On the real unbiased Hadamard matrices
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Abstract

The class of mutually unbiased Hadamard (MUH) matrices is studied. We show that
the number of MUH matrices of order 4n2, n odd is at most 2 and that the bound is attained
for n = 1, 3. Furthermore, we find a lower bound for the number of MUH matrices of order
16n2, assuming the existence of a Hadamard matrix of order 4n. An extension to unbiased
weighing matrices is also presented.
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1 Preliminaries

A Hadamard matrix is a matrix H of order n with entries in {—1,1} and orthogonal rows in
the usual inner product on R”. Such matrices exist only if n is a multiple of 4, n > 3. It is
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conjectured that for each natural number k, there is a Hadamard matrix of order 4k. The first
order for which the existence of a Hadamard matrix is not known is 668. We refer the reader to
[6, 8] for more information. Two Hadamard matrices H and K of order n are called unbiased
if HK' = \/nL, where K’ denotes the transpose of the matrix H and L is a Hadamard matrix
of order n. While there is considerable interest in unbiased unit Hadamard matrices, matrices
where the entries of the matrices are complex numbers of absolute value one, [2, 4, 9], it is
only recently that some attention has been given to unbiased Hadamard matrices subsequent to
which interesting applications have emerged [7]. In this paper we concentrate only on unbiased
Hadamard matrices.

2 Unbiased Hadamard matrices of order 412, n odd

We start this section with a characterization of Hadamard matrices.

Theorem 1 (Kharaghani 1985 [5]). There is a Hadamard matrix H of order 2n if and only if
there are 2n (—1,1)-matrices Cy, Cy, Ca,. .., Coy—1 of order 2n such that:

1. Ct=¢,

i
2. GC;j=0,i#j,

3. C? =2nC;,

4. Co+Ci+Cr+---+Coy1 =2nby,
5

. Co may be chosen to be the matrix of all ones.

Proof. Let r; be the i-th row of H, and let C; = rfri, fori=0,1,...,2n—1. 0

Theorem 2. Let U = {H;,H,,--- ,Hy,,} be a set of mutually unbiased real (respectively complex)
Hadamard matrices of order 2n. Then m < n.

Proof. For 1 < j <m,let C;,Cj,... ,C(Zn) o be the matrices corresponding to the Hadamard
matrix H;. Let S; = {Cjj — b, |1 <i<2n—1}. Then {S; | 1 < j <2n} forms a set of linearly
independent matrices. To see this, one needs to consider the matrices as a subset of all matrices
of order 2n, say M, equipped with the inner product defined by (A, B) = trace(AB*), for A and
B in M»,. The span of all §;’s is contained in the set of all symmetric (respectively Hermitian)
matrices with zero diagonal. So m(2n—1) < (14+2+---+2n—1) = n(2n— 1) (respectively
m2n—1) <2(1424---+2n—1) =2n(2n—1)). N

The upper bound in previous theorem is attained for Hadamard matrices of order 4%, see [3].

Lemma 3. If H and K are two regularly unbiased Hadamard matrices of order 4n?, n odd, then
at least one of the two matrices is not regular.



Proof. Suppose on the contrary both H and K are regular and HK" = 2nL, where L is a Hadamard
matrix. Then L is regular and (1/2) (/+H) and (1/2) (J — K) are integer valued matrices. How-
ever, (1/4) (J+H)(J —K) = (1/4) (4n*J — HK") = n?J — (n/2) L is only integer valued if n is
even. U

Corollary 4. Let m be the number of regularly mutually unbiased Hadamard matrices of order
4n?, n odd, then m <2

Theorem 5. There are two regularly unbiased Hadamard matrices of order 36, consequently
the upper bound of the preceding Corollary is attained for n = 3.

Proof. A pair H and K of unbiased Hadamard matrices of order 36 are given in Tables 1 and
2. ]

To search for the unbiased Hadamard matrices of order 36, we examined over 3,000,000
Hadamard matrices of order 36, looking for unbiased mates. Only a small percentage of matri-
ces had unbiased mates. The interesting part was that most of those admitting unbiased mates
had many mates and most of the mates were not included in the library of known Hadamard
matrices of order 36.

Conjecture 6. Let m be the number of elements in a set of regularly mutually unbiased Hadamard
matrices (RMUH) of order 4n?, n odd, then m = 2.

3 Unbiased Hadamard matrices of order 167>

Definition 7. Two Latin squares Ly and L, of size n on the symbol set {0, 1, 2,...,n— 1} are
called suitable if every superimposition of each row of L\ on each row of L results in only one
element of the form (a,a).

Example 8. The following are three mutually suitable Latin squares of size 4:

02 31 03 12 01 2 3
2 01 3 3021 1 03 2
310 2 | 1 20 3 ) 2 3 01
1 320 2130 3210

Next we show that given a pair of mutually orthogonal Latin squares (see [1]), one can
construct a pair of mutually suitable Latin square and vice versa.

Lemma 9. There are m MOLS (Mutually Orthogonal Latin Squares) of size n if and only if
there are m MSLS (Mutually Suitable Latin Squares) of size n.

Proof. Let L, L, be two orthogonal Latin squares on {1,2,---,n} both having their row and
columns labeled by the set. Let ((i, j),k) denote the entry at (i, j) position of a Latin square.
Then the transformation ((i, j),k) = ((k, j),i) results in a pair of suitable Latin squares. Re-
versing the transformation would imply the reverse implication. U
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Table 1: H, the first of a pair of unbiased Hadamard matrices of order 36

rr1rr11r11r1r11rr111111r111r1111111111101
(1111111111111 8111 —_—_—————

rr1111111 - rfi1r11111 -
Mmii1——-1111———- 1111 ——— 1111 1———-
—11l——— Ii-111-11-1-1-111-——-—11-—--1
l11T——11—1111-1-—111-——1-1-—1-111-
I ——1-1111——1—I11-111--1-——— 1111
l——————— riM1-111—-—-—117-11111——1-—11-—-1
-1-——11-11-1-111-11-1-111-——11——--1
-11-11-1-—--111--1-11--1-=1-=1-=1-111
17 -11-1-—1--111-1-11-—11——1-111
l-11———1-—11111-111—=11——1-1-11-
-—1-1-1-1-1-111—111-1-1-—=1-1—11-1-
I-11-111—--1--1-1-1-——1-——1-—1111-11
-—11-1-11-11-1-1-111-1-1-—=1--=1-11
-111——1-—11-—1-11-111-11-—-1-——11-1
-—111111-1-1--1-11-——1-——11111-1

——I1l-11-1-1—-1——1111-11—=1-11-——111—-
l——1117—-—-—1—I11-—1-11-—1-11-——1-1—111

-11-1—=1111-1-1-—— I1-1-1——11-—-111
—11-11—11111-—— I1-1-111——— 111
-11-1-1--—11-111-—1111-1——11-1-1-
Ii-117—-I17-1--1-11--I1—1-11-1—=11-11
-111——-111--1-1-111-1--1-1-—1-1-11
-11171-1—--1—-—11-11-——1-—11-—11—-—1111—
I-1-1—1111-—-—11-11-—-1-11-—=1—-—=11-1
-1-11-1-11-1-1--1-—1-—111-1-1111—--
l-—-11——1—1-111-1-1—111-1-1—1-11—-
ri111—1--1--11-——I11-——111—-——1-111-1
l-1—-111——1——111——1111-——— I-1-11-1
rit-11--1-1—-—-1-——I1-——1-—I11-——1--=111-11
-—111-1-111-1-1--1-1111--=1-11-1-
l-11-1——11-1-—-"-11-1-—1-111-1-1-1-1—
—11—11111—-11-1-1-11=---1-11-11-

-1-111——1-—1t-1111r1——1-——1-——11--—11-
I-1-1-11-1-1--1-"+-1-1-—--111-1—11-11-




Table 2: K, the second of a pair of unbiased Hadamard matrices of order 36

—1111111-111-1--11-11-=1-1111-—-——-— 1
Iti—11111-1-1-—-111-1111"--1-"-"-1-—"-1-11—
rfM1-1—-111—-111—""-"-11111-11"-"-"-1-—""-111—-
ri111—-11-1—-—111-11-1-11-1-1111———--
ri11r11——1-11-1-11-"-1-"-1-111111-1—-—-
-111-1-11117-1-111-——111111-1——1-1-
l-—111111111—7"+-11-"-"-111-11-—"-11—-11—
I-11—-11111--111-1--11-"-11-"-1-1-—--1-11
rfM1i—-111-1-—--11111-1-——1-11-1-—11-11——
-11-—-111111711-11--111--1—-—=111--1-1
I11i—11—-111-111-1111-11--"-11-1—--11
-11-11-1-1111-11-111-———- I1T——1111-1-
rM1iti—11r1111——1-——I1—11-1-1-11-11-
-1-1-11111-1-11-11-1-——11-—1-1111--1
l——11—1-11-111111-11-1-1-1-—+1—-11-1
lI-1-1-1-11-1-11111—-11-—-=-111—--=11-11
-1-1111——1111r11-1-——111-1-1-—=111-1
I-11-111—=1-11-1111-——— I11-1——11-111
l—1111-11-11————- IfT1—111111-111—--
Ii-1-1—11--1--1-11111-1-111-1-1-1-1
rii11—1-—-—111--1-——11-11-1111—=1-11-1
Ii-11—11-—-111-—1-111-11——1111-11
—11-1-11--—11-111171711—=11-1-1111—-
——1-111-1171—-11-——111-1111——1-1-111
rmM1T——11—-——1-1-11-1-111111-11-1—-11
-11-11-1-—-1-1-1-1-111111-11—-1—-111
-1-11-1-1-1—-—111111—=1111-1-1-1-11
-—!l—1l——1111111-111111—%11-111—-1—
I-i—1-—111-—1111-11111——=11111--1
—_—1117-1-11--1-1-1-1-11-1—11111111-

I-1111———— I1i-1-1—11--1-1-1111-1111
-11117—-1-11-—-1-1-1-1-1—1111-11111
l——————— 11 -11-111-111-1-111-111—-111—

-—1l—111-11-111-1——=1111111-11-1-1
-1-—11-—1-111—111-1-1-111111—=111-
l11i——1111-1-—-—11--—1-1-——1111111111




Lemma 10. Let g be a prime power. Then there are ¢ — 1 mutually suitable Latin squares of

size q.

Definition 11. A Bush-type Hadamard matrix is a block matrix H = [H;;] of order 4n* with
block size 2n, Hi; = Jo, and H;jJ2, = Jo,H;j =0, i # j, 1 <i<2n, 1 < j <2n where Jy, is the

2n by 2n matrix of all 1 entries.

Example 12. Let

The matrices corresponding to this Hadamard matrix are:

Co = rlyro =

C2 :rtzrz:

The matrix

is a Bush-type Hadamard matrix of order 16.

_ = = e

1
1
1
1
1

1

H, =

1
1
1
1

1
1
1 )
1

S N S S—y

G
Co
G
8))

I 1

1 —
- 1

C,=rr =

— -1
1 1 -
1 1 — |’
— -1
1 - —
1 - —
— 1 1
— 1 1

Theorem 13. If there are m mutually suitable Latin squares of size 2n, where 2n is the order
of a Hadamard matrix, then there are m mutually unbiased Bush-type Hadamard matrices of

order 4n.
Proof. LetCy,Cy,...,Cy,—1, be the matrices corresponding to the normalized Hadamard matrix
of order 2n. We can assume that all Latin squares are on the set {0, 1,---,2n— 1} and their row

and columns are all labeled by the set. Replace the entry i in each of the Latin squares by the
matrix C;, 0 <i <2n— 1 would result in m mutually unbiased Bush-type Hadamard matrices of

order 4n2.

Example 14. Let

H, =

G
Co
C
Cs

G
C
Co
&)

Ci
G3
G |’
Co

H, =

G3
Co
G
C

G
G
Co
G3

]

(6}
C
G3
Co

, and



C C G G
G G G &
G G G G
G G G G

Hy =

These are remarkable matrices. The three matrices are symmetric and

l[‘I 1H lHI
4 154 274 35116

forms a group under matrix multiplication. The blocks are not sign sensitive, i.e., one can
change the block signs without changing the unbiasedness of the matrices.

Corollary 15. There are 4" — 1 mutually unbiased Bush-type Hadamard matrices of order 4*",
n any positive integer.

Next we give a lower bound for the number of MUH matrices.

Theorem 16. Let m be the number of mutually suitable Latin squares of size 2n, where 2n is
the order of a Hadamard matrix H, then there are m+ 1 mutually unbiased Hadamard matrices
of order 4n>.

Proof. Let r; be the i-th row of H, and let K be the block matrix defined by K = [k;;] = [rri],

i,j=0,1,---,2n—1. It is easy to see that K is a Hadamard matrix of order 4n* which is
unbiased with all the Bush-type Hadamard matrices constructed in Theorem 13. U

The lower bound in Theorem 16 has appeared in a number of papers, see for example [2, 7].
Next we show that our method above extends to weighing matrices.

Definition 17. A matrix W = [w;;] of order n and w;; € {—1,0,1} is called a weighing matrix
with weight p, if WW' = pl,,, where I, is the identity matrix of order n, see [8]. Two weighing
matrices Wy, W, of order n and weight p are called unbiased, if Wi\W; = \/pW, where W is a
weighing matrix of order n and weight p.

Theorem 18. Let m be the number of mutually suitable Latin squares of size n, where n is the
order of a weighing matrix W with weight p, then there are m+ 1 mutually unbiased weighing
matrices of order n* with weight p*.

Proof. The construction and the proof of Theorem 16 works here too. O

Example 19. Let

0 1 1 1
-0 1 -
W= _ _ 0 1
- 1 0



The matrices corresponding to this weighing matrix are:

Co = ryro =

—_— = O

0
1
1
1

—_— = O

0
0
0
0
1
1
0

O =

szr’tzrzz

o o oo

0
1

b

Ci=rir=

C3=rir3 =

Substituting these in the matrices of Example 8 gives

W, =

0000110-1-1010-1
0111110--1-00000
011100001-10-01-
0111-——01000010—-1
110-000010—-11-10
110-01110000—-1-0
00000111-01-1-10
——01011110-10000
1-1010-10000110—
—-1-000000111110—
1-10-01-01110000
000010-10111—-01
10-11-10110-0000
0000-1-0110-0111
-01-1-1000000111
10-10000——010111

W, =

O =

o O OO
— o |
S —

—_ =

|

—_

|
cococo - |

00001-1010-1110-—
0111-1-00000110~—
01111-10-01-0000
0111000010-1—-01
1-100000110-10-1
—-1-00111110-0000
1-1001110000-01—
00000111--0110-1
10-1110-00001-10
0000110-0111-1-0
-01-000001111-10
10-1-——-0101110000
110-10-11-100000
110-0000-1-00111
0000-01-1—-100111
——0110-100000111




and
000010—-1110—-1-10

01110000110——1-0
0111-01-00001-10
011110-1--010000
10-100001-10110—-
00000111-1-0110-
—-01-01111-100000
10-101110000—-01
110-1-10000010-1
110-——-1-001110000
00001-100111-01-
——010000011110-1
1-10110-10-10000
—-1-0110-000001T11
1-100000-01-0111
0000——0110-10111

W3

A construction akin of the one used in the proof of Theorem 16 applied to W gives:

00000——0—=0———
011100000——-0111
0111011100000——-
01110-——-01110000
000010-110-110-1
-01-000010-1-01—
—-01-——-01-000010—-1
-01-10-1-01-0000
0000110-110-110-
—010000110——-01
—01-——010000110—
—01110-——-010000
00001-101-101-10
—-1-000001-10-1-0
-1-0-1-000001-10
—-1-01-10-1-00000

Then Wy, W, W3 and K are mutually unbiased weighing matrices of order 16 and weight 9.

Remark 20. (a) The most interesting application of Theorem 18 is that it can be applied to
weighing matrices of odd order. For example, it is known that a weighing matrix of order 13
and weight 9 exists. Theorem 18 applies and 13 unbiased weighing matrices of order 169 and
weight 81 can be constructed.

(b) Theorem 18 is an extension of Theorem 16 in one direction. We could have obtained Theorem
16 as a corollary to Theorem 18, but we chose not to, due to the fact that there is much interest
in unbiased Hadamard matrices. However, there is an obvious advantage in our method, since
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it works for all matrices enjoying an orthogonality property.

(c) Another way to extend Theorem 16 is to apply it to partial Hadamard matrices. These are
m X n, m < n, matrices with orthogonal rows. The method used in this paper extends to these
matrices.
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