Math 1410-Solutions for Assignment 4
Submitted Friday, October 14

1. Forthe matribA= l

BN R
oN R
P W

] , find a matrixB such thaBAis the the reduced

echelon form ofA.

Solution:

We need to find the reduced echelon form of the augmentedxfidtdil ].
After we have done that, the matrix on the right side of theitdan will be B.

11 1)1 0 0

2 2 3010

10 1/0 0 1
~ 1 1.1 10 0]
—2R1+R2 0 0 1/-2 10
“R1I+R3 |0 -1 0|-1 0 1|
1 1.1 1.0 0]

0 -1 0[-1 0 1
R2 +— R3 0 0 1/-2 1 0]
11 1] 1.0 0]

010 10 -1
—R2 |00 1|-21 o]
710 1] 0 0 1]

010 10 -1
“RZHFRL 19 0 1|21 o]
N 100 2 -1 1

010 1 0 -1].

“R3TRL 1o 0 1]-2 1 o0

Therefore,B = [
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2. Find the inverse matrix (if there is one) of each of thedeihg matrices:

2 11 11

A=|1 0 1|, B=
31 4 11
0 0

 OPRFr O
[N N e]

Solution:

For each matrixC, we find a matrixM such thatMC is the reduced echelon form
of C. If MC =1, thenC~1 = M; otherwiseC has no inverse.

[All]

(2 1 1]1 0 0]

= 1 0 10 1 O

|31 4/0 0 1]

N 1 0 1/0 1 0]

2 1 1|1 0 0

Rl1+— R2 _314001_

~ 10 1l0 1 0

—2R1+R2 01 1|1 -2 0

—3R1+R3 01 1/0 -3 1

1 0 1 0 1 O

01 -1] 1 -2 0

—R2+R3 00 2[-1 -11

10 1/ 0 1 0

01 -1] 1 -2 0

iR3 1 101

2 00 1/-3 -3 3

1 1

100 3 32 —3

—R3+R1 010 1 -3 3

R3+R2

1 1 1

00 1j-3 -3 3
103 1
2 2 2
-1 _ 1 5 1
Thus, A~* = 5 =3 5
_1 1 1
2 2 2



Next, [B|I]

110 01 00O

B 11100100

h 110 10 0 1 0

0 01 00 001

N 1100 10O0O0
_R1+R2 0 01 0-1100
R14 R3 0 00 1]-1 0 1 O
0 01 0 0O0O0O1
1100 1 O0O0O
~ 0 01 0]-1 1 00
—R2+R4 000 1l-1 010
00 0O 1 -101

Because of the row of zeros on the left side of the partitibis clear that the
reduced echelon form d@ is notl. Hence, we can stop at this point* and say
thatB has no inverse.

*Notice that the problem did not ask us to find the reduced lechierm of B or
the matrixM such thatMB is the reduced echelon form Bf

. Write the following system of equations in matrix fodX = B and then use it
to solve the system (note that the mathiis the same as in problem 2):

X + ¥y + 2 =2
X + 2 =0
X + Y 4+ 42 =0

Solution:

2 11 X 2
letA=|1 0 1|, X=|y? |,andB=| 0 |.
31 4 pa 0

Then, the matrix fornAX = B of the system above is

izl



SinceA~! exists (we found it in Problem 2), we can premultiply (lefitiply)
both sides of the equatiohX = B to get

A~1(AX) =A"1(B)
= (AA)X=A"1B
= IX=A"1B

= X=A"1lB

Consequently,

| —— |
N, X

NIl

I
NI
|
Nl
NIl
| — |

So,x=1,y?> =1, andZ® = —1, which means that=1,y = +1, andz= —1.
Written in the form(x,y, z), the solutions of the system are

(1,1,1) and (1,—-1,1).

4. FindB~1if

Solution:

Note that{AB) ' = B~*A~%, since(AB) (B~A™1) = (B™A71) (AB) =1. Also
note that(B~*A"')A=B"* (A~'A) =B~ =B~



Ergo,

Bl = (AB)'A
[—2 1 -6][1 -2 1
= 31 10/|0 1 -3
| 6 2 —4][2 1 o0
[—14 -1 -5
= 23 5 0
-2 -14 0

5. LetP be a matrix such thaP! = nl, wheren is a nonzero number. Show that

P—l — }Pt
n

Solution:

We first need to assume thatis a square matrix. Otherwise, the above state-
ment is not true!

. .- |3 00 i |19 0 .
Inparucular,n‘P_[o 3 0],then PP_[0 9]_9l,butP|snot

invertible!
. . . 1
Assuming thaP is square, there are two ways of showing that = HP‘.
. 1
Method 1: Multiply P andﬁP :

(1)t

. 1 . . 1
SinceP and ﬁPt are both square matrices, it follows thétEPt> P =1 also.

1.,. .
Hence,ﬁ P! is the inverse oP.

Method 2: Manipulate the equatioRP' = nl into the formPC = I:
PP =nl

!

7 (PP = £(ni)

!

P(3PY) =1.

5



n

P=1. ThereforeP~1 = }P‘.

Again,P and%Pt are both square, sé%P‘)

Use this to findP~1, if

1 1
1 -1
-1 1
-1 -1

1
1
1
1

To determinen, we find the produdeP!
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Consequentlyn
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6. (Bonus problemAis a 2x 2 matrix. Show thatiAB = BAfor all 2 x 2 matrices
B, thenA = al for some numbea.

Solution:

LetA= [ 2 3 Then, there are two ways to show that= al for some

numbera.

Method 1: We can substitute any»22 matrix in forB in the equatiorA\B = BA:

o[ 8]-[5 8]

Also,
01 01
A[o o]_[o O]A
— a b 0O 1| |01 a b
c d 0O 0|l |OO c d
— 0 a| [cd
0 c| [O0O
= a=d
a b a o 1 .
Thus, A= c d]_[o a]_a[o 1]_al as required




Method 2: LetB = [ V; ); ] Then,

AB = BA

- (23l al-Iy

a b
c d

— aw+by ax+bz | | aw+cx bw+dx
cw+dy cx+dz | | ay+cz by+dz
(aw+by = aw+cx

ax+bz = bw+dx

= ) ow+dy = ay+cz
| CX+dz = by+dz
( by = cx

ax+bz = bw+dx

= ) ow+dy = ay+cz

{ cX = hy

SinceB can be any % 2 matrix,w, X, y, andz can be any real numbers. If we
makex = 0 andy = 1, we find thab must be 0. If we make= 1 andy =0, we
find thatc must be 0 as well.

As aresult, the equatiaaw + dy = ay+ czbecomesly = ay. If we makey =1,
we find thatd = a. Hence,

e [8 2]-[3 2]o[d 3]



