Math 1410-Solutions for Assignment 8
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1. Let A = 0 11 1|. Find the dimension of:
-1 00 2

(a) the row space o4,
Solution:

We begin by finding the reduced echelon formPof

1 -111 -1
0 111 1
| -1 200 2
N (1 -1 11 -1
0 111 1
R1+R3 0 111 1
~ D 0220
R2+R1 0@ 111
—R2+R3 0 0000

There are two leading ones, so any basis of the row spagecoh-
tains two vectors. Therefore, the dimension of the row spéées 2.

(b) the solution set of the equatiofx = 0 (note thatx is a column vec-
tor).

Solution:

The augmented matrix is[
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oOr PR
oOR K
N - P

o O o
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Using the work done in part (a), the reduced echelon formisfahg-
mented matrix is

Using the variable, vy, z s, andt, the solution to this system is

(oMol
ol —Ne
oOFr N
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O o
oNeoNe

= —-22—-2s
= —z—5s—t
y4
=S
= {.

I

- 0 N< X
Il

Then, every solution has the form

X —272—2s -2 -2 0
y —z—S—t -1 -1 -1
z | = y4 =z 1|+s 0|+t 0
S S 0 1 0
t t 0 0 1

So, theset{(-2,-1, 1, 0, 0), (—2,-1, 0, 1, 0), (0,—1, 0,0, 1)}
is a basis of the solution set of this system. Thus, the diroaref
the solution set ofAx=0 is 3.

2. Letv=(-2,5,2,4) andu = (1, 1, 0,—1).

(@) Find the projectionofv on u = (1, 1, 0,—1) and call it w.

Solution:
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3.

—2+5+0-4
= =250-4 () 1 0 1)

= =3(1,1,0,-1)

(b) Find the vectorx = v — w.

Solution:

(c) Find u o x.
Solution:

go>_<:(1,1,o,_1)o< 5 16 11) :_g+16 11

"33 %3 373 °

(@) Show that the two vectors = (1,1,1) and v = (1,—-2,1) are
orthogonal.
Solution:
Two vectors are orthogonal if their dot product is zero, and

Uov= (1110 (1,-21) =1-2+1 =0,

I

so u and v are orthogonal.



(b) Let w = (1,0,1). Find projw and projw.

Solution:
o = e - oy ¢
10t - 2ay - (322)
Next,
projw = Vj\:lz \_\7/ ¥= ((11,7—02’, 11)) Oo ((11,’__22,’ 11)) (3,-21)
B A ()

(c) Verify that w = projw + proj,w.

Solution:
ow e orolw — (222} L (L. 21
p Jg_ p Jy_ - 37 37 3 37 37 3

303
- <§7 :_3)7 é) - (17 07 1)

(a) Verify that the set of vectors

W.

S={(1,1,1,1), (1,-1,1,-1), (1,-1,-1, 1), (1, 1,-1,—-1)}

forms an orthogonal basis f@*.

Solution:

Let Vi = (17 17 17 1)’ Vo = (17_17 17_1)’ V3 = (17_17_17 1)a
andy, = (1, 1,—-1,-1), sothatS = {vy, V,, Vg3, Vu}.
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(b)

Then,
VioV, =1-141-1=0,

Viovy =1-1-1+1 =0,
Viov, =14+1-1-1=0,
VooVvy =14+1-1-1=0,
Voov, =1-1-1+1 =0,
andvgov, =1-1+1-1=0,

so S is an orthogonal set.

A nonempty orthogonal set of nonzero vectors is linearlgpehdent,
so S is linearly independent. Consequently,is a basis of its span.
Since S contains 4 vectors, the dimension of the spasaf 4. In
other words, the span o is all of R*.

Hence,Sis an orthogonal basis @&*.

Use part (a) to express the vect(t, 2,3,4) as a linear combination
of the vectors irS.

Solution:

Let u = (1, 2, 3, 4). Since S is orthogonal,
u = proj,u+ proj,u + proj,u + proj,u

Uovy
Vg0V, 4

(17 21 37 4) © (1771a71’ 1) (1’ 27 3a 4) ° (17 1171371)
+ (17_1a_ 3 1) ° (11_11_17 1) \_I3 + (11 17_11_1) © (15 17_17_1) \_I4




_ 1424344 12434 12 344 142 3 4
Tt T Tt 2 T Tt V8 T T W

_ 10 2 0 4
= T+ WL +zV3+ W

= 3V — 3V + 0v3 — 1y,

5. Leta = (=3,2,1), b = (1,1,1), andc = (9,—4,7) be vectors irR3.
(&) Show that vector is orthogonal to the vectob.
Solution:

aob=(-3210(L11)=-3+2+1=0,

so the vectorsa and b are orthogonal.

(b) Let u = projoc and v = proj,c. Find the vectorw = ¢ — u — v.

Solution:
L= TR
_ _297;5:17( 2, 1) = _Tzf(—& 2, 1)
= —2(-3,2,1) = (6,—4,—2)
Next,
‘= Eer® - Grpeway MY



Finally,

W=C—-U—-V= (97_47 7) - (67_47_2) - (41 47 4)
= (9-6-4, —4+4—4, 7T+2-4) = (—1,-4, 5).

(c) Show that vectow is orthogonal to both vectora and b.

Solution:

woa=(-1,-45)0(-3 21 =3-8+5=0,

so w is orthogonal toa. Next,

wob=(-1,-450(111) = -1-4+5=0,

so w is also orthogonal td .



