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Abstract

A graph generator associated with the determination of mathematical dexs/adivde-
scribed. The graph coloring instances are obtained as intersectidms@gapA) of mx n
sparse pattern matri& with row partitionll. The size of the graph is dependent on the
row partition; the number of vertices can be varied between the numbelushine (using
single block row partitiori1l;) and the number of nonzero entriesAofusingm block row

partition MNy,). The chromatic number of the generated graph instances sgtiSfip)) =

X(Gry (A)) < X(Gnp(A))-
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1 Introduction

Graph coloring problems arise in variety of scientific apgiions and are one of the
widely studied class of problems in graph theory. Applicas where the underly-
ing problem is modelled by graphs arise, for example, in daleg and partition-
ing problems, matrix determination problems [2,5], andgteg allocation prob-
lems. Unfortunately, determining whether or not an arbjtgraph is 3-colorable
is NP-complete. The availability of suitable benchmark pgsblems is therefore
an important component in the design and testing of effeaigorithms for graph
coloring and related problems. The main purpose of this pep® describe the
software implementation of graph coloring test instanascdbed in [6]. The re-
mainder of this paper is organized in five sections. Sectiprogides a brief intro-
duction to the coloring problem we are concerned with. Inisa@, an algorithmic
description of the column segment graph instances is givection 4 contains in-
structions for using our graph generator. In section 5 wegnea graph generator
based on a given partition of the edges of an undirected gaagisection 6 con-

cludes the paper.

2 Description of the Coloring Problem

A Graph G = (V,E) is a setV of vertices and a seE of edges. An edgeec E is
denoted by an unordered pdis, v} which connects verticas andv, u,veV. A
graphG is said to be a@omplete graph orclique if there is an edge between every
pair of distinct vertices. In this paper multiple edges ledw a pair of vertices
are considered as a single edgep#oloring of the vertices ofG is a function

®:V — {1,2,---,p} such that{u,v} € E implies ®(u) # ®(v). The chromatic



number x(G) of G is the smallestp for which it has ap-coloring. An optimal

coloring is ap-coloring with p = x(G).

Given anm x n matrix A, theintersection graph of the columns oA\ is denoted by
G(A) = (V,E) where corresponding to columrof A, writtenA(:, j), j =1,2,...,n,
there is a vertex; € V and{vj,v} € E ifand only if columnsA(:, j) andA(:,1),l #

j have nonzero elements in the same row position.

Let I be a partition of{1,2,...,m} yielding wy, Wy, ..., Ws, ..., Wg wherew: con-
tains the row indices that constitute blackritten A(wr, 1) € RN i=12,....4
A segment of columij in blocki of A denoted byA(w:, j),i =1,2,...,§is called

a column segment.
Definition 2.1 Structurally orthogonal column segment

e (Same Column)
Column segmenta(w:, j) andA(wg, j), I # k arestructurally orthogonal
e (Same Row Block)
Column segment&\(w:, j) and A(ws, 1), j # | arestructurally orthogonal if
they do not have nonzero entries in the same row position.
o (Different )
Column segmenté\(w;, j) and A(wg, 1), i £ kandj # | arestructurally or-
thogonal if
- A(ws, j) andA(w:, 1) arestructurally orthogonal and

- A(wg, j) andA(wg, 1) arestructurally orthogonal

An orthogonal partition of column segmentsis a mapping

k:{([)):1<i<g1<j<n}—{1,..p}.



where column segments in each group are structurally oothalg

Definition 2.2 Given matrixA and rowg-partition I, the column-segment graph
associated with under partitiorT1 is a graptGn (A) = (V, E) where vertex;; € V
corresponds to the column segméitv;, j) not identically 0, and{v;;, v } € E
1<ik<@31<j, <nifand only if column segment&(w:, j) andA(wg,l) are

not structurally orthogonal.

The problem of determining Jacobian matrices using coluegments can be

stated as the following graph problem.

Theorem 1 [5] ® isa coloring of Gp(A) if and only if ® induces a orthogonal

partition K of the column segments of A.

3 The Column Segment Graph Generator

In this section we describe an algorithm for constructotumn segment graph
Gn(A) associated with & x n matrix A and a row partitiorf1. Furthermore, we

describe the column segment matipy associated with the given row partition.

Letl be arow partition of matriA that partitions the rows into blocks , Ao, . .., A«

(See Fig. 1(a)). Denote the intersection graph correspgnidi A- by G(A), 1 =

1,2,...4. The construction ofAn involves two phases. In the first phase, blogks
i=1,2,...,§are placed successively in left to right fashion (see Fig))Euch that
each nonzero column segment is mapped to a unique colui. dh other words,
for every nonzero column segment &f a column is created iAn where all the
entries are zero except that the column segment is copibe imatching row posi-

tions. This situation is illustrated in the top part of Figb)L In the second phase of
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Fig. 1. (a): MatrixA is partitioned intayblocks (b): Column segment matrix corresponding

to the partition.

construction, restrictions are enforced on column segsrtéiat are not structurally
orthogonal in order to prevent them from being grouped togreConsider column
segmentsA(w; ;) andA(w; ) in Ay If there are nonzero entries in the same row
position inA(w; ;) andA(w; o) then they are not orthogonal implying thagw: ;)

is not orthogonal to column segmemtéwg) for all p # i ConsequentlyA(w; ;)
cannot be grouped together with any of the segmafig; o). Similarly, A(w; ) is

not orthogonal to column&(wp ;) for all f # i. To enforce these restrictions we
simply introduce two new rows iAn, one containing nonzero entries in the column
positions mapped by the column segmehter, ;) andA(wgq) and the other con-
taining nonzero entries in the column positions mapped byctilumn segments
A(W; o) andA(wg ;) for all p # I. This is done for every pair of dependent column
segments inA;, i=12,....4 (see Fig. 1(b)). To see this dependency restriction
in terms of graphs, consider verticgs andvy, in G(4;). For each such edge we

define edges between vertex and vertices/zq from G(Ap) for p # i. Similarly,



vertexv;,

iy IS connected with the verticegj from G(Ap) for p # I. This situation is

illustrated in Fig. 2. In Fig. 1(a) the matrix is partitionado ¢ blocks denoted by

Fig. 2. GraphGn(A) before and after the insertion of edges due to the dagevi,} in
G(A)).

Aq, Ay, ..., A5. In Fig. 1(b) placement of each of the blockg A, ..., Ag is shown.
Column segment&(w; ;) andA(w; o) are not orthogonal, and hence two rows con-

taining nonzero entries in the appropriate columns arediiced.

From the procedure for column segment matrix constructestdbed above we

have the following result.

Theorem 2 [5] G(An) isisomorphicto Gn(A).

An upper bound on the size of the column segment matrix anphgig easily
obtained from its construction. Forgblock partition, the number of columns
n < p < nx@ wherep is the number of nonzero elementsAn The number of
rowsm <m+ (§—1) 3", pi(pi — 1) wherep; is the number of nonzero in thth
row of A. In practice, however, the numberYsandm' are smaller due to many zero

column segments and repeated edges between pair of digtitices.



4 Using the Graph Generator

Our graph generator implements column segment graph esaihe software
uses SparseLib++v.1.5d [3], a collection of C++ sparse malaisses that can read
and convert between a number of standard sparse matrixtdatéuses e.g., coor-
dinate, compressed column, and compressed row format vanéchlso supported

by Harwell-Boeing test matrix collection [4].

The C++ source code is provided in two directories:

(1) The directory namedol_seg_graph  contains C++ code implementing the
column-segment matrix and the associated graph from a gparse matrix.
The directory also contains several utility functions adakefile that can be
used to generate the executables.

(2) The directory name@®parseLib++ contains the sparse matrix library de-
scribed in [3].SparseLib++ provides support for Harwell-Boeing and Matrix

Market [1] sparse matrix exchange formats.

4.1 Column Segment Graph

The function for defining column segment graph has the foligwprototype dec-

laration.

Coord_Mat_double& extend( const Coord Mat_double& A,
const vector<int>& perm,
const vector<int>& part,

const char* fileName );



Given input matrixA in Coord_Mat_double  format [1], input vectomperm repre-
senting a permutation of the row indicesAyfinput vectomart representing a row
partition of A, and character strinideName , extend returns the resulting column
segment matrix irfCoord_Mat_double format as function return value, and writes

the associated column segment graph in thdileldame .

Users can make (by running the commamake) the executable program named
extend which can be executed to generate column segment graph aersdgsbci-

ated matrix.

Usage: extend TESTFILE [OUT_FILE (Optional)]

Information such as row partition, permutation, and thatmn of the input matrix
are provided in an input text fil@ESTFILE. ArgumentOUT_FILE_NAMEstores the
column segment graph and is optional; if not provided thelgria written to the
standard output. The resulting column segment matrix iedtm a text file called
inputMatrixFileName_ext.mtx whereinputMatrixFileName.mtx is the name

of the input matrix in Matrix Market exchange format.

The format ofTESTFILE is described below.

Comment lines: The hash sign (#) at the beginning of a line marks that line as
comment. The comments can only appear at the beginning &fdt{ee., before
permutation and partition data) and cannot be interleavdddata.

The partition size is a single integer that specifies the number of row blocks in
the partition.

Partition lines: Following the comment lines and partition size, commenbes t
specification of the row partition given by listing the indekthe first row of

each row blockry ra ... ropkst1 Wherenblks denotes the number of row blocks



in the partition. The first row block in the partition consisf rowsrq,...,ro—1,
the second row block in the partition consists of raws..,r3—1 and so on.
Since a permutation of the rows can also be specified (exquaiext) the indices
ri,ro etc. are given in increasing order with= 1 andryks+ 1 = m+ 1 where
mdenotes the number of rows in the input matrix. iblock partition can also
be indicated by writing the negative of the integer m+1.

Permutation Lines: It is possible to specify a permutation of rows in specifying
the row partition. This allows for the rows in a row block natcessarily be
consecutive. For example, if we have 4 rows and the row pari$ 1 3 5 and the
permutation is given as 3 1 2 4 then first block consists of natls indices 3 1
and second block consists of rows with indices 2 4. If no peatan need to be
specified then the negative of the number of romis written in the permutations
lines.

Input Matrix file: This last line specifies the name of the file (full path name)

containing the input matrix.

4.2 Examples

Example test fileTESTFILE) Example 1:

# File tl.input
# Input matrix has 4 columns and 4 rows
# Row 2-partition with permutation

2

135

2314

input_dir/testl.mtx



The first 3 lines are comments. The fourth line says that thepartition defines
two blocks. The fifth line specifies the two-block row paditi the first block start-
ing at row 1 and ending at row 2, the second starting at row 3eadihg at row 4.
There are 4 rows in the input matrix. The sixth line says thavapermutation is
provided: rows 2 and 3 of the input matrix constitute the filstk and the rows 1
and 4 constitute the second block. The seventh line spettidéthe input matrix is
contained in filetestl.mtx  in the directoryinput_dir . The suffixmtx indicates
that the input sparse matrix is provided in Matrix Marketat. The input matrix
can also be provided in Harwell-Boeing formas(1.p[rsu][ae] ). Note that a
Harwell-Boeing pattern matrix has a three letter suffix inaththe first one is the
charactelp, the second is one of the charactgss, or u, and the third character
is either ama or ane. (The current implementation only supports matrix market
exchange format for output of column segment matrix.) Thetexat of the input

matrixtestl.mtx  is shown below.

%%MatrixMarket matrix coordinate pattern general
448
11

Then the command

10



extend testl.input testl ext.graph

will create the filedestl ext.mtx which contains the column segment matrix
andtestl_ext.graph contains the column segment graph corresponding to the

given row partition.

Content oftestl_ext.mtx

%%MatrixMarket matrix coordinate pattern general

% Generated by writeMM()

11 7 22
11
1 3
2 2
2 3
3 4
3 5
4 6
4 7
5 1
5 6
6 3
6 4
72
76
8 3
8 5
9 4

11



9 2

10 5
10 1
11 7
11 3

Content oftestl_ext.graph

1 3
2 3
4 5
6 7
1 6
3 4
2 6
3 5
4 2
5 1
7 3
711

Figure 3 displays the column intersection graph and thenaolsegment graph of
the example contained testl.mtx  (A). An edge of the original grapG(A) is
indicated by a solid line. The dashed lines in the column ssdrgraph denote
edges introduced to enforce dependency. Note that in Fg@g(A) has seven
vertices and the indices of these vertices are indicatedinerpheses. In the graph

file testl_ext.graph the edges of the column segment graph are given as pairs of

12



Fig. 3. The column intersection gra@{A) and the column segment gra@i (A) for the
test matrixA provided in testl.mtx

indices one edge per line in all but the last line. The lag tontains the number
of vertices (7) and the number of edges (11) of the column seggraph. The col-
umn segment matrix contained in fistl_ext.graph is described using matrix

market format.
Example test filesTESTFILE) Example 2:

# File t2.input
# Input matrix has 4 columns and 4 rows
# Row 4-partition and no permutation

4

-5

-4

input_dir/test2.mtx

The first 3 lines are comments. The fourth line says that tivispartition has four
blocks: each row constitutes a block. The input matrix hasdhme dimension

as in Example 1. The fifth line says that no row permutationivergwhich is

13



indicated by the negative of the+ 1 wherem = 4 denotes the number of rows of
the input matrix. The sixth line says that no row permutat®provided. The last
line specifies that the input matrix is contained in fdst2.mtx  in the directory

input_dir

4.3 Utilities

The graph generator is packaged with a number of utility pmog for user con-
venience. The executaldBowmat displays small (with less than approximately 30

columns) pattern matrices on to the terminal screen.

Usage: showmat { -m MFILE | -t TESTFILE }
-m: MFILE is a matrix in Matrix Market or
Harwell-Boeing exchange format

-t: TESTFILE is an input file as in extend

With option-m the argument is expected to be a file that describes a spateepa
matrix in either Matrix Market or Harwell-Boeing format. Qg -t, on the other

hand, allows users to specifyTRSTFILE (see the usage ektend command).

Since the column segment graph outputelRiend does not conform to the input
format of any particular graph coloring application we pdavPerl scripts to for-

mat the column segment graph. The sclipDSaturFmt.pl  converts the column
segment graph to the input format BSATURgraph coloring implementation by

Michael Trick [7].

Usage:Perl ToDSaturFmt.pl InputFile OutPutFile

InputFile is a ASCII file describing

14



column segment graph (output of extend function)
OutPutFile is a ASCII file describing Column Segment
graph in the input format for DSATUR implementation by
Michael Trick.

The scriptToDIMACS.pl  converts the column segment graph to the input format of

DIMACS challenge.

Usage:Perl ToDIMACS.pl InputFile OutPutFile
InputFile is a ASCII file describing
column segment graph (output of extend function)
OutPutFile is a ASCII file describing Column Segment

graph in the input format for DIMACS challenge.

5 A Graph Theoretic Approach

The graph generator of the preceding section is based on aditign of sparse
pattern matrices. The generated graph instances are lo$day listing the edges
(undirected) followed by the number of vertices and edgélsefraph. An instance
generator can also be described in purely graph-theomatist LetG = (V,E)
be an undirected graph with'| = n > 0 vertices andE| = m > 0 edges. Lefl
be a partitiort of the edges of into subsetsEs, E», ..., Eg. Define graph$s; =
(V1,E1),G2 = (W2, E2),...,Gg = (Vg,Eq) whereV; = {v € V| there is an edge €

E; which is incident om},T: 1,2,...,§. A construction similar to the one shown

1

E= UE;, E;NE; = 0wheneverl # |, andE; # 0,i = 1,2,...,6.
i

15



in Figure 2 can be used to introduce new edges to incorposgderdiency infor-

mation among the subgrap@s,i=1,2,...,4
BD—®
Gs %
@ @
Gy Gh

Fig. 4. GraphGp, before and after the insertion of edges due to the gdggvaq} in Gp.

In Figure 4 the subgrapBp contains edgevp;, Vpg}. This dependency is incorpo-
rated in the grapls, by defining the “dependency edgel/p;, Vigh and{vpq, Vij t
for each subgraph;;,fz 1,2,....4. Let E be the set of such dependency edges.
Then the resulting graph
Gh = (V,E)

where

V' =V, andE’ = (UE;) JE.i=12...4
satisfies((G) < X(G)I. |
Denote byG(A) = (V/,E’) the “extended graph” o65(A) (with ¢ block row
partition 1) which is obtained via a simple modification of definition 2vBkere
corresponding to each column segment, including the idaintiero column seg-
ment, there is a vertex iX’. Let Gn(A) = (V,E) be the column segment graph
under the same row partitiofi. Then we have the following result th&in (A)
is p-colorable if and onlyGp (A) is p-colorable. To see this suppodebe ap-
coloring of G (A). We show thatb can be modified to construct a ngwucoloring
@' for G (A). First, let®'(v;;) = ®(v;;) corresponding to nonzero column seg-

mentsA(w, j)i=1,2,...,§andj =1,2,...,n. Let A(wp,q) be any column seg-

16



ment which is identical zero. Thefw;;,vsq} € E" implies thati £ p and j # q.
ConsequentlyA(w:, j) and A(w:-,q) must be nonzero and the corresponding ver-
tices are included i. We set®’ (vgq) = @(Vig). Sinced(v;;) # P(vi,) the color-
ing of vgq is valid. SinceGn (A) C G (A), ® is ap-coloring of G (A) implies that
® is ap-coloring of G (A). ThereforeGn (A) is p-colorable if and onlyGp (A) is

p-colorable.

6 Concluding Remarks

In this paper we have described a graph instance generated lm intersection
graphs of row partitioned sparse pattern matrices. We hiseecaitlined a proce-
dure for defining graph instances based on edge partitiongdfean input graph.
That the generated instances are highly structured andizbeotthe generated
instances can be varied easily make them convenient foraussisets for combi-

natorial problems such as graph coloring.

7 Availability

The source code of the software described in this paper cahtagmed by contact-

ing the first author athahadat.hossain@uleth.ca
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