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BOUNDS AND CONJECTURES FOR ADDITIVE DIVISOR SUMS

NATHAN NG AND MARK THOM

In memory of Kevin Henriot.

ABSTRACT. Additive divisor sums play a prominent role in the theory of the moments of the Riemann zeta
function. There is a long history of determining sharp asymptotic formula for the shifted convolution sum
of the ordinary divisor function. In recent years, it has emerged that a sharp asymptotic formula for the
shifted convolution sum of the triple divisor function would be useful in evaluating the sixth moment of
the Riemann zeta function. In this article, a uniform lower bound of the correct order of magnitude is
established for the shifted convolution sum of the k-th divisor function. In addition, the conjecture for the
asymptotic formula for this additive divisor sum is studied. The leading term in the asymptotic formula is

simplified and also a probabilistic method is presented which gives the same leading term.

1. INTRODUCTION AND MAIN THEOREM

Many important problems in analytic number theory concern sums of the form
(1.1) > f(n)g(n+h)
n<w
where h € N and f and g are arithmetic functions. For instance, the twin prime conjecture would follow
from an asymptotic evaluation of (LI)) with f = g = A, the von Mangoldt function. If f = g = A, the
Liouville function, this is a special case of the sum that occurs in Chowla’s conjecture. In this article, we
focus on (1) with f and g equal to 7%, the k-th divisor function where k € N. For n € N it is defined by

mr(n) = #{(n1,...,nk) EN* | ny-- -y =n}.

Equivalently, 74(n) is the n-th coefficient of the Dirichlet series of ((s)*, where ((s) is the Riemann zeta
function. Our main focus is the correlation sum
(1.2) Dy(x,h) =Y 7i(n)m(n + h) with h € N.

n<aw
For k = 1, this sum is trivial. For k = 2, there is a rich theory connecting this sum to the spectral theory
of automorphic forms. However, for £ > 2, this sum is mysterious and there are few results. Nevertheless,

there is the following conjecture:

Additive Divisor Conjecture (simplified version). Let ¢ > 0 and k¥ > 2. For 1 < h < z'7¢ we

have

Dy(z,h) := Z Tr(n)Ti(n + h) ~ %x(bg x)?k—2

n<zx
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as x — oo, where
(1.3) C :=H(2(1_%>k’1_ (1_%>2k,2>7
P

frx(h) is a multiplicative function defined on prime powers p* by

(1.4)
ixmlpﬂHpm@*ﬁ_mA@”WHhmH@*V)@O_lf*_Of}f“ﬁ”
: s ;
= I iz p p
and
=1 (o—
(1.5) Hyj(x 2)" 717" where £ € N, j € Z>o
=0 j

is a polynomial of degree ¢ — 1.

This is a simplified version of conjectures of Ivic 28] and Conrey-Gonek [9], though in the above formu-

1-< instead of z2. It is unclear whether (T4 is the simplest or even the

lation we allow h to be as large as x
most natural expression for fi(p®). Several other expressions are given in (L.I9) and (£I1) below. The case

h = 1 reduces to
Ck

> () m(n+1) ~ mw(log )2,
n<z
The conjectures of [28] and [9] may be written in the form
2k—2 ‘
(1.6) Dy(x,h) = x(ao(h)(log z)? =2 4 Z a;(h)(log :c)%_z_l) + o(x)
i=1

for certain coefficients a;(h) where h is allowed to vary with z. Ivic [28] gave formulae for the a;(h) in terms
of certain singular series. On the other hand, Conrey and Gonek gave a formula for the derivative of the
above main term in terms of a complicated double complex integral. This will be discussed in further detail
in section two where we show that ag(h) = Cr fr.(h)/(k — 1)!%.

The main result in this article is a uniform lower bound for Dy (z, h).

Theorem 1.1. For k > 3, there exists By > 0 such that for h < exp(Bj(log xlog log x o100 we have
; P g x log log )

1 Cife(h) _ loglog h
w#@_ﬁ‘®“W20+m(bM))SM@m

as r — 0oQ.

This provides some evidence towards the Additive Divisor Conjecture. In an earlier version of this article
we also proved that
D ( h M 2k—2
k(x, h) <g H (1 + )x(logaz) .
plh b
This was deduced from a Brun-Titchmarsh type bound for 7,(n) as proven in [32] and [42, Theorem 2].
However, Kevin Henriot recently informed us that S. Daniel [I1] showed that

(k

(1.7) Dy(x,h) <, H (1 + _le)x(log 3;)2/6—27

plh



for h < z€, for any C' > 0. Note that since

1.8 a =1+ 5= 0,6
(T2 implies
(1.9) Dy(w,h) <y, fr(h)z(logx)* 72,

for h < 2, for any C' > 0. Unfortunately, this result was never published. However, Henriot has shown us
a proof [25] based on [23] and [24]. In [23] he establishes bounds for

(1.10) Y Q)7 (1Q2()]) -+ 7, (1Q (n)])

r<n<x+y

where (); are polynomials with integer coefficients. More generally he bounds

(1.11) > AN L(1Qxm)]) -+ £1(1Q(n)])

r<n<x+y
where the f; belong to a general class of multiplicative functions. Such expressions were originally considered
by Nair and Tenenbaum [36]. However, their bounds for (LII]) were not uniform in the coefficients of the
@;. This problem was addressed by Daniel [I1] and Henriot [I1]. Recently Klurman [3I] has obtained some
interesting results for (ILT]) in the case that the images of the multiplicative functions f; lie in the unit disc.
Theorem [Tl and ([L9) lead us to propose the following problem.
Problem. Let k£ > 3. Determine the best explicit constants a, and by such that

Dk(‘ruh) <b

Qg S >~
el 2 (log z)k 2

ks

uniformly for h < 2’7, as x — oo.
Theorem 1 yields aj, = 5= —¢. and ([[J) yields by, = Ok(1). Henriot has suggested that the proof of (1)
demonstrates that by is doubly or triply exponential in k.

Another key goal of this article is to simplify the leading term in the conjectural formula for Dy(z,h).

fi(h) 2k—2

Namely, we show that the argument using the §-method suggests that Dy (z, h) ~ (kil)px(log x) . In

addition, we present an alternate probabilistic argument which also leads to this conjectural asymptotic.
To finish this section, we give some properties of divisor functions, list our conventions and notation, and

provide an outline of the article.

1.1. Properties of Divisor functions. This article makes extensive use of divisor functions and related

arithmetic functions. Recall that for £ € N, the /-th divisor function satisfies
(1.12) S onp)X =(1-X)""
j=0

for p prime and | X| < 1. It follows that for p prime and j > 0,

Te(pj)—(€+‘;_1>.

The divisor functions satisfy the relation

(1.13) T-1(p’) = 7e(p’) — 7e(p’ ") for p prime, £, j > 1.
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We shall also encounter a multiplicative function oy(-,s) : N — C, where £ € N, s € C. For n € N, it is
defined by

(1.14) oe(n, s) = (iw)g(s)—f.

a=1
By multiplicativity, it follows that

i
>0 —n(;'s ) — Te(p’t?)
— =(1-p ) :
-

Y2
i=0 " pis i=0

(1.15) oo(p’,s) =

for 7 > 1, and in particular,

(1.16) ‘”(ps’ ) (=)
p
Moreover, it was proven in [37] that
(1.17) oe(p’,s) = o(p") Hej(p™°)
where
(1.18) Hyj(z) := j:v_j/ 71— ) dt [
0

for j,¢ € N. Note that Hy ;(x) is a degree £ — 1 polynomial and Hy ;(0) = 1. Repeated integration by parts
of (LI8) leads to the representation given by (LI). Note that (Tl and (CI7) imply

(1.19) Felp®) = i (Uk—1(29_j7 1)? o (P 1)2> (2(1 - %)k,l - (1 B 1>2k72>—1'

J J+2
=0 p p p

At several points in this article we make use of this representation instead of (L4]).

1.2. Conventions and notation. In this article we shall use the convention that ¢ denotes an arbitrarily
small positive constant which may vary from line to line. Given two functions f(z) and g(x), we shall
interchangeably use the notation f(z) = O(g(z)), f(x) < g(x), and g(x) > f(x) to mean there exists
M > 0 such that |f(z)| < M|g(x)| for sufficiently large z. If we write f(x) = Ox(g(z)), f(z) <k g(x), or
f(z) < g(x), then we mean that the corresponding constants depend on k. The letter p will always be used
to denote a prime number. For a complex valued, differentiable function F : C2 — C and 41,42 € Z>o we
write

ail 81’2

1.20 Fli) (5, 5) = O 07
( ) (s1,52) 0stt 0s3?

F(Sl, 82)

where g;- denotes the i-th partial derivative with respect to s.

Given a,b € Z, we let (a,b) denote the greatest common divisor of a and b and [a,b] denotes the least

common multiple of a and b.

1.3. Organization of the article. The article is organized as follows. In section 2] the conjectural asymp-

totic formula for Dy (x,h) is studied based on the work of Ivic [28] and Conrey-Gonek [9]. We show that

leading term in the asymptotic formula for Dy (z, h) is ﬁckfk (h)z(log x)#*~2. In section B the lower

bound in Theorem [[1]is proven. In section [ a simple probabilistic method is used to rederive the main

Un [37], we used the notation H; () instead of Hy ;(x).



term of Dy (x,h) which agrees with the calculation in section 2l Finally, we discuss open problems related

to additive divisor sums and avenues for future research.

2. A BRIEF HISTORY OF ADDITIVE DIVISOR SUMS AND A CONJECTURAL FORMULA FOR Dk(x,h)

2.1. A history of additive divisor sums. Questions concerning sums of the form Dy(x,h) are called
additive divisor problems. These functions are of interest due to their connection to the 2k-th moments of

the Riemann zeta function, defined by
T
I(T) = / ¢(3 +it)[**dt for k > 0.
0

In 1926, Ingham [26] discovered that Do (z, h) is intimately related to the fourth moment, I5(T"). He succeeded
in proving that

T
I(T) ~ B (log T)4

and an important part of his argument made use of the inequality
Dsy(z,h) < o_1(h)z(log x)?

for hh < @, where o_1(h) = 37, d~". In [27] he improved this to

(2.1) Dy(x, h) ~ £2U,1(h)arlog2 x.
7T

In 1931, Estermann [I7] proved an estimate of the shape
6

(2.2) Dy(z,h) = x(—za_l(h) log® 2 + ay (h) log = + ag(h)) + O(2%%%)
T

with § = 11 and o (h) and @z (h) are certain arithmetic functions. Estermann’s work relates Da(, h) to a
formula involving special exponential sums known as Kloosterman sums. For ¢ a natural number and u, v
integers, the Kloosterman sum S(u,v; ¢) is defined by

q

S(u,v;q) := E e(ua—i—va)'
a=1
(a,9)=1
aa=1(mod q)

These sums exhibit considerable cancellation and they arise in many contexts in analytic number theory.
Estermann derived the non-trivial bound S(u,v;q) < q%“(u, q)i and this led to the error term in ([Z2).
A famous result due to Weil is the bound: |S(u,v;q)| < 72(q)(q,u,v)/?¢"/?>7(q). Much later, Heath-Brown
[22] made use of Weil’s bound to obtain ([2:2)) with § = %. From this he deduced that there exists a degree
four polynomial @4 such that

(2.3) L(T) = TQa(log T) + O(TF%),

where © = 2 is valid. The next advance was due to Deshouillers and Iwaniec [13], who proved that (22 is

valid with 8 = %,

and then made use of Kuznetsov’s formula. This is a formula which relates sums of Kloosterman sums to

in the case h = 1. In their work, they related Dy(z;1) to averages of Kloosterman sums

the coefficients of Maass wave forms and holomorphic modular forms. Motohashi extended this method and
obtained (2.2 with § = %, uniformly for h < 37. He proved

(2.4) Dy(z,h) = % /Oh g2(t, h) dt + Es(x, h)

5



where
!

q2(t, h) = o(h)log(t)log(t + 1) + (o(h)(2y — C2(2) —log(h)) + 20" () log(¢(t + 1))

CI

(2.5) , .
+ U(h)((2’7 - 2%(2) —logh)? — 4(%) (2)) +40M(n)(2y - 22(2) —logh) + 46 (h),

oW (h) = >_qn d(log d)’, and ~ is Euler’s constant and

(2.6) Ba(x,h) = O((x(x + h))5T5 + b (a(z + h)) T + hT27).

Related work of Motohashi establishes that © = £ is valid in 23). Meurman [33] showed that
(2.7) Es(z,h) = O((x(z + h))%“ + (z(x 4+ h))ixsmin(:v%,héJr%)),

where « is a positive constant which satisfies

(2.8) [pi(n)] < nlp; (1)

where {p;(n)}52; are the Fourier coefficients of an orthonormal basis of the space of non-holomorphic cusp
forms for the full modular group.
Some closely related classes of divisor sums to Da(z; k) have been studied with some success. Let k,£ € N

and set
Dy y(z,h) := Z Tr(n)me(n + h).

n<x
Observe that Dy(z,h) = Dy, r(x,h). Linnik developed highly original techniques using ideas from additive
number theory and probability theory, most notably the dispersion method [32] to deal with Dy, o(z, h) with
k > 2. He proved an asymptotic formula for Dy o(z, h), obtaining the leading term with an error term.
The error term was improved by Motohashi [34]., who used large sieve methods. Recently, Topacogullari
[46] established a main term with a power savings in the case of D3 o(x, k). This filled in details of results,
stated without proof, by Deshouillers [12] and Bykovski and Vinogradov [6]. Furthermore, Drappeau [14]
has recently provided a main term with a power savings in the error term for Dy o(x,h) with & > 3 and
this too has recently been improved by Topacogullari [48]. Despite these impressive results, no asymptotic
formula for Dy, ¢(x, h) has been proven in the case both k and ¢ are greater than two. We now present a

conjectural formula for Dy(z, h).

2.2. A conjectural formula for Dy(x,h). We follow the work of Ivic and Conrey and Gonek to work out
the leading term of the conjectured main term for Dy (z, h). We shall be concerned with an expression of the
form Dy(x,h) = my(x, h) + Ex(z, h) where my(z, h) is the “main term” and Fj(z,h) is the “error term.”
In [28], [29], and [9], my(x, h) was studied via Duke, Friedlander, and Iwaniec’s [I6] version of the circle
method, known as the J-method. One of the key ideas of the circle method is to detect an additive condition
via additive characters. Consequently, it is important to have an asymptotic formula for the exponential

sums -, -, Tk(n)e(5*) where (a,¢) = 1 and e(f) = e?™  Naturally, one must understand the Dirichlet

series Y 7 | Ty (n)e(“*)n~*. Ivic [29] obtained a meromorphic continuation of this series by decomposing it in
terms of Hurwitz zeta functions. On the other hand, Conrey-Gonek [9] obtained a meromorphic continuation

by expressing e(%) in terms of multiplicative Dirichlet characters. They showed that

(2.9) 3 Tk(n)e(%) ~ 2 /0 " Pt q)dt

n<x



where Py (t,q) is defined by

(2.10) Pultq) /<s+1) Gk(q,s+1)(q) ds,
C={zeC|l|zl=n}lor0<n< 10, and for k € N, s € C, Gg(-,s) : N — C is the multiplicative function
defined by
u w(b) nb

(2.11) - ak( . ,s).

aln bla
Using (29), the d-method leads to

? = cq(h
(2.12) Z q2 (¢, q) Py (t + h, q)dt

q=1

where ¢,(h) = 37 e(%?) is the Ramanujan sum. From the identity log(t + h) = logt + O(h/t) (see
(a,q)=1

[28]), it follows that

(2.13) (z,h) / Z C‘f q)2dt + O(ht®).

We now simplify the integrands in (212) and (IZE{I) We denote them as

(2.14) % (t,q)Pr(t + h,q)
and

= cq(h
(2.15) et h) = Q(Q )Pk(t q)?

- 4

q
Observe that ([Z13]) implies
(2.16) / g (t, h)dt = / ri(t, h) + O(hte).

0 0
We first calculate g (¢, h). Applying (ZI0) twice, it follows that
1
(2.17) qr(t,h) = W/ CF(s1 +1)C (52 4+ 1)Dy(s1, 52)t°1 (t + h)*2ds1dso,
o, Joy
Ch = {81 cC | |51| —T1} Cy = {52 eC | |82| —TQ} 0<T1,T2 < 10, and
(218) gk(slv 52) = Zl q12+s1+52 :
q

We now apply the residue theorem to the inner integral in (2.17). For each k € N, there exist constants o x
with j > 0 such that

(2.19) Ck(sl +1)= sfk(ao,k + a1 k51 + a27k3f +--+), where ag = 1.

2Conroy and Gonek use the notation G (s, n), whereas we use Gg(n, s).
7



Furthermore, since

1
(2.20) Dy (51, 52) = DVV(0, 55) + 93“”’(0, $2)s1 + 5@5}‘” (0,52)s2 + -+, and
(2.21) t*t =1+ (logt)s; + = (log )25 + -

it follows that

1 kD290, 55) (log t
T Ck(sl + 1)®k(51752)t51d81 _ Z Qi k (' '52)( g )
mJe, i1 +ig+iz=k—1 G2t}
i1,i2,i3>0
Thus
ai, 1 (logt) i s
au(t, h) = Z 122('715 / CF(sg + 1)DI0(0, 55)(t + h)*dss.
i1+ig+ig=k—1 ’
' i172i27i?1320
For each value of i5, a similar calculation establishes
1 ; £ D22 (0 0)(log(t + h))8
T Ck(Sz + 1)9( > O)(O, 82)(t + h)82d82 = Z Yk Tk ( 7' )'( Og( + ))
T e J1+j2+is=k—1 J2:93:
J1,J2,332>0
and hence
(2.22) wth)= Y iy k(log t)" Y Y kDR (0,0) (log (¢ + b))
’ = ili3! = Ja2!Js!
21,12,13 2 J1,J2,)3 2
i1+io+izs=k—1 Ji+je+jz=k—1
An analogous computation establishes
(2.23) m(t )= Y i k(logt)™ v £DE>™)(0,0) (log £)7»
’ i iglis! = J2!7s!
| d1,i2,i3>  J1,42,9320
i1+iz+iz=k—1 J1+jetiz=k—1

Formally, (223) is obtained from ([222) by replacing each log(t + h) by log(t). Observe that (Z23) can be
further simplified. Let ¢ = i3 + j3 and note that 0 <i < 2k — 2 so that
2k—2

(2.24) ri(t,h) = Y ai(h)(logz)* 2

=0
where ag(h) = %, the term arising from (i1,42,i3) = (J1,J2,7J3) = (0,0,k — 1). We now show that
Di(0,0) = Cy fr(h). This will be deduced from the following lemma. This lemma will also be used in our

proof of Theorem [T.11

Lemma 2.1. Let f1, fo be nonzero multiplicative functions, 11,7 be real numbers, and h a natural number
such that

(2.25) S(r1,70; h Z - Z 1(d) f1(gd) f2(gd)

dr
q\h
is absolutely convergent.
(i) We have
a+1 a+1
(226) 7'1,7’2’ Z 7—1 H ( f2( )) H (fl(pa)fQ(pa) fl( p)‘;i (p ))
q\h (p.g)=1 r*llg

8



(i1) If for every prime p, fi(p )fz( ) #p™2, then

a2n) st =T (1= PR T 3 (PE00 - RSB (1 M)

T2
v peilh =0 p

Proof of Lemma[Zl. For each g | h, write g = Hpaug p®. By multiplicativity of the inner summand it follows
that

(it = 30 (] AL SIS ]

q\h (p,g)=1m=0 p||lg m=0

Simplifying this expression, using that ,u(l) =1 ,u( ) = —1, and pu(p™) =0 for m > 2,

o) =Y 4 ] (1= B2EO) T (g - 2EEET0)

qlh (p.g)=1 P pllg P
Since f1(p)f2(p) # p™, we multiply and divide each summand by Hp‘q ( f2(p)) to obtain
) o o f ( a+1 a+1 -1
7'177-27 Z 7_1 H( ) H (fl(p ).fQ(p ) ! )(1 )
rellg

) —130 )z = T (om0 - LR (- )‘1-

q\h p*|lg

Let 7 be a multiplicative function defined on prime powers by

) = (L") L0°) - fl(pa+2£2(pa+l)) (1- fl(’;jf(p))l

The sum in (Z28) equals Y olh r(g)g~ ™. By multiplicativity,

ety =[] Yo = T3 (AR AR (o A )

glh p|[h §=0 pe|[h j=0

Inserting this expression in (Z28) we derive (2:27]). O

Using the above, we now demonstrate
(2.29) Dk(0,0) = Cr fi(h).

Inserting the identity cq(h) = >_ 4y, 44 d1t(q/d) in 2I8), exchanging summation, and making the variable
change ¢ — qd leads to

u(q Gk qd 1+ 1)Gk(qd So + 1)
Sl’ 82 Z d1+51+52 Z q2+51+52
dlh
This is now in the form of the previous lemma. We set s1 = s3 = 0, fi(n) = Gr(n,1), fa(n) = Gk(n, 1),

71 = 1, and 5 = 2, to obtain

(230) Dk(0,0) = Hek(pv 0) H Z Sk(p,j)ek(p,())il,

p*||h j=0
where
Ge(p/,1)*  Gp(p*',1)?

pj pj+2
9

(2.31) Ex(p,j) ==



We now show that G (p?,1) = ox_1(p’,1). Observe that by [9, p. 592]
(2:82) Gulp' 1) = (1 3) " (@ulp. 1) = oup/ 1)
Thus by (LI3),
. - k2 J+iy J—1+i +i) )
G )= (1- 1) (1) S BT 1y Z p] =ox (P, 1),

iS5
=0 p =0

by definition. Hence,

oe-1(p’,1)?  opa (P’ 1)

(2.33) Ek(p,j) == 7 pit2

Observe that

or_1(p,1)? _ - -

DB @R 2 -

Thus, by ([Z34)), the first factor in [230) is Cy and by 233) the second factor is fi(p®), which follows from
(T3) and (I9). This establishes (229).

In summary, we arrive at the following conjecture.

(2.34) €x(p,0) =1—

Conjecture 2.2. (Additive divisor conjecture) Let k > 1 be a natural number and x > 0 is large. Then

there exists a positive constant 0y € [%, 1) such that

(2.35) Di(w, h) = / g (£, h)dt + By (2, ),
0
where qi(t, h) is given by @22) and for every e >0
(2.36) Ex(x,h) < 2" uniformly for 1 < h < '~

Moreover, in [222)), the coefficient of log(t)log(t + h) is Dy (0,0) = Ck fx(h) where Cy, is given by ([L3) and
fr(h) is the multiplicative function defined by (4.

Remarks.

(1) Tt appears that Titchmarsh [45] was the first to conjecture the leading term in the asymptotic formula
for a weighted version of D3(z, 1), based on the circle method. Vinogradov [49] proposed the general
form of a conjectural formula for Ds(z, h) (see equation (2) of [49]). However, few details were given
and he did not provide any formulae for the coefficients of gx (¢, h). Then in the nineties Ivic [28], [29)]
and Conrey-Gonek [9] provided more precise formulae following Duke, Friedlander, and Iwaniec’s
d-method.

(2) Tt is not clear what is the true size of the error term FEj(z,h) and various opinions have been
expressed. Conrey and Gonek [9] conjectured that ¢ = % in the case that h < /x. However,
Conrey and Keating [10] revised this to ¥ = 2 is valid for all h < '7¢. Recent work of Farzad

2
Aryan suggests that vs = % is the correct value. In fact, Aryan [2] shows that a smoothed variant
of Dy(z, h) has error term O(z2+h®) where « is given by ([Z8). On the other hand, Vinogradov
[49] conjectured that Eji(x, h) < 2!~ % in the case of h fized. Ivic [28] suggested that Vinogradov’s
bound was slightly too strong and that perhaps Ei(z,h) < :El_%(log x)P* for a positive constant
Dy.. In light of these diverging opinions, it would be beneficial to have numerical data checking this

conjecture.
10



(3) Note that the conjecture is sometimes written as

(2.37) Dy(x,h) = /z ri(t, h)dt + Ej(z, h),
0

where Ey(x,h) < %€ uniformly for 1 < h < z'~¢. By (ZI6) we may replace qi(t, h) by 7 (t, h)
with an error O(z2 1) for h < \/Z. Since we expect that 6 > 1, it should not matter whether the
main term in (Z35) or ([237) is used for h < y/z. However, as we expect to have an asymptotic
formula for h < 2'7¢ it is preferable to use the form (235).

(4) In the case k = 2, this conjecture agrees with Ingham’s result ([2.I]). Note that 2(1 — %) -(1- %)2 =
1—p~?and thus Cy = [[,(1 —p7?) = 5. Also, 1 (p?) = m(p"™) =1, Hy j(u) = Hyjia(u) =1,
and by () fo(p®) = S0 ) g 1o e,

(5) Recently, Andrade, Bary-Soker, and Rudnick [I] proved a function field version of the above conjec-
ture.

(6) Although Conjecture remains open for k > 3, averaged versions have been established. For
instance, see [3] and [30].

3. A LOWER BOUND FOR Dy(z,h)

In this section, we establish Theorem [[LT] which provides a lower bound for Dy(z, h). Before proving this

result, we require a proposition which gives an asymptotic estimate for a certain divisor sum.

Proposition 3.1. Let £ € N and £ > 2.
(i) Then there exists ho = ho(€) > 0 such that for h > hg,

Z me(a)7e(b) éegfz(Qh) (IOgX)%JrOé(H(l +p‘1)é2(logX)2’“"1loglogh))

Sox et (en ol
(3.1) (a,b)|h
4 3 5, (log h)1 =099/ 20 v —0.99/¢
+O¢(exp ((12.94@ 12,816+ 4.526%) A — )(1ogX) X )
where
. N 11 21
(3.2) 04_1;[(2(1—5) —(1—5) )

and ge is the multiplicative function defined on prime powers by

oa = (S o (oY

= p p

(it) If 1 < h < hg, then the same result holds as in equation [B1)) except the second Oy term in this equation
is replaced by Oy((log X)* X ~0-99/%) where Oy constant is polynomial in .

We have not tried to obtain the best possible error term here. Note that the sum in this proposition
bears some resemblance to the quadratic forms that occur in the standard Selberg sieve [41]. A similar sum
is studied in [15].

With these two results in hand, we prove our main result.
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Proof of Theorem [l Let x > 1. For the lower bound, we make use of the identity

(3.4) Ti(m) > Z Ti—1(d) for m > x.
dlm
e

It follows that

Z Tk( )Tk 7’L—|—h Z Z Th— 1 Z Tk_l(b)

r<n<2z x<n<2z aln bln+h
a<\/z b<Vz+h
E E Tk— 1 Tk 1 ) E 1.
a<y/z b<+/z+h r<n<2x
aln
bln+h

If (a,b) | h, the inner sum is o5 O(1) and otherwise it is 0. Thus

Z Te(n)me(n 4+ h) > Z Z Ti—1(a)Tr— 1b)(ﬁ+0(1)).

<< a<VE b</T
(a:b)lh

The O(1) term contributes
2
( Z Tk_l(a)) < (Vz(logz)*2)? < 2(log )24
a<Vz
and by Proposition B with X = /z

kal(a)kal(b) CN'kflgkfl(h) 2k—2
D Wb (h—1)mor 2 1oe?)
a,b<\/@ ’
(3.5) (a.b)|h
Cx(log h)7*

2k—3 2k—2 .~ B
+ Oy, (gk_l (h)(log x) loglog h + exp (71% log h ) (logx) x )

where C,_; is defined by B3), €; = 82 (k—1)3 +456(k — 1)2, 9, = 1 — 222 and B = %222 It may be

F—1
checked that gr_1(h) > 1 for all h € N. The second error term in ([B) is dominated by the first if and
ox (logh) k
only if lﬁgk > p(ifg llgglfl’gh ) In other words,
Cx(log h)?x
(3.6) exp(Bk log x — log, ) >> exp (% — log, h).

Ci (log h)’k
loglog h

Therefore Cy(logh)?* < '%’“ log zloglogz. Solving for h we find that h < exp(By(log xloglog z) kif}%) for

This inequality will hold if we impose the condition < % log z. This implies that log, h < log, z.

some positive By,. Combining the above,

Cr—1g1-1(h)

Wx(log I)2k72 + Ok (gkfl (h)x(log $)2k73 log 10g h),

(3.7) > m(n)m(n+h) >

r<n<2x

as long as h < exp(By(log zloglogz)*/?). Now split the interval [\/z, z] into O(log z) dyadic intervals and
apply 1) to obtain

(3.8) > m(m)Ti(n+h) >
Vz<n<w

Ch fr(h)

Wx(log I)2k72 + Ok(fk(h)l’(log $)2k73 log 10g h)
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valid for h < exp(Bg(log x log log x) ki?l%) for another positive constant By, where Cj := Cj_1 and fe(h) =

gk—1(h). Since 7 is a positive function, we establish the theorem. O

Remark. The above argument in the case k = 2 yields an asymptotic formula for Ds(z,h). This is
essentially the argument Ingham used in [26] and [27] to obtain first an upper bound and then an asymptotic
for Dy(x, h).
We have reduced the proof of Theorem [[T] to a verification of Proposition Bl Not surprisingly, we must
understand the double Dirichlet series
Te(a)Te (D)
A = —_—
(81’ 82) Z [a7 b]a51 bs2
a,b>1
(a,b)|h

We shall show that A(s1,s2) = ((s1 + 1)“C(s2 + 1)“B(s1, s2) where

1 o ild)oe(gd, s1 4 1)oe(gd, s2 +1)
(39) 3(81’ 82) = Z 951+52+1 Z dsits2+2
glh d=1

and we recall that o, is the multiplicative function defined by o¢(n,s) = (ZOO ”@“’)g(s)—f. (Some

a=1 a®
properties of oy are listed in subsection [[LTl) We require the following bounds on B(sy, s2).

Lemma 3.2. For z € C and h € N, set

(3.10) O(z h) = [J+p75)".
plh

(i) Let o1 = R(s1) and o2 = R(s2). Then
(3.11) |B(s1,s2)| < O(o1 + 02+ 1,h) for 01,09 > —0.99,01 + o9 > —0.99.

(i) We have

(3.12) B(0,0) = Cege(h).
(iii)
(3.13) Bliri2)(0,0) <, O(1, h)(log log h)1+2,

We also require a bound for a certain zeta integral.

Lemma 3.3. Let 0 <e <1, ¢ €N, s € C with R(s) > —%, then

oo 1 1
(314) / min (H, m) |C(S + 1)|€dt <<é 8_1 whe?“e s=o0+ it.

The next lemma is used to bound ©(z, h) when R(z) < 1.

Lemma 3.4. Let k € [0.5,1). There exists x, > 0 such that if > x,, then

12.68x xl=r
3.15 < —s +317) —.
(3.15) Zp _((1—I€)2+ )logac
p<z
Proof. By Theorem 1 of [40] it follows that
1
(3.16) m(z) < ?O;; for z > 2.

13



By partial summation

[ s [ 20 < Ty [ 10,

5 tn+1 e tn+1

> =

(3.17) 2spsw

11—k x 1
< 3.17(96 —I—m/ —dt),
log x 9 tFlogt

by BI6). We now bound the integral. Let y € (2, ) and thus

| = / )
preprl Al e
5 trlogt 5 t 1ogt y

< t"dt
- 2“log2 logy/y

1 K

<
- \/_10g2 (I —r)logy
For z sufficiently large, there exists y € (2, ) such that

xl—n
V2log2  (1—r)logy’

Moreover, I8) implies that logy > 5% logz. Thus for z >, 1, we have

(3.18)

11—k

Z p_ﬁ<317(( K)? )lxogac

2<p<z

and we obtain ([B.15)).

With these lemmas in hand, we now establish Proposition 311

Proof of Proposition [Z1l. We shall give the proof in the case h > 2. At the end of the proof we will discuss

the modifications required in the simpler case h = 1. A standard approach would be to apply Perron’s

formula twice. Instead, we find it simpler to smooth the truncated sum. To simplify the evaluation of the

previous sum, we insert smoothing factors. Let 7 be positive and let € € (0,1) be a small positive number.

Let ¢ = ¢y (t) denote a smooth, non-negative function such that

1 iftelo,n),

3.19 (b =
(319) Fael?) 0 iften+eo00).

Observe that the support of ¢ is contained in [0, 7 + €]. We also require the derivatives to satisfy

(3.20) PUL(t) < e

Later, we shall choose the parameter n to be either 1 — € or 1.

We shall evaluate sums of the form

s0= 3 HEA(E)(3)
(a,b)|h

where ¢(t) = ¢, (t). We define the Mellin transform

(3.21) B(s) = /OOO P(t)ts1dt.



This is absolutely convergent for R(s) > 0. By Mellin inversion, we have

1
(3.22) o(t) = — O(s)t™%ds
211 (¢)
where ¢ > 0. By two applications of (3:22)
1
(3.23) J(¢) = W/( v )A(Sla52)X51+52‘I)(Sl)‘l)(82)d81ds2
C1 Cc2

where ¢1,co > 0, and

Als1,82) = T)me(b)

ST [a,blas1bs2”

(a,b)|h
The general approach to evaluate ([3:23)) is to move each of the contours to the left of R(s1) = 0 and R(s2) =0
and apply the residue theorem. The integrand in ([B.23]) has poles at s; = 0 and so = 0 arising from A(s1, s2)
and from ®(s1) and ®(s2). A main term will arise from these poles. The new contours will contribute an
error term. In order to evaluate the residue and the error terms we need to understand the behaviour of
A(s1,82), ®(s1), and P(s2) near the poles at s7 = 0 and s3 = 0 and we need to provide bounds for these
functions when (s1) and (s2) are large. First, we consider the behaviour of ®(s). By an integration by
parts, it follows that
(3.24) D(s) = é\IJ(s)

where
(3.25) U(s) =— /OOO ¢ ()t dt.

This is originally valid for R(s) > 0. However, it is clear that ¥(s) is entire function. Thus ®(s) is

holomorphic everywhere on C with the exception of a simple pole at s = 0. Note that we have the Laurent

expansion
v (0 (0
(3.26) ao(s) = 2O | o)+ 2( L
s
We shall require some bounds for the expressions ¥7)(0). Observe that
. nte .
(3.27) T (0) = — ¢’ (t)(log ) dt.
n
Therefore
n+e
(3.29) wo) = [ o0t = on) =1
n
and
) nte 4 ,
J J J
(3.29) [T (0)] < /n [ (t)|ngr?gar)7(+€|logt| dt < €.
Integrating ([B.2I)) by parts m times, we find that
= / %)y pstm—1
P(s) = M) T T
O = T e e ,
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which is valid for all s € C\ {0}. Note that for m > 2 the integrand has simple zeros at s = —1,...,—(m—1).
Thus for m > 1 and s € C\ {0,—1,...,—(m — 1)},

1
(3.30) |®(s)| < |s(s+1)---(s+m—

61—1n(,,7_i_e)a'-iﬂn—l
[s(s+1) - (s+m—1)|

n+e
/ o™ ()|t Lt <,
Dl Jy

Next, we simplify the Dirichlet series A(s1,s2). We let ¢ = (a,b) and make the variable change a = gc,
b = gd with (¢,d) = 1, and group terms according to g | h

51’82 Z Z abaslbsz Z Z a81+1b82+1

glh a,b>1 glh  ab>1
(a, b) g (a,b):g
Te(gc)Te(gd)
- Z 81+82+1 Z cs1tlgse+1 7
q|h c,d>1
(e,d)=1
The condition (¢,d) =1 is detected by Ze\c,e|du(e) and thus
B Te(gec)Te(ged)
(331) A(Sl’ 52) - Z S1+52+1 Z 651+82+2 csit+1lds2+1 !
g|h c,d>1

Inserting (LI4) in (B31)), it follows that

(3.32) A(s1,s9) = B(s1,52)C(s1 + 1) C(s2 + 1)
where
u(e)oe(ge, s1+ 1)oe(ge, s2 + 1)
(3.33) B(s1,52) = Z goiteatl Z es1F52+2
g\h

By Fubini’s theorem, we have
1
S (o) = W/ / B(s1,52)C(s1 + 1) Cs2 4+ 1) X1 T52D(51)B(52)dsydso.

The evaluation of multiple integrals of this type is now standard. For instance, in [21] and [7] more compli-
cated integrals are treated. Note that the main term shall arise from the pole of order ¢ at s; = 0 and the
pole of order £ at so = 0 of the integrand. For each fixed sy with R(s2) = co, the residue theorem implies
that

1
(3.34) 5 B(s1,50)P(51)C(s1 + 1)°X* ds; = Res,,—o (B(sl, 52)®(s1)¢ (51 + 1)4X51) + g(s2)
(c1)
where
1
(3.35) 9(s2) = 5= B(s1,52)P(s1)¢(s51 + 1) X dsy
211
(eh)
and —1 < ¢} < 0. By the Laurent expansions ([3:20]),
1
(3.36) B(s1,50) = B(0, 52) + BLO(0, 59)51 + 53@70) (0, 52)8% 4 - --
L _ ot 2 . e —_

. 1 5 5 5 ) s )
(3.37) Cls1+1)" =87 (or+ 1081+ oes] + ), where app =1
(3.38) X =1+ (log X)s1 + 5(log X)?s}
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it follows that

Bi1:9)(0, 55) W 2) (0)avs, ¢ (log X )4
i1ligliy! '

(339) R6851:0 (‘B(Sl, SQ)@(Sl)C(Sl + I)ZXSI) = Z

’LlJrZz ~‘r_’L‘3<_‘ri4:e
i1,42,43,14 >0

We now bound g(ss2):

oo 671

/ 1
3.40 52)| < O(c), +0o2+1,h Xcl/ min (—, ———
(340)  Ig(s2)| < O(¢; + 02+ 1) (o oD

— 0o

)|<(81 + 1)[%dt; where 51 = ¢| +it;.
It follows from Lemma B3 with ¢} > —1/¢
(3.41) g(s1) < €10, + o9 + 1, ) X 1.

Thus we have

I(p) = % . C(s2 + 1) X*2®(s5)Ress, —o (3(51, 52)®(51)C (51 + 1)fX81)d52
(3.42) “
+ i C(s2 + I)EXS2<I>(52)g(52)d52.
27TZ (C2)

By [B30) and (B41]) the second integral is bounded by

< 1 e ! .
min (— ﬁ)dtg where so = ¢ + ito

—1 / ¢ c
€ ®c+c+1,hX1X2/ ,
(1 +e2 ) [sa]” [s2(s2 + 1

(3.43) o

< €20(c) 4 a4+ 1,h) X1t
by another application of Lemma B3l Choosing ¢} = —1/¢ and ¢z = 0.01/¢, it follows that
(3.44)

1
f(¢) = % C(SQ—FI)EXS?(I)(SQ)RGSSIZO (3(51, 52)¢(51)<(51+1)2X51)d52+0e(@(1_¥, h)€72X70.99/2)'
(c2)
By (39) we see that
W (0)ai,(log X)' 0.99 2 v —0.99
— i3, : _0.99 _ —0.99/¢
(3.45) S@= 3 iialia] i (0) + 0u(O(1 = 2%, h)e "X ).
7/1+12+713+14:f
11,19,13,14 >0

where

1 .
(3.46) I (¢) = i BU101(0, 59)C (59 + 1) X 2B (s5)dsy for iy > 0.

ViwA (Cz)
By an application of the residue theorem,
(3.47) 7, (¢) = Ress,—o (3(“>0>(0, 59)®(52)C (52 + 1)0{82) +5— " BUE01(0, 55)P(59)C (52 + 1) X2 dsy.

C2

The second integral can be evaluated very similarly to g(s2). However, we require a bound for B(i1,0) (0, s2)

with o2 = ¢. By Cauchy’s integral formula

; ip! B(0,z)
3.48 B1:0) (0 55) = l/ e
( ) ( 752) 2 |25 =6 (Z _ 82)l1+1 z

where § > 0. By an application of Lemma [32 BT it follows that

(3.49) B0 (0, 55) < O(ch — 6 +1,h)6 ™,
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as long as ¢, — § > —0.99. Therefore, by the above bound and Lemma B3]

L_ / B(il’o) (O, 82)(1)(82)((82 + 1)€X82d82
270 J (et
< O(dy—6+1,h)5 X /Oo i ( < )|<( +1)|
Coy — mm|\|—, ——m——
(3.50) 2 ’ e 52 Tsa(s2 + D]/ .

<e'O(d,—5+1,h)5 1 X
< e 'Ol - 29 pyx

by the choices ¢, = —1/¢ and 6 = 0.01/¢. Thus

(3.51) 7 (#) = Ress,—o (3<i1x0>(o, 52)® (52)C (50 + 1)%52) +O0p(e1O(1 — 222 p)xX 1Y),
Computing the residue in (351 gives
B3 (0,0)W02)(0) ey, ¢ (log X )9t
I (9) = T +O0p(e7'O(1 — L2 p)x /4,
W= 3 o HeO(1 - 02 X1/t

Ji+j2+js+ja=L
J1,J2,J3,§4 >0

Inserting this last expression in ([B.43]) yields

5(6) = W (0)asy 1o X) B9 (0, 0)002) ()10 X
(¢) = Z A Z J1ljaljal
i1+io+iz+iga=4L Ji+je+iz+ja=~L
i1,12,13,14>0 J1,72,J3,§4 =0

+0u(( Y elog X)) IO - O B)X T+ 2O(1 - 092, ) x 00/,
iatia=t
where we have used ¥(%2)(0) < €2 and a;, ¢ = Oy(1). The sum in the big O term is bounded by (log X )* as € <
1. The main contribution to .#(¢) is B(0,0)(log X)2¢/(¢!)? which arises from (i1, 42,3,%4) = (j1, 2, J3,Ja) =
(0,0,0,¢). By (335) and (3:29) the remaining terms are bounded by
<, Z/ O(1, h)(loglog )1 +itei2tiz (Jog X )iatia

AN

i1t+i2+iz+ia=L
J1+j2+ijz+ja=~L

where ’ in the summation indicates that the terms (i1, i2,43,44) = (0,0,0,¢) and (41, j2,j3,74) = (0,0,0,¢)
have been excluded. Since € < 1 and either ¢4 or j4 < ¢ —1, it follows that the remaining terms are bounded
by

< O(1,h) Z (loglog h)*(log X)* <, ©(1, h)(log X)* ' loglog h.

a+pB<20—1
Combining the above facts, we find
(3.52) 3
h
I () = O’é?f)(z ) (log X)* + O,(O(1, h)(log X)*“loglog h + ((log X ) e ™! + e 2)0(1 — 299 p) X ~0-99/¢),
We now remove the smooth weight to obtain an asymptotic formula for the truncated sum. Let
(353) ¢— (t) = ¢1—€,€(t) and ¢+ (t) = ¢1,€(t)
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be the functions corresponding to the choices n = 1 — ¢ and 7 = 1. Note that ¢~ (¢) and ¢ (t) are a smooth

minorant and majorant of 1}y 1)(t), the indicator function of [0, 1]. It follows that

(3.54) sy < Y O o g,
a,b<X [a, b]
(a,b)|h
From (352) and (354) we have
(3.55)
G;X T’f([?;‘f](b) = O‘é?f)(f) (log X)? + 04(O(1, h)(log X)* ' loglog h + ((log X)'e ™! + ¢ 2)O(1 — 299, )X ~0:99/¢)
(a,b)[h
- %(log)ﬂ” +0¢(0(1,h)(log X)**~loglog h+ (1 — 292, h)(log X )** X ~*9/¢),

by the choice € = (log X)~*. Finally, we bound O(k,h) where x =1 — %22 We have
log©(k, h) = (2> log(1+p ") < 2> p*
plh plh
since log(1 + 2) < x for # > 0. Let w(h) denote the number of prime divisors of h. If h > hgy(¢), then
log ©(r, h) < ¢( o —w(h))
0g O, o log )

(3.56) pslogh

12.68% (logh)'=*  1.3841(logh)'—*
<OC((+——5 +3.17
(((1 — k)2 * ) loglog h loglog h )
by BI5) and Théoreme 11 of [39, Robin]. It follows that
log h)1—0.99/€
3.57 O(1— 22 p) < 12,040 — 12,816 4 4.52¢2) 181,
( ) ( {0 )_exp (( + ) loglogh )
Combining this with ([B355) completes the proof in the case h > ho(€). If h € [2, ho(?)], it follows that

O(k, h) < exp (52 Zp’%) < exp(Cy(f)).
plh
Inserting this in (B50]) establishes the proof if h € [2, ho(€)].
Finally, we mention the modifications in the simplest case h = 1. In this case, we can show that B(sq, s2)
defined by @) satisfies |B(sy,s2)| < 1 for R(s1), R(s2) > —0.99, B(0,0) = Cy, B(12)(0,0) < 1. Using

these facts instead of Lemma and following the above argument leads to the desired result. 0
The proof of Proposition has been reduced to establishing Lemma (B.2]).

Proof of Proposition[3:4 Throughout this proof o1 = R(s1) and o2 = R(s2). It will also be convenient to
set ay,az € (0,1). At the end of the proof we shall choose a; = az = 0.99. We begin by using Lemma (21))
with fi1(n) = oe(n,s1+1), fa(n) = oe(n,s2+1), 71 = 81+ s2+ 1, and 72 = $1 + 53+ 2 it follows from (226)
that

1 ou(p,s1+ 1)oe(p,s2 +1)
B(s1,52) = ) prE— II (1 - por a2 )

h ,9)=1
(3.58) gl (p,9)

ar(ptt, sy + Dop(p®th, sy + 1
X H (Ul(paasl+1)af(pa552+1)_ E(p 1]9514)-8;-1(-12) : >)

p*|lg
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We now bound this expression. By (LI6), we note that

os(p, 1+ 1)os(p,s2 + 1 sl —sy—
(359) b ( p51252£2 ) = Q(p ! 1’p ’ 1)

where Q(z,y) = (1 — 2)" + (1 — y)* — (1 — 2)*(1 — y)*. By Taylor expansion
(3.60)
Q(z,y) = (1—633—!— ! 3:2) + (1—€y+ ¢ y2) - (1—€:r+ ¢ 172)(1—€y—|— ! y2) + O(|z® + |yI*)
’ 2 2 2 2
=1—Cay+ Ou(|loPlyl + [olly[* + [2ly[* + [ + [y[*)
=1 Cay+ 0|z’ +[yl*),

since |z|, ly| < 1. Tt follows that

O'f(pa s1+ 1)Uf(pa So + 1) o 62 _3-3 _3-3
b porteat2 _1_W+Ol(l’ T +pTTT)
(3.61) B
=1—- e — + Og(p73+3max(a1,a2)) for oy > —a1,09 > —as.
p

By ([IT), we have that o¢(p’, s + 1) = 7¢(p’)Hy j(p~*~1). For j > 1, we have by (LI1)
ao(p*t s+ Doe(pt s +1)

oe(p®, 51+ 1)oe(p®,s2 + 1) —

p51+52+2
j —s1— sy To(P? )2 Hy jia(p~** ) Hy a1 (p~ 527 h)
= 1o(p?)2Hyj(p~" " ) He(p~*2 ") — R TET
) JH1\2
(3.62) = (14 0ulp ) = B 1 0 )

p51+52+2

2(1 FOp T T 0(527((11:;7{))2219—01—02—2))
2(1"’02 01_1 +p_02_1>),

&%)

T 70(p?). In addition, for every e > 0, 7,(p’) <, p’*/? and we also have the estimate

since 7o (p’ ) =
(3.63) C(p, J, $1,52) < p 77172179 for 0y > —ay, 00 > —as.

Using (B.61) and the last equation, we have

! 62 —oTa —oTa —1+max(ai,a
Bl <3 o TT (40(ogammatr ™ 4970) ) I n)? (1+0u(p om0,

g\h (p,g)=1 p*|lg

Since o1 + 09 > —0.99 the first product is absolutely convergent. It follows that

2 .
.
(3.64) |B(s1,52)| < Y %
glh

where j(g) := [],,(1+ Cp*Hmax(al"”)), and C' = C(¢) > 0. By multiplicativity, it follows that

Te(p 2
|B(s1,82)| < H Z Ul+g2+1 <<H(1+ 01+g2+1) =0O(o1 + 02+ 1,h),
pe||h k= 0

valid for o1 > —ay1,09 > —as, and o1 + 092 > —0.99.
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We now establish part (i¢). By (B:61)) it follows that there exists a prime py = po(¢) such that if p > pg, then
C(p, 0, s1,82) # 0 for 01,09 > 1072, Also, observe that by B359) C(p,0,0,0) = 2(1 —p~ 1  — (1 —p~H2 £0.
Since for each 2 < p < po, C(p, 0, s1, s2) is a continuous function of s; and sz, there exists g9 € (0,1072) such
that C(p,0,s1,s2) # 0 for p € [2,po] and |s1| < e and |s2| < 9. Combining these facts, it follows that for
all primes p and s1, o satisfying |s1]| < g9 and [s2| < &g, that C(p, 0, s1, s2) # 0. Thus we may apply Lemma
@1) (ii). Let

: _oe@siA Doe(plys2+1)  ou(@™ 51+ Doe(p'™ 524 1)
(365) e(pa.]vsla 52) - pj(51+52+1) - p(j+1)(51+52+1)+1 :

Since C(p, 0, s1,s2) # 0 for |s1],|s2| < &g < 1072, Lemma (1) (ii) implies that

(3.66) B(s1,s2) = Bi(s1,52)Ba(s1, s2) for [s1],[s2] < eo,
where
(3.67) By (s1,52) = [ [ €(p, 0,51, 52)
p
and
(3.68) Bo(s1,52) = [ ie(p7j751752)6(1770751752)71'
p*[|h 7=0

We first determine the value of B(0,0). It follows from B.67), (359), and B2) that B;(0,0) = Cy. Similarly,
it follows from and B68), 383), B5J), and @&3) that B,(0,0) = g¢(h). Hence, B(0,0) = Crge(h).

We now establish (iii). Let g be as in part (ii). It shall be convenient to define
Dy = {51 eC | |51| < Eo} and Dy = {52 eC | |52| < Eo}.

First observe that by the definition [B.63)) and B.61]) and (3.62) we have

62
(369) G(p,(),sl,sz): 1—W+Oz( ) for 0'1,0'2 —10~ 1
: m(p?)? - -
(3.70) C(p, j,s1,82) = pj(jl#szm(l +O(p 0'9)> for 01,090 > =10
From (3G7) and (369) we see that
2 _
(3.71) Bi(s1,82) = H (1 - W + O¢(p 2'7)) <y 1 for o,00 > —10" L
P

By two applications of Cauchy’s integral formula,
(3.72) BT (51, 59) = Og(1) for o1, 05 > —1072

where Bgi’j ) is defined by (L20). We now estimate Bo(s1, s2). First, we examine each local factor at p of
Bs. Since D1 x Dy C {s1 € C| oy > —1071} x {s3 € C | 02 > —1071} it follows from ([B69) and B70) that

_51£5_2+1 + O(pilﬁ) 20‘12 p 0T

Z C(p, J, 51,52) —14+ 2 Jj=
C(p,0, 51, 1+ O(p15 1+ O(p15
(3.73) (p, 0,51, 52) (p='%) (Ve
02 _
:1+W+O(p 1'4) for (Sl,Sz)EDl X Ds.
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Hence we can factor out a term (1 + W)ﬁ from (B.68). Therefore we may write
(374) (51, 52) (51 + 51+ 1, h)'Bg(Sl, 82) for (51, 52) € Dy x Do,

where we recall that ©(z, h) =[], (1 +p*)¢ and

o B 1 2
(3.75) 3(s1, 52) H (Z (p,J,51,52)C(p,0, 51, 52) 1) (1 + W) '
pel|h  j=0

It follows from B13) and (BA) that

33(81, 82) = H(l + Oe(piglig272)) <y H(l + Ol(prg)) <y 1 for (81, 82) S D1 X DQ.
plh p

By Cauchy’s integral formula it follows that

(3.76) BL2)(0,0) <4 1.

We also require an estimate for the partial derivatives of B. By (B:66) and [B.74) it follows that

(3.77) B(s1,82) = O(s1 + 51 + 1,h)B(s1, 59) for (s1,52) € Dy x Do,

where B(s1, s2) = B1(s1,82)Bs(s1, $2). Note that the generalized product rule, B712)), and B70]) imply
(3.78) Bl12)(0,0) <4 1.

By two applications of the generalized product rule to (B77)

(i11i2) B il aal 80.3 ~(a2,a4)
s 5 (2) 2 (D)oo 105

a1+taz=i1 aztas=iz

Note that
0% Has da1+a3
3.79 1,h)= —06(z,h .
( ) 8Sl111 8 9s%* (Sl et ) dz0tas (27 ) z=s1+s2+1
By [B70) and B79) it follows that
o i1+
B2)(0,0) < Y O@(1,h)
a=0
We now demonstrate for av > 1
(3.80) 0@ (1,h) < O(1, h)(loglog h)*.
We begin by remarking that
(3.81) 0W(z,h) = —020(z, h)n(z, h)
where
logp
3.82 Jh) = .
(352) o) =325

By the product rule it follows that

(3.83) CICIEN DY <a - 1)@("1)(z, h)n2) (2, h).
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A calculation demonstrates that for « > 0

(u) _ N (ogp)
N (1,h) =" )

u

0 1)1 (—)u
Z( ) 5])

plh -
and thus
1 “ 1 u log log h)"
(3.84) (1R <> Qosp)” > (logp)” (Ogl Ogh ) > 1< (loglogh)".
plh p<logh p 08 plh

We now show ([B.80). The case o = 1 follows from 8] and B84) with v = 1. By induction, using (3:83)
and ([B84), we establish (B80) for all &« > 1. From (B80) we now have

(3.85) BU112)(0,0) <4 O(1, h)(loglog h)* 2.

O

Proof of Proposition[3:3 Using the first bound, we find the contribution from [¢| < 1 to the integral is O(1).
We now treat the range |t| > 1. It is convenient to set I(7,t) = fot |C(7 + iu)|*du. Tt is well known that for
every € > 0,

(3.86) I(1,t) < t'" for 7> 1—1/L.

This follows from [44, Theorems 7.5,7.7]. Note that in the case of Theorem 7.7 of [44], the bound I(7,t) < t
for 7 > 1—1/¢is stated, however a minor modification of the proof yields (B:86). Since the integrand is even

with respect to ¢ the remaining range is

2e71 / ls(s + 1) 71 |¢(s + 1) [fdt < 71 / IC(o + 1 +dt)|“¢2dt
1 1
(3.87) <<6_1(—I(0+ 1,1)+2/ I(o + 1,t)t_3dt)
1

oo
< 5—1(1 +/ t—2+€dt) <e !
1

by an integration by parts and (3:30]). O

4. A PROBABILISTIC METHOD FOR DETERMINING MAIN TERM OF Dy(z,h)

In this section, we use a simple heuristic probabilistic method to rederive the conjectured formula

(4.1) Dy(x,h) ~ %x(logx)2k2 for 1 <h<az'®

for = large, ¢ arbitrarily small, and recall that Cj is defined by ([3)) and fi(h) is defined by (L4). In
section three, we derived this conjecture using Duke, Friedlander, and Iwaniec’s § method, a variant of the
n<a MR)A(n + ),
where A(n) is the von Mangoldt function (for full details see [§] and [38]). The extension to the case of
multiplicative functions was explained to the first author by Andrew Granville. We now proceed with our

heuristic derivation of (Z1]). It is well known that

(4.2) Z Tr(n) ~ ﬁx(log z)k1L

n<z

circle method. The argument in this section has been used to derive conjectures for »
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It follows that on average 71(n) in the interval [1,z] is ﬁx(log z)*=1. Similarly, for 1 < h < z'7¢,

)

Tr(n+h) in the interval [1, z] is also ﬁx(log x)*~1. Thus it is reasonable to believe that for 1 < h < z'~¢
Tr(n)Tr(n + h) is on average ﬁ(log x)?#=2 in [1,z]. However, we must take into consideration that the
values of 71, (n) and 7, (n + h) are not independent. For instance, if h = p is prime, then if p f n we also have
p1n+ h. The factor Cy fr(h) in (&) accounts for such local considerations. In order to make this precise

we define a sequence of random variables (Xp)p prime by
Xp(n) = 7 (p” ™)
where ord,(-) is the p-adic valuation. Furthermore, we define
Xpn(n) = Xyl + h) = (g0,
Associated to a random variable Y : N — C with image im(Y") = {Y(n) | n € N}, its expected value to be

(4.3) E(Y)= > i -PY =i

i€im(Y)

where for B C N,

(4.4) P(B) = Jim_ #{1§n§XX | neB}

With these definitions in hand, it is natural to make the following conjecture.
Conjecture. For ¢ € (0,1), z large, and 1 < h < 2!7¢,

s toue ~ (T gy ) A n) (2 S atn)

n<x n<w
as & — o0.
The product in the above conjecture is the correction factor taking into account that the values of 75 (n)
and 7,(n + h) are not independent. Each local factor in the product measures the lack of independence of

X, and X, We shall prove that the product equals C f (), which we computed earlier via the d-method.

Proposition 4.1. Let k,h € N. Then

H]E X Xph )*Okfk(h)-

By (@), Proposition 4] and (£2) we have that
1
(4.6) —Dy(x, h) ~ Chfu(h)log" 1 (2) log"  (x + h) ~ Ci fru(h) log* "2 (2) as z — oo for h < z'7°.
x

This yields the Additive Divisor Conjecture (simplified version) stated in the introduction.

The above proposition is deduced from the next lemma.

Lemma 4.2. (i) For every prime p,

1y~ (k=1)
(4.7) E(Xp) =E(X) = (1-)
(i) If pt h, then
(4.8) E(X,X,5) = —1+ 2(1 - 1)%71).
p

24



(iii) If p* || h, then
a—1

(4.9) E(X, X (1 - —) (

7 (p")? +227k )i (p ““)_Tk(pa)z(l_l)_l).

)

)

7 a+ «
— p prt i p p
We now demonstrate the proof of Proposition [4.]] based on this lemma.
Proof of Proposition [[-1} If p{ h, then by Lemma [£2] (i) and (ii)
A
E(Xpo;h) B -1+ 2(1 — ;) - 2(1 1)k71 (1 )Q(k 1)
E(Xp)E(Xp;n) (1 _ l)_2(k_1) p D
P
Therefore
E(X,Xpn) E(X,X,n)
H ih) C). H Pp;
—(k—1)
E(Xp)E(Xpn) peilh (2(1 _ %) - 1)
(4.10) s e
:CkH (1_%)(210 k(;)) +2Z]O p;a’i(Jp )_ k(;ja) (1_

Pl (2(1-2) (71)—1)

by an application of Lemma part (iii). In order to finish our argument, we must establish that

a—1 1 z T aT a+tj T a2 -1
o () o st ot

(- )

(4.11)

By (CT9) it suffices to prove
(4.12)

za: (O’kfl(pjv1)2_0'k71(plj+1a1)2) _ (1_1)2’“_1( Tk(PZ +22 ()T (@) T (p*)?

= 2 P P P pt P*

i=0
Let Npe denote the left hand side of (£I12]). By a difference of squares,

«

Npe :Z%(U’C 1(p ) 1) — W)(ak,l(pj,l)_FM)

i=0 b
and from the definition (TIH)
) op 1 (P 1 Ink=1 , & (i) SO o (it
o1 (p?, 1) — AR (P )z(l——) (Zik 1(];] )—Zik 1(”1 ))7
p . . p
) i (pit 1\ k-1, gty (prtit
o1 (pi 1)+ R ) 1(2 ’ ):(1—_) (ZT’“ 1P +27ﬁ“ 1P )).
Combining the above equations and simplifying further
IN26—2 EL o () L (piti ,
o= (1= P B oS B )

J
p = P i=0
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If j = 0, then by (LIZ) the term in the above brackets is 2(1 —p~1)~*=1 — 1. If j > 1, then we use (LI13)
which implies 71 (p? %) = 7 (p? ™) — 7 (p?T*1). Thus

i kal(ll)jJri) _ i Tk(pJ:Jri) _ i Tk(pj{riil) _ (1 _ 1) i Tk(?i“) — (P Y.

1=0 pz 1=0 pl 1=0 pz p 1=0 pl
Therefore
2(k—1)
(4.13) Npo = (1 - %) 21 —p )y *D 14 N
where
~ The 1 1\ o= 7e(p? ;
(4.14) Do P a(1- 1) P o) - ),

We now simplify NJa. Using 7,1 (p?) = 7(p’) — 7(p? ") twice, splitting into two sums, and then making
the variable change j — 7 + 1 in the second sum yields

Ny = S B (o1 1) S 2O i) - )

j=1 P p i=0 P
a—1 : 0o ititl ‘ ‘

- T;fl) (2(1 - ]}9) > % (') — Tk(pﬁl)))-
Jj=0 i=0

Separating off the j = « term in the first sum and the j = 0 term in the second sum and then grouping

together the j =1 to j = a — 1 terms gives

Ny = B0 (o1 Dy S 2D ety ) - L (2(1- 1) S 20T iy )
1=0 1=0
+ z:; Tkgﬂ <2(1 - ]10) i° m(z;_‘“) 7)) — (2(1- %) i m(z;’jj“) B mfﬁ) Tk(z;j“)
=) (2(1 - ) Yo ) - I U (o(s - 0y ) S )
520 (o DY) ) - )+ D
j=1
By ([CI2) we have Y~ OT’CPISI) =(1—-p1)~% —1, and thus
16 (p) e (P2 T (p®) T (pet Ti(p®)? = (k= 7]
N{)ﬂ_Z(l_%); k(P ;ai(ip ) T(p )pz;(p ) k(;)a) _2(1_]}9) (k 1>+2(1_%)+%+ k}(?p)
NS m)? ) | me )
+(1—5); kpj B kpp 4 Tk pakp
=2(1- %) 2 Tk(pa;;i(ipw) - Tkg)2 —2(1- %)_(H) Lo 1y (1- %) j_ll T’“iﬁf)Q.
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It follows that

Npa = (1 _ %)%,2 (2(1 _ =D 2(1 — %) i T (P*) 7 (p*F)

)2 —(k—1)
_m_z(l_z) +2_1+(1_1)
p p p

- (1 B 1)2#2(1 -2+ 2(1 B l) i Tk(pa;ﬁ(ipaﬂ) B, (1 - 1) az: _T’“(p_j)z)

p p P/ = p* pli= v
a—1 ; oo ;
1\ 2k—1 2 « a—+1 )2 1\ -1
:(1__) ( Tk(];]) 2y 7 (p )Zi(ip ) _Tk(pa) (1__) )
p = p — p p p
Substituting this last expression in [@I3]) completes the proof of [@I2). O

Before establishing Lemma 2] we make a few observations.

1
(4.15) P({n€N|an}):1—]§
and for i > 1,
(4.16) P(fneN|plln}) = & - -,
p p

where P is defined by ([@4)). Idenitity ([@IH]) is since n lies in p — 1 of p residue classes modulo p and (ZI6)

follows from writing n = p'n’ where (n/,p) = 1.

Proof of Lemmal[].3 (i) First, we compute E(X,). The values of X, are precisely 7x(p’) for i > 0. Note
that if ¢ = 0, then X, = 1. This means that p t n and the probability of this occurring is 1 — %, since n lies
in p — 1 of p residue classes modulo p. Now X, (n) = 75 (p’) with ¢ > 1, precisely when p’ || n. This occurs

with probability 1% — ﬁ Therefore

E(Xp) =1- % +§Tk(pi)(i, - ﬁ) _ (1 _ ]1?) i (') _ (1 B 1)—0@—1).

P’ — p

A similar argument establishes E(X,.,) = (1 — %)_(k_l).

(ii) We now compute E(X,X,.,), in the case p t h. If n # 0, —h(mod p), then X,(n) = X,.;(n) = 1. The
probability of this occurring is ;7]‘%2 =1- %. If n = 0(mod p) and p® || n with i > 1, then p{ n+ h. Therefore
X,(n) =7 (p") and X, (n) = 1. The probability of this occurring is }% - #. Similarly, if n = —h(mod p)
and p’ || n + h with i > 1, then p{n. Therefore X,(n) =1 and X,.5(n) = 7(p’) and the probability of this
occurring is % — ﬁ It follows that

2 > a! 1
E(XXpn) =1~ + 2ZTk(pl)(E - F)

i=1
Now
> n0) (o) = (- ) S AP = (- (0-5) ")
_ (1_%)““’ N



and thus E(X,X,5) = —1+2(1 — 2)~*1.

(iii)We now compute E(X,X,.1), in the case p® || h.

If n # 0(mod p), then n + h # 0(mod p). This is since if p | n + h, then p | n as p® || h. This case occurs

with probability 1 — % and for these n, X,,(n) = X,.,(n) = 1. These terms contribute

(4.17) 1-(1—3)=1—1
p p

to E(X,X,.n). Now consider p' || n with i > 1. In this case, X,(n) = 7%(p’). We now determine the order

of p dividing n + h. Writing n = p'n/ and h = p®h’ with (n’,p) = (b, p) = 1, we have

n+h= pinl +pah/ _ pmin(i,a) (n/pi—min(i,a) + hlpa—min(i,a))'
Note that if ¢ 7§ o, then ordp(n—l—h) = min(i, a) and Xp‘h(n) = T (pmin(i,a))' These terms make a contribution

(4.18) Zm pminGi a>)(i. - pilﬂ).

Pt
17504

to E(X,Xp.). However, if i = o, then X,(n) = 7 (p®). Now we determine the power of p dividing n + h.
Since n+ h = p*(n’ + 1’), the p-adic valuation depends on the order of p dividing n’ 4+ h’. Since (n’,p) =1,
it falls in p — 1 residue classes modulo p. If n’ # —h/(mod p), then ord,(n + h) = o. If n’ = —h/(mod p),
then there exists j > 1 such that p’ || n’ + b/ and ord,(n + h) = a + j. By these observations we have the
disjoint union
fneN|p I} = 40U 4
j=1

where Ag = {n € N | p® || n,n’ # —h/(mod p)}, A; = {n € N | p* [ n,p’ || ' + '}, and n' = 2&. Since
(n/,p) =1 and n' £ —h/(mod p), it follows that P(Ag) = p%(l - %) as n’ lies in p — 2 residue classes modulo
p. A similar calculation establishes that P(A4;) = & (L — —L5). If n € Ay, then X, (n) = 7(p®) and if

P pI pitl
n € Aj, then X, n(n) = 7, (p®*™7). The contribution from all terms with p® || n is

(1 B g) N i 7 (p*) 7 (p*H7) (i B #)

r/ = p” iz

7 (p*)?
(4.19) e

Combining [@I7), (ZI8), and (@I9) yields
B X =1 (1- 1) 3 @™ | (g 2) |y memet) (L L)

7 « o« +1
P/ 5 p p /= p p o p
i#a
mln(i,a) )2 2 e aJrj
=) (e B (- D) (1) T R
i>1 p p =
z;éoz
Nis W)l () 1y
S8 L)),
This establishes (L9) and completes the proof of Lemma [1.21 O
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5. CONCLUDING REMARKS

In this article, we studied the sum Dy/(z, h). Lower bounds for this sum were obtained and the main term

in its conjectured asymptotic was studied. We now mention several avenues of possible future research.

(1)

Improve the lower bounds for Dy (x, k). One might attempt to use inequalities of the shape

Tk(’n)z Z 1

o1 ap=n
[Ticy i <azfi

where J ranges over certain subsets of {1,...,k} and Zle Bi <1/2.

Establish a version of the uniform bound (), making the k dependence explicit. Currently, even

the bound (LA) for A < 2 does not appear in a published reference.

It seems possible that the probabilistic method of section ] can be used to obtain the full main term

asymptotic for Dy(z, h).

Study the more general sums

Z Te,(n+hy) 7%, (n+ hy)
n<w
where r > 2, ky,...,k. € RY and hy,...,h, € Z. Tt is likely that the methods of this article may
be applied to obtain lower bounds for (51l of the correct order of magnitude and to write down
conjectural asymptotic formula for this sum. The asymptotic evaluation of (.I)) is an open problem
and this is well-known to the experts. E For instance, it is an open problem to evaluate the sum
Z 7(n)r(n+ 1)7(n + 2).
n<w
It should be noted that Blomer [4] recently succeeded in evaluating the triple correlation sum
> r(n=h)r(n)r(n+h)
2<n<2z
on average over h.
Study the lower order terms in the main term asymptotic for Dy (x,h). More precisely, determine
explicit expressions for the coefficients «;(h) for 0 < i < 2k — 3 and numerically study the size
of |[Dy(x,h) — Py_o.5,(logx)| with h as a function of x. This might provide evidence towards the
true sizes of the constants 6 and S5 in Conjecture ([2.2)). Furthermore, it seems possible to use the

probabilistic method of section 5 to calculate the lower order terms.
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