
Let f :R3 → R and F:R3 → R3. Write F = (f1, f2, f3).
Similarly for g and G.
Define:

grad(f) ≡ ∇f =
(

∂f
∂x , ∂f

∂y , ∂f
∂z

)
div(F) ≡ ∇ · F = ∂f1

∂x + ∂f2
∂y + ∂f3

∂z

curl(F) ≡ ∇× F =
(

∂f3
∂y −

∂f2
∂z , ∂f1

∂z −
∂f3
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∂x −
∂f1
∂y

)
laplace(f) ≡ ∇2f = ∂2f

∂x2 + ∂2f
∂y2 + ∂2f

∂z2

laplace(F) ≡ ∇2F =
(
∇2f1,∇2f2,∇2f3

)
The following properties hold:

grad(f + g) ≡ ∇(f + g) = ∇f +∇g

div(F + G) ≡ ∇ · (F + G) = ∇ · F +∇ ·G
curl(F + G) ≡ ∇× (F + G) = ∇× F +∇×G

grad(fg) ≡ ∇(fg) = f∇g + g∇f

div(fG) ≡ ∇ · (fG) = ∇f ·G + f∇ ·G
curl(fG) ≡ ∇× (fG) = ∇f ×G + f∇×G

grad(F ·G) ≡ ∇(F ·G) = (F · ∇)G + (G · ∇)F + F× (∇×G) + G× (∇× F)
div(F×G) ≡ ∇ · (F×G) = G · ∇ × F− F · ∇ ×G

curl(F×G) ≡ ∇× (F×G) = F(∇ ·G)−G(∇ · F) + (G · ∇)F− (F · ∇)G
div grad f ≡ ∇ · ∇f = ∇2f = laplace f

curl grad f ≡ ∇×∇f = 0
div curlF ≡ ∇ · (∇× F) = 0

curl2 F ≡ ∇× (∇× F) = ∇∇ · F−∇2F = grad div F− laplaceF

grad div F ≡ ∇∇ · F = ∇× (∇× F) +∇2F = curl2 F + laplaceF

The other combinations, grad2, div2 and grad curl are meaningless.


