ON THE ASYMPTOTIC ENUMERATION OF CAYLEY GRAPHS

JOY MORRIS, MARIAPIA MOSCATIELLO, AND PABLO SPIGA

ABSTRACT. In this paper we are interested in the asymptotic enumeration of Cayley graphs. It has previously been shown
that almost every Cayley digraph has the smallest possible automorphism group: that is, it is a digraphical regular rep-
resentation (DRR). In this paper, we approach the corresponding question for undirected Cayley graphs. The situation is
complicated by the fact that there are two infinite families of groups that do not admit any graphical regular representation
(GRR).

The strategy for digraphs involved analysing separately the cases where the regular group R has a nontrivial proper
normal subgroup N with the property that the automorphism group of the digraph fixes each N-coset setwise, and the cases
where it does not. In this paper, we deal with undirected graphs in the case where the regular group has such a nontrivial
proper normal subgroup.

In memory of Carlo Casolo: a dear good friend

1. INTRODUCTION

We consider only finite groups and graphs in this paper. A graph T' is an ordered pair (V, E) with V a finite non-
empty set of vertices, and F a set of unordered pairs from V', representing the edges. An automorphism of a graph is a
permutation on V' that preserves the set E.

Definition 1.1. Let R be a group and S = S~! an inverse-closed subset of R. The Cayley graph T'(R,S) is the graph
with V = R and {r,t} € E if and only if tr— € S.

The problem of finding graphical regular representations (GRRs) for groups has a long history. Mathematicians have
studied graphs with specified automorphism groups at least as far back as the 1930s, and in the 1970s there were many
papers devoted to the topic of finding GRRs (see for example [2, 9, 10, 11, 12, 18, 19, 20, 23]), although the “GRR”
terminology was coined somewhat later.

Definition 1.2. A graphical regular representation (GRR) for a group R is a graph whose full automorphism group is
the group R acting reqularly on the vertices of the graph.

It is an easy observation that when T'(R, S) is a Cayley graph, the group R acts regularly on the vertices as a group of
graph automorphisms. A GRR for R is therefore a Cayley graph on R that admits no other automorphisms.

The main thrust of much of the work through the 1970s was to determine which groups admit GRRs. This question
was ultimately answered by Godsil in [7].

Theorem 1.3 (Godsil, [7]). A group has a graphical reqular representation if and only if it is not one of:

e a generalised dicyclic group (see Definition 1.9);
e an abelian group of exponent greater than 2; or
e one of 13 small groups (of order at most 32).

A corresponding result for DRRs by Babai was much simpler, requiring no excluded families and finding only 5
exceptional small groups.
Babai and Godsil made the following conjecture.

Conjecture 1.4 ([3]; Conjecture 3.13, [8]). If R is not generalised dicyclic or abelian of exponent greater than 2, then for
almost all inverse-closed subsets S of R, I'(R,S) is a GRR.
The details of this conjecture are somewhat imprecise; we are interested in the following more specific formulation:
{S S R:Au(I(R,S)) = R}
2T
From Godsil’s theorem, as r — oo, the condition “R admits a GRR” is equivalent to “R is neither a generalised dicyclic
group, nor abelian of exponent greater than 2.”

lim min
7—> 00

: R admits a GRR and |R| = 7‘} =1
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The corresponding result for Cayley digraphs (which does not require any families of groups to be excluded) was proved
by the first and third authors in [16].

The strategy used in [16] (which was based on previous work in [3] by Babai and Godsil) to prove that almost every
Cayley digraph is a DRR, involved three major pieces. One piece was to show that there are not many Cayley digraphs
admitting digraph automorphisms that are also group automorphisms. A second piece of the proof involved considering
the possibility that the group R has a proper nontrivial normal subgroup N, and there is a digraph automorphism that
fixes every orbit of N setwise. This piece itself naturally divides into two parts. If |N| is relatively small in comparison
with |R|, then showing that roughly 2IEI/INT digraphs do not admit a particular type of automorphism is significant,
while if |N| is relatively large (for example if |N| = |R|/c for some constant ¢) this sort of bound is not useful for our
purposes. Conversely, if |N| is relatively large then showing that roughly 2/N| digraphs do not admit a particular type
of automorphism is significant, but such a bound is not useful if |N| is relatively small. So we need to combine bounds
of each type to come up with an overall bound. The third and final piece of the proof involved considering the possible
existence of digraph automorphisms that do not fix all orbits of any normal subgroup N of R.

While the second piece may not seem entirely natural, it is important to consider because it covers a possibility that
does not readily succumb to induction. If a graph only admits automorphisms that fix every orbit of N setwise, then the
quotient graph on the orbits of N may be in fact a GRR. The induced subgraph on a single orbit may very well also be
a GRR, so an inductive argument will reduce a non-GRR to two smaller GRRs, making induction virtually impossible to
use effectively.

Similarly to the results about existence of GRRs and DRRs, the requirement that a connection set for a graph must
be inverse-closed creates complications that make the proof of the Babai-Godsil conjecture more difficult for graphs than
for digraphs. Rather than trying to accomplish the full result in a single paper, it makes sense to divide the work into the
main pieces that were used to prove the DRR result, and attempt to show each of these pieces for GRRs.

The first piece, showing that there are not many Cayley graphs admitting graph automorphisms that are also group
automorphisms (unless the group is generalised dicyclic or abelian of exponent greater than 2) was accomplished by the
third author in [21]. Some of the main results from that work are also used in this paper, and we have included them as
Theorem 1.13 and Proposition 1.14.

The goal of this paper is to complete the second piece of the proof: that is, to show that the number of Cayley graphs on
R that admit nontrivial graph automorphisms that fix the vertex 1 and normalise some proper nontrivial normal subgroup
N of R, is vanishingly small as a proportion of all Cayley graphs on R.

As in the work on DRRs, this problem naturally divides into the cases where the normal subgroup N is “large”
or “small” relative to |R|. Our main results are Theorem 1.5 and Theorem 1.6, which we prove in Sections 3 and 4,
respectively. In the case of graphs, it emerges that we also need to consider separately graph automorphisms that fix or
invert every element of the group. We deal with these in Section 2, and this piece of our work applies whether or not R
admits any proper nontrivial normal subgroup.

Given a finite group R, we let 2°(®) denote the number of inverse-closed subsets of R. (The value c(R) is defined
explicitly in Definition 1.8.)

Theorem 1.5. Let R be a finite group and let N be a non-identity proper normal subgroup of R. Then, the set
{SCR|S=8"" R=Naurs)(R), If € Nawr,s) (N) with f #1 and 1/ =1},
LN |

has cardinality at most 2~ 56 Moreover, if R is neither abelian of exponent greater than 2 nor
generalised dicyclic, we may drop the condition “R = Nauy(r(r,s))(R)” in the definition of the set.

+2log, |R|+(log, |R)*+3

Theorem 1.6. Let R be a finite group and let N be a non-identity proper normal subgroup of R. Then, the set
{SCR|S=S"' R= Naut(r,s)(R), 3f € Nawr(r,s)(N) with f # 1 and 11 =1, f fizes each N-orbit setwise}
LR|
has cardinality at most 2°(R) 1277 +(log: |Rl)2+3. Moreover, if R is neither abelian of exponent greater than 2 nor generalised
dicyclic, we may drop the condition “R = Nayy(r(r,s))(R)” in the definition of the set.

By distinguishing the cases that |N| > \/|R| and |R : N| > /|R|, we obtain the following corollary.
Corollary 1.7. Let R be a finite group and let N be a non-identity proper normal subgroup of R. Then, the set
{SCRIS=S"' R= Nauwt(r,$)(R), 3f € Naue(r(r,s)) (V) with f # 1 and 1/ =1, f fives each N-orbit setwise}
VIR

has cardinality at most 26~ oz 2108, [E|+(log, |R)*+3, Moreover, if R is neither abelian of exponent greater than 2 nor
generalised dicyclic, we may drop the condition “R = Nauy(r(r,s))(R)” in the definition of the set.

Prior to launching into the pieces of the proof mentioned above, we provide some additional background and introductory
material.
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1.1. General notation.

Definition 1.8. Given a finite group R and = € R, we let o(x) denote the order of the element x and we let
I(R) :={z € R|o(zx) <2}

be the set of elements of R having order at most 2. Given a subset X of R, we write I(X) := X NI(R). Given an
inverse-closed subset X of R, we let
X+ X))

5 .

Definition 1.9. Let A be an abelian group of even order and of exponent greater than 2, and let y be an involution of A.
The generalised dicyclic group Dic(A4,y, ) is the group (A,z | 22 = y,a® = a~,Va € A). A group is called generalised
dicyclic if it is isomorphic to some Dic(A,y, z). When A is cyclic, Dic(A, y, z) is called a dicyclic or generalised quaternion
group.

We let 14 : Dic(A,y,z) — Dic(4,y,z) be the mapping defined by (az)*4 = ax~! and a*4 = a, for every a € A. In
particular, 74 is an automorphism of Dic(A,y,z). The role of the label “A” in 74 seems unnecessary, however we use
this label to stress one important fact. An abstract group R might be isomorphic to Dic(A,y,x), for various choices of
A. Therefore, since the automorphism 74 depends on A and since we might have more than one choice of A, we prefer a
notation that emphasizes this fact.

It follows from [17, Section 2.1 and 4] that, if D = Dic(A,x,y) is generalized dicyclic over A, then either A is charac-
teristic in D, or D = Qg x C% for some £ € N. In particular, when D is not isomorphic to Qg x C%, the automorphism 74
is uniquely determined by D.

When D = Qg x C%, the group D is generalized dicyclic over three distinct abelian subgroups; namely, if Qg = (i, j),
then D is generalized dicyclic over (i) x C%, (j) x C§ and (i) x C5. In particular, we have three distinct options for the
automorphism 74: one for each of these abelian subgroups. For simplicity, we denote by z;,7; and 7, the corresponding
automorphisms. It is not hard to check that 7, = 7,7; and hence (7;,7;) is elementary abelian of order 4.

c(X):

Definition 1.10. Let A be an abelian group. We let 14 : A — A denote the automorphism of A defined by z*4 = 2!
Vz € A. Very often, we drop the label A from ¢4 because this should cause no confusion.

In what follows we use the following facts repeatedly.

Remark 1.11. Let X be a finite group. Since a chain of subgroups of X has length at most log,(|X|), X has a generating
set of cardinality at most |log,(|X])] < logy (] X]).

Any automorphism of X is uniquely determined by its action on the elements of a generating set for X. Therefore
| Aut(X)| < |X|Uee2(1XD] < 90> (1X1)?

Lemma 1.12. Let R be a finite group and let X be an inverse-closed subset of X. The number of inverse-closed subsets
S of X is 2¢X) . In particular, R has 2°%) inverse-closed subsets.

Proof. Given an arbitrary inverse-closed subset S of X, SNI(X) is an arbitrary subset of I(X') whereas in SN (X \ I(X))
the elements come in pairs, where each element is paired up to its inverse. Thus the number of inverse-closed subsets of
X is

[XANI(X)|
2

9lI(X)] . 9 _ ge(X)

The last statement follows using X = R. O

The following important results by the third author deal with the case where there is a graph automorphism that is
also a group automorphism of R.

Theorem 1.13 ([21], Lemma 2.7). Let R be a finite group and let ¢ be a non-identity automorphism of R. Then, one of
the following holds

(1) the number of @-invariant inverse-closed subsets of R is at most QC(R)f%,

(2) Cr(y) is abelian of exponent greater than 2 and has index 2 in R, R is a generalized dicyclic group over Cgr(p)

and ¢ = Icg(y)
(3) R is abelian of exponent greater than 2 and ¢ is the automorphism of R mapping each element to its inverse.

Proposition 1.14 ([21], Proposition 2.8). Let R be a finite group and suppose that R is not an abelian group of exponent
greater than 2 and that R is not a generalized dicyclic group. Then the set

{SCR|S=S5"R<Nyurms)(R)}

has cardinality at most 26(F)=IR|/96+(logz |R|)*
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Notation 1.15. With R a finite group that is neither abelian of exponent greater than 2 nor generalised dicyclic, we
define

Sy={SCR|S=S"" 3f € Nawrs)y(N) with f #1 and 17 =1},
so that |Sy| is a value we aim to bound to prove Theorem 1.5. We divide Sy into three subsets:
Sy ={S €8x | R < Nauwr(rs)R)},
Tn ={S €Sy \Sy | 3z € R and 3f € Nayyr(r,s))(N) with 1/ =1 and o/ ¢ {z,27'}},
Uy :==Sn \ Sy \ Tn.
s0
Sy =Sy UTy Uldy.

Observe that
Uy ={S € Sn \ Sy | Vf € Naus(r(r.sy) (V) with 17 = 1 we have 2/ € {z,27}Vz € R}.

Proposition 1.14 already provides us with a bound for |S%;|. In the next section, we will show that |Uy| = 0.

2. GRAPH AUTOMORPHISMS THAT FIX OR INVERT EVERY GROUP ELEMENT

The bulk of this section consists of a long lemma in which we show that if a nontrivial permutation that fixes or inverts
every element of a group exists, then the normaliser of R in the appropriate group is in fact larger than R. This means
that any connection sets that could arise in Uy have actually already arisen in S}, and therefore do not appear in Uy

Lemma 2.1. Let G be a subgroup of Sym(R) with R < G and with the property that r9 € {r,r='}, for every r € R and
for every g € G1. Then Ng(R) > R.

Proof. We argue by contradiction and, among all groups satisfying the hypothesis of this lemma, we choose G with |R||G]
as small as possible and with

R =Ng(R).

In this proof, we denote by r9 the image of the point » € R via the permutation g and we denote by r‘s := g~ lrg the
conjugation of r via g.

Let M be a subgroup of G with R < M. For every r» € R and for every € M; = M N Gy, r* € {r,r~'}, and, from
the modular law,

R=MNR=MnNNgR) =Ny(R).

Therefore, by the minimality of our counterexample, we get M = G. As M was an arbitrary subgroup of G with R < M,
we deduce

(2.1) R is a maximal subgroup of G.

Let K be the core of R in G, that is, K := ﬂgeG R9.
We claim that

(2.2) the core of R in G is 1.

To prove this claim we argue by contradiction and we suppose that K # 1. Let G be the permutation group induced
by G on the action on K-orbits. Moreover, we let ~: G — G denote the natural projection.

Let H be the kernel of ~. Thus H is the largest subgroup of G fixing each K-orbit setwise and H < G1 K. Since R is a
maximal subgroup of G and R < RH < G, we have that either R = RH or G = RH.

In the first case, H < R and, since H < G1 K, from the modular law we obtain H < RNG1 K = (RNG1)K = K, that
is, H = K. Moreover, as H = K < R, we have R = N&(R). Now, R is a regular subgroup of G < Sym(R) and, for every
7 € R and for every g € Gy, we have 79 € {F,7'}. Using our assumption that K # 1, we get that |R| < |R|, and by the
minimality of our couterexample we have that G = G/K = R/K = R. That is, G = R contradicting the fact that R is a
proper subgroup of G.

So the second case holds, and G = RH, so GG; acts trivially on K-orbits. In other words, G; fixes each K-orbit setwise.
Thus H = KG1, and consequently

(2.3) KGy <G.

Suppose there exist z € G; and 7 € R such that 7* = r~! and o(rK) > 3. Then r®* =r~ ! € r 'K = (rK)~! # rK,
contradicting the fact that G fixes each K-orbit. This shows that,

(2.4) for every « € G1 and for every r € R either r* =1 or o(rK) < 2.
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Let L be the subgroup of R fixed pointwise by Gy, that is, L := {r € R | G, = G1}. (The set L is indeed a subgroup
of R, because it is a block of imprimitivity for the action of G on R containing the point 1.) Clearly, L < R, because
G1 # 1. Now, from (2.4), we deduce that, for every r € R\ L, o(rK) < 2. Hence,

(2.5) every element in 17 \ N is an involution.

Now, by (2.5), we must have (zK € R/K | 2? ¢ K) < L/K. Since either |R/K : (xK € R/K | 2> ¢ K)| =2 or R/K

is a 2-group, we deduce that one of the following holds

(1) R/K is an elementary abelian 2-group,

2) R=KL,

(3) |R: KL| =2 and every element in R/K \ KL/K is an involution.
In what follows, we analyze these three alternatives.
CasE (1)
Since R/K and G are elementary abelian 2-groups, we deduce that G/K is a 2-group. From R/K < G/K, it follows
that Ng/x(R/K) > R/K. So Ng(R) > R, but this contradicts our choice of G and R.
CASE (2)
Let f € G; with f # 1. Now, as GG; normalizes K, the action of f on the points in K coincides with the action of f by
conjugation on K. Thus, k*/ = k% € {k,k~'}, for every k € K. In particular, 7 is a non-trivial automorphism of K with

the property that it maps each element to itself or to its inverse (so every inverse-closed subset of K is invariant under
tf). Therefore using Theorem 1.13 only one of the following holds true:

e K is abelian of exponent greater than 2 and ¢¢ = ¢ is the automorphism inverting each element of K,

e K is generalised dicyclic over an abelian subgroup A of exponent greater than 2 and ¢y = 74,

o K = Qg x C%, for some ¢ > 0, and vp € {0, 75, 0}
Since R = KL and since G fixes L pointwise, the action of g € G on R is uniquely determined once the action of g on
K is determined. Since we have at most four choices for the action of g € G7 on K, we deduce that |G| divides 4. If
|G1| = 2, then |G : R| = 2 and hence R < GG, which contradicts R = Ng(R). Thus 4 = |G1| = |G : R| and K = Qg x C%,
for some ¢ > 0.

Since |G : R| = 4, the transitive action of G on the right cosets of R gives rise to a permutation group of degree 4 and
hence G/ K is isomorphic to a transitive subgroup of Sym(4). As R/K = N¢/x(R/K), we deduce that G/K is isomorphic
to either Sym(4) or Alt(4).

If R/K were a 2-group, we reach a contradiction using the same argument as in Case (1). So R/K is a maximal
subgroup of G/K which is not a 2-group, hence R/K isomorphic to either Sym(3) or Alt(3).

Let C be a Sylow 3-subgroup of R. Thus C = {(c¢) is a cyclic group of order 3. Since K is a 2-group and R = KL,
replacing C' by a suitable R-conjugate, from Sylow’s theorem, we can assume that C < L. Let k € K with k ¢ L. As k is
not fixed by each element of G, there exists z € Gy such that k* = k~! # k. Now, as = ¢, we obtain

(2.6) (ck)® = ke = e L

On the other hand, (ck)® € {ck, (ck)~'}. If (ck)® = ck, then we deduce k = k™!, contradicting the fact that k% # k. If
(ck)® = (ck)~!, we deduce k~1c! = ck~! and hence k~! = ck~!c = c?(k~!)*. Again we obtain a contradiction because
k and k‘c belong to K but ¢ ¢ K.

CASE (3)

Before proceeding with this case, we collect some information on G/K. Observe that in this case, R/K is a generalized
dihedral group over the abelian group K'L/K. Consider the set ) of the right cosets of R/K in G/K. By (2.1) R/K is a
maximal subgroup of G/K. So G/K is a primitive permutation with generalised dihedral point stabilisers.

These groups were classified in [6, Lemma 2.2]. Using this and the fact that G is 2-elementary abelian group, the only
possibility that can occur is that G/K is a primitive group of affine type of degree |R : K| = |G;|. Since G = G1R and
RNGy =1, G1K/K acts regularly on Q. Moreover, as KG; < G by (2.3), G1K/K is the socle of G/K. Since every
element of Gy is an involution (it fixes or inverts each element of R), then G1K/K is an elementary abelian 2-group.

Now, R/K acts by conjugation irreducibly as a linear group over the elementary abelian 2-group G1K/K. Let (K €
LK/K \ {K}. Since LK/K is abelian, then Cgq,x/x((K) = {aK € G1K/K | {7'alK = aK} is stable under the
conjugation by uK, for every uK € LK/K. Further, since R/K = (rK, LK/K) , where rK = r 'K and r"YrK = (71K,
for every (K € LK/K, then Cgq, g,k (¢K) is stable under the conjugation by zK. In other words, we proved that
Cq,x/kx (LK) is a proper R-submodule of the irruducible R-module G1K/K, and consequently Cg, k/x (¢K) is trivial.
Summing up, KL/K is abelian and Cg, /i (¢K) is trivial for every /K € LK/K \ {K}. Thus KL/K is a cyclic group
of odd order. Moreover, as the socle Gy K/K has even order, |KL/K| must be odd. We let t := |KL/K|. At this point,
the reader might find it useful to consider Figure 1. Since K L/K is cyclic, there exists ¢ € L with (¢)K = KL and with
o(cK) =1t.
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FIGURE 1. Local structure of G
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Suppose now that K £ L and let k € K \ L. As k is not fixed by each element of Gy, there exists © € Gy with
k® = k=1 £ k. Now, since z fixes ¢, we are in position to use the same argument as in Case (2). That is (2.6) holds, and
consequently either k = k=1 or ¢? € K. Since k # k! and o(cK) = t is odd, in both cases we get a contradiction.

We conclude that K < L. (For the proof here, it might be useful again considering Figure 1.) In particular, KL = L.
Fix r € R\ L. As |R: L| =2, we have R = LUrL. Now, LG; fixes L and rL setwise. The action induced by LG; on L
is the regular action of L because G fixes L pointwise. As LG < G, we must also have that the action of LG, on 7L is
simply the regular action of L. In particular, for every x € Gy, there exists £, € L with the property that

(ro)® =retly, Vvl € L.

The set {¢, | © € G1} forms a subgroup of L, which we denote by T. As G; is elementary abelian, so is 7.
Summing up, we have
=4, (ro)* =rtly, YV € G1,Vl € L.
Using this and the fact that T is a group we see that, if x € G fixes some point in L, then ¢, = 1 and consequently z fixes
all points in rL. Further, z fixes all points in L, hence = 1. Therefore, each element in G; \ {1} acts fixed-point-freely
on rL. Now, let z € G \ {1}. Since (rf)* € {rf,(rf)='} for each ¢ € L we deduce that (rf)* = (rf)=! for every £ € L.
Hence G1 \ {1} = {z}. Therefore, |G1| =2 and |G : R| = 2 contradicting the fact that Ng(R) = R.

We have shown that none of the three alternatives is possible. Therefore, we obtain a contradiction, and the contra-
diction has arisen from assuming K # 1. Hence K = 1, which is our original claim (2.2).

Now, as R is maximal in G and as R is core-free in G, we may view G as a primitive permutation group on the set
Q = G\R of right cosets of R in G. Observe that in this action G; acts as a regular subgroup and it is an elementary
abelian 2-group which itself is core-free in G.

The primitive permutation groups containing an abelian regular subgroup have been classified by Caiheng Li in [13].
Applying this classification [13, Theorem 1.1] to our group G in its action on Q and to its elementary abelian regular
subgroup G1, we deduce that one of the following holds:

(1) G is an affine primitive permutation group,

(2) the set © admits a Cartesian decomposition 2 = A (for some ¢ > 1) and the primitive group G preserves this
cartesian decomposition; moreover, T* < G' < T'wr Sym(¥), where the action of 7 wr Sym(¢) on A is the natural
primitive product action. The group 7' is either Alt(A) or Sym(A), G1 = G11 X G122 X --- x G with Gy ; <T
and with G ; acting regularly on A, for each i.

Now, we shall see that neither of these two alternatives is possible.

Cask (1)
Let V be socle of G. Thus V < G and V is an elementary abelian 2-group. Observe that

G=VR=GR,

where the first equality follows from the fact that V acts transitively on Q with point stabiliser R and the second equality
follows because G acts also transitively on R with point stabilizer G;. Moreover,

VAR=1=G:NR,

where the first equality follows because V acts regularly on  with point stabilizer R and the second equality follows
because R acts regularly on itself with point stabilizer G .
Since G is a regular subgroup of the affine group G, from [4, Corollary 5 (1)], we deduce

(2.7) VNG #£ L
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Let
N:=Ng(VNGp) andlet Q:=Ngr(VNGp).
Since (G is abelian, we have G; < N and hence
N=NNG=NNRG, =(NNR)G, =QG;.
Similarly, since V' is abelian, we have V' < N and hence
N=NNG=NNRV =(NNR)V =QV.

Thus
(2.8) N =QG; = QV.

Let r € R and let v € V N G1. We recall that r¥ € {r,r~1}.

If 7 = 7, then 1" = r = ¥ = 1" and hence rvr~' € Gy. If ¥ = r~!, then 1" = =1 =¥ = 17 and hence
ror = r2(r~lor) € G1. As V <G, we have r~lvr € V and hence r?V € G1V/V. Since all the elements of G1V/V have
order at most 2, it follows that 4V = V, that is r* € V N R = 1. This shows that, if o(r) # 4, then r—lvr € V N G}.
Therefore, all elements of R of order different from 4 normalise V' N G; and hence they all lie in Q.

This shows that R\ @ is either empty, or contains only elements of order 4. In the first case (2.8) yields Ng(VNGy) =

N =QV = RV = G, that is VN G; < G. Since V is the unique minimal normal subgroup of G and since V NGy # 1
by (2.7), we deduce that V =V NGy, that is, V < G;. However, this contradicts the fact that G; is core-free in G. Thus

@ < R and every element in R\ @ has order 4.

For every r € R\ Q, r? does not have order 4, so r? € Q. This shows that @) contains the square of each element of R,
hence

(2.9) Q<R
and R/Q is an elementary abelian 2-group.

Let « € Gy and let » € R. If r® = r, then ror~! € G; < G1Q = N. If »® = r~1, then rzr € G; and hence
rar = r¥(r~tozr) € Gy < G1Q = N. Since r? € Q, we deduce that r=2 - r?(r~lzr) = r~lzr € N. We have shown that,

(2.10) for every r € R, 7~ 'G1r < N.

From (2.9) and (2.10), we deduce that R normalises G1@Q = N. Since G; also normalizes N, we have that RG; = G
normalises N, that is,

(2.11) QV =QG, = N <G.

Since @ < R and since R is a maximal subgroup of G by (2.1), we deduce that either Ng(Q) = G or Ng(Q) = R. If
N¢g(Q) = G, then @ is a normal subgroup of G contained in the core-free subgroup R. Therefore @ = 1. From (2.8), we
have G; = QG = N = QV =V, contradicting the fact that G is core-free in G. Thus

(2.12) Na(Q) = R.

When G is viewed as a permutation group on R, QG is the setwise stabilizer in G of @) C R, hence we can consider
the permutation group induced by N = QG in its action on Q. From (2.12), we have Ny(Q) = NNR=QG1 N R =
Q(G1NR) = Q. Let H be the kernel of the permutational representation of N on Q. Note that H < G1. Now, QH/H is a
regular subgroup of N/H < Sym(Q) and, for every rH € QH/H and for every gH € G1/H, we have r9H € {rH,r~'H}.
If Ny/p(QH/H) = QH/H, from the minimality of our counterexample, we deduce that either N = G or G acts trivially
on Q. In the first case, G = N = Ng(V N Gy), that is G; NV is a normal subgroup of G. Since V' is the unique minimal
subgroup of G, and since VN Gy # 1 by (2.7), we deduce that V' =V N Gy, and consequently, V = G;. However, this
contradicts the fact that G is core-free in G. Therefore G fixes ) pointwise, that is, G is the kernel of the action of
N = QG1 on @ and hence

(2.13) Gy 4N = QG =VG;.
Let
U:=(GY|geq).
Observe that U < G. From (2.11), for every g € G, we have GY < N9 = N, that is U < N. Moreover, for every g € G,
from (2.13), we have GY < N9 = N. Since G is an elementary abelian 2-group, then each GY is a normal 2-subgroup of
N, for every g € G. Consequently U is a normal 2-subgroup of G. In particular, U N R is a normal 2-subgroup of R.

Since V is an irreducible Fo R-module and U N R < R, we deduce that V is completely reducible Fo(U N R)-module by
Clifford’s theorem. Since V' has characteristic 2 and since U N R is a 2-group, this can happen only when

UNR=1.

Since V' is the unique minimal normal subgroup of G and since U <G, we have V' < U. Further, U =UNG=UNG1R =
(UNR)G1 = G1 and hence V = G. This is a contradiction because V' is normal in G but G; is core-free in G.
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Therefore we can assume that N,z (QH/H) > QH/H. That is, there exists a non-identity element g € G'; normalizing
QH/H. Hence, for every r € Q, g~'rg = uh, for some u € Q and for some h € H. Since g € Gy, and 79 € {r,r~1}, we
get u = ul = 1% = 197'79 = r9. This means that g 'rgH € {rH,(rH)~'} for every r € Q, and consequently ¢4 is a
non-identity automorphism of QH/H with the property that (rH)‘s € {rH, (rH)~'}, for every rH € QH/H. Thus from
Theorem 1.13, Q = QH/H is either an abelian group of exponent greater than 2 or a generalized dicyclic group.

Since V' is an irreducibly FoR-module and O2(Q) < R, we deduce that V is completely reducible Fy(Q)-module by
Clifford’s theorem. Since V has characteristic 2 and since O3(Q) is a 2-group, this can happen only when

(2.14) 0,(Q) = 1.

If @ is a generalised dicyclic group, that is, Q@ = Dic(A,y,z), with A an abelian group of even order and of exponent
greater than 2, and y an involution in A, then (y) is a characteristic subgroup of order 2, which contradicts (2.14). Thus
@ is an abelian group, and @ has odd order by (2.14). Since N = QV = QG; by (2.11), and since V I N, then V is the
unique Sylow 2-subgroup of N. As |G1| = |V| and G; < N, we get G; = V. This contradicts the fact that Gy is core-free
in G.
CASE (2)
We identify Q with Af, and we recall that Alt(A)* < G < Sym(A)wrSym(¢). Let §; € A and let w = (§1,...,0;) €
Q). Since R is a maximal subgroup of G, replacing R by a suitable conjugate we may suppose that R = G,. Now,
Alt(A\ {6:})¢ < R. Further, recall that G; = Gi11 %X Gi2 X - x Gi g, where G1; < Sym(A) is an elementary abelian
2-subgroup of acting regularly on A, for each i. Let do € A\ {d1}. As G171 < Sym(A) is transitive on A, there exists
g € Gy such that 67 = dy and, since Gy is a 2-group, rearranging the points from d3 onwards if necessary, we can
assume
g = (6102)(0304) (65 J6) (37 0s) - - - -

(Observe that |A| > 8 because |A| is a power of 2 larger than 5.) Let consider the 3-cycle r = (02 d3 d4) and observe that
it lies in R because it fixes the point §; and R = G,,.

In this new setting, to look at the original action of G on R, we have to identify the set R with the set of right cosets
of Gy in G. In particular,

Gl’l“ = G1(52 53 54)
is such a point. We have
Girg = G1(02 03 04)(61 62)(03 04)(J5 J6) (07 0s) - -+ = G1(01 02 04)(d5 J6) (7 0s) - - -

Since neither rgr=1 € Gy nor rgr € Gy, then Girg ¢ {G1r,Gir~1}. This contradicts our hypotheses.

We have shown that neither of the alternatives is possible. Therefore, we have contradicted the existence of such G
and R. 0

This is sufficient to show that Uy is empty.
Corollary 2.2. When R is neither abelian of exponent greater than 2 nor generalised dicyclic, Uy = 0.

Proof. Recall from Notation 1.15 that when R is neither abelian of exponent greater than 2 nor generalised dicyclic
Sy={SCR|S=S"" 3f € Nawr(rs)(N) with f # 1 and 1/ = 1},

while
Sy ={S €8y | R < Npwr(rs)(R)},
and
Uy ={S € Sn \ Sy | Vf € Nauur(r,s)) (V) with 17 = 1 we have 2/ € {z,27'}Vz € R}.
Notice that the set of all elements of Aut(T'(R,.S)) that fix the vertex 1 and fix or invert every other element of R is a

subgroup of Aut(I'(R, S)). By Lemma 2.1 with G being generated by R and the set of all such elements, we have Uy = 0.
This is because every set that could lie in Uy must appear in S§. |

3. GROUPS WITH A “LARGE” NORMAL SUBGROUP

We begin this section with a lovely little general result showing that in a non-abelian group, there cannot be a group
automorphism « such that the result of computing nn® is constant for more than 3/4 of the group elements (and in fact
in an abelian group, this can only happen if « is the automorphism that inverts every group element). For the special case
where « is trivial and the constant is 1, our proof relies on (so does not replace) classical work by Liebeck and MacHale
[14].

Lemma 3.1. Let N be a group, let « be an automorphism of N and let t € N. Then one of the following holds:

(1) [{n € N | nn® =t} < 3|N[/4,
(2) N is abelian, t =1 and n® =n~' ¥n € N.
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Proof. We let S :={n € N | nn® = t}. Suppose |S| > 3|N|/4. Observe that, for every n € S, we have n® = n=1t.

As |S| > 3|N|/4, we have 8'NS £0. Let n € 8 ' NS, so that n,n® € S. Then nn® = t because n € S, and
n®*(n®)* =t because n® € S. Therefore, t = n*(n®)® = (nn®)* = t%, that is, t = t*.

As |S| > 3|N|/4, we have |S-tNS| =[S t|+|S|—|S-tUS]| > 3|N|/4+3|N|/4—|N|=|N|/2. Let n € S-tNS. Then
n = mt, for some m € S. Therefore

timT ot =T =0 = (mt)* = m Y =m "t -t

From this we obtain mt = t~'m, that is, t™ = t~!. As n = mt, we also have t” = t~!. We have shown that, for every
n €S- -tNS, we have t" = t~!. For every two elements ni,ns € N with t"* = ¢t~! = t"2, we have nlngl € Cy(t).
Therefore, we deduce that |[N|/2 < |S-tNS| < |Cn(t)]. Thus N = Cy(t) and ¢t € Z(N). Moreover, for every n € StNS,
we have t" = t~! and, as t € Z(N), we have t" = t. Thus ¢ = 1. Summing up, ¢ is a central element of N of order at
most 2.

Suppose that ¢ = 1. Then S = {n € N | n® = n~1}. In particular, « is an automorphism inverting more than 3|N|/4
of the elements of N. From a classical result of Liebeck and MacHale [14], we deduce that N is abelian and « is the
automorphism inverting each element of IV, that is, n® =n~! Vn € N.

Suppose that ¢ # 1. Since t € Z(N) and since t* = t, we may consider the group N := N/(t) and the induced
automorphism & : N — N. In particular, in N, the set S projects to the set S = {n € N | n® = n 1} Since this set
has cardinality larger than 3|N|/4, applying again the theorem of Liebeck and MacHale, we deduce that N is abelian and
n® =n~! Vn € N. It follows that, for every n € N, n® € (tyn~t = {n=1,tn"1}.

Set ' := {n € N | n®* =n~'}. In particular, {S,S } is a partition of N and |S§'| = [N\ S| < |N|/4.

Suppose that N is not abelian. As |[N \ Z(N)| > |N|/2 and |S| > 3|N|/4, there exists n € (N \ Z(N))NS. Since
N is abelian, we have [N, N] = (t), from which it follows that |[N : Cy(n)| = 2. For every m € Cy(n) NS, we have
(nm)® =n*m® =n~t-m Yt =n"tm 2 =m n"! = (nm)~! and hence nm € &’. This shows that n(Cy(n)NS) C S'.
Now,

W

4 )
contradicting the fact that |S’| < |N|/4. This contradiction has arisen assuming that N is not abelian and hence N is
abelian.

8l = In(Cn(n) NS)| = [Cn(n) N S| = [Cn(n)| +|S| = |Cn(n) US| = [Cn(n)| + S| = [N] = |S| —

Now, for every n,m € S, we have (nm)® = n=*-m~ = n=!m=1? = (nm)~! and hence nm € S’. Therefore,
§ -8 C &', but this is impossible because |S’| < |S|. This contradiction has arisen from assuming ¢ # 1 and hence ¢ = 1
and the proof is now complete. O

We will also require a similar result that considers when inversion is applied after the automorphism.

Lemma 3.2. Let N be a group, let « be an automorphism of N and let t € N. Then one of the following holds:
(1) {n € N[ n(n®)~t =t}] < 3|N|/4,
(2) t=1andn*=nVYne€ N.

Proof. The proof of this is very similar to the proof of Lemma 3.1, so we omit some of the repeated details.

We let § := {n € N | n(n®)~1 =t}. Suppose |S| > 3|N|/4. Observe that, for every n € S, we have n® =t"1n

As before, by taking some n € S n S, we can conclude that t = t“.

As |S| > 3|N|/4, we can argue as before that SN S| > |[N|/2. Let n € S~1tNS. Then n = mt, for some m € S~1;
that is, m~! € S. Notice that this means (m=1)® = t~tm~!, so m® = mt. Therefore

t~(mt) = t7'n = n® = (mt)® = m*t* = (mt)t.

From this we obtain mt = t~'m, that is, t™ = ¢t~!. As n = mt, we also have t” = t~!. We have shown that, for every
n € SH NS, we have t" = t~1. As before, this implies that |N|/2 < |[S7 N S| < |Cn(t)]. Thus N = Cy(t) and
t € Z(N). As before, this implies that t?> = 1. Summing up, ¢ is a central element of N of order at most 2.

Suppose that t = 1. Then S = {n € N | n® = n}. In particular, « is an automorphism fixing more than half of the
elements of N. Since the set of fixed points of an automorphism is a subgroup of N, we deduce that & = 1; that is, n®* =n
Vn e N.

Suppose that ¢ # 1. Since t € Z(N) and since t* = ¢, we may consider the group N := N/(t) and the induced
automorphism @ : N — N. In particular, in N, the set S projects to the set S ={n & N |n®=mn}. Since this set has
cardinality larger than |N|/2, again we see that 7% = 7 Vi € N. It follows that, for every n € N, n® € (t)yn = {n,tn}.

Set 8’ :={n € N | n®* = n}. In particular, {S,S’} is a partition of N and \S’| =|N\S| < |N|/4

Now, for every n,m € S, we have (nm)® = (tn)(tm) = (nm)t?> = nm since t is central of order 2, and hence nm € S'.
Therefore, S-S C &', but this is impossible because |S’| < |S|. Again this contradiction completes our proof. O

Our next few results show that except in some very special cases, if we have a group 7" with an index-2 subgroup N
and a permutation of T' that has a very specific sort of action on every element of the nontrivial coset of N in T, then
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the number of subsets of T" that are closed under both inversion and this permutation is vanishingly small relative to the
number of Cayley graphs on T

Lemma 3.3. Let T be a finite group, let N be a subgroup of T having index 2, let v € T\ N, lett € N and let oy : T — T
be any permutation defined by

n* € N and (yn)* =~itn,Vn € N.
Then one of the following holds:
!

(1) X CT|X =X"1, X% = X}| < 22D~
(2) T = Cy x CY for some £ € N, t is the only non-identity square in T and N is an elementary abelian 2-group,
(3) o(t) =2, t =2 and T = Dic(N,~2,7),
(4) t=1.

In parts (2), (3) and (4), if n® € {n,n='} for every n € N, then we have z** € {x, 2~ '} Vz € T.

Proof. If t = 1, then we obtain part (4). Thus, for the rest of the argument, we assume ¢ # 1.

Observe that oy fixes N setwise and induces on T'\ N a permutation which is the product of disjoint cycles each of
whose lengths is o(t). For simplicity, we let S:={X CT | X = X1 X2 = X}.

If o(t) > 3, then

TANL_ ge(N)+ 4 NI+ | V] < o INIHIDI 4 17 < 9e(T)= m

3 =

‘S| < 2c(N)+

and hence part (1) follows.

The only remaining possibility is o(t) = 2. Consider H := (a4, t), where ¢ : T'— T is the mapping defined by z* = z
Ve € T. Clearly, S € S if and only if S is H-invariant. The orbits of H on T \ N have even cardinality because
o(at) = o(t) = 2 and oy has no fixed points on T\ N. There are only two possibilities for H having an orbit of cardinality
2on T\ N:

e this orbit is {yn,ytn} where both yn and ~¢n are involutions (in this case ¢ fixes both yn and ~ytn),
e this orbit is {yn,vtn} and (yn)~! = ytn (in this case (yn)®t = (yn)").

-1

Let ng be an element in N with o(yng) = o(ytng) = 2. As o(yng) = 2, we have ngy = v 'ny* and hence

-1

1 = (ytng)? = ytngytng = vty ng 'tng.

—1

Therefore t(y ng )t = v ngt. Since o(t) = 2, we deduce (ngy)! = ngy, that is, noy € Cr(t). As yng = (ngy)? €
Cr(t)?  =Cp(t” '), the elements of the first type are in the set

A:=I(T\NINCp(t" ")) = [(Cpn(t" ).

Let ny be an element in N with (yn1)~! = «vtn;. Let n € N and suppose that yn;n € T\ N also satisfies (ynin)~! = ytnin.
This means n~'ytn; = ytnin, that is, nOrtn) ™t = =1 Therefore, the elements of the second type are in the set

B:=yni{n € N|n"™ =n~1}.

—1

Observe that A or B might be the empty set: A = () when there is no involution in Cp\n(t" ), B = () when there
is no element ny € N with (yn1)™! = ~tn;. Observe also that AN B = (: indeed, if yn € AN B, then (yn)? = 1 and
(yn)~! = ~tn, that is t = 1, which is a contradiction.

Since X € § if and only X is a union of orbits of H, we get

S| < Qe(N)+IAYBL L IT\NIZLAUBL o (N) 4 LAQEL L ITANL ) INIHION) | JAVBL 8]
ITI+|I(N)| | JAUB| _ |N| ITI+|I(N)| | JAL L |B] _|N| IT|+|I(N)UA] _JA] | |B] _|N]| LA, 1B _ |N]|
_ U Rl o Bl gl L REeAl Ll [ < oeM—"F+3 -7,

If |B| < 3|N|/4, then

N |N|

S| < 2o+~ = ge(M—%

and part (1) follows. Suppose now that |B| > 3|N|/4, that is, [{n € N | n7" = n=1}| > 3|N|/4. This means that the
action of ytn; by conjugation on N inverts more than 3/4 of the elements of N. From [14], N is abelian and the action
of ytni by conjugation on N inverts each element of N. Therefore B O yN and hence v € B. Therefore y~! = ~t, that
is, t = 42 (since o(t) = 2). When N is an elementary abelian 2-group, we deduce T' = Cy x C% for some ¢ € N and hence
part (2) holds. When N has exponent greater than 2, we deduce 7' = Dic(NN,~2,v) and hence part (3) holds. O

The hypotheses of the next lemma look much like the previous one, with the additional assumption that IV is abelian
(of exponent greater than 2), and a different action on the nontrivial coset of N. The exceptional cases and the proof are
quite different, though.
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Lemma 3.4. Let T be a finite group, let N be an abelian subgroup of T having index 2 and exponent greater than 2, let
teN,letyeT\N, letay: T — T be any permutation defined by

n* € N and (yn)* =~tn~', ¥n € N.

Further suppose that either o(vy) = 2, or (yn)® = yn whenever o(yn) = 2. Then one of the following holds:

1) X CT|X = X1, X% = X}| < 26D—"3¢

(2) T is abelian and t = y~2;

(3) T=Qg x C§ and N = Cy x C§ for some £ € N;

(4) t =2, T = (z,y | 2* = y* = (zy)*,2% = y?) x C5 and N = Cy x CL™1 for some ¢ € N. (The group with
presentation (x,y | z* = y* = (zy)*, 2% = y?) has order 16.)

In parts (2), (3) and (4), if n® € {n,n~'} for every n € N, then we have z®* € {x, 2~ '} Vz € T.

Proof. We let ¢+ : T — T the permutation defined by z* = 2~ VYa € T. Since N is abelian, for every n € N, we have

2 - Qt - —1 __ —L __
(yn)*t = ((yn)*)* = (ytn ™)™ =At(tn ") = ytnt ™" = yn.

Thus «; is a permutation having order 2. Clearly, ¢ has also order 2. For simplicity, welet S:= {X CT | X = X}, X =
X}. In particular, X € S if and only if X is (a4, ¢)-invariant, that is, X is a union of (a4, ¢)-orbits.
Observe that n=ty~! =+ (y"In"ty71) and y~"*n~!'y~1 € N because |T : N| = 2. Therefore

(3.1) ()% = (v ey T =ty
We divide the proof in two cases.
CASE (yn)®t = yn WHENEVER o(yn) = 2.

e T @ T ) )
e(T) = 2+ 5 = 2+ 5 + B =c¢(N)+
So ¢(N) = ¢(T) = |N|/2 = [I(T'\ N)|/2.

Given n € N, the {1)-orbit containing yn is {yn,n~ty~1}. Now there are only two possibilities for a; not fusing this
(1)-orbit with another (:)-orbit. The first possibility is when oy fixes both yn and n=ty~!; the second possibility is when
(yn)®t = (yn)*, that is, ytn=1 = n=1y~1. Let

A:={ne N|(yn)* =n, (n"'yH* =n~y7"},
B:={neN|ytn ' =n"1y"1}

IN| | [I(T\N)|
ot

Given n € A, we have ytn~! = (yn)* = yn and, from (3.1), ytyny = (n=1y~1)* = n=1y~1 The first equality yields
n? = t. The second equality yields
1 2 1

1 3 _1t_1 -3

t=n" =7 In 2y 8 =7y,
where in the second equality we have used that v2 € N and that N is abelian. Therefore, if n € A, then n? = ¢ and
t = v 11473, Observe that the second condition does not depend on n any longer. This means that we have two
possibilities for A; either A = ), or A = ngQa(N) where Q2(N) := {n € N | o(n) < 2} and where ng € N satisfies nZ = t.
Summing up

n_l'y_ n_lfy_

noQ22(N) where ng € N satisfies nZ =t and t = y~1¢t71y73.
1

A {(Z) if there is no n € N with n2 = t,or if t #£ vy~ 1t71y73,

Given n € B, we have t =y In"1y~In = v In"tyny=2 = [y, n]y~2 (using v? € N in the second equality). This means

that we have two possibilities for B; either B = ), or B = n1Cy(v) where n; € N satisfies t = [y,n1]y~2. Summing up

)0 if there is no n € N with ¢ = [y, n]y =2,
N n1Cn(y) where ny € N satisfies t = [y, nq]y~2.

We claim that ANB = {n € N : o(yn) = 2}. Certainly if o(yn) = 2 then by the case we are in, (yn)®* = yn = (yn)~!
and therefore n € AN B. Conversely, if n € AN B then (yn)* = yn and (yn)* = (yn)~1, so o(yn) = 2. Therefore
[ANB|=|I(T\ N)|.

Using the sets A and B we are ready to estimate |S|. Indeed, we have

N\(vAU~B A\ (ANB B\~(ANB
(3'2) |S| < 2c(N)+H \(74 UyB)| 4 Iy \w; nB)| 4 Iy \«/(2 a HH’Y(AQB)l

Qo(N)+ LML LALL 181 o) — N1y LaN| | 141 181 TN LN | LAl | 1B _|ANB

_ oc(T)— 4 gl 4 L 1AG8L

If A= B =), then part (1) follows immediately. Suppose then A and B are not both empty. If A = ), then part (1)
follows as long as N # Cy(7). If N = Cy(y), then [y,n1] = 1 and hence t = y~2. Thus, we obtain part (2). If B = (),
then part (1) follows as long as N # Q5(N). However, since we are assuming that N has exponent greater than 2, we
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cannot have N = Qy(N). Thus we have finished discussing the case A = 0 or B = (). We now assume A # () # B. In
particular, |N : Cy(y)| > 2 and [N : Qo(N)| > 2. If N : Cn(y)| = 3 or if [N : Q3(N)| > 3, then from (3.2) we have

S| < o=+l o gem -1+ Il 5L _ e - 57

B

and part (1) follows.

It remains to deal with the case that |N : Qa(N)| = 2 = [N : Cy ()], so A and B are both cosets of an index 2
subgroup of N. If AN B # () then since both are cosets of index-2 subgroups of N, it is straightforward to see that their
intersection has cardinality at least |N|/4, and part (1) follows. If AN B = (), we obtain that A and B are both cosets of
the same index 2 subgroup of N. Therefore, Cx(7) = Qo(N) and N = Cy x C4 for some £ € N. Let us call this index-2
subgroup of N, M. Therefore, we have either A = M and B= N\ M, or A= N\ M and B = M. In the first possibility,
we have n3 =1, A = Qo(N), v = 1 and 72 = [y,n1] = v~ 'ny 'yn;. From this it follows v~' = n;'yn;. Since n? = ~?
is the unique involution that is a square in N, we get part (3). In the second possibility, v72 =t = n2. If we also have
(yno)? = t, then T' = Dic(N,~?2, ) and we obtain again part (3). If (yng)? # ¢, then (y,ng) has order 16 and is isomorphic
to the group with presentation (x,y | 2* = y* = (2vy)* = 1,2% = 3?) and we obtain part (4).

CASE o(y) = 2. For every n € N, from (3.1) (and using o(y) = 2), we have

(y)tert = (ytn= 1)t = ((tn ™) T ) THH = (v (tnT)y)t = (vt (n 7))
=nY(tt) "y = (1) Iy = () yn = 4 (08) Tin = y(¢7) .
Moreover, n®‘“* ¢ N ¥n € N. Define z := (tt7 )L and § : T — T by

nd = n®t and (yn)® = ~vzn, ¥n € N.

In particular, 6 = azraye.

Recall that X € S if and only if X is (a4, ¢)-invariant. Since § € (a4, ), we deduce that X is also (¢, §)-invariant.
SUBCASE o(z) > 3.
Since the orbits of § on T'\ N have all length o(z) > 3, we have

IN|+|I(N)| | [N| _ N IT|+|1(N)| _ |N]| IN]
o tT % —9 3 % <9ocD—%

S| < 22+ —

and part (1) follows.
SUBCASE o(z) = 2.
For every n € N, we have

(yn)*0 = (n719)%0 = (y(n ™)) = (y2(n~ 1)) = (0727)° = (n2")° = (v27n)° = y227n.
Define ¢’ : T — T by
n® =n® and (yn)® =~z27n, ¥n € N.

If X € S, then X is (4, ¢)-invariant and hence X is also (9, §’)-invariant. Suppose z7 # z. Since the orbits of (4, ) on
T\ N have all length |(z,27")| > 4, we have
|| < 2T =

2|N|+|21<N>|+@_% _ 2\T\+\21<N>\_\4L\ < 2c(T)—%
and part (1) follows.

Suppose o(z) = 2 and 27 = z. For every n € N, we have

() = (') = (y(n71))° = yz(nT)T = 2y(n7)Y = 2n7ly = (ven)' = (yn)
This shows that 10 = d¢ in its action on 7"\ N and hence (¢|7\n, 67\ n) is an elementary abelian 2-group of order 1, 2 or
4. (Here we are denoting by ¢\ 5 and by &7\ the restrictions of + and of § to 7'\ N.) This group cannot have order 1
because o(z) = 2 and hence 0|7\ v is not the identity permutation.

If this group has order 2, then ¢\ y must be either J;\  or the identity permutation. Suppose that 7\ n = 67\ n-
Then for every n € N we have n~ 1y = yzn, so n” = zn~! and hence nn” = 2. But since z # 1, Lemma 3.1 implies that
we cannot have z = nn? for every n € N.

So we must have ¢\ being the identity permutation, that is, n~ly = (yn)* = yn, son?” = n"t¥n € N. In
particular, c(yN) = |[N| and ¢(T) = ¢(IN) + |N|. Since the orbits of () on 7'\ N have all length o(z) = 2, we have
|S| < 2¢(N)+INI/2 — 9e(T)=INI/2 and part (1) follows.

It remains to consider the case that 1\ n,d7\n) has order 4. By the orbit counting lemma, the number of orbits of
(ty on T\ N is

(33) SUT\ N+ [Fixpx (0]) = 2T\ N +[I(T\ N))) = e(T'\ N).

Also, by the orbit counting lemma, the number of orbits of (¢/7\n,dj\n) on T\ N is

1 N Fi Fi 1) Fi )
LNV i ()] + P (0)] + Fixrn () = e\ ) — V1 el e O, o (eo)
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= ¢(T\N) - IN]_ [Fixnw ()] n |[Fixy\ v (¢0)]

4 4 4
N Fi 0
< T\ N)— |47‘+ | 1XT\4N(L )|,

where in the first equality we have used (3.3) and in the second equality we have used the fact that § has no fixed points
on T\ N. Now, yn € Fixp\n(¢0) if and only if yn = (yn)* = yz(n=1)7, that is, z = nn”. From Lemma 3.1, we deduce
|Fixy\ v (¢0)| < 3|N|/4 because z # 1. Thus

3IN] IN]

S| < 26 +e(M\W)= 1L+ 351 _ ge(n)— I

and part (1) follows.
SUBCASE o(z) = 1.

In this case, t#¥ = z =1 and t¥ = t~!. In this case, for every n € N, we have
(yn)' = (y(n=1))* = Atn? =t~y =ty = (vnh)" = (yn)*.

This shows that ta; = ozt on T'\ N, and hence (in particular) (¢j7\n, (a¢)j7\n) is an elementary abelian 2-group of order
1, 2 or 4. If (oy)p\wv is the identity mapping, then yn = (yn)* = ~ytn~t, for every n € N. In particular, vt = ytt~!
which implies t = 1. This means that for every n € N, yn = (yn)® = yn~1
contradicting our hypothesis that N has exponent greater than 2.

If t7\ v is the identity mapping, then ¢(yN) = [N| and hence ¢(T') = ¢(NNV) 4 | N|. Observe that

, so that N is an elementary abelian 2-group,

Fixp\n(ag) := {yn |t = n?}.
Let n3 = t, an easy computation shows that
Fixp\ n(a¢) = ynoQ2(N),
hence |Fixp\n ()| = [Q2(N)| < [N|/2. This shows that {(a;);r\n) has at most [N|/2 + (|N|/2)/2 = 3|N|/4 orbits on
T\ N. Therefore
S| < 26+ _ ge(M= N+ _ ge(n) -1

and part (1) follows. So we can assume that t7\ v is not the identity.

Since 42 = 1, when yr\~n = (a¢)m\~, then tly = (yt)'m\W = (41)% = v, so t = 1. Further, n=ly = (yn)'"\~n =
(yn)* = yn~1, for every n € N, that is T is abelian, and part (2) holds.

It only remains to consider the case that (¢, () n) has order 4.

By the orbit counting lemma, the number of orbits of (¢, ;) on T\ N is

1 . . :
(3.4) 1 (IN] + [Fixp\n ()] + [Fixgy v ()| + [Fixg n (va)])

IN|  [Fixpw (o) [Fixpw ()| [Fixpyw (o)

—c(T\N)— =1

where the equality between the two members follows by (3.3). If |Fixp\n(a¢)| < |N|/3 and |[Fixp\ v (cay)| < |N|/2, or
|Fixy\ v ()| < [N|/2 and |Fixp\ v (eow)| < [N]/3, then we immediately obtain part (1). Therefore we suppose that this

does not hold. An easy computation reveals that

Fixp\y (tae) := {yn [ t7! = [n,7]}.
As (a¢);r\~ and (taq) |\ n are not the identity mappings, we deduce
e Fixp\ny(ay) = ynof2(N), nZ=tand [N : Q(N)| =2,
o Fixp\y(tay) =y Cn(7), t7! = [n1,9] and [N : Cn(v)| = 2,
L] |FiXT\N(Oét)| = |N|/2 = |FiXT\N(LOét)|.
If Qo(N) # Cn(7) or if Fixp\y(ar) = Fixp\n(tar), we have [Fixp\n(¢)] > [N[/4, because Fixp\n(t) contains both
¥(Q2(N) N Cn(v)) and Fixpy v (ar) N Fixpy v (ear). Hence, from (3.4), the number of orbits of (¢, ;) on T\ N is at most

NIV VT INT _ M

C(T\N)*T*TGJF 3 3 c(yNV) 16

and part (1) follows again. Assume, at last, Qo(N) = Cy(7v) and Fixp\y(or) # Fixp\ny(ear). Set M = Qo(N) =
Cn (7). Then Fixp\n(a;) = vM and Fixp\n(tar) = v(N \ M), or Fixp\ny(ay) = (N \ M) and Fixp\y(eor) = yM. If
Fixp\n(a¢) = yM, thent =1 and 1 = ¢! = [y, n1]. Thus ny € Cn(y) = M and hence Fixpy y(1oy) = M, contradicting
Fixp\ v (tar) = v(N \ M). Thus Fixp\ny(a¢) = y(N \ M) and Fixp\ y () = yM. As Fixp\y () = yM = yvCn(7), we
have ny € Cy(7) and hence t™1 = [y,n1] = 1. Then n} = ¢ = 1 and hence Fixy\ n(ay) = ¥Q2(N) = vM, contradicting
Fixp\n (o) = (N \ M). O
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The next lemma again has a similar flavour. This time we are assuming that the index-2 subgroup N of T is generalised
dicyclic, and we need to assume that our permutation fixes each of the cosets of the abelian subgroup A of N setwise.

Lemma 3.5. Let T be a finite group, let N = Dic(A,y,x) be a generalised dicyclic subgroup of T having index 2, let
teN,letyeT\ N, let oy : T — T be any permutation defined by

a* € A, (ra)™ € xA,Ya € A, and (yn)** =~tn'4, Vn € N.
Recall that T4 is given in Definition 1.9. Then one of the following holds:

[N]

(1) {SCT| X =X"1 X% =X} <260N) =53
(2) V2 =y=tanda” =a ! Va € A,
(3) t =1, (v, A) is abelian, and T = Dic({~, A),y, ).
In parts (2) and (3), if n® € {n,n=1} for every n € N, then we have 2* € {z,271} Vx € T.

Proof. We let « : T — T the permutation defined by 2* = 27! Vz € T. For simplicity, we let S := {X C T | X =
X1, X2 = X}. Observe that, for every a € A, we have a® € A and

(3.5) (ya)*t = yta™* = Ata.
Suppose o(t) > 3. Then the orbits of (o) on yA all have length o(t) > 3 and hence

S| < 9e(T\(YAUy T AN+ L ge() =151+ 51 ge(1) =I5l _ ge(r)- 15
and part (1) follows in this case. In particular, for the rest of the proof we may suppose that o(t) < 2. Since N is
generalised dicyclic and ¢t € N, we obtain ¢t € A. Now, for every a € A, we have (ya)® = yta € yA and hence vA is
ag-invariant. Therefore ay has |A|/o(t) cycles on yA. This also means that yzA is az-invariant.
Suppose that 42 ¢ A, that is, yA # v~ tA. Then T/A is a cyclic group and N = (y2, A). If o(t) # 1, then

S| < 28M\GAL T AN+ _ ge(M)—fAl+ 5L _ ge(T)—15! _ ge(m) -1

and part (1) follows in this case. Suppose then ¢ = 1. In this case o fixes 7A pointwise. For every a € A, we have

(3.6) (v la)™ = (v(v %)™ =v(v%a)" = yy%a = 7a.
As (72, A) = N = Dic(4, y,x) and as all elements in N \ A have order 4, we deduce o(y?) = 4 and o(v) = 8. In particular,
3 # ~~! and from (3.6) we deduce that a; has no fixed points on v~ A. Hence oy has at most |A|/2 cycles on y~1A.

Therefore
S| < 26(T\GANT AN+ _ ge(D—lAl+ G — ge() 15! — ge(@)—

and part (1) follows in this case.

Henceforth we may assume that 42 € A. Then (v, A) is a group having a subgroup A of index 2. Furthermore, since
both N = (z, A) and (v, A) are index-2 subgroups of 7', we must have (yx)? € N N (y, A) = A. Also, since v and = both
normalise A, so does yz. So (yz, A) is a group having a subgroup of index 2 and o restricts to a permutation of (yz, A).
Since t € A and o(t) < 2 we see that x and ¢ commute, so for every a € A we have

(3.7) (yra)* = yt(za)™* = vtz ta = yr~'ta = ya(r?*t)a.

So we can apply Lemma 3.3 to the group (yz, A) and the permutation (ay)|(y. 4y With y2 taking the role of the “y” in
that lemma, and 2t taking the role of “t.”
If part (1) in Lemma 3.3 holds, then
A

S| < 2T\, ADFe((ve )~ — ge(T)—153

and conclusion (1) holds.

If part (2) in Lemma 3.3 holds, then A is an elementary abelian 2-group, but this contradicts our definition of a
generalised dicyclic group together with our hypothesis that N is such a group.

So either part (3) in Lemma 3.3 holds, so that o(x?t) = 2, 2%t = (yx)?, and (yx, A) = Dic(A4, (yz)?,vx); or part (4)
holds, so that 2%t = 1, meaning 22 = ¢t. We postpone further consideration of these cases briefly.

We can also apply Lemma 3.3 to the group (v, A) and the permutation «;. In this case -y takes the role of “y” in the
lemma, and t takes the role of “t”.

If part (1) in Lemma 3.3 holds, then

S| < 28T\ +e(tr A= — ge(T)-I

and conclusion (1) holds.

If part (2) in Lemma 3.3 holds, then A is an elementary abelian 2-group, again a contradiction.

So either part (3) in Lemma 3.3 holds, so that o(t) = 2, t = 42, and (v, A) = Dic(4,t,7); or part (4) of Lemma 3.3
holds, so that ¢t = 1.

We have now applied Lemma 3.3 to two different subgroups of 7', and have completed the proof except in the cases
where parts (3) or (4) arise from both applications. We now consider these final four possible outcomes individually.
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It is not possible that part (4) holds in both applications, since this would imply that t = 1 and 2? = ¢, contradicting
o(x) = 4 from the definition of a generalised dicyclic group.

If part (3) holds in both applications, then (yx, A) = Dic(4, (yx)?,vz) implies that a7 = a® = a~ !, so a7 = a for
every a € A. But (v, A) = Dic(A,t,~) implies that a” = a~! for every a € A. Taken together, these imply that A is an
elementary abelian 2-group, again a contradiction.

If part (3) holds in the first application and part (4) holds in the second, then we have t = 1, (o(2?t) = 2), 2%t = (yx)?,
and (yz, A) = Dic(A, (yz)?,vz). Since (yz, A) = Dic(4, (yz)?,vz), we see that a7® = a® = a1, so a7 = a for every
a € A, and (v, A) is abelian. Since 2t = 22 = (y2)?, we have v* = v~ !, so T' = Dic((v, A), y, z). This is conclusion (3).

Finally, if part (4) holds in the first application and part (3) holds in the second, then we have y = 22 = t, o(t) = 2,
t =~2, and (7, A) = Dic(4,t,~). This is conclusion (2).

O

With these preliminary results in hand, we are ready to prove bounds on the number of connection sets that admit
various types of graph automorphisms. Recall Notation 1.15. We already have bounds on |S| and on |Uy|. Our goal in
this section is to bound |7x| when |N| is relatively large. In order to do this, we need to further subdivide Ty.

Notation 3.6. For what follows, R is a group that is neither generalised dicyclic, nor abelian of exponent greater than
2. We let N be normal subgroup of R and we let

Tn ={S €Sn\Sy | 3z € R and 3f € Nayyr(r,s)) (V) with 17 =1 and (zN)/ ¢ {aN, 27 N}},
T ={5€Sv\Sy\Tx | 3f € Nauer(r.5) (V) \ Caut(r(r,s) (V) with 1/ =1 and
N is neither abelian of exponent greater than 2 nor generalised dicyclic, or
N is abelian of exponent greater than 2 and n/ # n~! for some n € N, or
N = Dic(A,y,z) % Qs x C& and n' # n™ for some n € N, or
N = Qg x C5 and n/ ¢ {n* n% n™} for some n € N},

2
To :={S €Sy \Sx\ U Tx | 3z € R and 3f € Nauy(r(r,s)) (V) with 1/ =1,(@N) # 2N and
=1
either N is non-abelian or there exists n € N with (zn)’ # (zn)~'},

3
Ta:={S€Sn\Sx\ U T 3z € R and 3f € Npyyr(r,s) (V) with 17 =1 and 2/ ¢ {z,27}}.
=1
It should be clear from this definition that
4
Tv = J 7%
=1

We will bound the cardinality of each of these sets. Most of the bounds we find will only be vanishingly small relative
to 2¢() if |N| is relatively large compared to |R|. Specifically, they will all work if |N| > 9log, |R|. In order to create
the best possible bound, however, we will want to balance |N| against |R/N]|, so we will use these bounds only when

IN| > /IR].

The first bound is only useful if |[N|/2 dominates 2log, |R|. In particular, it will be useful if |[N| > 5log, | R|.
Proposition 3.7. We have |Tx| < 9c(R)— 15 +21log, |R|—log, |N|+(log, [N|)*+2

Proof. Let S € Ty and set Gg := Naut(r(r,s)) (V). Say, (xN)f = yN, for some 2 N,yN € R/N with yN ¢ {xN,z"'N}
and for some f € Gg with 1/ = 1. Now, / = yt, for some t € N. Observe that

(3.8) (zn)f =2 = I U0 = yints

where we are denoting by ¢y : N — N the automorphism induced by the conjugation via f on N. Observe that we have
at most | Aut(N)| < 2(°s IND* choices for the automorphism ¢y. Therefore, as t € N, given N and yN, we deduce
from (3.8) that we have at most |N|2(°82 IND* choices for the permutation flan N — yN restricted to zV.

We consider various possibilities:

(i) o(xN) =0(yN) =2, or

(i1) o(zN) > 2 and o(yN) > 2, or
(iii) o(xN) =2 and o(yN) > 2, or

(iv) o(zN) > 2 and o(yN) = 2.
We consider these cases in turn: we let B;, B;, Biii, Biw be the subsets of 8% satisfying, respectively, (i), (ii), (iii) or (iv). In
the first case, the number of inverse-closed subsets of R\ (zN UyN) is 26(f)—e@N)=eN) and the number of inverse-closed
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f-invariant subsets T of N U yN is at most 26®N) | because once T N N has been chosen the set 7' N yN must equal
(T NxN)/. Therefore

B:| |N 20082 IND? | g /N |22e(B) —e(@N)—e(yN) . ge(aN)

IN

9e(R)—c(yN)+2log, |R|~log, |N|+(log, [N|)* ~ ge(R)— 15! +210g, |R|-log, |N|+(log, [N|)*

In the second case, the number of inverse-closed subsets of R\ (tNUyN Uz~ "N Uy 'N) is 221N and the number
of inverse-closed f-invariant subsets 7' of zN UyN Uz~ N Uy~ !N is at most 2V, because once T'NxN has been chosen
we must have TNz !N = (TNaN)"L, TNnyN = (TNxN) and TNy~ ! = (T NaN)’)~L. Therefore

1Bi| < |NJ20es2 IND* | R/ |29e(R)=2IN| . 9IN| — ge(R)~|N|+2log; |R|-logy [N|+(log, [N])*

In the third case, the number of inverse-closed subsets of R\ (zN UyN Uy N) is 2¢0F)=¢@N)=INl and the number
of inverse-closed f-invariant subsets of N UyN Uy~ 'N is at most 2/V!, because once we choose a subset of zN all the
others are uniquely determined. Therefore

IN|

Bus| < |N|200% IND?| R/ [2oe(R)=e@N)=IN| 9l N| < ge(R)~ ! +2108; | R|-logz [N |+ (1o, IN)?.

The fourth case is similar to the third case and we have |B;,| < 9c(R)— 15l +210g, |R|—log, | N|+(log, |N)?

The proof now follows by adding the contribution of the four sets B;, B;;, Bii; and B;,. O
Our second bound is useful whenever |N| grows with |R).

Proposition 3.8. We have |T2| < 9e(R)—lgg +(logy [N])?

Proof. Given S € T#, we let Gg := Nauyr(r,s)(N). Given f € (Gg)1, we let 1y : N — N denote the automorphism

induced by the action of conjugation of f on N. Let f € (Gs)1 \ C(gy), (N) witnessing that S € T3, that is,

e N is neither an abelian group of exponent greater than 2 nor a generalised dicyclic group, or
e N is an abelian group of exponent greater than 2 and ¢ # ¢ (where ¢ : N — N is defined by z* = 27!, for every
x € N), or
e N = Dic(A,z,y) % Qs x C5 and 1 # 14 (where z4 is given in Definition 1.9), or
o N=QgxC4and iy ¢ {ti,z;,0} (Where z;,7;, ), are given in Definition 1.9).
In each of these cases, by Theorem 1.13 applied to N, we deduce that the number of f-invariant inverse-closed subsets
of N is at most 2¢(V)=INI/96 Tn particular,

1 T2] < 26(R\N) 9o =I5l | Ayp( )| < 2e()=INI/96+(1og IND)?

where the first factor accounts for the number of inverse-closed subsets of R\ N, the second factor accounts for the number
of inverse-closed f-invariant subsets of NV and the third factor accounts for the number of choices of ¢f. O

For our third bound to be useful, we need |N|/8 to dominate log, |R|. In particular, it will be useful if |[N| > 9log, |R).
Proposition 3.9. We have |T3| < 9¢(R)— 5! +log, |Rl+(log, IND)?

Proof. Given S € T3, we let Gg = Naut(r(r,s)) (V). Given any element x € Gg, we let 1, : N — N denote the
automorphism induced by the action of conjugation of k on N. Let # € R and let f € (Gs)1\ C(gy), (IV) with o(zN) > 2
and assume either

e N is non-abelian, or

e N is abelian and there exists n € N with (zn)f # (zn)~L.

As S ¢ Ty, we have (zN)! € {xN,27'N} and hence (zN)f = 27! N. Thus / = 27¢, for some t € N. Observe that
(3.9) (zn)) = 2" = I U0 = g lpts,

From (3.9), we deduce that we have at most | Aut(N)||N| < 20> IND*+logs [N] choices for the restriction flon 1N — 27N
of ftoxN. Let 8: 2N — xN be the permutation obtained by composing first f|,x and then ¢ : 7N — &N, where ¢ is
defined by (z7'n)* = (z7'n)"! =n~1lz ¥n € N. Thus, from (3.9), we have
(zn)? = ((zn))) = (z71n) "t = (n Y)Wt e = a(n=h) = (7).
Since S is inverse-closed and f-invariant, we deduce that S Nz N is g-invariant.
Let 8/ : N — N the permutation defined by n? = (n~Y)t=(t1)= ¥n € N. An easy computation reveals that

n € Fixy(f') if and only if n=*(n~!)*= = t*=. In particular, we are in the position to apply Lemma 3.1 (with a = ¢y,
and with the element ¢ there replaced by t*= here ). From Lemma 3.1, we have two possibilities:

o |Fixy(8)] < 3|N|/4, or

e N is abelian, t = 1 and n*/* =n~! ¥n € N.
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If the second possibility holds, then N is abelian, ¢ = 1,-1¢ and from (3.9) we get (zn)f =z~ (nte-1)" P =z~ lan~la71 =
(zn)~! for every n € N; however, this contradicts the fact that S € T3. Therefore, |Fixy(5')| < 3|N|/4.

The definition of 3’ and the previous paragraph yield that 8 has at most

BIN| IV =2 7N
4 2 8

orbits. Since S N N is B-invariant, the number of choices for S N zN is at most 271NVI/8, By taking in account the
contributions of ¢y, /N and ¢, we obtain

T3] < 2008: IND*| N || R/N |26\ (@NU ™ M) g Tl _ ge(R)— 5 +log, [ RI+(log, IND? - [
Our fifth bound is again useful whenever |N| grows with |R).

Proposition 3.10. We have |Tp| < 9¢(R)— 131 +log, |R|+2,

Proof. Given S € Tx, we let Gg := Nauwt(r(r,s)) (V). Given any element x € Gg, we let ¢, : N — N denote the
automorphism induced by the action of conjugation of x on N. Let v € R and let f € (Gg); with v/ ¢ {y,77'}.
Furthermore, if possible we will choose 7 so that o(7y) = 2. Therefore we may assume that if o(v) # 2, then (y')f =/ for
every 7' € R with o(7") = 2. (This will be important when we apply Lemma 3.4.)

We now consider various possibilities depending on the behaviour of vV, but first, we state the fact that the set .S does
not lie in 72 in a manner tailored to our current needs:
CASE A (GS)l = C(GS)I(N)7 or
CASE B N is abelian of exponent greater than 2 and, for every f € (Gg)1 \ C(gy), (V) we have nf =n"lV¥n € N, so
(Gs)r: Cag), (V)| = 2, or
CASE C N = Dic(A, y,x) 2 Qg x C4, for every f € (Gs)1\ Ccs), (N), A= Cy(f) and the automorphism ¢y induced by
fon N is 4, or
CASE D N = Qs x C4, |(Gs)1 : C(ge), (N)| € {2,4}, for every f € (Gg)1\ Cay), (IV), the automorphism ¢y induced by
f on N is one of i;, 1j, Uj.

In particular, in cases B, C, and D, n‘s € {n,n"1} Vn € N.

Suppose that v € N. Since 1/ = 1 and since f normalises N, we have v/ = v/ € {y,77!}. For the rest of the proof,
we may suppose that v ¢ N. Since S ¢ T, we have (YN)! € {yN,y"IN}.

Suppose (YN)f # yN. Since S ¢ T3, we have (yn)/ = (yn)~! ¥n € N and hence, in particular, v/ = y~!. Therefore,
for the rest of the proof, we may suppose that (yN)/ = yN.

Since vf € yN, there exists t € N with v/ = vt. Now,

(3.10) (yn)f =" = ’yf'f_lnf = ()" =~tn*’, VneN.

Suppose now that YN # 4~ 'N. Then (yn)~! € y"'N # N for every n € N. Since (yN)/ = vN, we cannot have
(yn)~! = (yn)f. Thus the orbits of f fuse orbits of the inverse map on YN U~ ~!N unless f has any fixed points on yN;
that is, unless (using (yn)f = yn in (3.10)) there exists some n € N with
(3.11) t =mn(n)"t
Note that (3.10) with n = 1 together with v/ # ~ implies that ¢ # 1. So applying Lemma 3.2 to N with n® = n* implies
that the number of fixed points of f in yN is at most 3|N|/4. Therefore the action of f on vV together with the action
of the inverse map on YN U~~!N results in at least |N|/4 orbits of length at least 4 and all other orbits having length
at least 2. So when fj,y is given, the number of choices for SN (YN U~y~1N) is at most 2@INI/H/2H(NI/9)/4 = 97INI/16,
Therefore

T < 3|N||R/N|28)~e(N U7 N)gTINI/16 < 92-+logs |Rlge(R)~INIHTINI/16 _ ge(R)=9|N|/16+log; |RI+2

(where 3|N| is the number of choices for the restriction fyn : YN — yN of f to vN, and |R/N| is the number of choices
for YN € R/N).

For the remainder of the proof we may assume that YN = v~ !N, meaning that N is an index-2 subgroup of (v, N).

Suppose that f € Cgg(N). Then, (3.10) becomes n/ = n and (yn)/ = vtn, Vn € N. When f}, is given, from
Lemma 3.3, we deduce that the number of choices for S N (y, N) is at most ge((v.\)) - Irgt (recall that the other cases
cannot arise since 7/ ¢ {,77!}). Therefore

1T < |NJ|R/N|2c=e((r:N)ge((3N) = kg < ge(R)= gl +log, 1R,

(where |N| is the number of choices for the restriction f,n : YN — N of f to yN, and |[R/N| is the number of choices
for YN € R/N). Therefore, for the rest of the proof we may suppose that f ¢ Cgg(N). In particular, only Case B, C
or D may arise.
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Suppose that Case B holds. Then, (3.10) becomes nf = n~! and (yn)f = ytn=', ¥n € N, so n*s = n~! for every
n € N. As already observed at the beginning, if v cannot be chosen with o(7) = 2, then for every yn € yN with o(yn) = 2,
we have (yn)/ = yn. So we may apply Lemma 3.4 with fj(, ) taking the role of ay.

[NV]

When f,n is given, from Lemma 3.4, we deduce that the number of choices for S N (v, N) is at most 2c((r.N)— "7
(again, the other cases cannot arise since vf ¢ {v,771}). Therefore

1T < |N||R/N|2eB=e(r:ND geltrN) =5 < ge(R) =5l +log, IRl
again, |N| is the number of choices for the restriction f,n : YN — vN of f to yN, and |R/N| is the number of choices
¥
for YN € R/N).
Cases C and D can be dealt with simultaneously. Here, (3.10) becomes nf = n®4 and (yn)f = ytn*4, ¥n € N. When
n is given, from Lemma 3.5, we deduce that the number of choices for S N (v, N) is at most 9e((rN)=51 (a ain, the
7 g Y g
other cases cannot arise since v/ ¢ {v,771}). Therefore

[NV

|7‘]<1[| < 3‘N||R/N|QC(R)*C(W’N))QC((%N))*% < 9¢(R)— 57 +log, [R|+2
where 3|N| is the number of choices for the restriction f,n : YN — vN of f to vV, and |R/N| is the number of choices
¥
for YN € R/N).
O

Combining these results, we are able to bound |Ty].

Proof of Theorem 1.5. Since the initial statement excludes S, its proof follows by adding the bounds produced in Propo-
sitions 3.7, 3.8, 3.9 and 3.10 for |7, for each 1 < i < 4. If we drop the condition R = Naut(r(r,s)) (1), then we must
also add the bound produced in Proposition 1.14 for S§ (which has no effect on the bound we have given). Using Propo-
sition 1.14 requires us to exclude groups that are either abelian of exponent greater than 2, or generalised dicyclic. |

4. GROUPS WITH A “SMALL” NORMAL SUBGROUP

We begin this section of our paper with a counting result that we will need. The flavour of this result is quite distinct
from most of the rest of the paper, and we have placed it in advance of the introduction of the notation and situational
information that we will be using for the rest of this section.

Lemma 4.1. Let X be a set and let f and g be permutations of X. Then either
(1) {SCX|[SNSf|=[SnSI} < 22Xl or
(2) there exists a subset I C X such that
e [ is f- and g-invariant (that is, I¥ =1 and I9 = I),
b f\I =91,
o fixvr = (97 x\-
Proof. We denote by F and by G the permutation matrices of f and g, respectively. Therefore, F' and G are | X| x | X]|-
matrices with {0, 1} entries, with rows and columns indexed by the set X and such that

Fry = Lited :.y, Gay = b z'y,
0 otherwise, 0 otherwise.

Let A:= F —G. For any S C X, let g € Z* be the “indicator” vector of the set S, that is,

1 if
(5S)w = { tre S7

0 otherwise.

Finally, let (-,-) : Q% x Q¥ — Q be the standard scalar product and let (e;),cx be the canonical basis of Q.
With the notation above, for every subset S of X, we have

SN ST| = (65, Fds) and [SNSI| = (65,Gds).
Therefore,
{SCX[|SNST|=|9N S} = {5 C X | (3s, Fos) = (35, Gds)} = {S C X | (35, Ads) = 0}.
For simplicity, we write A : {0,1}* — Q for the mapping defined by § — A(8) = (§, AJ), for every § € {0,1}X.
Suppose first that, there exist 4,j € X with i # j and A; j+A;; # 0. Fix 0, € {0, 1} arbitrarily for every 2 € X\ {7, j},
and let 0= 3", v\ (; ;) Ou€as- By restricting A, we define the function A": {0,1} x {0,1} — Q by setting
(6i75j) — A'(éi,éj) = A(’I’]+51€Z+5J€]) = <77+(51€1+§j€j,A(n+6zez+5]e])>
= (n, An) + 6i(n, Aei) + 6;(n, Ae;) + bi{es, An) + 6;(e;, An)
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+(5i2<6i, A61> + 5J2 <€j7 A€j> + (515] <6i, A6j> + 5i5j<ej7 A61>
A computation yields
A'(0,0) + A'(1,1) = A'(1,0) — A(0,1) = A; j + A;; #0.
In particular, at least one out of the four choices (d;,6;) € {(0,0),(0,1),(1,0),(1,1)} gives rise to a non-zero value for

A(n+ d;e; + d;¢;5). Therefore, for every choice of ¢, € {0,1} with 2 € X \ {4, j}, we have at most three more choices for
8;,8; € {0,1}, for constructing a vector § € {0,1}% with A(J) = 0. Therefore,
{5 C X |(0g,Ads) =0} <2XI72.3= Z -9l Xl

and (1) holds.
Suppose that, for every 4,7 € X with ¢ # j, we have A; ; + A;; = 0. In this case,

§:=Y  brex = A() =Y Agaly.
zeX zeX
If A;; # 0 for some ¢ € X, then we may use the same argument as in the previous paragraph by fixing é, € {0,1}

arbitrarily for every x € X \ {i}, and by considering the restriction of A as a function A’(4;) of §; € {0,1} only. In this
case, we see that one of the two choices for §; gives rise to a vector § € {0, 1}* with A(d) = 0. Therefore,

{8 C X |(ds,Ads =0)} <2XI71.1< %2'”

and (1) holds.

Suppose now that, for every ¢,j € X with ¢ # j, we have A; ; + A4, ; = 0 and A; ; = 0, that is, A is antisymmetric. Let
I be the set of rows of A = F' — G that are zero. From the fact that A is antisymmetric and from the definition of A, we
see that I is f- and g-invariant, fj; = g; and fix\; = gf)(l\J. In particular, (2) holds. O

Incidentally, we observe that, if (2) holds in Lemma 4.1, then |S N S/| =[S N 89|, for every subset S of X. We find
this quite interesting on its own. For instance, f := (12345)(678)(9101112) and g := (15432)(678)(9121110) have
the property that |[S N .Sf| = |S N S|, for every subset S of {1,...,12}.

4.1. Specific notation. Henceforth, let R be a finite group of order r acting regularly on itself via the right regular
representation: here, we identify the elements of R as permutation in Sym(R). Let N denote a non-identity proper
normal subgroup of R. We let b := |R: N| and we let 71, ...,7 be coset representatives of N in R. Moreover, we choose
v := 1 to be the identity in R. Observe that R/N defines a group structure on {1,...,b} by setting ij = k for every
i,5,k €{1,...,b} with v, Nvy;N =y N.
Write vy := 1 where vy has to be understood as a point in the set R. For each i € {1,...,b}, set O; := vy"N =y, N =
N~;. Observe that the O;s are the orbits of N on R, the group N acts regularly on O; and |O;| = |N|.
For an inverse-closed subset S of R, we let T'(R, S) be the Cayley graph of R with connection set S, and we denote by
Fg the largest subgroup of Aut(T'(R,S)) under which each orbit of N is invariant. In symbols we have
Fs:={g € Aut(T'(R,S)) | O = O;, for each i € {1,...,b}}.
(The subscript S in Fs will make some of the later notation cumbersome to use, but it constantly emphasizes that the
definition of “F” depends on S.) Similarly, we define
Bs := Fs N Nau(r(r,s)) (V).
As above, let S be an inverse-closed subset of R. For a vertex u of I'(R, S) in O;,
let 0(S,u,j) denote the neighbours of vy and u lying in O;.
See Figure 2. It is clear that

o(S,u,7)=85NS"N0O,; =(SNO,;)N S =5;N85%,
where g, € R with vg* = u. Since u € O;, we have u = vg"k'“, for some k, € N. In particular, g, = v;k,. Let s € S with
s9v € S;. Then s9» € O; = vng = é\]”
-1
0;, we see that g, € v;N and s € 077"
. u iku
(41) CT(S, u,]) = Sj N S;.Ji_l = Sj n S;Yi_l .

and 59”;1 € vév = ;. Since g, maps the element vy of O; to the element u of

N~y 1 vTIN .
=, RCREIE vgﬂ‘ = Oj;-1. This shows

For two distinct vertices u,v € O; and j € {1,...,b}, let
U({u,v},5) = {SCR|S=5""and [0(S,u,j)| = |o(5,v, )|}

In the results that follow, we use the notation that we have established here. Our aim with the next few results is to
show that |U({u,v}, )| is at most % -2¢(R) " This will subsequently be used to bound the number of graphs admitting
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SN 4]

o(S,u,j)
0;

FIGURE 2. The definition of o(S, u, j)

automorphisms that fix the vertex 1 and also fix each O; setwise while mapping u to v. We generally end up with some
other possibilities that we gradually eliminate by introducing additional assumptions.
Proposition 4.2. Leti € {2,...,b}, let u and v be two distinct vertices in O; and let j € {1,...,b}\ {1,i}. Then, one
of the following holds:

(1) [({u, 0}, 5)] < § - 2009,

(2) 4% =1, vi =}y for some § € N, ku = 519, ' Gko s, kv = 515 'Ghu; and ik, viku centralize N,
(3) o(ji™") > 2, o(j) = 2, o(i) is even, o(v;) =4, v} =k 'ky =k 'ky, N is abelian and y?3 =y~ for every y € N,
(4) o(ji™') =2, o(j) > 2, o(i) is even, o(yj;-1) = 4, 7%,1 =k Yk, = k;'k,, N is abelian and y i =y~ for every
yeN,

(5) o(ji™") =o(j) =2
Proof. We divide the proof in various cases.
CASE j2 =i.
Observe that, if S C R is inverse-closed, then ;-1 = Sj_l. As ji~! =571 from (4.1), we obtain

. Eplyt kplyt
(4.2) (S, )] = [ S5ia N SE T = |85 A sE T,
. k‘;l ;1 k;l ;1
|O'(S,’U,J)| = ‘Sji_l M S] K ‘ = |Sj—1 M S] v ‘
Let ¢ : N’y{l — N7; be the mapping defined by z — z* = ! for every x € Nq/;l and set
f= k;l'yi_lL :Nv; = Nv; and g := k;l'yi_lL : Nv; — Nvy;
as permutations of Nv;. Now, (4.2) yields
. C A gha ! kot f
(4.3) o (S,u, )| = [55 N S; | =150, | = 15,1551,
. . ko tyt kytyhe
|0(S,v,j)|:|5j05j 7 |:|Sjﬂ5’j B |:|SjﬂS]g\.

From (4.3), we see that we are in the position to apply Lemma 4.1 with X := O,. If Lemma 4.1 (1) holds, then the
number of subsets S; C O; satisfying (4.3) is at most 3 - 2/¥I. Therefore

3
(W ({u, v}, )] < iz‘Nl L 9e(R)=IN|

observe that 26(F)~INI counts the number of inverse-closed subsets of R\ (y; N U Wj_lN ). Thus (1) is proved in this case.
Therefore, we may suppose that Lemma 4.1 (2) holds. Therefore, there exists an f- and g-invariant subset I of Nv;
such that fi; = g7 and fix,\1 = (g_l)‘N,Y_j\l. If I # (0, then there exists x € I and hence

k—l

—1 —1_—1
aha v b= = g9 = ke

Simplifying ¢ and ; ', we obtain zk; ' = xk;'. This yields k, = k,, contradicting the fact that u # v. Therefore I = ()
and hence f = ¢!

This means that, for every x € Nv;, we have

(4.4) w = a9 = gF TR o (ke TR T (ke Ly R = ()R
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= (ka1 = (ka7 = ik by

As j2? =i, there exists § € N with
(4.5) Vi = 7]2'11
When z = v;, (4.4) gives

W i = koviks
Using (4.5), we obtain 7;173-%- = gj_lvjy. Therefore
(4.6) kw =5 ks
From (4.4), (4.5) and (4.6), we obtain

x = 'yikvwvflkv_ly_lvfl, Vo € Nv;.
By writing x = yvy; with y € IV, we deduce
y = (viko)y(viko)™, Yy eN.

Since y is an arbitrary element of N, we get that ~;k, centralizes N. From this and from (4.5) and (4.6) we see that (2)
holds. m

For the rest of the proof, we suppose j2 # i. From (4.1), we obtain
. kptyt . kytyt
(4.7) lo(S,u, j)| = |Sji-1 N S;™ Y| and o (S, v,5)] =[S0 550 L

From (4.7), we see that the condition “|o(S,u, )| = |o(S,v,7)|” imposes no constraint on S, for z ¢ {j,ji~%, 71, (ji~ )"t}
Observe that

{7 # i @)™,
because we are assuming j2 # 4. As usual, there is one implicit condition on the set S: it is inverse-closed. This suggests
a natural decomposition of S. Write R, ; := ;N U 7;1N U~ N U 'yj;.le and RS, =R \ R;,i. We have

2|N| if o(j) > 2 and o(ji~!) > 2

IN|+c(y;N) if o(j) =2 and o(ji~ 1) > 2,

(4.8) c(Rya) = IN| + ¢ ; N) if 2 and o(ji~!) = 2
Vi1 if o(j) > 2 and o(ji™") = 2,

c(y;N) + (v N) if o(j) = o(ji™!) = 2.

Observe that R;; and Rj; are inverse-closed; moreover, we may write S := 5;; U S5,
Using this decomposition of the inverse-closed subsets, we get

W ({u,v},j)] = A- 25,
where 28 is the number of inverse-closed subsets S5 C RS, and A is the number of inverse-closed subsets S;; C R;; such
that ;-1 NS5 | = 185,00 1S with §:= S5, U ¢, We deduce
(4.9) B =c(R) — c(Rj,)-

where S;; C R;; and S5, C Rj .

CASE o(ji~ ') > 2.

When o(j) > 2, let t; be the number of subsets S; of O, with S vo= Sf”_l. When o(j) = 2, let t; be the number of

inverse-closed subsets S; of O; with Sj o= Sj v . In both cases, let
to = QC(WjNUVle) —t

—1

—1 —1 —1,.,— 1
Observe that for every subset S C R with Sf“ = Sf'” , we have S € U({u,v},j) because S;“ K- S » 7 and
—1_-1 —1_-1 —1 -1
hence [S;;-1 N SJI-C“ T | =S4 0 S]I-C” 7|, (In other words, when S]I-c” = Sf” , we have no constraint on S;;-1.) If

-1 -1 -1
Sf“ = Sf“ , then S; = Sf“ P and hence S; is a union of (k; 'k,)-orbits. As N acts regularly on O;, we have

[N

(4.10) t < 20lky tku)

—1 —1
Next let S € ¥({u,v},j) and suppose S; is a subset of O; with Sf # SJIc . Here to estimate the number of inverse-

—1,_ -1 —1,_-1
closed subsets S of R with [.S;;-1 N Sf“ Y =180 Sf“ "], we estimate the number of subsets satisfying the weaker
(but easier to handle) condition

—-1,-1 —1_.—1
|Sji—1 ﬂSf" T =S5 ﬂSf“ 7| mod 2.
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—1_—1 1 -1 —1_-1 —1_-1
Now Sf“ " and Sjk 7i are two distinct subsets of Oj;—1 of the same size a, say. Let b be the size of Sf“ TN Sf” T

-1 -1 —1_ -1 1 -1
Observe that a—b > 0 because Sj]?“ # Sf“ . A subset ;-1 of O};-1 with [S;;—1 ﬂSf“’ Y| = |81 ﬂSJI-C” 7| mod 2 can

—-1_-1 —1 1 —-1_-1 —-1_-1
be written as X UY', where X is an arbitrary subset of Oj;-1\ (Sf“ i \Sf“ ") and Y is a subset of Sf i \Sj]-c“ i
of size having parity uniquely determined by the parity of | X|. Therefore we have 2/VI=(a=b)2(a=b)=1 — 9INI=1 chojices for

Sji—1. Altogether we have

A <ty -2 gy oINS g oIV (92 NUYTIN) g 9lINI=1 ol NIe(y NUy " N)—1 4y 9lN|-1

As o(ji~') > 2, from (4.8), we have |N|+ c(y; N U’yjle) = c(Rj,;) and hence, from (4.10) (noting that if o(j) > 2 then
c(v; N Uv;lN) = |N|, and otherwise vjNU'y;lN =,;N), we get

[N
(4.11) A < 2014 gINI-L ¢ gelRy)-1 y oINS
9¢c(R;,:) 1 + ! ] = 9°(Fis) 1 + _11 [N :
2 e - IN| - T 2 Glelu Ny N - s

When ¢(;N U~; 'N) > |N|/o(k; k), (4.11) yields

A < 9¢(R.4) <1 + 1 ) - 3. 9¢(R;,4)

= 2 22) 4
and hence (1) holds in this case. Assume c(y,;N U Wj_lN) < |N|/o(k;1k,), that is,
IN| - \N7j|+|1\£wﬂ1(R)| when o(j) = 2,
o(kytky) ~ | |N] when o(j) > 2.

As k; 1k, # 1, we have o(k; *k,) > 2 and hence o(j) = 2. Thus
INT o [Nl + [Ny N I(R)]
o(ky 'ky) — 2
Since the left-hand side is at most |N|/2 and since the right-hand side is at least |N|/2, this implies o(k, 'k,) = 2 and
0> N gI(RH.

Therefore Nv; NI(R) = 0, N~; contains no involutions and ¢(y;N) = |N|/2. Under these strong conditions we refine the
upper bound in (4.11) by first improving our upper bound in (4.10).

ku

-1
As o(j) = 2, Nv; is inverse-closed. Recall that ¢; is the number of inverse-closed subsets S; C Nv; with Sf” =5;.

Consider the permutation ¢ : v; N — 7; N defined by mapping
iy () =y
for each y € N, and consider the permutation d : v; N — 7; N defined by mapping
VY = vk ks

for each y € N. Observe that ¢ and ¢ are involutions with no fixed points: ¢ has no fixed points because 7;/N contains no
involutions and 4 is an involution because o(k, 'k,) = 2. In this new setting,
ty = 2°,

where o is the number of orbits of (¢,d) < Sym(v;N). Each orbit of (¢, ) has even length, because ¢ has order 2 and has
no fixed points. Suppose (t,d) has at least one orbit of length greater then 2. Then o < |N|/2 — 1 (the upper bound is
achieved when (¢, §) has |N|/2 — 2 orbits of length 2 and one of length 4). Thus, in this case,

<25
Using this slight improvement on z and c(v;N) = |N|/2, we obtain

A <ty 2N p gy 2INIEE Z g oINT (98 g )oNISL 2 o1y ol NI-L
By pUnos 3 o

< 9272

As c(Rj;) = |N|+c(v;N) = 3|N|/2 (see (4.8)), we obtain

w

(4.12) A < Z.oe(B)

W~

In particular, from (4.9) and (4.12), we see that (1) holds.
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It remains to suppose that each orbit of (¢,d) has length 2; this means ¢ = 0, that is,

() = (3y)°, Yy eN.
In other words, y‘W{l = vjyky, *ky, for every y € N. Set z := k;'k,. Applying this equality with y = 1, we get
%_—1 = ;2 and hence 'yjz = 2 because z has order 2. Thus we have y‘l'yj_l = ij’yj_2 and hence 'yjy’yj_l =y~ !. This shows
that the element v; acts by conjugation on IV inverting each of its elements. Therefore, N is abelian.

To complete this case, we need to show that o(i) is even. Observe that since o(j) = 2 we have j = (i71)(ij) =
(7Y (i5))~t = (i)~ ti. Therefore, i2j = (i)(ij) = (ij)~*i~! = ji=2 has order 2. Since o(ij) = o(ji~') > 2, we cannot
have i € (i?), so o(i) must be even. In particular, (3) holds. m
CASE o(ji~1) = 2 and o(j) > 2.

—1
This case can be reduced to the case above. Set u' := vg“ and observe that g ;! = kv, ! and hence v/ € O;-1.
From (4.1), we have

1 -1
|0(S,u, )| = 185 N S%s| = 87 N Sjima| =[S N8P | = o (S, ji™ ).

-1
Similarly, |o(S, v, §)| = |o(S,v’,ji~1)|, where v’ := v . Inparticular, |0(S,u, j)| = |o(S, v, )| if and only if |o(S, v, ji~1)| =
lo(S, 0", ji7Y)|. Thus [¥({u,v},5)| = [$({u,v'},5i71)]. As o(j) > 2 and o(ji~!) = 2, this case follows by applying the
previous case to W({u',v'},ji~!). We obtain that either (1) or (4) holds.

CASE o(ji~!) = o(j) = 2. This is the only remaining option.

For three distinct vertices u,v,w € O; and j € {1,...,b}, let
U({u,0,w},j) =={SCR|S=5"and |o(S,u,j)| = [o(S,v,5)| = |o(S,w,j)|}.

Proposition 4.3. Leti € {2,...,b}, let u,v, and possibly w be distinct vertices in O; and let j € {1,...,b}\{1,i}. Then
unless o(j) = o(ji~1) = 2, we can conclude that:

e if o(i) is odd, then |V ({u,v},j)| < 3 -2 or j2 =i; and

o if w exists, then |¥({u,v,w},j)| < 3 .2¢8).

Proof. Assume that we do not have o(j) = o(ji~!) = 2.

We apply Proposition 4.2 to {u,v}. If o(i) is odd, we see immediately that Proposition 4.2 parts (3), (4), and (5)
cannot arise. Parts (1) and (2) are the conclusions we desire.

We also apply Proposition 4.2 for the pairs {v, w} and {w,u}. If Proposition 4.2 part (1) holds for one (or more) of the
three pairs, then the result immediately follows. Therefore, we suppose that none of the pairs {v,w}, {v,u} and {w,u}
satisfies Proposition 4.2 part (1).

Assume that there exists a pair satisfying Proposition 4.2 part (2). Then j2 = i. It follows that o(j) > 2 and o(ji~!) > 2.
In particular, each pair satisfies Proposition 4.2 part (2). However, by applying Proposition 4.2 part (2) to the pairs {u, v}
and {w,v}, we get

ku = g_l'yjilgkv’)/j = kwa
contradicting the fact that w # w. Therefore, none of the pairs {v,w}, {v,u} and {w, u} satisfies Proposition 4.2 part (2).

Now, it is readily seen that, if one of the pairs satisfies Proposition 4.2 part (3) (respectively, part (4)), then all pairs

satisfy Proposition 4.2 part (3) (respectively, part (4)). In particular, we deduce

ky ke =77 = ky Mk,
contradicting the fact that u # w. (The argument when the pairs satisfy Proposition 4.2 part (4) is similar.) O

For two distinct vertices u,v € O;, let
U({u,v}) = N ({u, v}, 7).
JEe{1,....b3\{1,i}
Similarly, for three distinct vertices u,v,w € O; and j € {1,...,b}\ {1,}, let
V({u,v,w}) = n V({u,v, w}, 7).
Je{1,...b}\{1,i}
Our next result further refines these possibilities.

Proposition 4.4. Leti € {2,...,b}, and let u,v, and possibly w be distinct vertices in O;.

e Ifo(i) is odd, then |¥({u,v})| < 9e(F#)=0.02-{3}
1R|

o Ifw exists and R/N is not an elementary abelian 2-group, then |¥({u,v,w})| < 9e(F)=0.02-137
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Proof. If 0(i) is odd, then R/N is not an elementary abelian 2-group, so we may assume this throughout the proof.

We define an auxiliary graph X: the vertex-set of X is {{j,77'} | € R/N} and the vertex {j,j7'} is declared to be
adjacent to

(i7" iy {igo g™y, 7 g and (i,

In particular, X is a graph with ¢(R/N) vertices and where each vertex has valency at most 4. Observe that some vertex
{4,771} might have valency less than four, because the elements {ji =%, 571}, {ij, =%~ t}, {j= 4,575} and {ji,i"t5~1}
are not necessarily distinct. Moreover, some vertex {j, i~} might have a loop: indeed, it is easy to check that {7,771}
has a loop if and only if j2 € {i,i"'}.

Let Y be the subgraph induced by X on R/N \ I(R/N). Since R/N is not an elementary abelian 2-group, by a result
of Miller [15], we get |R\ I(R/N)| > |R/N|/4. Now, a classical graph theoretic result of Caro-Turdan-Wei [5, 22, 24] yields
that Y has an independent set, Z say, of cardinality at least

> IRNVA IR
5y desx {J th+t— 5 20|V
0(j)>2

Thus Z = {{j1,41 '},---, {je, ;' }}, for some £ > |R|/20|N|. The independence of Z yields that, for every two distinct
vertices {j,,j- '} and {j,,j; '} in Z, the neighbourhood of {j,,j- '} and {j,,j; !} are disjoint. Therefore, (4.1) yields
that the events U({u, v}, j) and ¥({u, v}, ') are independent, and likewise (if w exists) that the events ¥({u, v, w},j) and
U({u,v,w},j’) are independent.

Furthermore, if o(i) is odd and one of these ¢ vertices corresponds to the unique j with j2 = i then the same vertex
corresponds to 771, and (j71)% = i1 # i since o(i) is odd, so we may choose the event W({u, v}, 1) instead of ¥({u,v}, j),
avoiding the possibility that part (2) of Proposition 4.2 arises.

Thus, it follows from Proposition 4.3 for either ¥ = ¥ ({u,v}) or ¥ = ¥({u,v,w}) as appropriate, that

¢ [R|
T < <3> Lge(R) < (3> P ge() _ ge(R)-loga(4/3) () _ ge(®—0.02- 8
=\ =\

We now use the bounds we have achieved, to show that the number of graphs admitting automorphisms that fix every
orbit O, setwise, but act nontrivially on some ©; is a vanishingly small fraction of the 2¢(¥) Cayley graphs on R, as long
as either o(i) is odd, or the orbit on O; has length at least 3. Actually, these formulas only produce results that are
vanishingly small if | N| is small enough relative to |R| that |R|/|N| grows with |R|, so this is the point at which it starts
to become clear that we need to be assuming that | N| is relatively small, in order to apply the results in this section. The
result involving an orbit of length 3 does not work in the case that R/N is an elementary abelian 2-group; this case will
need to be handled separately.

Lemma 4.5. Let
S:={SCR | S=8"" there existsi € {2,...,b} with o(i) odd such that
(Fs)v, has a nontrivial orbit on O;}.
Furthermore, if R/N is not elementary abelian 2-group, let
S':={SCR | S=587" there existsi € {2,...,b} such that
(Fs)uv, has an orbit of cardinality at least 3 on O;}.

Then |S| < 9¢(12)—0.02 Bl +10g, (|RIIN|/2) and |S'| < 9e(R)— 0.02fh +log, (| R||N|? /6)

Proof. For each ¢ € {2,...,b} with o(i) odd, let S; be the subset of S defined by
Si:={SCR|S=S""(Fs)y has a nontrivial orbit on O;}.

If o(7) is even then define S; = §). Clearly, S = Uli):2 Si.
Similarly, for each i € {2,...,b}, let S be the subset of &’ defined by

S/ :={SCR|S=5"(Fs)y, has an orbit of cardinality at least 3 on O;}.

Clearly, &' = U"_, S!.

Let i € {2,...,b}, let S € §; with o(i) odd, or S € S/ (as appropriate) and let u,v, and possibly w be distinct vertices
of O; in the same (Fg)y,-orbit. In particular, there exists f € (Fyg),, with v = vf, and if w exists then there exists
f" € (Fs)y, with u/’" = w. Since f (and f’ if it exists) is an automorphism of (R, S) fixing each N-orbit setwise, we
deduce

a(S,v,5) o(8,v7,§) = 0(S,u,j), and if w exists then

a(S, v, ) = (S0 ) = a(S,w,j),
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for every j € {1,...,b} \ {1,i}. Hence, |o(S,u,j)| = |o(S,v,7)|(= |o(S,w,7)]) and S € ¥({u,v},j) or ¥({u,v,w},j).
Since this holds for each j € {1,...,b}\ {1,i}, we get S € U({u,v}) or S € ¥({u,v,w}).
The argument in the previous paragraph shows that

S; C U U({u,v}) or S; C U U({u,v,w}).
{u,w}CO; {u,v,w}C0O;
uFv {u,v,w}|=3

From Proposition 4.4, we deduce that

|N| c(R)—0.02- &L |R| |]\/v|2 c(R)—0.02- &L
<(b-1 2 TN < ————-2 I~
IS=( )( 2 ~IN| 2

and

3
S < (b— 1)(|1;7>2c(R>—o.oz.';3' < ]I\ﬂf\él Qe(R)=0.02- 2

Our next result deals specifically with the case that R/N is an elementary abelian 2-group. (We refer to Section 4.1
for the definition of Bg.)

Lemma 4.6. (Recall the notation in Section 4.1.) Suppose R is not an abelian group of exponent greater than 2, that R
is not a generalized dicyclic group and that R/N is an elementary abelian 2-group. Then

{S C RS =571 (Bs)y # 1}| < 200~ totlloss RD*+2.

Proof. Let S:={SC R|S=5"1(Bs)y, # 1}. Observe that the definition of Bg immediately yields Bs <Aut(T'(R, S)).
In particular, RBg is a group of automorphisms of T'(R,S) acting transitively on the vertex set R and normalizing N.
Since R is also transitive on the vertex set, the Frattini argument gives RBg = R(Bg)u,-
Let
§:={S€S|R<Ngps(R)} and S§":=8\S".
Since R is not an abelian group of exponent greater than 2 and since R is not a generalized dicyclic group, Proposi-
tion 1.14 yields

|R|

{SC R[S =5""R < Numns) (R} <2075 e IR

In particular, |S’| < 9c(R)— gt +(logy | RI)?

For each S € §”, choose G'g a subgroup of RBg with R < G's and with R maximal in Gs. Observe that Ngp /v (R/N) =
R/N, because Nrp,(R) = R.

Let K be the core of R in Gg. Then

K= ()R> (] N=N.
9€Gs 9g€eGs

Since R is maximal in Gg, Gg/K acts primitively and faithfully on the set of right cosets of R in Gg. The stabilizer of a
point in this action is R/K. As N < K, we deduce that R/K is an elementary abelian 2-group. From [17, Lemma 2.1],
we deduce |Gs : R| = [(Gg)y,| is a prime odd number and |R : K| = 2.

We now partition the set S’ further. We define

C:={S e8| (Gs)y, does not act trivially by conjugation on K},
C':=8"\C={Se8"|(Gs)v, <Cqs(K)}
In what follows, we obtain an upper bound on the cardinality of C and C’.
For each S € C, let mg : (Gg)y, — Aut(K) the natural homomorphism given by the conjugation action of (Gg),, on

K. For each ¢ € Aut(K) \ {idx}, let C, :={S € C | ¢ € ms((Gs)w,)}. In other words, C, consists of the connection sets
S such that (Gg),, contains an element acting by conjugation on K as the automorphism . With this new setting,

cc U Cy.

peAut(K)\{idx}

0

Since [(Gg)y,| is 0dd, then ¢ € mg((Gs)y,) has odd order. Using this and applying Theorem 1.13 to the group K, we

deduce that "
{SNEK|SecC,}| <205

for every ¢ € Aut(K) \ {idx}. In particular, as |K| = |R|/2, we have

K K|+|I(K R R\K|4|I(R\K R|+|I(R R R
|CW‘SQC(K),%.2C(R\K):2\ | |2( )\7%+\ \K| |2( \NE)| §2| | \2( )\7% 2c(R)7%.

Since | Aut(K)| < 2022 1KD* we deduce

IC| < 26153 +(logs |RD?
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Let S € C' and let ng be a generator of (Gg),,: recall that (Gg)y, is a cyclic group of order pg, where pg is an odd prime
number. Suppose that ng fixes some vertex € R\ K. Then x5 = x, that is, v57® = v¥. This yields znsz~! € (Gs)y,
and ¢ € Ngg((Gg)y,)- Since (Gg),, centralizes K, we get (K, z, (Gs)vy) < N ((Gs)vg)- As Gg = (K, x,(Gg)w,), We
deduce (Gg)y, < Gg, which is a contradiction because (Gg),, is core-free in Gg. Therefore, ng fixes no vertex in R\ K.
Fix z € R\ K. Then 2" = zk, for some k € K \ {1}. Observe that, for each ¥’ € K, the image of zk’ under ng is
uniquely determined because

(zk!)1s = 15 = g1k = (1)K = (zk)* = 2kk’.
Applying this equality with k' = k, we deduce o(k) = pg and hence k € N, because R/N is an elementary abelian 2-group.
This shows that the mapping 7g is uniquely determined by the image of one fixed element z € R\ K, which has to be
of the form zk for some k¥ € N. Thus we have at most |N| choices for ng. Once that ng is fixed, we have at most
2IRI/2ps < 9IRI/6 choices for an ng-invariant subset of R\ K. We deduce
| < 9e(K) . IN| ol < 9c(R)— il +log, |N| < ge(R)— b +(log, [R*+1 [

We end this section by pulling together the above results. We are able to show that for all but a small number of
connection sets, every connection set .S for every group R containing a nontrivial proper normal subgroup N is covered in
one of the previous two results. However, we may have to substitute a larger normal subgroup K > N of R for N, which
may mean that the bound we achieve is not useful. These situations can be covered by the results from Section 3.

Proof of Theorem 1.6. We use the notation established in Section 4.1. Let
S={SCR|S=8""3fc Naut(r(r,s)) (V) with f # 1 and 1/ =1, f fixes each N-orbit setwise}.
Observe that, for every S € S, we have (Bg),, # 1. We divide the set S futher:

S ={SeS| R < Nauwy(r(r,s)) (1)},
Sy :={SeS\S | Fi € {2,...,b} with o(i) odd such that (Fs),, has a nontrivial orbit on O;},
S3:={Se€S\(S51USy) | R/N not an elementary abelian 2-group,

i € {2,...,b} such that (Fs),, has an orbit of cardinality at least 3 on O;},
Sy :={S €S\ (51US US;3) | R/N is an elementary abelian 2-group, (Bg)y, # 1},
S5 =S \ (81 U Sy U S3 US4).

From Proposition 1.14, Lemma 4.5 and Lemma 4.6, we have explicit bounds for S;, S, S3 and S4, and hence we may
consider only the set Ss.

Let S € S5. Since S ¢ Sy, R/N is not an elementary abelian 2-group. Since S ¢ Ss, (Fis)y, has orbits of cardinality at
most 2, and so does (Bg)y,. Therefore, (Fs),, and (Bgs),, are elementary abelian 2-groups.

Now let Lg = {v; : (Fg), is trivial on O;}. Notice that Lg is in fact a group. Since (Fs),, is nontrivial, then Lg is a
proper subgroup of R. Since S ¢ Sa, v; € Lg for every i with o(i) odd. Therefore N Lg contains all elements of R of odd
order. Let

K:= ()] (NLg)
geRBgs
be the core of NLg in RBg. Since all conjugates of NLg in R also contain all elements of R of odd order, we deduce that
K also contains all elements of R of odd order and hence R/K is a 2-group. As (Bg),, is also a 2-group, we obtain that
RBs/K is a 2-group. Therefore Npp, /x(R/K) > R/K. However, this implies that Nrp.(R) > R, but this contradicts
the fact that S ¢ S;. This shows that S5 = . Now, adding the bounds produced for S; for each 1 < ¢ < 4, we get the
result. Indeed, using the first bound in Lemma 4.5 and the fact that |R| > 2|N| > 4, we get
R|
\

C(R)—%‘Hogz |R|+log, |[N|—1 c(R)— rogrv +(ogy |R|)*—2
|Sa| <2 ™1 <2 \ :

Further, if |R| < 8, then |R| # 7 (because N is a nontrivial proper subgroup), that is |R| < 6. Consequently,
logy(|RIIN|?/6) < 2logy |R| — 2 < (log, |R)* — 2.

If |R| > 8, then
log, (|R||N|?/6) < log, |R| + 2log, |N| < 3log, |R| — 2 < (log, |R|)* — 2.

Using these, and the second bound in Lemma 4.5 we get

1S5] < 9€(R)— g3y Hoga (IRIINI?/6)  ge(R)—rggiy +(logs [R)* 2

This together with Proposition 1.14, and Lemma 4.6, yields

S| <2¢( = roaiy +(082 | RD® (1 | 9=2 4 9=2 | 92) < 9°(R)—mafivy +(Iogs [R)*+3

as required.
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As in the proof of Theorem 1.5, we do not need to include the bound from Proposition 1.14 if we include the condition

R = Nauy(r(r,s)) (R). If we omit this condition, then we include this extra piece (which does not affect the overall bound as

we

have stated it) but must not allow groups that are either abelian of exponent greater than 2, or generalised dicyclic. O
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