxT). ]

We also have the following results:

Theorem 4.4.2. Let F be the torus of complex norm 1 elements for the CM-field F/Q. Let
p: FY — O, be any faithful rational representation of FY) into the orthogonal group for a space
(V,q). Then there exists a faithful rational representation p' : T = Rpg(Gym) — GL(V') such that
p=7rlro.

Proof. When we diagonalize F") over F the condition for faithfulness implies that £ will act by
a spanning set of characters for its character module. The orthogonality condition implies that it
must also act via the complex conjugates (that is the inverses in X (F(1)) of these characters). The
natural map X (7) — X(F®) is a 2 — 1 map however fixing a CM-type we can choose a mapping
from the characters that act on V' onto a spanning set of characters for X (7') by simply having
the 2 conjugate characters that appear map to the different embeddings.
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That is to say X (F()) is generated by the set of embeddings F' < F with relation ¥ = x !
X (T") is generated by all embeddings F' — F. By taking the inverses that appear to the conjugate
of where we send the character, we get our mapping.

Doing this then gives us a faithful (not necessarily rational) representation p"T" — GL(V ®7).
However, we know that in diagonalizing F(") to F( " that it is a form of the split torus £ ) via
a co-cycle &, € HY(Gal(F/Q), Nar, (FM')) (this follows by rationality). In order to see that p’
maps 7' onto a rational torus we need that the same co-cycle &, is in H'(Gal(F/Q), Nar, (T")).

Indeed F®' looks like blocks of the form (a) : (Xét) X(tg,l) and T” looks like blocks of the

0 Xx(1)

(Z%Xz) (Zb Xz) #id unless n = m = 1 and Y}, = x;*. Moreover ZazxZ # 0 unless a; = 0.

From this it follows that the only sorts of conjugation that can preserve these block matrices
are those that permute blocks or preserve them blockwise. Consequently, since the question of
rationality comes down to a question about the normalizers of these tori, we need to only to show
that normalizing all matrices of type (a) implies you normalize all matrices of type (b). This is an
easy check. O

form (b) : <X(t) ,0 > By additive linear independence of multiplicative characters we know that

Theorem 4.4.3. Let F be a CM-field and let F) be the algebraic torus of norm 1 elements
of F. Suppose FU) is contained in some rational orthogonal group O and acts via the reqular
representation. Let [Z] € k be a fived point of FY). Then the point [Z] as an element of the
complez space k (under the given realization) is defined over F' some Galois conjugate of F.

Proof. The idea of the argument is to diagonalize slightly less than we did previously, so that we
can work with the positive definite conditions that define .

Suppose that F' = K(v/—0) where K is the totally real subfield of F and § € K is totally
positive. As we have done before fix a normal closure N of F' and an embedding of N into C. Fix
a Q basis {71,...,7} of F such that Trg/qg(yy;) = 0 for @ # j. Let 0y,...,0, be the distinct
embeddings of F into N, supposing moreover that @; = 0,4,/ for i > n/2.

We have the basis of N ®q F' given by {v; := Z% ®%; }1=1.n. For notational convenience

arrange so that v; = vy, for [ < n/2.

Consider now the new basis for N ®q I given by {z; = %(vl—i—vz), x) = al(#_—&)(vl —7) hi=1..n/2-
Note that z;,z; are both fixed by complex conjugation and are hence in R. Since we understand
the action of F' on v; we can understand the action of F' on the vector subspaces generated by
xy, x; for each [. In particular these are fixed and we can compute that for f € F:

Fom = Sar) + o Mm+ L) - o)

2
1 o —o:(f))x + =(o o:(f))x]
foml_Q\/_—(5< W(f) = o)z + (e f) + orl(f))ai.

So then the action of F) on (N NR) ®g F decomposes into blocks of the form:

1 ( a(f) +oi(f)  V=d(oulf) —Uz(f))) _ (CL 01(25)5) | 4602 = 1.

2\g5@lf) =)  alf)+olf) b

—_
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In particular we can see that any quadratic form this block can preserve must look like:

Qyix + yjxy) = a(y; + 6y7°).

In particular, each plane spanned by a pair x;,z] is definite. Since the signature of our original
form was (2,n —2) and we have diagonalized over a subfield of R and hence not changed signature
precisely one of the ¢; > 0 and it corresponds to the choice of embeddings o7, 07 where the A that
defined the form was positive.

From the above computation we see that, in the Grassmannian model Gr(V') the positive
definite plane stabilized by F'! is precisely the plane generated by z;, 7, Since F is quadratic over
the field generated by the coordinates of these vectors we conclude that the field of definition for
this point in Gr(V') is the totally real subfield K of F.

We now wish to compute the image of this point in x. To do this we need to change the basis
for the plane such that Q(z;) = Q(x}), to do this we must work in the field (N N R)(y/0;(4)) and
replace ) by —A——ux. We then have that the point Z € k € P(V(C)) corresponding to the plane

01(6

is given by the point:

1 N 1 .
Z] = a) +ix) = 2(vl+vl) —201(6)(Ul vy).

Writing this in projective coordinates in terms of the basis ~; for V' we get:

Z1 =1 % (@0((6 = D)yi) + o7((6 + D)) 5 = [ oul(6 = Dyi + (0 + D), - - -

The coordinates of this point all clearly lie in o;(F') and hence the point can be defined over this
field. O

Remark. It should be noted the field of definition of points in k viewed as a complex space
under the realization we have does not necessarily relate directly to the field of definition in some
algebraic model for the quotients of k. The above result is analogous (and in fact in the special case
amounts) to saying that the special points in the usual upper half plane are quadratic imaginary
points. This however does not tell us much about the field of definition for the algebraic objects
these might classify. In particular in the usual case of the upper half plane the objects (in this case
elliptic curves) associated to the CM-points are defined over the Hilbert class field of the quadratic
imaginary field.
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CHAPTER 5

Summary and Further Questions
What We Have Seen

We have in the proceeding determined a general classification of both which tori might embed
into a given orthogonal group as well as into which orthogonal groups a given torus might embed.
In particular the former can be classified by:

Ker [H'(Gal(Q/Q), Ner., (T) N Net, (0)) = H'(Gal(Q/Q), Nat, (0))]

and the latter by:

Ker [(H'(Gal(Q/Q), Naw, (T') N Ner,, (0)) — H'(Gal(Q/Q), Aut(T))] .

Through more concrete study of the case of tori coming from regular representations of CM-fields we
have shown that we can describe the required correspondence between invariants of an orthogonal
groups and the field. This suggests that we might wish to consider rather than which isomorphism
classes of tori can embed but rather which isomorphism classes together with a representation into
GL,, might embed. We have shown that this classification amounts to looking at:

Ker [H'(Gal(Q/Q), Ner,, (T) N New, (0)) = H'(Gal(Q/Q), N, (T))] -

The problem of determining which of these correspond to special points, that is which ones have
compact sets of real points, was determined entirely by the isomorphism class and allowed us to
associate a minimal CM-algebra into which its Q-rational points would embed.

What We Still Do Not Know

There remain of course a number of unanswered questions. We still have not given a com-
plete classification for tori with compact sets of real points, though we know they are subtori of
RK/@(RS/)K(Gm))Z we do not know if they all are precisely of this form (though we should not
really expect this).

We do not know that all rational faithful algebraic representations of RK/Q(R%/)K(Gm)) are
sufficiently like the regular representation so that we understand the quadratic forms they may
preserve. For example if we knew that for any such representation p that im(p) C GL, was ratio-
nally conjugate to the image of the regular representation this would be enough. (This statement
is true for any such p that I have been able to construct). We know that the images of any (max-
imal) representations into orthogonal groups are conjugate over GLH(E). One could conjecture
that if 17, T, are conjugate and rationally isomorphic then they are rationally conjugate. This
statement is true for split tori, it is unclear that it would be true in general. We moreover do
not know the analogous result about the rational faithful algebraic representations for tori coming
from CM-algebras and as such our understanding in this case is also limited.

We also don’t have a method that, given some quadratic form ¢ actually finds a totally real
field K with elements 9, A such that ¢ = Ik (v=s)r- Moreover, we don’t actually know that such a
K is even guaranteed to exist. Consequently, we don’t know that a given orthogonal symmetric
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space is guaranteed to have any special points which are associated to CM-fields. (They will always
have CM-points associated to CM-algebras).
It is hoped that further work in these areas could complete the presented results.
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