Solutionsfor Assignment 2
Submitted Friday, September 30

For each of the following matrices apply elementary row afiens to find the reduced
echelon form.

111
1. 11 0
2 11
Solution:
111
110
2 11
~ M1 1 1]
—R1+R2 0 0 -1
—2R1+R3 | 0 -1 -1 |
N M1 1 1]
0 -1 -1
R2+— R3 0 0 -1 |
~ 1 1 17
—R2 0 1 1
—R3 |0 0 1 |
N 1 0 0]
0 1 1
—R2+R1 (00 1
N 1 00
01 0].
—R3+R2 00 1
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Solution:

~N o O
© 00~
| I

~ (1 3 5 7
—2R1+R2 |0 -2 -4 -6
~3R1+R3 | 0 —4 -8 -12 |

N 1 3 5 7
o 1 2 3
1
“R2 |0 -4 -8 -12 |
~ 10 -1 -2
—aR2+R1 [0 1 2 3|
4R2+R3 00 0 0

Find the general solutions of the systems whose augmenteitesaare given below:

10 0 0|0
5 110 0|0
' 2 01 0|0
311 1|0
Solution:

Notice that the question did not specify which variablesanesed in the original
system. In this situation, you must specify the variallas$their order.

We first note that there are four coefficient columns in thenaergted matrix,
so we need four variables. One optionnisx, y, z. Another option is to use
subscripted variables, suchxas X2, X3, X4. The benefit of the latter is that we
can create any number of variables, whereas in the formerevingited by the
number of letters in the English alphabet!

After the variables have been specified, there are two wagsleihg the system.



Method 1: We can usdorward substitution. For example, the first equation
tells us thatx; = 0. We substitute that into the second equatian xo = 0, to
find thatxo = 0, and so on.

Method 2: We can use the result from Question 3! Note that a column of all
zeros will not be changed by any elementary row operatiothsoeduced ech-
elon form of the augmented matrix above will be the reducédken form of its
coefficient matrix (i.e. the answer to Question 3) augmentitia a column of
all zeros:

1 0 0 00
01 0 0|0
0 0 1 0|0
0 0 0 1/0
Using either method, the solution is
Xx = 0
X = 0
x3 = 0
X = 0
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Similar to Method 2 above, we can use the result from Quegtitmfind the
reduced echelon form of the augmented matrix above:

1 0 -1|-2

01 2§ 3 ].
0 0 0 O

Then, there is no leading 1 in the coefficient colummxgf so xs is arbitrary.

Solving equations 1 and 2 fog andx, respectively, we get; = —2+ x3 and
X2 = 3— 2x3. Hence, the general solution is

X1 = -2+t
X2 = 3-2t
X3 = t



Solve the following systems of equations:

XX 4+ y - 7 = 1

. 3 — 3 + 7 = 1

o2+ - 2 = 2

X + vy + 2z + w = 10
Solution:

We first need to solve the system formed by the first three amsat

XX + ¥y - 72 =1
3 - 3 + 2 =1
2%+ Y - 72 =2

Note that this system is not linear! However, we can still theesame tech-
niques for solving linear systems to solve this system:ribk is to considex?,
y?, andZ’ as the variables. Alternately, if we replace y?, andz’ by three new
variables, then the resulting system will be linear in these variables. For
example, defining = x2, g = y?, andr = 2 yields

p + g —r =1
3p — 3qg + r =1
2p + g — r = 2

Now we can find the reduced echelon form of the augmentedxrtthis sys-
tem:

~ 1 1 -1 1
—3R1+R2 0 -6 4|-2
—2R1+R3 0 -1 1] O

0 -1 1| o

R2 +— R3 i 0 -6 al —o |
N f1 01 -1 1]

0 1 -1| o

—R2 0 -6 4]|-2



~ 1 0 O
—R2+R1 01 -1

6R2+R3 0 0 -2
N 10 o1
Geo |01
- 1 0 01
o R [g;g;]

So, the solution tehis system is

p =1
q
r =

Ergo, theoriginal system is equivalent to

Il
S

2

X = 1
e - 1
= 1
X + vy 4+ z + w = 10
X = %1
y = #1
~ z = +1
w = 10—-x—-y—z

Since there two choices for the valuextwo choices for the value gf and two
choices for the value f there are 22-2 = 8 solutions. Each of these solutions
is listed below in the fornix,y, z,w):
(17 17 17 7)7 (17 17 _17 9)7 (17 _17 17 9)7 (17 _17 _17 11)7 (_17 17 17 9)7
(-1,1,-1,11), (-1,-1,1,11), and (-1,-1,-1,13).



3X + y — 4z = 0

X — 3y + z = 0

x — 5% - 2z = 0

¥ + Yy + 22 = 16
Solution:

The solutions of this system are the solutions of the lingsiesn formed by the
first three equations that also satisfy the fourth equatiBn, we first solve the
first three equations and then determine which of thoseisakutif any) satisfy
the fourth equation.

To begin, the system formed by the first three equations is

X + y — 4z =0
X — 3y 4+ z =0
x — 5% — 2z =0

We now find the reduced echelon form of the augmented matrix:

There is no leading 1 in the coefficient columnzpfoz is arbitrary. Solving
equations 1 and 2 forandy respectively yields = zandy = z

—R2+R1

~

—2R1+R2
—7R1+R3

—4R2+R1
33R2+R3

3 1
2 -3
7 -5
1 4
2 -3
7 -5
4
—-11
—-33
4

1
—-33
10
0 1
00

—4
1
-2

-5
1
-2

-5
11
33
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Therefore, the general solution of the system formed by tketfiree equations
is

X = z
y = ¢
z = z

Next, to determine which of these solutions satisfy the tfoeguation, we sub-
stitute these values of y, andzinto the fourth equation:

X2 +y2+222 =16
(2%+(2%+22 =16
472 =16

Z=4

el

Z==2.

Thus, there are two solutions,

X = 2 X = =2
y = 2 and y = =2
z = 2 z = -2



