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Abstract

We introduce mutually unbiased complex Hadamard (MUCH) matrices and show that
the number of MUCH matrices of order 2n, n odd, is at most 2 and the bound is attained
for n =1,5,9. Furthermore, we prove that certain pairs of mutually unbiased complex
Hadamard matrices of order m can be used to construct pairs of unbiased real Hadamard
matrices of order 2m. As a consequence we generate a new pair of unbiased real Hadamard
matrices of order 36.
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1 Preliminaries

A complex Hadamard matrix is a matrix H of order n with entries in {—1,1,i,—i} and orthog-
onal rows in the usual complex inner product on C". If the entries of the matrix consist of only
+1, we call the matrix a real Hadamard matrix or a Hadamard matrix for short. Our main refer-
ences for complex and real Hadamard matrices are [7, 8]. Two complex Hadamard matrices H
and K of order 2n are called unbiased it HK* = L, where K* denotes the Hermitian transpose
of K and all the entries of the matrix L are of the absolute value v/2n. In this case, it follows
that 2n = a? + b, where a, b are nonnegative integers. While there has been a lot of interest
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in the class of mutually unbiased unimodular complex Hadamard matrices, where the entries of
the matrices consist of unimodular complex numbers, see [2, 3, 9] for details, it is only recently
that some interest has been shown in the existence and applications of mutually unbiased real
Hadamard matrices, see [5]. Our aim in this paper is to concentrate on matrices of order 2n,
n odd, with entries in {—1,1,i,—i}. We will find an upper bound for the number of mutually
unbiased complex Hadamard matrices of order 2n, n odd, denoted [MUCH(2n)|, in the next
section. We also report on the outcome of a computer search for maximal classes of MUCH
matrices of orders 10 and 18. Section 3 is devoted to the study of unbiased real Hadamard ma-
trices. We will briefly discuss mutually unbiased bases in the last section. In the presentation of
matrices we use j to denote —i and — to denote —1.

2 Unbiased complex Hadamard matrices

Dealing with complex matrices, i.e. matrices with entries in {—1,1,i,—i}, is quite different
from working with the unimodular complex matrices as the powerful character theory is no
longer applicable. We begin this section with a well known, but important property of complex
Hadamard matrices.

Lemma 1. Let H = [h;j] be a complex Hadamard matrix of order n for which the absolute
values of the row sums are all identical and equal to r. Then r = \/n.

Proof. For e being the all ones vector, we have (He)*(He) = e¢*H*He = e*nle = ne*e = n’. So,
" |ri|* = n?, where r; = Yy hij, 1 <i<n. It follows that r = /n. ]

A complex Hadamard matrix of order n for which the absolute values of the row sums are
all equal to /n is called row regular. It follows from Lemma 1 that for a row regular complex
Hadamard matrix H = [hy;] of order 2n, n odd, if Z?il hxj = a+ib, for some k, 1 <k < 2n,
then a® + b* = 2n and so both |a| and || are odd integers.

Lemma 2. There is no pair of unbiased row regular complex Hadamard matrices of order 2n,
n odd.

Proof. Suppose on the contrary that there is a pair of row regular complex Hadamard matrices
H and K of order 2n such that HK™ = L, where the entries of L are of absolute value v/2n. Let
J be the matrix of all one entries of order 2xn. Then the matrix

1

—(H+J
l—l—i( +J)

K*+J
1 —l—i( +J)
is a complex integer matrix (i.e. all entries of the matrix consist of Gaussian integers). To
see this note that the entries of both matrices %H(H +J) and l%LI(K* +J) belong to the set
{0,1,—i,1—i}. Observing that

| y
(H+J)— (K +J) = TZ(HK* +HI +JK* +2n))

I+i I+i



and that all the entries of the matrices HK*, HJ and JK* consist of numbers of the form x + iy,
where both |x| and |y| are odd integers, we get a contradiction. O

Note that in the above proof we only use the fact that all the entries of the matrices HK*,
HJ and JK* consist of numbers of the form x + iy, where both |x| and |y| are odd integers.
So if there are two complex Hadamard matrices H, K of order 2n, n odd, for which the row
sums of H and K are all of the form x + iy, where both |x| and |y| are odd integers, then none
of the entries of HK™* are of this form. Consequently, such H,K can not be unbiased, because
otherwise the entries of HK* = [L;;] would have to satisfy |L;;|> = 2n, which must be a sum of
two odd squares.

Theorem 3. For any odd integer n, MUCH(2n)| < 2.

Proof. Suppose on the contrary that there are more than two MUCH matrices of order 2n. By
multiplying the columns of all matrices by appropriate numbers we can make the first row of
one of the matrices to be all equal to one. The new matrices form a set of MUCH matrices
which contain at least two row regular Hadamard matrices of order 2n, contradicting Lemma 1
and thus the result follows. ]

Example 4. Let

Then
« [ 1—=i 1—i
This shows the inequality in the Theorem 3 is sharp for n = 1.

We have conducted a computer search and found many maximal sets of MUCH matrices
of orders 10 and 18. One representative from each of these pairs of matrices is listed below in
Tables 1 and 2.

We believe that the upper bound in Theorem 3 is sharp for every odd integer n for which 2n
is the order of a row regular complex Hadamard matrix. The following conjecture includes this
and a conjecture regarding the existence of row regular complex Hadamard matrices.

Conjecture 5. [MUCH(2n)| =2 for all odd integers n, where 2n is a sum of two squares.

The existence of row regular Hadamard matrix is a necessary condition to have two MUCH’s
(see the proof of Theorem 3). For matrices of size 2n, n odd, the existence of a row regular
Hadamard matrix is, in turn, conditioned by existence of integers a,b such that 2n = a? + b?
(see lemma 1).



Table 1: A pair H, K of unbiased complex Hadamard matrices of order 10

1111111111

11——ijl1-1
1—1—j—ill
l——1—j11i—

l———1il—1j
Vjiij—ijji
li—11j———1
11jl—i——1-
1—1j1i—1—
I A p—

j——1111ji1
jllli—j1lij
1jijl—1ili
1ijljj—11i
il—ijilllj
ilijll1—1-1
1illlii—jj
—j11-1iill
11j—ilj—11
—11iljljji

Table 2: A pair H, K of unbiased complex Hadamard matrices of order 18

ritri11111r1111111111
l—jjijijjjjiiijiii
lj—jiiiijijijjiijj
ljj—iijiijiijijjji

ljjijijj—jiiijiiij
Ljijjjjij—ijiiiiji
ljjiijijii—jijijji
lijjijjiiiij—jjiij
lijijjjijijij—ijii
Ljijjjijiiiiji—jij
liijjijjiijiijj—ji

lijijiijjiijjijij—

ljiiiljiilllij—ij—
Vji—jjljjll—ijljii
lij——ijjlijjljillj
lijllii—iji—ijjlli

Ljljji—ljl—iiijljj
i—jiljjijiijlljjjl
Vjll—iii—iljjiijli
Jljji—jijliilliiii
lj—1-1jjljijjijiil
Wljijji—jjjl—liijl
Wljiij—li—liiiljij
PjlLi—1jljiijjijjj
Jiiililljjijiii—1]

3 Unbiased real Hadamard matrices

Two Hadamard matrices H, K of order n are called unbiased, if HK’ = L, where the absolute
values of all entries of L are equal to \/n. It follows that L = \/nA, where A is a Hadamard matrix
of order n. It is only recently that interest has been shown in unbiased Hadamard matrices



[1, 9] and some new applications have emerged [5]. Pairs of unbiased Hadamard matrices
exist only in square orders, as L = HK', with moduli of entries of L equal to /n, is a matrix of
integers. It is known and easy to prove (as shown below) that the maximum number of mutually
unbiased Hadamard matrices of order 4n2, n odd, does not exceed 2. Although Lemma 13
provides an upper bound for the number of what we call weakly unbiased Hadamard matrices
(see Definition. 7), unbiased Hadamard matrices of order 4n, n an odd square, belong to this
class (see Remark. 8). So Lemma 13 also applies to them. Until very recently no example
for which the upper bound 2 is attained was known besides the trivial example of Hadamard
matrices of order 4. The first non-trivial example of unbiased Hadamard matrices of order 36
is shown in [4]. The approach in [4] was to use a database of known Hadamard matrices of
order 36 to search for matrices with unbiased mates. Interestingly, only a very small fraction of
the over 3 million known matrices of order 36 which were tested had unbiased mates. In this
section we show that some sets of MUCH matrices of order 2n can be used to generate sets
of mutually unbiased Hadamard matrices of order 4n. Having found pairs of MUCH of order
18, we have many pairs of mutually unbiased Hadamard matrices of order 36. We begin with a
known [1] and simple lemma. Our motivation for including the proof here will follow.

Lemma 6. There is no pair of unbiased row regular Hadamard matrices of order 4n?, n odd.

Proof. Repeating the line of proof of Lemma 2, we have

1 1 1
§(H+J)§(K’ +J) = Z(HK’ +HJ +JK' +4n%]).
Noting that HK' = 2nL, where L is a Hadamard matrix, we get a contradiction to the fact that

the left side of the above identity is an integer matrix. [

A quick glance at the above proof reveals that HJ +JK' +4n”>J =0 (mod 4), if and only
if HI+JK' =0 (mod 4). Assuming that HJ/ +JK' =0 (mod 4), we get a contradiction if
we assume one (or equivalently all) of the entries of HK’ is equal to 2 (mod 4). This is our
motivation for the following definition.

Definition 7. Two Hadamard matrices H, K of order n are said to be weakly unbiased, if
Hlaij| :1<i<n,1 <j<n}| <2 and HK' = [a;;] =2J (mod 4).

Remark 8. Note that for the unbiased Hadamard matrices H, K of order n, |{|a;;j| : 1 <i <
n,1 < j<n}| =1, where HK' = [a;j]. So weakly unbiased Hadamard matrices are the natural
extension of unbiased Hadamard matrices of order 4n, n an odd square.

The following lemma is immediate, using equality from the proof of Lemma 6.

Lemma 9. Let H, K be Hadamard matrices of order 4n such that HJ +JK' =0 (mod 4). Then
no entry of HK' is equal to 2 (mod 4).

Definition 10. Two Hadamard matrices H, K of the same order are called to be modularly
homogeneous if HI +JK' =0 (mod 4).



Lemma 11. There is no pair H, K of modularly homogeneous Hadamard matrices of order 4n
for which HK' = 2J (mod 4).

Proof. This follows from Lemma 9. O

Remark 12. The assumption that H and K are modularly homogeneous in Lemma 11 is es-
sential. The Hadamard matrices of order 12 in Table 3 are weakly unbiased, that is HK' = 2J
(mod 4), but not modularly homogeneous. It is noteworthy that the number of entries with
value 2 or 6 in HK' is not balanced as there are more 2 entries than 6 entries.

Table 3: A pair H, K of weakly unbiased Hadamard matrices of order 12

—11-111—=111
I-11-1-1-111

I11-11-11-11
I111-11-11-1

I1T111-11-11-
I——111-111——
—1-1111-1-1—
—111111——1
l——1—111-11
—1—1-1111-1
—1—111111-
l—111—111
—1-1-1-1-111
—111——1111

I11-11——1111
l—11111-11
—1-1-11111-1

——111-11111—
—1l———11-11
1—-1———1-11-1
11— —11-11—
e 1——1-—11
e l——1-1-1
————— 1——111-

Lemma 13. Let w(n) be the number of mutually weakly unbiased Hadamard matrices of order
4n, n odd, then w(n) < 2.

Proof. Suppose on the contrary that there are more than two mutually weakly unbiased Hadamard
matrices of order 4n. By negating the appropriate columns of all matrices, we may assume
that one of the matrices has one normalized row. Select two other matrices, say H, K. Then
HJ+JK'=0 (mod 4) and HK' = 2J (mod 4), contradicting Lemma 9. O

We are now ready for the main result of this section and our reason for studying unbiased
complex Hadamard matrices. We need to introduce a notation first. For the integers a,b let
G(a,b) ={a+tib,—a+ib,ia+b,—ia+tb}.

Theorem 14. Let H, K be a pair of unbiased complex Hadamard matrices of order 2n, n odd,
for which the entries of HK* are all in G(a,b), where 2n = a*> + b?, a,b odd integers. Then
there is a pair of weakly unbiased Hadamard matrices of order 4n.



Proof. Let H=A+iB, K = C+iD, where A, B and C, D are (0,+£1)-matrices of order 2n such
that A &+ B and C & D are £1-matrices. Consider the matrices

11 -1
H/:(1 _)®A+<1 1>®B
11 -1

It is only a routine calculation to see that H', K" are Hadamard matrices of order 4n. Let HK* =
E +iF, where E, F are (+a,+b)-matrices of order 2n. We have

i _ ((2(AC'+BD') —2(BC'—AD') \ _ (2E -2F
2(BC' —AD')  2(AC'+BD') OF 2F

and

Using the fact that the entries of HK* are in G(a,b) and noting that E, F are (+a, +-b)-matrices,
where |a| ,|b| are odd integers, it follows that H', K’ are weakly unbiased. [l

’

Remark 15. The spread of a’s and b’s in H'K" is uniform; there are as many a’s in H'K" as
b’s. We think the assumption that all the entries of HK* belong to G(a,b) is not necessary, but
we cannot prove it.

Theorem 16. Let H, K be a pair of unbiased complex Hadamard matrices of order 2n, where
n = a? a odd (and so 2n = a®> + a?) for which the entries of HK* are in G(a,a). Then H',K’
constructed above form a pair of unbiased Hadamard matrices of order 4n = 4a?.

Proof. Note that in this case the matrices E and F' in the proof of Theorem 14 are both +a-
matrices. u

Corollary 17. There is a pair of unbiased Hadamard matrices of order 36.

Proof. We apply Theorem 16 to the pair of unbiased complex Hadamard matrices of order 18
of Table 2. The resulting pair of matrices is given in Tables 4 and 5. The fact that all entries of
HK* are in G(a,a) is automatic in this case, as 18 is sum of two squares in only one way. [

Corollary 18. There is a pair of weakly unbiased Hadamard matrices of order 20.

Proof. We apply Theorem 14 to the pair of unbiased complex Hadamard matrices of order 10
of Table 1. The resulting pair of matrices is given in Table 6. All entries of HK* are in G(a,b),
where {a,b} = {1,3}. O

Consider the even integer 21, n = a® for some odd integer a, and assume that 2n = a® +a? is
the only way that 2n can be written as sum of two squares. Let H, K be two unbiased complex
Hadamard matrices H,K of order 2n. It is easy to see that HK* = (a + ia)L, where L is a
complex Hadamard matrix of order 2n. A pair of unbiased complex Hadamard matrices H, K
of order 2n, 2n = a* + b2, is called special if HK* = (a+ ib)L for some complex Hadamard
matrix L. The unbiased complex Hadamard matrices of orders 2 and 18 above are special. We
did an exhaustive computer search and found none of order 10.
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Table 4: A pair of unbiased Hadamard matrices of order 36: first matrix

rr1rr11r11r1r11rr111111r111r1111111111101
l-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1—-1-1—
11m——1-11--11-1-1--1-11-1-1-11—=1-1
l—I11111——11————— MM11———- I11——1111
Mi-1—-——-1-11-—11-1-1--1-11-1-1-=11—--1

ritr—11--I1-1-——1-11-—11-1-1-—-1-11-1-
l-——11—1111-11111—"14-11--———— I111——-
rmtr-1—-11--1-1-——1-11-—I11-1-1--—1-11-

rfM1—1-11-1-1-"-11--1-1-—1-11-—11-1-
l—1111————— It1——1111-11111—-11-—-—-
Mmmir-1—-——1-11-1-1-—I11-—1-1-—1-11—-—11-

17 -11—11-1-1-"-1-11-1-1-—11-1-1—1
I-11——11—————— IM1i1————- I1——1111-111
Iri-1-11-——11-1-1-1-11-1-1-—11-1-1—
I-1111——11-—-- 1M11———— I1T——1111-1




Table 5: A pair of unbiased Hadamard matrices of order 36: second matrix

rifi-1—11-—-11-1--1-111111101-11——-—

l———— IMT——11——- l——111-1-1-1-11—--1
rfM1i—11-—11-——11-11——111-1-111-1—=11
l-—11—11—11—1—1111-11111-11—-11-
rfM1i—1-11-1-1111-1-"-1-1-1—-111111—
l-——1111——1-1-11-1-——— 1111 -1—-—
rfM1i—11-1-—1-111r111111-11-——1-1--1
l—11—— l——111-1-1-1-11——-"-1—-—-11
rfM1-1-117-1-1-17-1111-1——111-111-1—-
l ————— I-111111111——-——— I111-111-11-1
I1-1-1——— I-1—11—-111-11-—--—11—-

lI-1111-1-11111-11-"+-1-11"-"-1-"-1-11—-1
I1i-1i11-117—-I17-—111-—11-11-11-1—=1111-
l-i117—1--1-—11—-——11-—1-11-—--111——
Ii-11—1111--1--=1-1111-=1-1-11-11-1
lI-11—11-1-—4+-1-—4711111-——--111111-—-1-11

I1M1—-1-1111———"-——- l-—1——1—— 1111
l———— I-1—1-1-1-——111-1——1-1-11-1-
Iri-1111—-—11-1-—— I-1—11-11-1111-11
I-111—-11--—— I-1-——11—1-111—-—-1-
Ii—1111-1-"—"--111-111-1-"-1-1-11-1-1-1
I-111———— ri11—-111-11-1——1-111111
IMi-1—I1——-1111-——— l—111—1—-11
I-11-111-1-11-1-"1-111-1111—-1—-11-
riir1i-17-1117-17—111—-——11-—11-—11-11-——-1

I-1-11111--11-11-"+--11-"+-11—+11—+-1—-111
I1T—11-17-111-1-1-111-1-111-—=1-1-1-1-
l——11—-11111-—-1111111—-11111—+1—————————

1111111—1-1111—————— S DU
1—1—1————— l—1—1—-1-1———111-1—-1-1-1
11————— l-1——11———111=11———11———1—1

l——-1-11111-11"-"+-1-11-"+-"-1-—"7-1-11—-11111
rii11—1-—111--—11-11-11-1—=1111—=11-

1-1——1——11——11—1-11———111——11—
[ 1111 1—1—1111—————— l————1——1-—
l——1-1-11-1————— 1-1——1—-1-1——111-1——
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Table 6: A pair H, K of weakly unbiased Hadamard matrices of order 20

rirr11r111111111111111

IM1r——1-1-111-————- 111

I-1-1-1-1-1-1-1-1-1- l—1111111——1-1111~-
I11—1-11—=11-1-1—-1 1M1-111-1—-=1-=1-11—-
l—11111 11— 11 l——1— I1-1——1—-1
IMi-1—11-1——-1-11-1- Ii-1—1-————- l—11-
I-11-111——1111———- I-11-1—1-111-111—-
Mi-1-1—11-1-1—-11- Ii—-11111-111111—-———-
I-1111-111-—————-— 11— I-111-1-111-1-——-=1-1
MM1-1—I1—1-11—11- 11 -1—1111-1——-"-11-—-1
l————— I1-11111——11—- I-11-11-1-11-111—-11
Ii-11-1——1-—11-1—-1 IM1—11——1-111111-1
I-11—11-111——-—-11 l-——11—1—1-1-1-11
IM1t——11-—1-1-—11-1- IM—-—1-——1-1-1--1-—"-
l-—11—1111-111———- l—111-1————— I11-1-1
1iM1——11-1-1-——1-——1-1 rfM111—11-——111-1-
l—11——— 11-11111 I-1——111—11—-——
MM1-1—I1-11-1-—-1-——-1 11—l ——11-11111-111
l————— 1111—-=11-111 l—1—=11-111-1-111-
Ii-11-1-1-——11-—=1-1— rr1111—-11——11--1-11
I-11—— I1T—1111-1 I-1-1-11—11—-1—-1-—

Unbiased bases

Let H,K be a pair of special unbiased complex Hadamard matrices of order 2n> corresponding

to the decomposition 2n> = n? + n?, so that HK* = (n+ in)L, for some complex Hadamard

matrix L. Then the normalized rows of H and K, or equivalently the rows of L_H and %K ,
n

) Van? V2n?
form two orthonormal bases for C** in such a way that for every pair of vectors u,v from
different bases, (u,v) € D = {ﬁ(l +i),—%1(1 —l—i),%(l —1i),—»(1—1i)} (note that %tin —

T 2n 2n2

2-(1+1)). Here (,) denotes the standard Hermitian inner product in €2, Adding {I—\E b: be

o 2

By}, where B; denotes the standard basis in C?"| to these bases we get 3 orthonormal bases
2. . .

for C>"" in such a way that for every pair of vectors u, v from different bases, (u,v) € D. Two

orthonormal bases B; and B; in C2" are called unbiased complex bases if (u,v) € D for all
u€ Bpandv e By.

We will use [MUCB(n)| to denote the number of elements in a set of mutually unbiased
complex bases for C".

Lemma 19. [MUCB(21?)| < 3 for any odd integer n. Equality is attained for n = 1,3.
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Proof. Let By, By, Bz be three mutually unbiased complex bases for C27, Let H; be the matrix
formed by putting the vectors of B; as the rows of H;, i = 1,2,3. Then lz—ﬁleHi“ and lz—fr’iH3Hf‘
form a special pair of unbiased complex Hadamard matrices of order 2n? corresponding to the
decomposition 2n? = n? +n?. Thus, it follows from Theorem 3 that  MUCB(2r2)| — 1 < 2. The
equality occurs for n = 1,3 as there are pair of special unbiased complex Hadamard matrices of

order 2 and 18. L]

Two orthonormal bases B; and B, for R” are called mutually unbiased real bases if
(u,v) € {\/Lﬁ’ —\/L;l} for all u € By and v € By, where (, ) is the standard Euclidean inner product
in R”, see [1] for details. We will use [MURB(#)| to denote the number of elements in a set of
mutually unbiased real bases in R".

Lemma 20. [MURB (4n?)| < 3 for any odd integer n. Equality is attained for n = 1,3.

Proof. Let By, By, B be three mutually unbiased real bases for R Let H; be the matrix
formed by putting the vectors of B; as the rows of H;, i = 1,2,3. Then 2nH,H| and 2nH3H|
form a pair of unbiased Hadamard matrices of order 4n2. The result now follows from Lemma
13 and Corollary 17. See also Observation 2.1 of [1]. O

Acknowledgments: The authors wish to acknowledge, with appreciation, two long and
detailed reports by an anonymous referee which improved the presentation of this paper con-
siderably. Thanks are also extended to Professor Holzmann for his help.

References

[1] P. O. Boykin, M. Sitharam, M. Tarifi and P. Wocjan, Real mutually unbiased bases.
Preprint. arXiv:quant ph/0502024v2 [math.CO], (revised version dated Feb. 1, 2008).

[2] P.J. Cameron and J. J. Seidel, Quadratic forms over GF(2), Nederl. Akad. Wetensch.
Proc. Ser. A 76=Indag. Math 35 (1973), 1-8.

[3] Chris Godsil, Aidan Roy, Equiangular lines, mutually unbiased bases, and spin mod-
els European J. Combin., 30 (2009), 246-262.

[4] W. Holzmann, H. Kharaghani and W. Orrick, On real unbiased Hadamard matrices,
to appear.

[5] Nicholas LeCompte, William J. Martin, William Owens, On the equivalence between
real mutually unbiased bases and a certain class of association schemes, European
Journal of Combinatorics, to appear.

[6] H. Kharaghani, Jennifer Seberry, The excess of complex Hadamard matrices, Graphs
Combin. 9 (1993), 47-56.

11



[7] J. Seberry and M. Yamada, Hadamard matrices, sequences, and block designs, in
Contemporary Design Theory: A Collection of Surveys, J. H. Dinitz and D. R. Stin-
son, eds., John Wiley Sons, Inc., 1992, pp. 431-560.

[8] Wojciech Tadej, Karol Zyczkowski, A concise guide to complex Hadamard matrices,
Open Syst. Inf. Dyn. 13 (2006), 133-177.

[9] P. Wocjan and T. Beth, New construction of mutually unbiased bases in square di-
mensions, Quantum Inf. Comput. 5 (2005), 93-101.

12



