Proof of the Product Rule

Suppose f and g are differentiable at X. Then there
are numbers D f (x) and Dg(x) with

f(x+h)=f(x)+Df(x)h+Rsh
9(x+h) = g(x) + Dg(x)h+ Rgh

where

Ri —0 ash—0
Rgy—0 ash—0

Multiply these equations ...
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Proof — equations multiplied

f(x+h)-g(x+h)
= [f(x) +Df(x)h+Reh] - [g(x) +Dg(x)h+ Rgh

= [1(x)g(x)+{[DF(x)g(x) + f(x)Dg(x)] h|+ Rh

table
9(x) Dg(x)h Rg
fx) | [F0g()| [f)Dgx)h]  f(x)Ry
Df(x)h | [Df(x)g(x)h] Df(x)hDg(x)h Df(x)hR
R+h Rig(x)h RshDg(Xx)h RihRy

D D D I |




Proof concluded

We have

f(x+h)g(x+h)
= f(X)g(x) + [Df(X)g(x) + f(X)Dg(x)| h+ Rh
where R involves terms with at least one R¢, Ry or h

andsoR— 0ash— 0.
Therefore the derivative of f(X)g(X) is the term

Df(X)g(x)+ f(X)Dg(x).
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