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1. INTRODUCTION

Let ¢ be a positive integer, x a non-principal primitive character modulo ¢, and L(s, x)
the associated Dirichlet L-function. We recall that the Dirichlet series representation

L(s,x) = Z X(?)

n
n>1

defines a function holomorphic for s > 0. It can be holomorphically continued to the
whole complex plane and it never vanishes in s > 1. Its zeros in the half plane s <0
are the integers —a — 2n, n > 0, where a = (1 — x(—1))/2. All remaining zeros are in
the the critical strip 0 < Rs < 1 and are distributed symmetrically with respect to the
critical line Rs = 1/2. Also, if p is a zero of L(s, x), then p is a zero of L(s,Y).

Let L£4(s) be the product of the ¢(g) Dirichlet L-functions modulo ¢. In the case
q = 1, we have £1(s) = ((s)[[,, (1 —p~*), where ((s) is the Riemann zeta function.
In his proof of the Prime Number Theorem, de la Vallée Poussin established that there
exists a constant R such that (o + it) # 0 when

1
(1.1) o>1 Riog]l]
Explicit estimates of the constants R have been given by de la Vallée Poussin, Landau,
Stechkin, and Rosser and Schoenfeld who last found R = 9.65 in 1975 (see [10]). The
author showed in [6] that the value R = 5.70 is valid. It turns out that the same
techniques would extend to (1.1) the case ¢ > 1. It follows from papers by Gronwall and
by Titchmarsh that £,(o + it) has at most one zero in the region

1
c>l————— .
Rologq(|t| +2)
There have been several investigations of Ry, the latest given by McCurley in 1984 (see
[8]) with Ry = 9.65. We prove the following theorems:

(It =2) .

Theorem 1.1. The function L,(c + it) has, at most, one single zero in the region:
1
Ry log (max(q, q|t]))’

Such a zero, if it exists, is real, simple and corresponds to a real non-principal character
modulo q. We shall refer to it as an exceptional zero and q as an exceptional modulus.

c>1 where Ry = 6.41.

We shall describe more precisely the case of an exceptional zero with the two following
theorems. The first describes explicitly the phenomenon of repulsion that exceptional
zeros exhibit.

Theorem 1.2. If x is a real primitive character modulo q and if 81 and B2 are two real
zeros of L(s,x), then:

1
in (81, 62) <1— —— . where Ry, = 1.10.
min (81, B2) < Rilogq where Ry
Theorem 1.3. If x1 and x2 are two distinct real primitive characters modulo q1 and g2
respectively and if 81 and B2 are real zeros of L(s,x1) and L(s, x2) respectively, then:

min (G, 52) <1 , where Ry = 2.05.

Ry log(q142)

These results improve on McCurley’s constants from [7]: R; = 1.62 and Ry, = 3.23.
When ¢; = ¢o is an exceptional modulus, Theorem 1.3 shows that the exceptional zero
repels the other real zeros of the exceptional conductor. More precisely, the region
c>1- m and t = 0 contains at most one zero. Now, assuming ¢q; < g2, then the
inequality implies that both ¢; and g2 cannot be exceptional, unless gz > ¢%'12.
We remark that Heath-Brown, in his research concerning Linnik’s constant (in [5]), es-
tablished Ry = 2.88 for ¢ asymptotically large and [¢t| < 1. Also Wang Wei reduces it
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to Rp = 2.35, in [13], in the case where |t| < logloglogq and ¢ asymptotically large.
One of the key points of Heath-Brown’s proof is an improvement of Burgess’ bounds for
character sums. This is where the condition on ¢ being asymptotically large is imposed.
Here, we shall employ another strategy since we are aiming to obtain a result valid for
all gq.

We now outline the principal ideas of the proof of the theorems. Let gy = By + iy denote
the zero we want to locate. First, in section 2.1, we establish a version of Weil’s formula
relating the zeros of L(s,x) to prime numbers. Let f be a positive smooth function

chosen such that its Laplace transform F(z) = 0+°O e~ #t f(t) dt satisfies:

(1.2) F(z)= 1) +0 (|1|2> and RF(z) > 0 for ¥z > 0.
z z
Then
(1.3) 3?7; f(logn) = @bgmax(w,l)—i— %logq
+6RF(s—1)— Y RF(s— o)+ R(s),
0€Z(x)

where d, = 1 if x is principal and 6, = 0 otherwise, Z(x) is the set of non-trivial zeros
of L(s,x), and R(s) is an error term. Note that for f = 1 and x non-principal, (1.3)
reduces to
L/
_%f(s,x) log (gmax([t], 1))+ ¢ %71 - e%(: )%7‘9 + R(s).
0€Z(x

In section 2.3 we shall make a specific choice of f. In (1.3) the logg-term arises from
the size of the logarithmic derivative of L(s,x). One of the key points in reducing the
value of Ry is to reduce the coeflicient 1/2 arising. For example, the new Burgess bound
of Heath-Brown leads to a value of 1/4. In our argument we will approach a limiting
value (1 — k)/2 ~ 0.29. The intuitive idea, which stems from an argument of de la
Vallée Poussin, is to compare the size of our L-function at different points sx = o + ik,
k=0,1,2,...,d, on a line near Ns = 1:

- when k = 0, sq is close to the pole of zeta,

- when k =1, s; is close to the zero By + iy,

- when k > 2, the L-function is bounded at s.

The comparison is rendered possible by using trigonometrical inequalities of the type:

Zak cos(kv) > 0 and all ax > 0.

k=0
In section 2.2, we present our choice of polynomial. Combined with the left hand term
of (1.3), we obtain:

53 gy aycos (s (322) ) 0

n>1 k=0
This gives different right hand terms for (1.3). When k£ =0, 1 or is > 2, we obtain
(1.4) RF(o —1) + Ri(s),
f(0)
(1.5) —5— log (gmax(|0[, 1)) — RF (s — eo) + Ra(s),

(1.6) log (gmax(|vol|, 1)) + Rs(s),

2
1)
2
respectively. The R;(s) are just small error terms. In each case, we use one major
argument which concerns the size of the sum over the zeros. We show that, thanks to

our choice of F as in (1.2), we can control its size so that it is not bigger than the error
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term. The details are provided in sections 7 to 10. We also add another ingredient to
the proof, which is to consider not only the points listed as above but also the ones a
little bit further to the left. Instead of

%Z flogn) ,

n>1

we study

K
R Z f(logn) (1 - ﬁ)
n>1
and its related trigonometric inequality. The positive constants § and x will be chosen so
that the new Laplace transform term F'(s) — kF(s+ ) satisfies (1.2). Therefore the size
of the sum over the zeros remains small. In section 7 we will detail this argument inspired
by a lemma due to Stechkin and used by Rosser and Schoenfeld and then McCurley to
improve the classical Riemann’s zero-free region. Note that this is where the reduction
from 1/2 to (1—k)/2 arises. Putting together all these arguments leads to the inequality:

(1.7) 0<aoRF(0 —1) —ayRF (0 — (o) + — H(al + ... + aq) f(0) log (¢ max(|vo], 1)) -

We choose f to depend on Sy by setting f(0) = co(1 — 5p), with ¢y constant, and we
deduce from (1.7) that
2 ale(O’ - 50) - GQ%F(J - ].)

(1= o) log (gmax(jyol, 1)) = — co(ar + -+ ag)

We conclude by optimizing the right term with respect to o and we obtain a computable
value for 1%

2. PRELIMINARIES

2.1. An explicit formula. Let f be a function that satisfies the following properties :
f is a positive function in C%(]0,d]), with compact support in [0, d] and

(2.1) F(d) = £10) = £'(d) = £"(d) = 0.

We denote F' its Laplace transform

Fls) = /0 et f(8)dt

and Iy the Laplace transform of f”.

We will define f explicitly in section 2.3. In Theorem 3.1 of [6], we gave an explicit
formula relating sums over zeros of a Dirichlet L-function and sums over primes. It is a
special version of the Guinand-Riemann-Weil formula established for Hecke L-functions
(see [14]).

Proposition 2.1. Let f be a function satisfying (2.1) and s = o +it a complex number.
We denote 9(s) = F%(5) We have:

(2.2) %Z—f logn) = f(0 )(—IO§W+;M(;+1))

n>1

F(s)
$2

+RF(s—1) — Z RF (s + R
0€Z(C)

+/*°°w< 3) ¥
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where Z(C) denotes the set of non-trivial zeros of ((s). If x is a primitive non-principal
character modulo q, then:

23) ®Y 2O 000y — p0) (bg(g/”) m(”“))

n>1

3 RE(s— o)+ L —aphals)

2 52
0€Z(x)
20+1 T\ . Fals—1/2— )
- T
i m( +Z2)§R(sl/2iT)2d ’

where Z(x) denotes the set of non-trivial zeros of L(s, x)

Proof. Both identities are deduced from Theorem 3.1 of [6]. In particular, formula (2.2)
is coming from Proposition 2.1 of [6]. Formula (2.3) is obtained the same way, together
with the classical explicit formula (see Chapter 14 of [3]):
L/
—R—(s,x) = log + 3?1#(8—'_“) Z 3‘%7

L
0€Z(x)

Let k and ¢ be real numbers in [0, 1]. We introduce
K A(n)x(n) K
f( - = = ———=f(l 1-—).
§Rn§>1 (logn) ( n5) , S(s,x) §Rn221 o (ogn) ( n(;)

2.2. A trigonometric inequality. Let P be a trigonometric polynomial of degree d:

(2.4) P(z) = Zak cos(kz) >0
k=0

with every ap > 0. De la Vallée Poussin used degree 2 with:

P(z) = 2(1 + cosz)? = 3+ 4cos + cos(2x)
and Rosser and Schoenfeld extended the degree to 4 in [10]:

P(x) = 8(0.9126 + cos 2)?(0.2766 + cos x).

Both were optimal choices for each degree. In the author’s previous article [6] and here,
we consider a slighty modified form of the preceeding polynomial:
4

(2.5) P(z) = Z ay cos(kx) = 8(0.91 + cos x)%(0.265 + cos z)? > 0,

k=0
where
(2.6) ap = 10.91692658, a; = 18.63362, ay = 11.4517, a3 = 4.7, ag = 1,
and A = Eizl ar = 35.78532. This seems to be not far from optimal for our choice of

the smooth weight f.
We apply (2.4) to compare the values of S(o + ikyo, X*):

(2.7) iakS(a +ikvo, ) = > M@ - %)P(arg (X(”))) > 0.

ne nto
k=0 n>1

Let x(xy be the primitive character associated with x* of conductor gy.

4
ZakS(o—i—ikvO, ZakS (o + ko, X ZakS o +ikyo, X (k) — X¥)-
k=0 k=0 k=0

All characters () are primitive and therefore we can apply Proposition 2.1 to them.
We now treat the last term.
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In lemma 10.1, we will establish that for our choice of the function f, of the coefficients
a;’s and of k, 6 and o, we have:

1_
(2.8) H Zak log ( ) + ZakS o+ kY0, X(k) — x") > 0.

k=0
By adding (2.7) and (2.8), we conclude that:

4

(2.9) Zaks o+ kY0, X (k)
k=0

Zaklog< ) 0.

We rewrite this in the case when the order of x is at most four:

- If x is of order 4:

(2.10) %1 =aogS(0) + a1.5(0 +ivo, X) + a25<0' + 2170, X(2))
11—k

+ as 5

f(0) log = + as3S (o + 3ivo, X) + aaS(o + 4iye) > 0.
- If x is of order 3:

(2.11) %1 =aoS(0) + a15(0 + iv0, X) + a25(0 + 2i70, X(2))
+ G3S(O' + 32"70) + (L4S(O’ + 4i’Yo, X) > 0.

- If x is of order 2:

(2.12) %4 = apS(0) + a1S(o +ivo, X) + a2S (o + 2ivo)
+ azS(o + 3ivo, x) + asS(o + 4ivy) > 0.
Note that, when the zero g is close to the real axis, though not real, it is also close to

00, which is a zero associated to the conjugate character. It will also be useful to have
inequalities involving both S(o,x) and S(o,%). If x? is principal, then

(2.13) R (1+x(n)+x>(n) + ... +x' " (n)) > 0.
We apply this inequality and (2.8) in the cases where
- xis of order 4. Here ag =1, a1 =2, as =1, ag = a4 =0 and

11—k

(2.14) D= —

£(0)log q% +5(0) + S(o,%) + S(0,%) + S(o, x(2)) > 0.

- x is of order 3. Here ag =1, a1 =2, as = a3z = a4 = 0 and
(2.15) Y3 =5(0)+ S(o,x) + S(o,x) > 0.

- x isreal. Here a9 =1, a1 =2, as = ag = a4 = 0 and
(2.16) Y4=5(0)+ S(o,x) > 0.
Let x1 and x2 be real primitive characters. Since the product

(14 x1(n)) (1 + x2(n)) is positive, then:

> A (1- i) (1+x1(n) (14 x2(n)) > 0.

na’
n>1

We denote the above sum as 5. Then:
(2.17) 35 = S(0) + S(o,x1) + S(0, x2) + S(o, x1x2) > 0.

In the next two sections we introduce a specific function f and several other parameters.

2.3. The test function.
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2.3.1. Definition. We call F' the Laplace transform of f and ﬁ'(x,y) the real part of
F(x +1y): ]

F(x,y) :/ F(t)e " cos(yt)dt.
Now we give an explicit definition of f 530h that it satisfies (2.1) and such that F satisfies:
(2.18) F(z,y) >0 if z>0.
Let 0 €|m/2, 7] be fixed and let gg be the positive function:

9
<zx<

tanf — ° ~ tanf’

0 otherwise.

(1 + tan? ) (cos (v tanf) — cosf) if

g0(x) =
By a calculus of variations, Heath-Brown chose hg = gy * g9 and suggested (see lemma

7.4 in [5]) that the function
f(t) = fno(t) = nho(nt)

may not be far from optimal under our conditions. The function hy is explicitly

—0 U 20
B 2 2 _u —
he(u) = (1 + tan” 9) {(1 + tan 9)(tan9 2) cos(u tan 6) "
B _51n(29.—|—utan9) 2(1 sm(@—i.—utan@))}’
sin(20) sin 0
when u € [0,d1(0)], di(0) = 2%, and hg(u) = 0 otherwise. We have the special value

£(0) = nhg(0) with he(0) = (1 + tan®6)(3 — Otan 6 — 36 cot 6).

Note that hg(u) decreases with u since the derivative

+oo
/ g (u — 2)gs(x)d

— 00
6
" tan@
= —tanf(1 + tan?)? / sin ((u — x) tan 0) (cos (x tan ) — cos ) dx
ut e
is negative. It is a standard calculation to verify that the integral is negative by consid-
ering the cases fﬁ <u< 7% and 0 <u < 7$'

2.3.2. Properties of the Laplace transform. In this section, we recall the approximations
for F' that we proved in [6]. Let F» be the Laplace transform of f”. Since f satisfies
(2.1), we have

f(0) | Fi(s)
2.19 F(s)=—=+ ——=.
(219) ()= 2+ 25
We take the real part of this and observe that

(2200 Flay) =

hg(0)n + H(z,y) where H(xz,y) =R (Fg(x—kzy)) .

x
22 + g2 (z +1iy)?
We recall two bounds on H, established in [6]:
Lemma 2.2. Let
d1(0) Y R
M(z) = / |hy (u)| e *“du and mg = max |hy(u)| = |hy(0)].
0 uE[O,dl(é))]

For any real numbers x and y, we have:

M (z/n)
(2.21) |H(z,y)| < W 2

If © > 0, then:
me 3

(2~22) |H(5571/)| < WU .
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2.4. Notation. Let ¢ be an integer larger than gy > 3 and let xy be a non-principal
primitive character of conductor q. The aim of this article is to locate the zeros of
L(s,x). We fix one zero, gg = Bo + i70. We can choose vy > 0, since the zeros of L(s, x)
are symmetric about the real line with those of L(s,%). We assume that gy satisfies
1 1
1- <Bo<1l-
5log (qmax (1, [y0])) Rlog (¢max (1, |yo]))

where R is a positive constant for which the zero-free region :

1
Rs>1—
* =7 Rilog (qmax(1, [S3])

is true. The result of McCurley in [7] allows us to commence with R = 9.645908801.

2.4.1. Introducing the variables n, o, tg and w. We set
1
n=1-0 = where 5 <r <R
rlog (gmax (1,70))

and
1

! Rlog (¢(4max(1,70) + o))’

where ty > 1 is a parameter that shall be chosen later. We chose o > 3y, so that all the
points o + ikvyg are on the right of the points Gy + ikvy. We have the bounds 0 < n < ng
and o > 0g, where

g =

1 1
(2.23) _ ) rToggo’ 1 — oo — J Floa@@ito) for any ~o > 0,
. T e T\ amire i >To > 1
r1og(qoTo)’ Rlog(q0(4To+to)) o =40 =1
Moreover, we put
-0 rlog (¢max(1,70)) 1 -0
w = = and wo = )
n Rlog (q(4max(1,70) + o)) Mo

The inequality w > wy comes from the fact that w is a function increasing with each
variable m = max(1, |yo|) > mo = max(1,Ty) and g > go. Note that wq lies in [0.01, 1].

2.4.2. Introducing the variables k and §. The motivation for introducing « and ¢ will be
given in section 7.2. The Proposition 7.4 also provides definitions for them. They depend
on 0, r, R and ¢ (however, the numerical values are rather stable). We now give some of
the properties they will have to satisfy:

(2.24) 0.25 < 5 < 0.45 and 0 < 6 < 1,
—1 -1
(2.25) (24 (-m+0)7") <k (6 +(-m+0)7") .

2.4.3. Condition for the choice of 6. In the next sections, the we will need to find a lower
bound for the difference:

a1F(o — Bo,0) — agF (o — 1,0).

Note that it depends only on a1, ag, w and € since it equals

d1(0)
/ (are™" —ag) ho(t)e**dt
0

We denote K (w,0) this integral.

Lemma 2.3. Let w; = 0.01 and wa = 1. The function K(w,0) increases with w in
[w1,wsa] when

0 €]r/2,1.899497[, ap = 10.91692658 and a; = 18.63362,

0 €]r/2,1.966320[,ap = 1 and a3 = 2.
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Proof. d(0) is increasing with §. We denote 6#; the point in |7 /2, 7[ such that, if 6 > 6,
then aje™ — ag is positive for all ¢ € [0,d;(61)] and is negative for all ¢ € [d1(61),d1(0)].
We have:

1=

1.724582  when ag = 10.91692658 and a; = 18.63362,
1.764719 when ag =1 and a1 = 2.

We deduce that the derivative 25 (w, ) is larger than
d1(61) di(6)
(2.26) / (are™" — ag) ho(t)te**dt + / (are™" — ag) ho(t)te*?dt.
0 d1(01)
By a GP-Pari calculation, we find the intervals for 6 in which (2.26) is positive. O

The numerical values of 0, ty,r, R, k,6 will be given in Tables 1 to 4.

2.4.4. Notation for the terms appearing in the explicit formula. We set:
D(s) = RF(s) — k RF(s+ ),

. 11—k 1 o+24it K oc+2+0+it
Difor ) =~ Etogr + Lpg (CEZEIY _ gy (24 2Lty

. 11—k q 1 o+ a+it K o+a+d+it
Dio it x) = 5~ log L+ R ) = 5 R (),

Dy(o +it) = H(o,t) — kH (o + 6,t)

+%/R§Rw(1+42iT)(H(af%,Tft> an(af%Jr&,Tft)dT,

Da(o +it, x) = % (H(o,t) — kH (o +6,1))

1 2a+ 1+ 2iT 1 1
+%/Raw(f) (H(o—§,T—t)—nH(o—§+5,T—t))dT.

We apply (2.2) and (2.3) to obtain respectively:
S(s) = f(0)D1(s) + D(s =1) = Y D(s —0) + Da(s),
0€Z(C)

S(£7X):f(0)D1(S7X)_ Z D(S_Q> +D2(S’X)'
0€Z(x)

3. CASE I: ZEROS OF LARGE IMAGINARY PART (|79| > 1) OR OF CHARACTER X WITH
LARGE ORDER (> 4).

The arguments that we are presenting in this section work for the three following
situations:
e Case I.A: L(s,x) satisfies GRH(Tp), that is to say v9 > Ty where Ty and ¢ take
the values listed in the table:

Ty q reference
10* 2,...,13,
2500 14,...,72,
73, ...,112 and not prime,
R. Rumely [9]
116,117,120, 121, 124, 125, 128,
132,140, 143, 144, 156, 163, 169,
180, 216, 243, 256, 360, 420, 432.
10% 73,...,347 and prime. M. Bennett [1]

Note that for 2 < ¢ < 113 and Ty > 2500, we have ¢Tp > 2 - 10%.
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e (Case I.B: ¢ > 114 and vy > 1,

e Case I.C: ¢ > 114, vy < 1 and the order of x is at least 4.
In each case, only the values of the implied parameters will change. The essential ingre-
dient in the argument is the positivity of

M’“

(31) %1 = aof(0)D a (D1 o + k0, X)) +

log —)
dk

4 4
+a9D(oc—1) — Zak Z D(o +ikyo —0) + Z ar D2 (0, X (k) )-
k=0 0€Z(X(k)) k=0
We will study each of the terms on the right hand side in sections 7, 8 and 9. We now
give an overview of the argument.
- The polar contribution of the Riemann zeta function at s = 1 gives rise to
agD(o —1). It occurs that o — 1+ § is far from the pole. Therefore
apD(o — 1) = ag(F(0 —1,0) — kF (0 — 1+ 6,0)) ~ agF (o — 1,0).

- The main contibution in the first line comes from the Di(o + ikvo, x(r)) When
k > 1. Since R (s) ~ log max(|s|, 1), we have that the fist line is equivalent to

4
Za < [log g + log max(vyp,1)] + ! ; r log q)
1 qk

= [(0)A=" log (gmax((70, 1))

- When k =1 and ¢ = 9o, F(o + ikyo — 0) = F(0 — f50,0). We isolate this term
from the sum over the zeros. Estimating the rest of the terms is delicate work
explained in section 7. We obtain

4
Zak Z D(U+ik70—g)2alﬁ(a_6070)-
k=0 0€Z(x())

- The last term D5 is negligible.

Lemma 3.1. For the values of the parameters 0,ty, r, R as listed in Table 1, we have the
inequalities:

0<% <

wmog (qmax(y0,1)) + aoF(o = 1,0) — a1 F'(o = £, 0).

We refer the reader to section 10 for the proof. We recall that alﬁ(a — B0,0) — aoﬁ(a —
1,0) = K(w, ). We choose the value of 6 as described in Lemma 2.3. Since w > wp, we
have
K(wva) > K(WOaa)

and
A(l - H)h@ (O)

2K(w07 6‘)
is an acceptable constant for the zero-free region. Note that we have the dependences:
k= K(19,00,0), wo = 1= ‘70 , o = no(r) and og = oo(R, tg). We refer the reader to section
10.2.2 for more details about the algorithm leading to the choice of 0, tg,r, R and to the
computation of Ry. We finally obtain:

(32) RO = RO (R7 T, tO? 9) =

Cases | 1.A 1.B 1.C
Ro 5.847 | 6.250 | 6.246
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4. Case II: ZEROS OF NOT TOO SMALL IMAGINARY PART (n < |y < 1) AND OF
CHARACTER Y OF ORDER LESS THAN 4.

We call Case II.A, the situation when the order of x is 4, Case II.B when it is
3 and Case II.C when x is real. Since the order is smaller than the degree of the
trigonometric polynomial, there exists some k& > 1 such that x* is principal. Thus
S(o + ikvo, xx) = S(o + ikvyo) provides a new contribution which arises from the pole
of zeta. In comparison with the Case I., we lose the contribution that was given by
ar D1 (o + kivo, xx) = ak(lf'"g#m) log (gxv0) 7. On the other hand, if we assume that g
is bounded away from 0, namely if

an < |yl <1,

where « is a positive constant, an = O (1/logq), then we gain a polar contribution
from arD(o — 1 + kivg) that balances our loss. Under this condition, Case IT becomes
analogous to Case I and we can establish:

Lemma 4.1. Let o, 0,tg,7, R take the values of Table 2. If an < |yo| < 1, then we have
the inequalities:

A(l - K)h@ (0)
2
We deduce the same definition (3.2) for Ry and we obtain

ngl S nlogq—l—aoﬁ‘(0,0)—alﬁ‘(l—ﬁo,O).

nlogg > Ry"
with

Cases | II.A II.B 11.C
« 2.6674 | 4.2748 | 7.9363
Ry 6.403 | 6.306 | 6.312

5. Case III: ZEROS OF SMALL IMAGINARY PART (|yo| < an) AND OF CHARACTER X OF
ORDER LESS THAN 4.

For technical convenience, we choose s on the real axis: s = 0. We now consider the
case when 7y is closer to the real axis and consequently closer to the pole of (. Moreover,
0o is moving closer to its conjugate. To consider these two zeros, we use the trigonometric
inequality for both x and . To avoid the problem of poles arising from some possible

(5.1) S(o + ikvo, xx) = S(o + ikvo),

we change the trigonometric polynomial such that its degree does not exceed the order
of the character, using the sums X5, 33, and 34 for orders respectively equal to 4, 3, and
2. Doing so, the situation (5.1) cannot occur and the problem becomes closely analogous
to the former cases. We end up with the sums

S(o) ~D(oc—1) ~ F(o —1,0),
S(o,x) = f(0)D1(o,x) — D(c — By — i0) =~ nlogq — F(o — By, om),

(1= r)he(0)
2

(1 = r)he(0)
2

S(0,x2)) ~ f(0)D1(0,x(2)) ~
Together with respectively (2.14), (2.15) and (2.16), we obtain:

nlog ga.

Lemma 5.1. Let a, 0,tg,7, R be as listed in Table 3. If 0 < |yo| < an, then
- Case III.A, when x is of order 4:

3(1 — k)he(0)
2

0<3;< nlogq+ F(o —1,0) — 2F (0 — (o, am).
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- Case III.B, when x is of order 3:
0< %3 < (1—k)he(0) nlogq+ F(o —1,0) — 2F (0 — By, an).
- Case III.C, when x is real:

(1 —r)he(0)
2

We deduce that nlogq > Ry ! with

— K d1(6)
(5.2) Ry = A = ©)ho(0) </0 e“'hy(t) (are™" cos(at) — ag) dt)

0<¥s < nlogq+ F(o —1,0) — 2F (0 — S, an).

-1

2
where ag =1, a3 =2 and A = 3,2 and 1 in cases III.A, III.B and III.C respectively.

Cases | III.A | III.B | II1.C
«@ 2.6674 | 4.2748 | 7.9363
Ro 6.404 6.299 6.069

6. Case IV.: CASE OF EXCEPTIONAL CHARACTERS.

It is widely expected that Dirichlet L-functions do not vanish on the real axis. Two
recent results numerically affirming this are due to Watkins (see [12]) and Chua (see [2])
who respectively show that for all odd characters x modulo ¢ < 300000000 and for all
even characters xy modulo ¢ < 200000, the L-functions L(s, x) do not vanish on the real
axis. We can then choose ¢ > gg = 200000. Let (; and (5 be two real zeros such that
1/2 < By < B1 <1and weset 1 — [y =n.

6.1. Case IV.A: two real zeros associated to one real character. In this section
we present the principal ideas of the proof of theorem 1.2. We use the trigonometric sum
¥4 =5(0)+ S(o, x) and isolate the two zeros 81 and (B of L(s, x) in the sum S(o, x):

F(o = 1,0) + F(o — $2,0) > 2F (0 — f32,0).
We establish together with (2.16):

Lemma 6.1. For the values of the parameters 0,tg,r, R as listed in Table 4, we have:

(1 = r)he(0)
2

0<5, < nlogq+ F(o —1,0) — 2F (0 — (32,0).
We deduce that (1 — fz)logq > Ry' where R;’s definition is given by (3.2) with
ag =1, a1 =2, A= 1. We obtain
Ry =1.098.

6.2. Case IV.B: two real zeros associated to two real characters. In this section,
we give the main lemma that induces Theorem 1.3. We isolate each zero 51 and (5 of
L(s,x1) and L(s, x2) in the sums S(o, x1) and S(o, x2) appearing in

Y5 = S8(0) +5(0,x1) + 5(0, x2) + 5(0, x1x2)
and together with (2.17), we obtain:

Lemma 6.2. For the values of the parameters 0, r, tg, k and & as listed in Table 4, we
have:
0<X5<(1-k)he(0) nlog(qrgz) + F(oc —1,0) — 2F (0 — (33,0).
We deduce (1 — 32)log(q1q2) > R ', where Ry’s definition is given by (3.2) with
ap=1,a; =2, A=2. We find
Ry = 2.042.
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7. STUDY OF THE SUM OVER THE ZEROS.

In this section we fix the values of the parameters «, § and t5. We need to study sums
over zeros of the type:

S= Z D(o +ikyo — 0)
0€Z(X')
where Y’ is a primitive character associated to ¢ and where 0 < k < 4. In particular,
we will see in the next two following lemmas that in the case where X’ is the primitive
character x:
S= Z D(o + ikyo — 0) ~ RF (0 — By), when k=1
0€Z(x)
and S = Z D(o + ikyo — 0) =~ RF (0 — 0p), when k = 0.
0€Z(x)

Otherwise, we will show that S is a negligible term.

7.1. Analysis of the principal term.

Lemma 7.1.
D(o — fo) + D(o — 1+ Bo) > F(o — $o,0) — s1(1),

with s1(n) = — {1 -k ((15 + Uo_lwsﬂ he(0)n

1= (5 o) o
-1kl s+ .
3 (oo —mo +6)3 o

This was established in section 4.3.1 of [6].

Lemma 7.2. Let a satisfy 0 < a < #@. If 0 < vy < an, then

D(o — By —iv0) + D(o — 14 o —io) > F(o — Bo, am) — s1(n)

wmlﬂoﬂ:mm)(‘m_lm il il )n

_1+OZ2778 00—1+(5+0'0—1/2+(5

_ 1 n K n K 3
MO\ =172 T (oo —1+03 (oo—1/2+0)3)""

Proof. Since adi(0) < m, then cos(yot/n) is a decreasing function of vy and F(o —
Bosv0) = F(o — Bo,am). We use (2.22) to estimate F'(o — 1+ (o,7%0), F'(0 — Bo + 6,7%)

and F(o — 1+ By + d,70). O

7.2. Study of the remainder term. We now give a lower bound for S. First, we
rewrite the sum by applying the symmetry of the zeros so that both o and 1 — g appear:

S= Y D(o—1/2+i(ky — 7))
B=1/2

+ > [Dlo =B +ilkro =) + Dlo =1+ B+ ilkro - )]
B>1/2

where the sums are taken over the non-trivial zeros 3+ 47y of L(s, x’). When [S's] is large
enough, we can approximate F'(s) using (2.19):

(1) P = 10 ().

S
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As a consequence, we expect that, for |kyg — | large enough, the summand D(c — 8 +
i(kvo — 7))+ D(oc — 14 8+ i(kvy — 7)) will behave like

1 1
(7.2) f(O)SRKO_BH-(k%_w Jra—l-l—ﬁ—f-i(k’YO—’Y))

1 1
- H<0+5—B+i(k%—v)+0+5—1+5+i(k70—7))]'

This sort of inequality has previously been studied:

1+ VIt do?
Lemma 7.3 (Stechkin - [11]). If 3 € [3,1], >0, 0 > 1 and 7 = % then

(L R S F UV S S P
c—fB+iy o—1+08+1y VE \t—0+4iy T-—1+pB+iy/
At p. 326 of [6], we generalized this to the case where F is the Laplace transform of a

smooth function satisfying (7.1) and (2.18) and in particular in the case of the function
we chose in section 2.3:

Proposition 7.4. If 3 € [3,0], y >0 and o > oq with 0y < 1, then
D(oc— B +iy)+D(c — 1+ [ +iy) >0,

as soon as 0 < k < min (ka(9),k2(0)) and 6 > 6(0,r), where 6(0,r) is the solution in
[0,1] of the equation k() = k3(d), with

(200 — 1)hg(0) — meng /(200 — 1)
(26 + Dho(0) + (% + zortres ) mond
(200 — 1)ho(0) — meng /(200 — 1)

(5 + roeaye ) ho0) + mom (35 + oreaye)

We call k = (0,7, R, q) the corresponding value of ko at §: k = ka(d) = Kk3(9).

,‘ig((S) =

)

r3(6) =

Remark. The approximation: oo = 1 + O(7no) implies the following approximate
values for k and 0:

1 11\
Ko(6) = (DY + O(1o) and r3(8) = <5 + 1—|—5> + O(no)-
Thus 6 is roughly the solution of the equation
1 1
1426=>+——
A R

V5—1
2

The proposition 7.4 and the bounds

and we see that § ~

, K % and 0460 ~ @ ~ T are close to Stechkin’s results.

1 1
1-— <o<p<1-—
Rlog (a (oo 1)) ~° =7 =1 Rioglgmax (1, 1))
imply that:
(7.3) S> Z [D(a—ﬂ+i(k70 —9)+D(c—1+ B+ i(kyo —'y))]
0€Z(x’)
[v1>kv0+t0

To find a lower bound for this sum, we need an explicit estimate for the number of
non-trivial zeros of L(s,x) with bounded imaginary part:
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Lemma 7.5 (McCurley - [8]). Let 0 < € < 1/2, T > 1 and X' be a primitive non-
principal character modulo q. Let N(T,x') be the number of zeros of L(s,x’) in the
rectangle 0 < Rs < 1, |Ss| < T, then:

T T
N(T,x') - P log (2qm> ’ < C1log(qT) + Cy,

O = 125 €y = 0.3058 — 0.268¢ + 10680+ 210802129 4 2160 (3/2 4 2¢) .

7log 2’ log 2 log 2

Choosing € = 1/2, we obtain a good estimate of N for not too large values of T":

N2(T7q) S N(T7X/) S Nl(Tvq)7
T qT T qT
N(T,q) = P log Ime + ¢11og(qT) 4 c2, No(T,q) = p log ome c11og(qT) — ca,
with ¢ = 0.91845, ¢, = 5.36927.

Lemma 7.6. For any primitive non-principal character x' associated to q, t > 0 and t
a positive integer, we have:

1
E(ta th X/) = Z ('Y — t)2 S wl(tO) IOg (q(t + 1)) + wQ(tO)a
0€Z(x")
[v|>t+to
1
wy (to) = <7r + 261) Z n=?,
n>to
1 1
wa(ty) = <7r + 201> Z n? logn + (201 log2 + 2¢ — oiﬂ) Z n”2.
n>to n>to

Proof. We split [t + tg, +o00[ into intervals of length 1:

St tox) = > 7_125)2.

n>0 t+to+n<|y|<t+to+n+1

Since |y| >t + to, then (|y| —¢)? < (y — t)? and we bound each inner sum:

Z 1 <N(t+t0+n+l,x')—N(t—i—to—i—n,x')
(y=12"~ (n +to)?

(7.4)

)

t+to+n<|y|<t+to+n+1
where, according to Lemma 7.5,
1
N(t+to+n+1,X) = N(t+to+n,x) < <7T +261> log(to +n)

1 lo
+ (ﬁ + 201> log(q(t + 1)) + 2c1 log 2 + 2¢ — iﬂ-

This combines with (7.4) to provide the announced bound for (¢, to, x'). O

In order to compute w1 (o), we use the identity

to—1
> to+n)=¢@2)- > n?
n>0 n=1
and a similar identity for ws(tp).
We use the last lemma to estimate n%(kvo, to, X'):
wi (to) wa(to) _
+ when k =0,
(75) nz(k’)/()a t07 X/) S 5O(ka tO) = r lo Tlog]ggy})Yol) w
wlto) BT + ey when k> 1,

where Yy = Tp when g > To > 1 and Yy = 1 when 79 < 1. We are now prepared to
bound the sum S:
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Lemma 7.7. Let k and § be defined as in proposition 7.4. Let ty such that

_t521+1 + k(204 1) <0. Then S > —sy(k, to,n), with

sk, to,m) = K (1 + t022+1 4 % (ﬁ(26+ 1) — 15021+1)> o 0)

1+ 2k

m9772]50(k,t0).
Proof. We need to find a lower bound fo~r each term D appearing in the sum of (7.3).
We use (2.20) and Lemma 2.2 to bound F'(s) and obtain

1 1
(a—ﬂJri(k'yOf'y) +071+5+i(k’)’0*7)

(7.6) S=>nhe(0) Y

0€Z(x")
[v[=kvo+to

K K
S o—pB+d+i(ky—7) _U—1+ﬂ+5+i(k70—’7))

= > (M =8k =)+ Ho = 1+ 8,k — )]

0€Z(x")
[v[=kvo+to

+ & [H(o = 8+06,k10 = 7)| + & |[H(o =1+ B+ 6,k =) ).
We bound each component

1 1
- + -
c—F+ilkyv—7) oc—-1+8+i(kyo—")

(7.7) SR(

K K
- B+0+i(ky—7) _a—1+ﬁ—|—(5+i(k’yo—7))
1 20 —1

> o= )2 (—(1 —o)+ 7%2 1 k(28 + 1))

> U <1+ 2 +( L (25+1)> 1)
_ _ K =),
= (ko —n)? to2+1 to+1 o

ﬁ + k(25 + 1) is negative, n < 19 and w < 1.
0
We use lemma 2.2 to treat the second sum. We use (2.21) and the fact that

g8 > _1-0 > _ T {4 obtain
n n R

since for ty large enough, —

M(-r/R) ,
(7 — k0)?
Fore=0—-1+8,0—0+dand o — 1+ B+, (2.22) implies

(7.8) |H (o — B,kv0 —7)| <

me 773
(00 —1/2) (v — ko)

We reinsert the inequalities (7.7), (7.8) and (7.9) in (7.6) and we use (7.5) to bound the
factor

(7.9) |H(z, kvo — )| <

1
n

[v|>kv0+to (k'}/o - 7)

8. STUDY OF D(0 — 1 + ikv).
We already studied
D(o—1)=F(6 —1,0) — k F(c — 1+ 6,0)
in section 4.3 of [6] and established:
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Lemma 8.1.
hg(0)k meK 3

D(o—-1) SF(U—LO)‘FPO(??)» with po(n) = — S n+ (00_1+5)377 .

We now study F(o — 1, kvo) when 7 is not too small, at least not in comparison to
n=1-fo.

1 [2rM(—
Lemma 8.2. Letk > 1 and a > k\/% —wi. If an < vy < 1, then:

(1 —rK)hg(0)

D(o — 1+ iky) < .

nlogq.
Proof. Tt follows from lemma 2.2 that
M (—w)
w? + (kvo/n)?
and the result follows from wy < w < r/R and the fact that M is decreasing. O

D(o —1+iky) < F(o —1,ky) < |[H(o — 1, k)| <

9. STUDY OF Dy AND Ds.

9.1. Approximating R¢. We denote A(z,y) = §R¢(g + z%) —K ?sz(

T z1+ 6 ! 1
7“1(330,331791):—’7(1—/6)—2( 0 K ! )-f—(l—li)zn

+yd (w0t 0t}

n=1
i( 4n + 2x¢ . 4n + 221 + 26 > xl—i—liﬁxo—kd
—\@Cnta1)? +yi (2n+xo + 0)? + 3 21 3
11—k (z1 4 6)? 1 y1 | K Y1
- ] 1) + — arctan 2 + £ arct
ro(Zo,1,Y1) 5 og< 0 + +y1 arctan . +y1 arctan eyl
r3(zo, x )—1<1+ il )—I—l(xz—l—/i(m +6)?)
3(Z0,T1,Y1) = 3y1 o x0+(5 2y% 1 1 .
Lemma 9.1. Leta=0or1l andT > 0. Then:
1 T
(9.1) 'm (;+4+i2)‘ < U(T) = log (6 (T +12)).
Let 6 € [0,1], k € [0,z/(x + )], 0 <y} <1=100,0 < zo <z <1 <y1. Then:
(9.2) Az, y) < ri(xo, z1,91), if 0 <[yl <,
03 Ay <1 m)lor Dt minra )0, mm). i bl > o

To prove this, we will use
e the fact that %1&(% + z%) is increasing with v,
e Stirling’s formula:
—+oo

T .y 2z 1 2(2n + x)
0 me(Tail) =g 2 SS(L 2enea)
(94) w2+12 7 x2+y2+nz_:1(n (2n + )% + y?
e the identity:

z+iy 1 z? + y? x Ty — [u] - 1/2
) e (BE) g (Y2 g iy,
( ) 9 2 4 2 0 (u+x_gzy)2

with the estimate for the integral:

Ty — [u] - 1/2
R[

(=5
2

1
< —arctan (g) .
Y x
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e One deduces from it:

x4+ 1y Y 1 z2
M( ) (logH x2+y>’§3x|y|+2y2'

Proof of (9.1). For |T| < 3/2, we have that
2 1 T 2 1 3
m( ot +i2> <ﬂw( et +i).

(9.6)

4 4

It is negative and then ‘?Rzp (22t 4 z%)’ = —Ry (22H + z%) We use (9.4) and bound
this last term with

—+o00

2a+1
v+ n(2n + 2a+1) < log 72.
For |T| < 3/2, we use (9.6):
1+2 T T 4 1
‘%w( * a+¢2>‘§’ | |‘ S+ 5y Slog(6(T+12)),

which concludes the proof of (9.1).

Proof of (9.2). When 0 <y < y:
1)
A < o (5 +i%8) oo (157)).

We use the formula given by (9.4) for Ry and we truncate the sums after ! terms. We
bound the sums using the fact that xo < x < x; and that

5 1 22n+ta) oy 12 _ml
n  (2n+ )% +y? n 2n+axz+1 21

n>l n>l
‘o\n 2ntax+4d) 3l ’

Proof of (9.3). We deduce from (9.5) and (9.6) respectively that
lyl x x+46
7)) A 1 -
(90.7) Alz,y) = (1= r)log =7 2 x2 +y? R(m+5)2+y2

1- 5)? 1
+ " log (z +9) + 1) + — arctan (Q) + E arctan L
2 Y2 Yy T Yy x+9

and

(9.8) A(x,y)ﬁ(l—m)log'm—i—l(l-i-li ! >+ ; (2® + K(z +6)%).

2 3y r+0
Note that # < —— implies —— 240 > 0. Together with y; < y and
impli - T wi n
e e B T ar Rl setier Wi =¥
0<xzo<z<x <y, (9.7) and (9.8) imply the boundb ro and r3 respectively. O

9.2. Study of D;. Let Yy > 1. We introduce

—K K g —K rilo ,3.k
00:—1710g7r+%1/1(%)—52/1(07+6+1), Uﬂk)z—%logw—i—%,
vy = —“T”logw + %Qb(l) — 5 ”0;6

v3(k, Yy) = 1—?& log% + mln(r277“3)2(<7072,kyo)7 va(k) = _I—TH log 7 + T1(0%72,k).

)
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Lemma 9.2. Letog <o <1 and k > 1, then

(9.9) D1 (o) < vy,

(9.10) Dy (o +ikyo) < v1(k) if 0 <0 <1,

(9.11) Di(0, x(xy) <~ log i + 03,

(9.12) D1 (o + ik, X(x)) < ! g " log (gr0) + v3(k, o), if 70 > Yo > 1,
(9.13) Di(o + k0, x(y) < - S og gk + va(k), if0 <90 < 1.

Proof. Since 1 is an increasing function of the real variable:
— 1 )
Hlogw—l—id} (;) —*111(004_ —|—1>

— K
ogm+ Ju(1) 2o

Dl(O') S —

00—1—5)

—K 1
and D1 (0, X(x)) < log qi —

This gives (9.9) and (9.11) respectively.
Now, let & > 1. We obtain (9.10) by using (9.2) with z9 = 09 +2, 21 = 3 and y =
Yo > y1 = kYy. We obtain (9.12) and (9. y using respectively xg = o9, 1 = 2,
kvo > kYy. We obtain (9.12 d (9.13) b i ivel 2
y=kyo >y = kY in (9.2) and 29 = 09, 1 =2, y = kyo < y1 = k in (9.3). O
9.3. Study of D,. We define
— 3 1 K 2 m 1 K
mo(n) =n"mgy <E + (00+5)3) +n Tlog(gf)lfrag (UTQ) + (00+0)7 + 1+ H) )
_ 3m 1 K ’m 1 K
() = T3 (4 ) + st (5 + G FLER).
_n°m 1 K n>mepa
w2() = L3 (g + ki) + it (35 + e+
Lemma 9.3. Let k> 1 and Yy > 1.

(9.14) Dy (o) and Ds(o + ikvyy) < wo(n) when 0 < v < 1,
(9.15) Ds(o, X(k)) and Do(0 + ik’yo,x(k)) < toy(n) when 0 <~y < 1,
(9.16) Dy (0 + ikyo, X(x)) < 102(n) when yo > Yy > 1.

Proof. We use (2.22) to bound |H|. Then
|H (0, ko) — kH (0 + 6, ko)

1 K
< mgn? ( + > :
"\ oo@F + (710)?) " (00 +0)((00 +9)” + (k70)?)
We have that, when k =0 or (k> 1and 0 <~ < 1):
1 K
9.17 H(o,ky) — kH 0,k < =4+ ——
( ) | (Uv 70) K (UJF s fYO)| = M) (0_8 + (0.0+6)3>7
and when v9 > Yy > 1:
. 1 K
9.18 H(o, ko) — kH (o + 6, kv0)| < man® :
( ) ‘ (07 70) K (U+ ) 70)‘ = mem <0’0(kY0)2 + (UO _;'_6)(]{%)2)
For the term in the integral, we have
3
men . 1 1

H,Tk:‘ th 29=0— =0 — = +4.

‘ (wo ’70) _ﬂco mo (T k%)) w1 ty) g 20 2—|—
We use (9.1) to bound the t-term and we obtain:

1 2 1 T
[ o “+ i V|1 (@, T = ko) dT
o 2

<P ﬂ/ ECICO N ? me/+oo IO T
= 2w Jga2+ (T —ky)?2 ~ — 7 wmx o a2+ (T —ky)?
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The second follows from U being even and increasing with the positive reals. We now

prove that
Foo U(T) 1
I:= ——dT=0| -
| mwamr=o(3)

We study seperately the cases when 7 is small or not.

e When 0 < vy < 1, then (T — kvp)? > T? and we obtain

1 “+oo
U(T +4) U(T +4) »m 1
I< | 228 dT < —+1

_/0 x? +/1 12 = rlog(qo)n \ 2 )

where p; := 4.803 > f1+oo %d T. Together with (9.17), it gives (9.14) and
(9.15).
e When v9 > Yy > 1, then we bound the integral with

kyo—1 U(T) “+o0 U(T) 1 kyo+1
7dT+/ ———dT + — UTdT.
/0 (T — ko)? kvo+1 (T — kvo)? x? kyo—1 )

We compute each term and find that the integrals Ok'yo_l + 1:'_7 C:jrl and |, :%Ojll

are both bounded with 21log(6(kvo + 13)). We obtain:

]<1<1+1)p2’
/) 2 ) r

where po := 2.404 > W. Together with (9.18), it gives (9.16).

10. SOME COMPLEMENTARY PROOFS

10.1. Proof of inequality (2.8). We define

1 K
10.1 = = _
(10.1) cp(0) = ¢p(o, K, 0) 1 T
1—=x
(10.2) Cp(o) :=ap+ > ak( 5 cp(o) ™ — 1>~
2<k<4
plak

We assume that the a;’s take the values listed in section 2.2.

Lemma 10.1. Let 0.25 < k < 0.45, 0 <1l ando >09>1— m%gu' If

(10.3) (1og2)h9(0)(a002(1)+ ) ak<1;“02(ao))>

2<k<4
h 1
+ (10g3)w (1 - 5)03(00) >0,

then

1—=x

(10.4) 5

4 4
£(0)> " axlog (qqk) + > axS(o + ikyo, Xy — X*) > 0.
k=1 k=0

The condition (10.3) will be true for the values of 6,tg,r, R chosen in Table 1 to 4.
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Proof. We use the same proof as in pp 404—405 of [9]. We input the definition of S(s, x)
in the sum appearing in (10.4). The left term equals

4
1—
(10.5) f(mlogp) (1—%)+Zak<nf(0)logq
P — 2 Ik
plg k=2
m>1
(™) (logp)f(mlogp) K
+ Z §R( imk~yo ) pme 1_W !
p\q p’qu

For k > 2, we use the inequalities:

X(k)(pm)> q 1 f(mlogp) ( K )
R (AEAE V) s g jog L > logp, f(0)> 1— .
( pimk’yo = &) qr Z gp f( ) Cp(O’) Z pmo p7n5

plg,plak m>1

We deduce from them the lower bound for (10.5):

(10.6) S logp Y it mlogp < pfl5> <ao—|—2<z:k<4ak (;%é - 1>)

plg m>1

plax
It is immediate to see that c, (0o, &, §) increases as § increases and decreases as k increases.
Also it decreases as p or o increases. The derivatives are

acgz()a) T - 1)2((779”5 —yz (077 = 1) = (o + 0 (07— 1)%)
dcp(o 1 i o 2 o 2
a((f ) s g;g(?,ﬁ(; e (7 = 1) = sp’(p° = 1)%),
< - oz p)p (™ = 1) = k(o +0)p° (" —1)%).

(p7 —1)2(p7t° — 1)
Since p > 2, 0.25 < k < 0.45, § <1 and 0.9 < o < 1, then
o(p" = 1) = k(o +0)p°(p” = 1)> > 0.9(p"* - 1)> - 0.85p""(p — 1) > 0
and the negativity of the derivatives follows. We obtain the numerical bounds:
1— « 17045 —-0.7336  if p=2,

(10.7) 1> —1>{ 04890 ifp=3,
2¢,(0, K, 9) 2¢p(1 = 510g 15,0.25,1) 00278 ifp>5

which gives, considering all possible values of the a;’s:
—1.6639 ifp =2,
(10.8) Cp(o) > < 0.5110 if p=3,
0.9722 if p > 5.
Note that if ¢ is not a prime power, then (10.6) does not vanish. Also, in the case where
the smallest prime dividing ¢ is larger than 3, then it is clear from (10.8) that (10.6) is

positive. Considering that ¢ is a composite numbers with divisors p = 2 and any other
prime p > 3, we have the lower bound

(mlog2
(10.9) log2zf me )<1 2m6)62()

m>1
f mlog 3) K
+ log 3 Z 3mo 3m5 03 (J)

m>1

> n(log 2)ho (0)ex()Cal >+n<log3>h9<"§i°g3>(1“)cg<a>.
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We find the bound (10.3) by using the inequalities f(mlog2) < f(0) = nhe(0), f(mlog3) =
nhe(nmlog3) > nhge(nolog3d), c2(1) < ca(o) < c2(00), Cs(o) > Cs(op) > 0 and
1—-x
= — =1 . (I
Cy(o) =ap+ Z ak(262(0) ) <0
2<k<4
2tqk

10.2. Proof of lemmas 3.1, 4.1, 5.1, 6.1 and 6.2. We provide here only the proof of
lemma 3.1 since the arguments for the other lemmas are just variants of this one. The
trigonometric sum is:

¥1=-6+P+T+,
where the right terms are respectively given by the sum over the zeros, D(o — 1 + ikvo),
D1 and Ds:
4
S=a(Do—fo)+Dlo—-1+6)+> e S Dlo+iky— o).
k=0 0€Z(x(x))\{00,1—00}

4
= aOf(O)Dl(U) + f(o) Zak (Dl(O' + ik’yO7 X(k)) + 1 ; K log qqk> ,
k=1 7

4
P=aD(oc—1), W= ax (Da(o + ko, X(k))) -

k=0

We studied them in sections 7, 8 and 9 respectively. More precisely, we use

lemma 7.1 and lemma 7.7,

- lemma 8.1,

- the inequalities (9.9) when k& = 0 and (9.12) otherwise,
- lemma 9.3

and they give respectively:
S > a1F (0 — fo,0) —s(n), 5

3 (n)=a
P <aoF (o —1,0)+p(n), p(n) = aopo(n),
g < A= O ) 1og(gmax(y0, 1)) + v(n), v(n) = (aovo + 5, arvs(k, To))he(0)n,
20 < (), 1o (n) = agrog(n) + Arz(n).
‘We deduce that
¥ < th(())nlog(q max (7o, 1)) + agF (o — 1,0) — a1 F(o — Bo,0) + e(n),

2
where e(n) is an error term:
e(n) = s(n) +p(n) +o(n) + w(n).
Note that it is a polynomial of degree 3 that can be written
a1 (to)n + az(to)n® + azn’.
We achieve the proof with the following argument:
Lemma 10.2. If a1 (tg) < 0 and e(no) < 0, then for every n € [0,m0], we have e(n) < 0.

Proof. Since a1(tg) < 0 and asz(tp) > 0, then aj(tg) + aa(to)n + azn? possesses two
distinct real roots of opposite signs. The lemma follows from the observation that, for
1 > 0, e(n) is negative up to the positive root and then positive. O

We conclude the proof of Lemma 3.1 by choosing the values of the parameters 0, r, R, tg
so that the conditions of the lemma 10.2 are satisfied. We justify now that there exist
values of to for which aq (o) < 0.
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10.2.1. About the choice of tg. The term ay(tg)n comes from the sum over the zeros
studied in lemmas 7.1 and 7.7. Its definition is

Y R W ) P
+ iakso(k,to) [(1 + t022+1 +% (K(25+ 1) - t021+ 1)) he(0) + M (—;)]

k=0
4
he(0)k
_ ao# + (aobo + ;akbf)(k’To)) ho(0)

where log ¢
ogty

ktg) Y —————.

50( ) 0) torlog(qOYo)

We impose in Lemma 7.7 that (2§ + 1) — t5;+1 > 0. Then there exists a positive
constant C such that
ar(ty) ~ —ay [1 - ﬁ} ho(0) + C 18T
) to
When t; is large enough, the left term becomes negative. Therefore, it is possible to find
to such that

(10.10) K20+ 1) — —
0
On the other hand, Ry appears to increase with tg since it splits in two factors depending

on tg. They contain respectively

1
——— >0and to) < 0.
2+1_ 1 al(o)_

- K(wp,0)~" that increases with t¢, since K (w, ) increases with w which decreases
with t07
- 1 — k that decreases very slowly with oy and therefore with ¢g.

This observation forces us to take the smallest value for ¢ satisfying (10.10).

10.2.2. Description of the algorithm computing Ry = Ro(0,r,10).
(1) We vary the value of § with a precision of 10~ in the interval described in Lemma
2.3.
(2) We set to = 1 and vary the values of r with a precision of 1074 in [5, R]. We
choose the largest r such that Ry (6,r,1) satisfies r < Ry < 7 + 1073, This gives
a provisional 7.
(3) We choose tg to be the smallest integer value such that (2.24), (2.25), Lemma
10.1 and 10.2 are true.
(4) With this value of tg, we obtain a final value for r (obtained as described in step
(2))-
We repeat this process replacing the value R associated to the old zero-free region, by
the value obtained for Rg. We stop when the value of Ry stabilizes (here we ask for a
precision of three digits).
As an example, for § = 1.8422, r = 6.052, tg = 21, we find x > 0.4351 and § < 0.6221,
e(no) < —1.8026 < 0 and we obtain Ry < 6.0523.
Then, we repeat this process until we find Ry = 5.8466.
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TABLE 1
Step [ [ [ to R [ r [ K [ 4 [ e(no) [ wo Ry
Case I.A
1 [ 1.84227] 21 [ 9.6460 | 6.052 [ 0.4351 [ 0.6221 [ -1.8026 | 0.5504 [ 6.0523
2 [ 1.8511 | 49 | 6.0523 | 5.862 | 0.4296 | 0.6238 | -0.9893 | 0.8495 | 5.8622
3 [1.8500 [ 48 [ 5.8622 [ 5.847 | 0.4291 | 0.6239 | -0.0384 | 0.8748 | 5.8477
4 | 1.8499 [ 49 | 5.8477 | 5.846 [ 0.4290 [ 0.6240 | -0.0001 [ 0.8769 | 5.8466
Case 1.B
1 [ 1.8311 [ 134 [ 9.6460 | 6.402 [ 0.4246 [ 0.6262 [ -0.29 [ 0.3253 [ 6.4029
2 [ 1.8422 | 229 | 6.4029 | 6.286 | 0.4206 | 0.6273 | -1.02 | 0.4565 | 6.2863
3 [ 1.8533 [ 223 [ 6.2863 [ 6.255 | 0.4212 | 0.6271 | -0.63 | 0.4638 | 6.2552
4 [1.8622 [ 216 [ 6.2552 [ 6.250 | 0.4218 | 0.6278 | -0.23 | 0.4672 | 6.2504
5 [ 1.8611 | 217 | 6.2504 | 6.249 | 0.4217 [ 0.6279 | -0.39 | 0.4673 | 6.2499
Case 1.C
1 [ 1.8311 [ 106 | 9.6460 | 6.398 [ 0.4243 [ 0.6263 [ -0.34 [ 0.3329 [ 6.3992
2 [ 1.8422 | 183 | 6.3992 | 6.281 | 0.4203 [ 0.6275 | -1.35 | 0.4664 | 6.2818
3 [1.8533 [ 178 [ 6.2818 [ 6.250 | 0.4208 | 0.6272 | -0.64 | 0.4741 | 6.2509
4 [1.8622 [ 172 [ 6.2509 [ 6.246 | 0.4214 | 0.6270 | -0.32 | 0.4778 | 6.2463
5 [1.8602 | 173 | 6.2463 | 6.245 | 0.4214 [ 0.6270 | -0.48 | 0.4778 | 6.2455
TABLE 2
« [ 0 [ to [ R [ r [ K [ 4 [ e(no) [ wo [ Ro
Case II.A
2.6674 | 1.8937 [ 36 [ 9.6460 [ 6.4020 | 0.4277 [ 0.6248 [ -0.11 [ 0.3732 [ 6.4028
Case 11.B
4.2748 | 1.8714 [ 48 | 9.6460 [ 6.3050 | 0.4265 [ 0.6253 | -0.18 [ 0.3564 | 6.3057
Case 11.C
7.9363 | 1.8500 | 62 [ 9.6460 [ 6.3100 | 0.4251 [ 0.6259 [ -0.80 | 0.3472 [ 6.3116

TABLE 3

[0}

[ 6

[ to

| R [ r | & [ 6 TJem)] wo [ Ro

Case III.A

2.6674 [ 1.7501 | 192

[ 9.6460 [ 6.4030 | 0.4098 [ 0.6321 | -0.05 [ 0.3140 [ 6.4033

Case II1.B

4.2748 [ 1.7000 | 104

[ 9.6460 [ 6.2980 [ 0.3819 [ 0.6426 [ -0.10 | 0.3284 [ 6.2985

Case II1.C

7.9363 [ 1.6500 | 75

[ 9.6460 [ 6.0680 | 0.2947 [ 0.6731 | -0.29 [ 0.3273 [ 6.0684

TABLE 4
Step [ [ [ to [ R [ r [ K [ é [ e(no) [ wo [ Ry
Case IV.A
1 1.9300 | 24 | 1.6130 | 1.1040 | 0.3813 | 0.6410 | -0.035 | 0.5377 | 1.1049
2 1.9289 | 115 | 1.1049 | 1.0970 | 0.3676 | 0.6457 | -0.031 | 0.7135 | 1.0977
3 1.9289 | 117 | 1.0977 | 1.0970 | 0.3673 | 0.6458 | -0.029 | 0.7175 | 1.0975
Case IV.B
1 1.9211 | 13 | 3.2219 | 2.0800 | 0.4182 | 0.6279 | -0.0001 | 0.5240 | 2.0809
2 1.9202 79 | 2.0809 | 2.0430 | 0.4095 | 0.6307 | -0.0411 | 0.7209 | 2.0432
3 1.9211 82 | 2.0432 | 2.0410 | 0.4091 | 0.6308 | -0.0241 | 0.7319 | 2.0412
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