A DISCRETE MEAN VALUE OF THE DERIVATIVE OF
THE RIEMANN ZETA FUNCTION

NATHAN NG

ABSTRACT. In this article we compute a discrete mean value of the
derivative of the Riemann zeta function. This mean value will be im-
portant for several applications concerning the size of ¢’(p) where ((s)
is the Riemann zeta function and p is a non-trivial zero of the Riemann
zeta function.

1. INTRODUCTION

In this article we compute a discrete mean value of the Riemann zeta
function, ((s). Throughout, p = 3 + iy will denote a non-trivial zero of
the Riemann zeta function and T will be a large parameter. Moreover, we
define the Dirichlet polynomials

Tn Yn
X(s) = Z o and Y(s) = Z e
n<M n<M

where z,, and 3, are arbitrary real sequences and M = T? with 0 < 6 < 1/2.
We shall evaluate the following mean value:

(1) S= Y dpXEY(1-p).

0<y<T
However, our main purpose for evaluating S'is to employ it for an application
concerning large values of ('(p). In an accompanying paper [13] we prove
the following results:

Theorem 1.1. Assume the Riemann Hypothesis. For each A > 0, we have

¢'(p)] > (log |[])*
for infinitely many p = % + 7.

In order to strengthen this result we will require an additional assumption
concerning the location of zeros of Dirichlet L-functions.

Large zero-free region conjecture.
There exists a constant ¢y > 0 sufficiently large such that for each ¢ > 1
and each character y modulo ¢ the Dirichlet L-function L(s, x) does not
vanish in the region
Co
>1-
loglog(q([t] + 4))
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where s = o + it.

The value of ¢y required may be calculated and ¢y = 100 suffices but is
not minimal. We note that this large zero-free region conjecture is signifi-
cantly weaker than the Generalized Riemann Hypothesis which asserts that
all non-trivial zeros of each Dirichlet L-function lie on the one-half line.
On the other hand, this zero-free region is still much larger than what has
currently been proven. For example, this conjecture rules out the existence
of Siegel zeros.

Theorem 1.2. Assume the Riemann hypothesis and the large zero-free con-
jecture for Dirichlet L-functions. There exists a constant co > 0 such that

[ log |y
! _ ol
<o)l > exp (CQ log log |7

for infinitely many p = % + 7.

The methods employed to prove Theorems 1.1 and 1.2 are based on
Soundararajan’s [17] resonance method. This method has proven to be suc-
cessful in determining extreme values of L-functions and character sums. In
the article [13] we also succeed in exhibiting small values of |('(p)]| too.

We also note that an asymptotic evaluation of S has other important
applications. Soundararajan has informed me that he can prove under the
assumption of the Riemann hypothesis that

> (PP >k T(log T) 1"
0<y<T

This proof requires our formula for S and follows the lower bound method
of Rudnick and Soundararajan [14], [15]. We observe that this is stronger
than Theorem 1.1.

Our evaluation of S will be split in two cases depending on the properties
of the coefficients z,, and y,. The cases we shall consider are:

Case 1. The divisor case. The coefficients shall satisfy the bounds

(2) [@al, [yn| < 77(n)(log T)¢
for r € N and C' > 0 where 7,(n) is the r-th divisor function. We shall also
assume

Case 2. The resonator case. In this case we will take =, = y, = f(n)
where f is a multiplicative function supported on the squarefree integers.
For a prime p we define

L if [2 < p < exp((log L)?)

(@) s ={ 5

else



A DISCRETE MEAN VALUE 3

where L = y/log M loglog M.

The resonator coefficients have recently been employed by Soundarara-
jan [17] and they arose in a certain optimization problem related to finding
extreme values of ((1/2+ it). We shall refer throughout this article to case
one as the divisor case and case two as the resonator case. Our evaluation
of S in the divisor case will be unconditional whereas the evaluation of S
in the resonator case will depend on the (as yet) unproven large zero-free
region conjecture.

We now state our result for S. We let ¢; for j = 1,2, 3, ... denote positive
constants.

Theorem 1.3. (i) If z,,,y, satisfy (2), (3) then

. 1 xuynur() yuxun
5= 2m Z nu 4 Z log( ))

nu<M nu<M
(5) T r1(a,b) YagT 5
- 3 agtbg 5
tor X a2
a,b<M g<min(L Ay

(a,b)=1
where for 0 < 0 < 1/2 we have for any A’ >0
£ < T(logT) ™™ + Titate
The other quantities are defined as follows:

ro(n) = Py(log(3;)) — 2P1(log(5;))(logn) + (A + log)(n)

ri(a,b) = FAs(a) — By (log(sLy)) Ala) — Ry (log(5)) ar(a) — a(a)

Py, Py, Ry, R1, Ry are monic polynomials of degrees 1,2,1,1,2 respectively
and aq, ag are arithmetic functions. In fact, aq is supported on prime pow-
ers, ag is supported on integers m such that w(n) < 2. More precisely,

2
a1 (p®) = l;gff az(p”) = _(a+113£1<1)gp) + Dplfglp 1°gp2 for some D € R, and

az(p*q”) = —(logp)(log q) (15 + 55) for o, B e

(17) Assume the large zero-free region conjecture. If x, =y, = f(n) where
f is defined by (4) then there exists a ¢y > 0 such that (5) remains true with

3,30

E < Texp (—ﬁgﬁi?) 4 Titgte

for 0 <6 <1/6.

Remarks. 1. It is possible to obtain an intermediate result to Theorems
1.1 and 1.2. In fact, one can show that if the Riemann hypothesis is true
and there are no Siegel zeros then there exists a ¢3 > 0 such that

' (p)| > exp(cs(log |v))'/*)
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infinitely often. The proof of this result rests on deriving Theorem 1.3 for
the sequences x,, = y, = g(n) where g is multiplicative and supported on
squarefree integers. On primes it is defined by

{ cllogM) Mloglog M 3¢ 4 <y < B

logp

9(p) = 0 else

for some ¢ > 0. The evaluation of .S in this case is very similar to the two
other cases worked out in the article. However, due to the length of this
article we have decided not to present this case.

2. Various mean values involving ¢’(p) have been explored in several pre-
vious articles. (See [2], [3], [5], [7], [10].) Discrete moments of (’(p) have
number theoretic applications to simple zeros of the zeta function [3] and
to the distribution of the summatory function of the Mébius function [11].
More generally, moments of X (p + «) for a Dirichlet polynomial X (s) and
a € C have applications to extreme gaps between the zeros of the zeta
function (see [1],[12]).

3. The argument for this theorem is based on an argument of Conrey,
Ghosh, and Gonek [3] for evaluating the sums

Si= Y {(p)X(p)and S = Y ((p)'(1—p)X(p)X(1 - p)
0<y<T 0<y<T
log(M/n)
log M

S5 requires the assumption of the generalized Lindelof hypothesis whereas
S1 may be computed unconditionally. Oddly, this point is never stressed
in [3]. In a future article, we shall evaluate the above sums with arbitrary
coefficients by the methods of this article.

where x,, = u(n)P < ) and P is a polynomial. The evaluation of

4. The proof of the bound for € in Theorem 1 is obtained by an argument
which is very similar to the proof of the Bombieri-Vinogradov theorem.
Recall that it asserts that for each A > 0

by a,q) — % < T(log 7)™ + TY2M (log TM)® .

Improving our value of M beyond v/T in Theorem 1.3 lies as deep as im-
proving the Bombieri-Vinogradov theorem for M larger than /7.

q<M

5. In this article we must impose some conditions on the location of zeros of
Dirichlet L-functions. More precisely, we assume the large zero-free region
conjecture for Dirichlet L-functions in order to evaluate S in the resonator
case. The central reason for applying this conjecture is that the coefficients
f(n) satisty 3 1, f(n)? ~ Mexp(lggl‘f—ngT). Now the general setup for eval-
uating S in the article of [3] is to use an argument similar to proving the

Bombieri-Vinogradov theorem. However, this type of argument provides a



A DISCRETE MEAN VALUE 5

savings of (log T)~# for any A from the main term. As the resonator coeffi-
cients x, = y, = f(n) become very large in mean square we will be unable
to obtain an asymptotic formula with only a savings of a power of a loga-
rithm. The central reason for applying the large zero free region conjecture
is that it allows us to have a savings of exp(—lggl‘fngT) for a large enough ¢
which balances the large average size of the resonator coefficients. On the
other hand, for the evaluation of Sy in [3] the coefficients x,,, y,, are bounded
in size. In that case the Generalized Lindel6f hypothesis is invoked in order
to bound a sixth integral moment of L(s, x) on average on the critical line

and has nothing to do with the size of the coefficients x,,, ¥, as in our case.

Acknowledgements. I would like to thank K. Soundararajan for suggest-
ing this problem. Also thanks to H. Kadiri for a useful question.

2. NOTATION

Throughout out this article we shall denote a series of positive constants
by ¢; and Cj for j = 1,2,.... We remark that some of the constants C;
will depend on the numbers r and C' given in (2). For T large we define
Z =log(T). We shall also consider arbitrary sequences x = {z,,} supported
on the interval [1, M]. We shall employ the notation

[Ixlleo = max o and [[x]|, = (;4 [ |) 17
nx

We shall use Vinogradov’s notation f(z) < g(x) to mean there exists
a C' > 0 such that |f(z)| < Cg(x) for all x sufficiently large. We denote
f(z) = O(g(x)) to mean the same thing.

In addition, we will encounter a host of familiar arithmetic functions.
Let w(n) denote the number of distinct prime factors of n. For r > 0 we
define 7,.(n), the r-th divisor function, to be the coefficient of n=* in the
Dirichlet series ("(s). If r = 2 we write 7(n) = 7»(n). Similarly A(n) is
the coefficient of n~* in the Dirichlet series of —(’(s)/{(s). This yields the
expression A(n) = >, n(d)logg. Moreover, we have its generalization

A = pxlog®. An equivalent definition is that Aj(n) is the coefficient of
n~° in the Dirichlet series (—1)¢*)(s)/((s). Furthermore, Ax(n) = 0 is
supported on those integers with at most k& prime factors. We also define
j(n) =Tl (1 +10p~?).
3. THE DIRICHLET POLYNOMIAL COEFFICIENTS %,
We record some properties of the coefficients that will be employed through-

out the article:

Properties of the divisor coefficients.
Let x, and y, satisfy (2) and (3). We have the standard estimates:

1X[loo  [I¥lloe < T,

2 2 !
[ O [ O e T e R 7
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for some C' > 0 and k € N. We remark that the above bounds remain true
when the above sequences are multiplied by j(n).

Properties of the resonator coefficients.
Let f be defined by (4). We have the following estimates:

f(mn) < f(m)f(n)
(7) 1 floe < MY?*€ for M sufficiently large |,
17111 < Mexp (14 o(1))y/ (B2 )
1721y << Mexp (0.5 + o(1)) o8t
) > @ < exp ((1 +o(1)) 10{;;%2@) ,
n<M
D f<Z) ((0.5+o(1)) et )
(9) Z ] Tr * f )f(n) < exp <<0_5 + 0<1))101g01gT1\/§w) 7
n<M
(7 f)(n)? (f*H)n)?* .
(10) ;T ) ;T LT .

We now give an indication of how to prove (9). The proofs of the other
inequalities are similar. We denote Y the sum to be estimated.

E<Z] Tr*f n)f(n) :H<1+j(p)(ﬂ*f)(p)f(p)) |

p

p

Since j(p) =1+ O(p'7?), f(p) = 1oz (70 ¥ [)(p) = sy + 7 we obtain

log(X) < 2 (p(%;p) o (p(l(igp) - p[;jZ)) '

L2<p<exp((log L)2)

By the prime number theorem

Z 1 2 8(10; L) (1+o0(1))

L2<p<exp((log L)?) p(log p)

and thus ¥ < exp (2lé;%é\gM(l + o(l))).

4. PRELIMINARY MANIPULATIONS OF S AND PROOF OF THEOREM 1.3

Proof. We commence with our evaluation of S. We start with some initial
manipulations. Recall that our goal is to evaluate

S= > {pX(pY(L-p).

0<y<T
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The functional equation for the Riemann zeta function is {(s) = x(s)¢(1—s),
where

(1 —8) = x(s)"! =2(27)*I'(s) cos(7s/2) .
Differentiating the functional equation,

/
(o) = =xe) (¢ =9 - Xt -9))
From this last equation it follows that

S==> x(pX'1=pX(p)Y(L-p)

0<'y<T
C/
T 2mi c ¢

where C is the positively oriented rectangle with vertices at 1 — k + i, Kk +
i,k+1T, and 1 — k +iT, and Kk = 1 + £ 1. Moreover, we choose T so that
the distance from T to the nearest zero is > .Z~!. The bottom edge of this
contour is clearly O(1). On the top edge we have the standard bounds

X(s) < T,
('(1—s) < T/,
X(s) < Mol22 ]y,
Y(1—s) < M2,

£ (1 - () (1 - )X ()Y (1 —s)ds

g/
¢

Note that the last bound only holds for s = o + it as long as [t —y| > £~}

for all imaginary ordinates . Combining these bounds shows that the top
edge of the contour is bounded by MT'/?*¢. Next note that

! / /

g 1-s) =X — g

¢ X ¢

>(1—-s5) < 2L,

and

~

X()C(1 = 5) = ~C'(s) + - (5)Cs)
imply the right-hand side of the integral is

(11)

1 KHT KS2S—KS/S S/3/5 s —s)ds
Sn=om [ (2 - 25000+ S0 Xy - ds.
The left-hand side is

S= L [T e — )X ()Y (1 — ) ds |

2mi 1— H—i—lTC

By the variable change s — 1 — s the left side equals —I; where
1 K+iT CI

Ip = — xX(1—s)=

270 J s ¢ (8)¢" ()X (s)Y (1 = s)ds
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We have now demonstrated that
S = Sg— I+ O(MTY*)

with Sk and I;, defined as above. We now set up the evaluation of I;,. We
begin by writing

where

It thus follows

and we invoke

Lemma 4.1. Let r, kg > 0 we have
1 k41T

5 " X(1—=8)r~*ds =4d(r)e(—r) + E(r,c)r "

uniformly for kg < k < 2 where §(r) = 1 if r < T/2w and 5(r) = 0
otherwise. Moreoever,
T/-c+1/2

E TH—1/2 )
(r, ) < T 2w T

This result follows from Lemma 2 of [7]. Applying Lemma 4.1 yields I}, =
M+ T2 + T32€! where

(12) M = Zykz ( )

k<M

(13) =723 |y, Z ‘a

k<M

(14) =723 |y yz’“ (|IT — 27m/n| + T2~

k<M
Note that

|xm| gl x

& <yl Y == (w)¢ (k) < 28l 22l -
m ¢
m<M

We next consider £5. We split this into the cases: (i) |I'— 2mm/n| > T/2,
(i3) VT < |T — 2xm/n| < T/2, and (iii) |T — 2xm/n| < VT. In case (i),
Gmn(T) < T~ and we have

Ia )| z
€ < T lylls Z < T L0 y|hl[Z ] -
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In case (i7) we begin by assuming without loss of generality that VT <
2rm/n — T < T/2. We divide this into < logT intervals of the shape
T+ P < 2rm/n < T 4 2P with VT <« P <« T. We denote the interval
[ =[2L 42l al 4 2071 Note that |a(m)| < ||%]|se7 () log® m and hence

277 2w
logm
Ey < Xl > D |an2
P n<M mel
Yn|
< Tl X 3 25 o) g
P n<M mel
T7Yx!||wo lyn] P).?? < T 2 |x|| .
< T[] ZP:,KXA;”P(TL) < || [oo[¥[ 11

In the second inequality above we apply an estimate for the divisor sum
in short intervals. For a precise statement, see Lemma 6.3 which occurs
later in the article. In the last case we have |T — 2mm/n| < /T and

G (T) < T7V2. Put J = [i(T — VT), 2(T ++/T)]. We now have

10% m - |/n]
Epy < T7|x|o0 Y lm Z €T x|l Y SH(VT).L?

n<M  meJ n<M
< T 2% |x] | lly ] -
Combining our estimates yields 7/2&] 4+ T3/2&} is bounded by
TV L2y llzm/mll + L X |oolly 1) < T2 |y 1] 1%] oo
and hence
(15) S = S — M+ O(T2L2*|y |l [x]]0)

where Si and M are given by (11) and (12) respectively. We now simplify
our expression (12) for M. The first step will be to express the additive
character e(—m/k) in terms of multiplicative characters. In order to do this
we write m/k =m//k" with (m/, k") = 1. We have the well-known identity

(-8 =) =g T o)

x mod k'

where for a character xy modulo k', 7(y) = ZZ/:I x(a)e(a/k') is the usual
Gauss sum. Now note that 7(xo) = u(k’), where yq is the principal character
modulo £’. Hence

(16) e (—%) GO ) > rx(=m).

x mod k’
X#X0

The basic idea is that when we insert the expression (16) back in (12) that
w(k")/o(K') term will account for the main term of M and the sum over
non-principal characters modulo &” will be an error term. Before commenc-
ing with this strategy, we must first convert the above sum to a sum over
primitive characters. This is since we shall invoke an analytic version of
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the large sieve inequality involving only primitive characters. If a charac-
ter x modulo &’ is induced by the primitive character ¥ modulo ¢ then
we have 7(x) = p(k' /@)Y (K'/q)T(¢) (see [4, p. 67]). We shall use the no-
tation pr mod ¢ 10 denote summation over primitive characters modulo g.
Therefore

(b(lk,)X%k;mx D wW(5)7 (5) r@wem

X7X0 a>1

since (m/, k') = 1 implies (m’, q) = 1 and thus x(—m') = ¢¥(—m’). The next
step is to rewrite this formula in terms of m and k. Let g = (m, k). By the
Mobius inversion formula, we have

poty = (25 = (f) s (2 E)

dlg eld

for any function f. Moreover, note that the condition d | g is equivalent to
d|m, d| k. Thus we derive

A 2, OO
X7FX0
(17) %Z‘lﬂ %¢;1q (k) (fq) @ (=)
* k m k
R ZZ/“ (20 () ()
=3 Y @Y w(F) e kd.w)
H e
where
W s T (8) ()

eIk/q
By (12), (16), and (17) we have now shown that M = M, + £ where

o) Mo= 3 5 gl

k<M < kT o(k/(m, k)~
20 £=Y Y am)d Y @)D v (F)dakdy).
k<M mﬁg Q|k1 Y mod g Cillr]?

Thus we conclude by (15) and above decomposition of M that
(21) S =Sk — Mo —E+O(T>L|y|1|Ix]o0) -
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The remainder of the article will be devoted to computing asymptotic ex-
pressions for S and M, and for providing an upper bound for £. The
evaluation of Sg is straightforward and will be done in the next section.
The evaluation of M is also essentially elementary. The most involved
part of the argument will be in bounding £. In fact, we shall establish the
following results which will imply our theorem:

Proposition 4.2. We have

T 3 "o o e[yl -+ [y |]1))

2 nu
nuM

Sk

where ro(n) = Py(log(3=)) — 2P (log())(logn) + (A «log)(n) and Ps, P
are monic polynomials of degrees 2,1 respectively.

Proposition 4.3. (i) We have in the divisor case

T c(u,v)H(M;u,v) T YT go
(22) Mg = — Z 4 g Z %Rg (log(%)) +&

2T UY

u,v<M <M
(u,v)=1

where

(23) &y K Te>(p(—c4\/logT)||%nHIHMH1 :

H(M;u,v) = Zggmin(M/u,M/v) yuggzvg’
c(u,v) = —%Az(a) + R (log(%)) Au) + Ry (log(%)) ar(u) + as(u)

and Ry, Ry, Ry are monic polynomials of degrees 1,1,2. Moreover, ay, as are

arithmetic functions supported on those n with w(n) < 2. More precisely,

2
a1 (p®) = fff, as(p*) = _(a+1]3£1<1’gp) + Dplfglp — (;(igf;Q for some D € R, and

az(p*q”) = —(logp)(log ¢) (15 + ;57) for a, B € N.

(17) In the resonator case, we have, assuming the large zero-free region con-
jecture for the Riemann zeta function, the same result as above but with

cylogT Tn 3x|z]) (n)yn
(24 £ < Texp (— BT ) || 22 | ol

Theorem 4.4. (i) If x,, y, satisfy (2), (3) then for 0 < 6 < 1/2 we have
for any A’ >0

(25) £ <u T(logT) ™ + Tatste

(17) Assume the large zero-free region conjecture. If x, =y, = f(n) where
f is defined by (4) then for 0 < 6 < 1/6 we have

(26) EK Texp( c51°gT> L TitE e

- loglog T
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By (21), Propositions 4.2-4.4, and the bounds for the coefficients given in
section 3 we obtain

T xuxnuro(n) T YgTgv L
_ - Zutnu OV Ry (log(5=
27 nu 47 Z gu ’ ( Og(%v))
nu<M gvs=M
T ! ’ H M’ )
Iy dwHOwY) ey e oyl M + [lylh)
o uv
u,v<M
(u,w)=1

where & and £ are as in the proceeding propositions. Setting r(u,v) =
—(u,v) we see that we obtain the principal term of Theorem 1.3. By (23)

and (6) we obtain an error term of the form T'(log T) =4 +T112+¢ as asserted.

By (24) and (9) we obtain the error term T exp (—ﬁgﬁi?) L Titste. 0O

5. EVALUATION OF Si: PROOF OF PROPOSITION 4.2

In this section we evaluate the term Sg. Recall that
1 k+1iT /

X' e X / ¢ /
Sp=— Z(8)“C(s) —2==(s)C'(s) + =(s)('(s) | X(s)Y (1 —s)ds .
=g (S0 - 200 + ) Xeva -
The above integral will be evaluated by considering the more general ex-
pression:

1 k+iT X/ k
Jp = Ji(T) = - /RH (;(3)) D(s)X(s)Y (1 —s)ds
where D(s) = > 7, a,n"® and k € Zso. Suppose that Y > |a,|n™7 <
(0 —1)"* as 0 — 1. We will establish:

Lemma 5.1. Suppose |a,| < n® and we have coefficients x,,y, satisfying
|z /0|1, [|lyn/n||1 < T€. Then for k € N

—1)k og(L T
gy = CTPL8l)) 5~ 0utibion 4 6 (711101 1 [lyllh) )

2 nu
nuM

where Py 1s a monic polynomial of degree k.

Proof of Proposition 4.2. By our expression for Si above it suffices to apply
Lemma 5.1 in the cases k = 2,a, = 1, k = 1, a0, = —(logn), and k = 0, o, =
(A xlog)(n). Thus

Sn~ g S0 T (By(log(L)) — 2Py (loa(L£))(ogn) + (A *log)(n)

2T nu
nu<M

with an error O(T(||y||-ocM + ||y||1) as claimed. O

Proof of Lemma 5.1. We have the estimate X;,(s) = —log %+O(1/(1+ 1t]))
valid for 1/2 <o <2 and t > 1. Thus
1 k+iT
Jp = — (—log(t/2m))F + Oy (L*¥ 7)) D(s) X (s)Y (1 — s) ds .

2mi K+1
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One checks that the error term contributes < T¢||y||;. Exchanging sum-
mation and integration order yields

k

Jk _ Z anxuyv(_l)

nsuspl=r2
n,u,v

/1T<1og<t/zw>>’“ ()" de+ O

where s = k + it. We now write J, = J; + J,q where J; consists of the the
diagonal terms v = nu and J,4 consists of the terms v # nu. We have

(_1)k AnTyuYnu /T k
Jg=—"— E — 1 t/2m)dt
’ 2m nu<M nu 1 % ( / ﬂ-)

It is simple to see that fl log" ( ") dt = TPy (log(s)) + Ok(1) where Py is
monic of degree k. Moreover, since ||, |[22[|1, [|2]]; < T° we have

2w nu
nu<M

The remainder term is

Jua =Y ot [ 1ogk(t/2m) (%) dt .
1

nsuspl=r 21
n,u,v

v#EnU

For v # nu the integral is < 2% (|log £[)~" and hence

yv|

Jnd<<gk+aHxn/nH1 ‘ v :

U<ZM vl log (%) |
v#EnU

Since k = 1+ O(Z7") it suffices to bound S(h) = Y v<um |yu||log #|7".
v#£h

If h > 1.1M, we have S(h) < ||ly||;. We now suppose h < 1.1M. The
contribution to S(h) from those v > 1.5h and v < 0.5h is bounded by ||y]|;.
Consider the interval I = [0.57,1.55] N [1, M]. For those integers k not in
this interval we obtain

Yil
S S g S < vl
2 Tlonth/ 711 < 2
<j/2 3j/2<k<M
Either I = [j/2,3;/2],[1,35/2],[j/2, M]. In the first case

i/2 3/2

|yk| |y] s |y]+8
leogj/k leog leogj/3+8))|

(4/( =)

3/2 J/2

Y; s Yj+s . .
<<]Z‘ o Z‘ o] o lyl]ejtiog )

The argument for the second and third cases is analogous. We deduce
Jnd L T(||y|leoM + ||y|]1) and thus the lemma is established. d
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6. PRELIMINARY LEMMAS

In the section we prove several lemmas that will aid us in evaluating M
and bounding £. Lemmas 6.1 and 6.5 will be applied in our evaluation of
M. Lemmas 6.1, 6.4, 6.6, and 6.7 shall be invoked when we bound €. The
next lemma tells us how to decompose an arithmetic function which is the
convolution of other arithmetic functions.

Lemma 6.1. Let fi, fo, ..., f; be arithmetic functions and let D € N. Given
a decomposition D = didy---d; we define the integers D; = [[_ dy for
1<i<j—1and Dj =1. We have the identities

Z (fi*x fax - f;)(mD)
(Rt
= > > filmad;) falmadi_y) -+ fi(mydy)

dida--dj=D mima---m;<X

(27)

(28) Z (fl*fz*-T-n-s*fj)(mD): Z H Z fi(”:;gj—i).

(m,k)=1 dydg--d;=D i=1 (m;,kD;)=1 i

Proof. The proof of this argument follows the proof of Lemma 3 of [3] (p.
506). The case j = 2 follows from the identity

s R)mD) =3 S Filgh)fo (”;—f) .

gD hlm
(h.D)=1

By making the identifications g = dg,% = dy,h = my, and 7' = my we
obtain (27), (28) for j = 2. For j > 2 the assertion follows by induction. [

We now introduce some arithmetic functions that will appear in our eval-

uation of Mo. We define mi(k) = >_ ; lﬁf, (k) ==  2l8p

plk (p—1)2>

g(h,k): Z A(a)logp.

(29) p—1

alh,a=pt
(a,k)=1

Moreover, we define arithmetic functions ¢;(n) for j = 1...4 as follows:

d1(n) = pk)ym(k) , da(n) = ulk)ma(k) ,

3(n) = > p(k)g(h. k), ¢a(n) = u(k)m(k)loghk .

(30)

We prove that the ¢; are supported on integers n such that w(n) < 2.



A DISCRETE MEAN VALUE 15

Lemma 6.2. ¢, ¢o, @3 are supported only on the prime powers and are
given by:

oy logp B plogp ~ logp o

for a > 1. However, ¢4 is supported on those n with w(n) < 2 and is given
by

1

64(p*q”) = (logp)(log ) (2% + oo 1) ¢a(p”) = —%)g_pl)

where o, 3 > 1.

Proof. These formulae for the ¢; may be proved directly from their defini-
tions, however it is simpler to employ generating functions. Put A(s) =

D net Ga(n)n™ where ¢u(n) = >, w(k)(3, f(p))logh and f(z) =

logx We have

Z“ sz -1 Zth“ sk

hk>1 plk plk
f p( k1 log pk‘l)
Z kZ
1 ki) log(k
P p r (k1,p)=1 !

It may be verified that

Z M kl log kl _ (1 . 1/ps)—2loﬂg(8)—l + (1 . 1/ps)71 C/(S)

W k3 p* ((s)?
and thus
o f)up) logp log p 1 {(s)
A =27, ((1—1/ps> e T A=) <<s>>
_ Z f u}ii logp+ Z f(p)u(p) logpj—l Zf(p;s(p) /58)

g (1))

Let 6(n) be supported on prime powers defined by 6(p?) = f(p). We write

(=) () -z
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with ¢(n) = (6 x A)(n). It follows easily that ¢, is supported on those n
such that w(n) < 2. We begin by supposing that w(n) = 2 and n = p*¢”.
Thus

B1) ") = D> Awb(v) = (logp)f(q) + (logq) f(p) -

(67

Next for n =p
(32) t(p™) = Y Awb(v) = | Z logpf(p) = (a—1)f(p)(logp) -
Since ¢4(n) = f(n)u(n)log(n) + t(n) the result follows from (31) and (32|):.,

The next result provides an estimate for divisor sums in short intervals.
This is Theorem 2 of [16].

Lemma 6.3. Let a, 3 be real numbers and let a,q, k be integers. Suppose
that 0 < o, 5 < 1/2, k> 2, and (a,k) = 1. We have as t — o,

> mn) < g <@10gt>k

t—u<n<t
n=a(q)

uniformly in a,q, and t provided that ¢ < t'= and t° < u < t.

We will also require a short interval estimate for 75, * x where x is an
arbitrary arithmetic function.

Lemma 6.4. Let T < w < T? and M < /T. Let x be an arithmetic
function supported on [1, M]. Then

> (xa)(n) < ullogt) ||z, /nl|;

t—u<n<t

where u = wU !, exp(cy/Togw) < U < exp(lfgl‘f%) and 5 <t—u<t<w.

Proof. Notice that our sum may be rewritten as

Z (1 x z)(n) = Zmb Z (D) .

t—u<n<t b<M

By our conditions on v and ¢, § > (f—))E for all 1 < b < M. Hence by
Lemma 6.3

x
Yo > mla) <u(logt) Y f < ugE |,

b<M
O

The next lemma evaluates asymptotically a sum that will appear in our
evaluation of M. The proof of this lemma is very similar to the asymp-
totic evaluation of ) | _ A(n) that occurs in the proof of the prime number
theorem. -
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Lemma 6.5. Let h,k € N, h,k < M and x > 1 such that logx < logT.

; (A xlog)(hu) = %(k) (%(log z)? + 2log(x/e)log h + (A * log)(h)
(u,k)=1

+(Co — m(k))log(z/e) + Crm(k) — ma(k) — g(h, k))
+ O(7(h)x exp(—Cay/logT))

for some explicit constants C; for j = 0,1,2 and 1,12, g1, g2, and g are the
arithmetic functions defined above. Note if we further assume that ((s) is
non-vanishing in the region Re(s) > 1 — ) then the above error

log log(\ISn(s)|+4
term may be reduced to
ChlogT
O (r(hzexp (~Z127)) -

Proof. Put A(z) = >, jy=; (log *A)(hu)u™*. We have by Perron’s formula

K+iU P ) 1o N
> (gt = 5+ [ 4 Ero (ﬁZ (bl

omi ). v =z 1+ T|log(z/n)])

N—

u<lx n=1

(u,k)=1

for k =1+ O((logz)™") (see [18, p. 132]). First note that (A x log)(hn) <
7(h)?(logn)?7(n)?. In the last sum above the contribution from those n not
in [0.52, 2] is

7(h)z <= (logn)?*r(n)*> _ 7(h)z(logz)®
n>1
We now consider the contribution from those n € [0.5x, 2x]. We begin with

the interval [0.52, ). This yields the contribution
< r(h).Z* Y r(n)min(1,U"log(x/n)| ") .

T
§§n<x

Since |log(z/n)|™! < —%- this sum is

|z —n|
< Y s D ()
U xT—n
r—F<n<z s<n<z—{;

By an application of Lemma 6.3 the first sum is < # log x. Now dividing the
second sum into K < U intervals of length 7 and invoking again Lemma
6.3 we see that

x T(n) e U
T 2 <m0

s<n<z— k=1 z—(k+1) F<n<z—k &

K xlog x xlog xlog U
—1
<>k o < - .

k=1
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Combining estimates we deduce for U < z

Z (A xlog)(hu) = 271m /N+iUA(z)xz% +0 (%M) :

u<w iU
(u,k)=1
In a moment we shall give a decomposition of A(z) in terms of other well
known Dirichlet series and thus we shall show that it has a triple pole at
z=1. Let op(t) = 1 — m + it for t € R. We shall shift the contour

left to Re(s) = o¢(U). Therefore

oo(U)+iU dz

Z (A *log)(hu) = Re.—; (A(z)z"z7") + —/ ( A(z)z*—

u<zw oo(U)—iU z

(33) (u,k)=1

oo(U)+iU oo(U)—iU d h) .6
+0 / +/ Az 2y T2
Kl Kk—il z U

By Lemma 6.1

— Z Z logc(zbc) Z A<dcid) = Z Ai(z;a,b)As(250a) .

ab=h (c,ak)=1 (d,k)=1 ab=h

A calculation shows that

A1(z;a,b) = O(z; ak) (log(b)((2) — ¢'(2) = ¢(2)n(z; ak))

where for n € N

O(z;n) = H (1=p7%) , n(zin) = 255,;;)) - Z e '

p*—=1
pln p|n
Also
¢ . -
loézSZ) n(z’ k) ii Z — 1l (a k) —
As(z;a) = 11_7’72 . pl B
ogp ifa=p', plk
0 else

It is convenient to define A(a;z) = (logp)/(1 —p~*) = A(a)(
a = p'. Thus we have A(z) = Bi(z) + Ba(z) + Bs(z) where
C/

(34) Bi(z) = <_Z

L) for

(2) - (= k)) D23 k) (~C'(2) + C(=)log h — n(z; k) |

(35)  Ba(2)= Y Ma)®(z;ak)(=('(2) +((2)(log(h/a) —n(z;ak))) .

al(h,k)

(36) Ba(z) = ) Ala;2)®(zak) (—('(2) + ((2)(log(h/a) — n(z; ak))) -
alh
(a,k)=1
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We define R; = Res,—(B;(2)z*/z2) f r Jj =1,2,3. Weremark that n(1; k) =
nl(k) (1 k) - 772( )7 s lvk) ¢ 7

B(1:K) = B0 Ky () = ¢§f)m<k> ,

(37)

O (k) = (15 k) (n(1; k) + /(1K) = @ (m(k)* +na(K)) -

We now list several Laurent series that we require in the residue computation

— (1 +log(x/e)(z — 1) + (%(ng)? = log(x/e)) (z— 1)+ ) ,

d(z;n) = O(1;n) + @' (1;n)(z — 1) + %@(2)(1; n)(z—1)7%+---,

z

¢z 1 (s — il —1)2 4 ...
(o~ o Ut al - Dtal =17+
1 _ 1 12 4. ..

_C(z)—(z_1)2 (L4ba(z—1)2+---) ,

with a;,b; € R. Note that

Bu(=) = (= k) (2((% () (log(h) — 2n(= k) + C(2)(nlz: k)? — log(R)n(=: k))) |

We begin by writing Ry = Ry; + Ri2 + Ry13 where

A =R (000 ST

Ris = Res,_; (-g’(z)q>(z; k) (log(h) — 2n(2; k) %) )

Ria = Res.os (G300 b = ogR)n(si 1) )
We deduce from the above Laurent series that
P = (2 1o(c P B(1 ) + (o) (n = 1)9L1) + #(1)
By (37) this snnphﬁes to

$¢lik) <% log(l‘)Q +log(z/e)((ar — 1) +m1(k)) + (ag + arm (k) + nl(k)Q + W2(k))) .

Similar calculations yield

Ru = 22 (t0g(afe) + m () 0g h — 2 (1)) — 2m(8)

Rll =

and Ry3 = 22& )(nl(kz)2 — (k) logh). Combining our formulae we have
(38)
1
Ry = 5(log x)? +log(z/e)(logh + a1 — 1 — mi(k)) + avm (k) — na(k) -
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We next deal with Ry. Note that

Res,—1 (—C'(z)@(z; ak:)%z) = x®(1; ak) (log(z/e) + ni(ak)) ,

Res.—s (<2000 ab) o) — (= ak»%z) = (1 k) (log(1/a) — m(ak)

and thus
Ry=z Y Aa
al(h,k)

log(x/e) +log(h/a)) .

Now observe that ¢Elakk) = ¢(kk if a | k and % = @(1 —1/p)if (a,k) =1
and hence

(39) ) (log(x/e) + log(h/a)) .

al(h,k)

We now consider R3. Since
Res,—1 (—C'(z)]\(a, 2)P(z; ak))
= 2®(1;ak) (Ala; 1) log(z/e) + A'(a; 1) + Ala; 1)771(a/<:)> :

Res.—1 <((2)/~\(a; 2)®(z; ak)(log(h/a) — n(z; ak)))

= 2®(1; ak)A(a; 1) (log(h/a) — m(ak)) ,
it follows that
Ry=x Y  ®(1;ak)(A(a;1)(log(x/e) + log(h/a)) + N(a; 1)) .

alh
((l,k)z

By the identities ®(1;ak) = 2% = B _1/p) N(a;1) = Ala)-Z;

ak p—17

N(a;1) = —Aa )plogp we derive

VRS

(40)

® 1)2
log p
3— % Aa (log xz/e) +log(h/a) — p—l) :
(a,k)=1

Combining Ry and Rz we have

Bz + Iy = ZA (log(x/e) +log(h/a)) = > A(;)_iofp
(41) = m}ik) (log(z/e)log h + (A * log)(h) — g(h, k)) .

Combining our expressions for Ry (38) and Ry + R3 (41) we see that

000 (Lo + 2ioate/e) o+ (0 + o))

+(Co — m(k))log(x/e) + arm (k) — n2(k) — g(h, k) .

residue =
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It suffices to compute the other error terms in (33). We have the standard
bounds [(¢'/¢)(2)] < (log|2]), [(V(2)| < (log|z)? for j = 1,2, Re(z) =
1 - ﬁ and |[Im(z)| > 3 (see [18, p. 146, p. 158]). Note that by our
decomposition A(z) = By(z) + Ba(z) + Bs(z) we have

(2
|Bi(2)| < (log U +1172(k))j (k) (log” U + log U (log h + m (k)
)i(a

|Ba(2) + Bs(2)| < j(k) Y Aa)j(a)(log® U +log U(log h + 1 a(ak)))
alh
and thus |A(2)| < j(k)Z3. Tt follows that the horizontal integrals in (33)
are bounded by

¢ , do %5 (k)Z3  j(k)x?
Ao +4U)|z°
/aow)' o)l i ST 0 SO0
and the leftmost vertical integral in (33) is bounded by
U .
oo(U) |A(o0(U) + iu)|du (.23 e (U _ clogw
! /U oo(0) 1 in] < HIWE W) e | =y )

If we choose U = exp(+/logx) for an appropriate 3 > 0 then these last
two error terms are O(j(k)z exp(—pF'+/logz)) for some ' > 0. We finally
deduce from (33) that

Z (A % log)(hu) = residue + O ((T(h) + j(k))x exp (—Cb@)) :

u<zx
(u,k)=1

However, note that one can show j(k) < exp(o(y/logk)) and hence the er-
ror term can be written as O(7(h) exp(—Cqv/log x)) for a smaller Cs.

We give a brief sketch how to adapt this argument for the resonator
case assuming the large zero-free region conjecture for ((s). Obviously, the
residue term will remain unchanged. Instead in this case, we will move the

contour further left to the line Re(s) = o1(U) where o1(t) =1 — %.

In this region, one can establish that |(¢’/¢)(2)| < (loglog|z|), [¢Y)(2)] <«
(loglog |z])? for |z] > 1. These results may be proven exactly as in Lemma
6.8 that follows. We deduce

U .
a1(U) |A(01<U) + ZU>|dU . 3 _ clogz
x /—U |O'1(U) + ZU| < xj(k>°2ﬂ IOg(U) eXp ( loglog(\U|+2)>

on the left edge of the contour. Choosing U = exp(lfé?fgxx) for some 5 > 0

yields the smaller error term. U

We shall require a bound for § (18) that occurs in the decomposition (20).

Lemma 6.6. Ford,k,q € N, ¥ a primitive character modulo q and kq < T

we have (4.1 loglog T
) 0g log
0(q, kq,d

Moreover, if kq is squarefree then this bound may be replaced by (d, k) /(¢(k)p(q))-
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Proof. Now for any a,b € N we have ¢(ab)f((a, b)) = ¢(a)p(b) Where O(n) =
[1,.(1 = 1/p). However, one can show that f(n) > (loglog |3n|)~t. From
these observations it follows that

(e) (d, k)loglog T
|0(q, kq,d, )| < loglog(kq) <
KZ olka) < ola)otk)

The second stated bound is obtained by the same method. U

Lemma 6.7. Let h be a positive multiplicative function. Let 1 < k,q < M.
We shall provide a bound for

9(0,) _ Z (d7 k)gh(d> )
dlkq
(1) We first establish:
(1% h)(K)|| M2, ifo=1
o) < i VR WK IR T if o = 1/2

(i1) We assume that kq is squarefree, h(p) < f(p) where f is defined by (4),

2.5.%2

0 )" Then we obtain

anqun::(

0(0) < { (1 h)(k)exp <0(\/§)> ifo=1
V(L% h) (k)T ifo=1/2
Proof. (i) We put g = (d, k), d = gdy, and k = dk; so that

h 10
D

glk  dlkg,g=(dk) glk dilq
. h(dy)
E'77N h — .
< H T hp 3
glk dilg
If o = 1 then we have the bound (1 % h)(k )|| Y|, and if o = + then we

apply >4, h\(/d—l) < ||h]]ooT*. These bounds prove part (7). For part (17) kq

is squarefree and thus (k,q) = 1. It follows that
= h(d)d""> hle)e” <ETU(Lxh)(k) Y hle)e
dlk elq elq
Since ¢ is squarefree and h is multiplicative
h(e) fp
] e\
o5 M) = Ytog (14 M) < T A 57 )
elg plg plg plg
Noting that f is supported on those n such that n > L? we obtain

Z f Z L < Lw(q) < log g ( _logM>

plapaL? p|qp>L2p(10gp) L?logL  Llog(L)loglogq




A DISCRETE MEAN VALUE 23

for L = +/log M loglog M and ¢ > exp (%) Now denote the prime

divisors of g as ry,--- ,rg. Let py, - -+, pr denote the first k primes. We have
that

f(p) L L(logg)'/?

E < E < = o(log T")
1/2 1/2 2

ol o iareg g 108P)P (loglog q)

forexp(f()‘é’—é)ﬁqﬁM. O

The final lemma in this section provides bounds for L%*)(s,x) k = 1,2
and £ (s, y) for s just to the left of Re(s) = 1 in the critical strip. We have

Lemma 6.8. Suppose that x is a primitive Dirichlet character modulo q.
For s = o+ it we put T = |t| + 4.

(i) There ezists a constant ¢ > 0 such that if Re(s) > 1 — ey then

!/

L
L9 (s0] < o)t (50| < o)

co/4
log log(qT)

(11) Assume the large zero-free region conjecture. If Re(s) > 1 —
then

!/

L
—(s,x)‘ < loglog(qr) .

IL®) (s, x)| < loglog(qr)* | 7

Proof. Part (i) is classical and and the proofs can be found in [9, pp. 331-
343]. For part (ii) we shall follow the argument for bounding ((s) presented
in [18] pages 158-160. We put a = (1 — x(—1))/2 and we suppose without
loss of generality that ¢ > 0. Suppose that there exists ¢y such that if
p = [+ iy is a zero of L(s,x) then

<1

loglog(q(|v] +4))

In fact we can thus deduce that min, (% + Zip) > 0 for z = a + ib where

b > by is sufficiently large and a > 1 — 10£%§qt (This follows from the
argument in [18, pp. 158-159]). We now let s = o + it be a fixed complex

number with ¢ sufficiently large and 0 > 1 — log?({gqt. We put so = 1+n+it
with n = 10;?({ gqt. Suppose that w is a complex number satisfying |w| < 4n.

The point so + w = o’ + it’ satisfies t' > by and o/ > 1 — logc?o/gzqt and thus

1 1
(12) Re(—+—>20.
p Sotw-—p
Consider the function

CD(sox)  Lso+wi)
B =T~ Tsotw )
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By the explicit formula for Lfl(s, X) (see chapter 14 of [4])
1 1 1
2

v So +w a I’ So a
L) ey
so+w—1 s9—1 r 2 2 r\z2 2

() Zhra)

p

Flw) =

By (42) and Stirling’s formula it follows that

1 1
Re -+ ) )
;<P S0 —p ‘

Now the sum is < m since Re(sg) < 1. Writing p = [ + iy we
divide the above sum into intervals. Note that sq =1+ n + it with £ > 0.

Re(F(w)) < Aloglog gt +

I =[2t,00), Iy=[t+h,2t|, sy=1[t —h,t+h], I, =[1,t —h],
I5 = [—1,1] s 16 = [—1,— ] N I7 = (—OO,—t) .
Moreover, we set for j = 1,...,7 05 = 32, (|pllso — p[)™" . Before pro-

ceeding we note that |p| = /4% + 2 > max(|y|, |3]) and

[s0 = pl = V(L + 1= 0)?+ (v —1)* > max((1 +1 — B), |y — 7).
We define N(t,x) to be the number of zeros of L(s,x) in the box —% <

Re(s) < 2 and |Im(s)| < t. We shall employ the well-known bound

N(t, x) < tlog(q(|t] +2)). We have

=D

< Z -2 ¢ logqt :

asar | | _V| N>21
AN * o d log(qt) log(t/h
oY / (—uf)<<log(qt)/ “t < Og(Q)tOg(/ )
then<at 7 rrn w(u — 1) v w(u —t)
1 loglogqr N(t +h,x) — N(t —h
ne Y — < loglosar (£ + ,x)t (t—h,x)
t—h<y<t+h Y1 +n-5) “0
hlog(qt)logl
< Moglg )tog ogqT
1 RAN(t )
= 3 I Rl
o lellso =l S E=) e HE=h)
=h dy log gt
log gt .
<<(0gq)/1 u(u—h)<<t—h

<t T < T BAN (LX)

7l lvI<1
where (i, is the smallest positive real zero of L(s, x). By the large zero-free

region conjecture B, > 1@;15% and thus

o5 <t~ loglog(q) log(q) -
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Similarly,
1 1 log gt
DIy rer R A D
L L o B L) e 7
logqt
=) T < -
7<t|ﬂ||o— ol |>t|| t

Combining bounds and choosing h = t/log(q7) we derive
hlog(qT)loglog(qr)
t

Since we have |s — sg| < 27 it follows from the Borel-Caratheodory theorem
that

Re(F(w)) < Aloglog(qr) +

< loglog(qr) .

!/

7

(s0, )‘ < loglog(qr) .

!
s, x)‘ < loglog(qr) + <

Therefore
L(s, x) ) / L
g = —(w, x) dw < |s — sg|loglog(qr) < 1.
(L(SO,X) 50 AR 5= sl (ar)

Now note that |log L(so, x)| < log((1 +n) = logs(qr) + O(1) and it fol-
lows that log L(s,x) < logs(q7) for Re(s) > 1 — logfﬁ. Now writing
L(s, x) = exp(log L(s, x)) we have we have |L(s, x)| < exp(|log L(s, x)|) <
exp(logs(q7) + O(1)) < loglog(gr). O

7. EVALUATION OF M;: PROOF OF PROPOSITION 4.3
With the previous lemmas in hand we are now set to evaluate M,.

Proof. In (19) we set | = (m, k), m = Imy, and k = lk; to obtain

- Y el S ).

I<M Ky <M/l lmlSM
(m1,k1)=1
Rewriting k; as k
Yueht (k) kT
43 = S| —:l,k
( ) MO Z lk¢(k> (271" )
k<M

where

S (kT,l,k‘) Z a(ml) and a(r) = Z(A* log)(u)x, .

kT UV=T
o =M
m 1

Note that by Lemma 6.1 we may decompose this as

S( ,l,k) S>> g > (Axlog)(hu) .

gh=l gv<M SI;T
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We have by Lemma 6.5 that

(44)
Z (A *log)(hu) = T(i(f) (X1(h,k,v) + Xo(h, k,v)) + O (T<hng exp(—Cyy/log T))
s

since log(TT) log T" and

1
Xi(h, k,v) = log (£2)? 4 2log (£L) log(h) + (A * log)(h) ,

Xo(h, k,v) = (Co — mi(k)log (55, ) + arm (k) = na(k) — g(h, k) -

We set My = M, + M where Mj is the contribution in M arising from
X; and X, in (44) and M denote contribution arising from the the error
term in (44). First the error term is

MG < Ton-Co/eT) 3 385 S 3 20

lk<M v<M/g

7% |x|)(l
<<Texp(—CQ\/logT)1Og10g]\4||9ﬂ7n||1 Z (7 *| 52;( )y

k<M

< TeXp(—Ci»)\ /log T)H%HIH (T3*|m1|«3(n)yn ||1 '

We now deal with Mj;:

ylkﬂ Z > xg” (X1 (h, k,v) + Xo(h, k,v))

lk<M gh=l gv<M

(v,kh)=1
D yghk“ L ST I (X ok v) + Xa(h k)
ghk<M gv<M v

(v,kh)=1

By the variable change hk = u we have

= Zygu 3 xg” k)(X1(h, k,v) + Xa(h, k,v)) .
T gu<M gu<M hk=u
(v,u)=1

Next we will check that

S (k)X (hk,v) = —EAs(u) + log (522) Alu) + Llog () 6(u) .

hk=u
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This follows immediately from the identities:

Sutt) sty ={ o Tl

dlu

> uld)logd = —A(u)

dlu
Z p(d)(log d)* = —2(log u)A(u) + As(u) |

dlu

> nld)(logd)(loge) = (log u)A(u) — Ag(u) |

AQ_(u) = A(u)log(u) + (A * A)(u) .

Our next step is to compute > ,, . f1(k)X2(h, k,v). We recall that Lemma
6.2 gives us

or(u) = Y u(k)m (k) ga(u) = Y u(k)na(k)

(45) hk=u hk=u
Gs(u) = Y u(k)g(h k), dalw) = D p(k)m (k) log(k) .

It follows from the definitions (30) and Lemma 6.2 that
S k) Xalh k. v) = log (552 (Cod(u) — én (w)
(46) hk=u
— CoMu) = ¢a(u) + a1d1(u) — @2(u) — ¢3(u) .

Combining these identities we arrive at
> k) (Xa(h, b, v) + Xa(h, by v)) = —3Ma(u) + By (log(55;)) A(u)
(47)  hk=u
+ 3Ry (log(5%)) 6(u) + ay(u )R, (log(5=)) + oo (u)

where Ry, R, R; are monic polynomials of degrees 1,2, 1. Note that a;(u) =
—¢1(u) and «; is supported on prime powers. In fact, a;(p®) = f%f. Also
as(u) = ay¢1(u) — do(u) — P3(u) — P4 (u) and it is supported on those integers
n with w(n) < 2. Moreover, we have

(a+1)(logp)* logp <a p )

az(p*) = —

p—1 p—1 p—1
(48) . .
*¢%) = —(log p)(l — ).
as(p®q”) = —(logp)(logq) (p 1+q_1)
Therefore
/ Yqu T gy
My == — Z 2 (=3As(u) + Ry (log(55)) A(u)
u<M gu<M

(vu) 1

1Ry (log(55)) 6(u) +Ry (log(52)) on (u) + ozg(u)> .
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We define H(M;u,v) = Zg<mm( Y 270 and thus

T d(u,v)H(M;u,v) T YgTgo T
- = ll 9290 i (1o L

Mo 2 Z av + 47 Z g (log 577)
(49) u,’USM g’USM

(u,v)=1

+ 0 (T exp(—Cy/log T) | 2|yt )

where

(u,v) = =2 As(u) + Ry (log(35)) A(u) + Ry (log(55)) e (u) + ()

Now in the resonator case the error term O(—k exp(—Cay/logT)) in (44)

above is just replaced by O(TM* ¢ (—g gt;i;))' The argument then pro-

ceeds identically and yields the same formula as above for M, except with
the error term

CllogT T m3%|z|) (n)yn
O (T exp (—kieey ) 1z e )

8. BOUNDING £: PROOF OF THEOREM 4.4

In (20) we invert summation order and replace the variables k by kg and
m by md to obtain

£= 30 D@ > ek d ) Y almd)y(m)

1<g<M 2 modq k<M/q d\kq m< gqg

(50) ’
-y M)

k<M

where
Yy
(51) N(&zk)= > qu @) " d(g.kq.d. ) > almdyp(m) .
2<q<¢ ¢m0dq d|kq m<gqz/d

In our analysis of NV (, z, k) we have to distinguish between the two cases
for the coefficients x,,,y,. We define

{ pA i the divisor case
’[’/ g

exp 25108 T ) in the resonator case
loglog T’

for an arbitrary positive constant A > 0. We now estimate the sum
N (&, z, k) by dividing up the range of g into 2 < g <npandn < g <& < M.
The case 2 < g < 7 is analogous to the Siegel-Walfisz theorem. That is, we
shall estimate directly the sum 3, a(md)i(m) by the classical contour
integral method invoking the zero-free region for Dirichlet L-functions and
Siegel’s bound for the exceptional zero. The case n < ¢ < ¢ is analogous to
Gallagher [6] and Vaughan’s [19] proofs of the Bombieri-Vinogradov theo-
rem. Here we shall employ an analytic form of the large sieve inequality for
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Dirichlet characters. Thus we shall divide up & as:
M KTy

SZZN(%; k>+ Z N(k»agwa

k<M/n M/n<k<M &
M kT k‘) N(% kT k)

+Z k’27r’ -

k<M/n

We abbreviate this to £ = & + & + &3. Shortly we shall establish
Proposition 8.1. (i) If x,,y, satisfy (2), (3) then

(53) £ + & < T exp(—Cyy/log T)| [LRreb)ra(h)

for some Cy = Cy(A) > 0 where n = L.

(52)

(11) Assume the large zero-free region conjecture. If x, =y, = f(n) then

(54) &+ & < exp <<—co/1§g0<g1¥ logT> ) e )

3
UREE
1

2.510gT)
loglogT/*

where n = exp(
We also show that

Proposition 8.2. (i) If x,,y, satisfy (2), (3) then there exists a Cs > 0
such that

(55) & K TgCESHTr(:)Q ||%n—1/2 4 Ti+5+e
where n = L4,

(11) Assume the large zero-free region conjecture. If x, =y, = f(n) then

k)2 k) (= f)(k _1 3.0,
(56) & < T\ L2 ||| LD 3 | 2, TR

2.510gT)
loglogT/*

With the above bounds for &, &, and & we deduce Theorem 4.4 which
provides a bound for £.

where n = exp(

Proof of Theorem 4.4. We begin with part (7): the divisor case. Since n =

LA ||T’"(,f>2 |1, ||j(k)n(k;2n+3(k) ||, < £ it follows from Propositions 8.1 and
8.2 that

£ < T exp(—Cgy/logT) + TLE7054 4 T3+5+e
for some Cg = Cg(A),C7 > 0. Choosing A = 2(A" + C7) yields
E < T(logT)™ + Tit5+e

We next prove part (ii) of the theorem: the resonator case. Since n =

exp(£2%),

k)2 j(k)f(E)(mj*f)(k 0.540(1))logT
[HOSTRHGLHGIELIGIT <<exp(< oll) og > 7
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and || f]|eo < T? it follows that

£<T <exp ((—c0/8+4.25+0(1))1ogT> texp ((—0.25+0(1))10gT>> 4 T3+ +e

loglog T’ loglog T’

If ¢ is sufficiently large we have established there exists a Cs > 0 such that

E < Texp (—gﬁ%) +Ti+%+¢. This completes the proof of Theorem 4.4.

We have now reduced the proof to establishing the bounds of Propositions
8.1 and 8.2. 0

8.1. Bounding &, &: Proof of Proposition 8.1. In this section we will
bound &; and &; and thus establish Proposition 8.1. Note that &, & each
take the form

(57) &:Zw (i=1,2)

k<M
with & < n.

Proof of Proposition 8.1. We shall evaluate N (¢, %, k) by invoking the bound
from Lemma 6.6 for 6(q, k,d, 1) and the following;:

Lemma 8.3. Let v be a non-principal character modulo ¢, T < w < T?,
and d < T.
Divisor case. For any A > 0 there exists a Cy > 0 such that

> " a(md)ip(m) <4 j(d)(7 * |z])(d)w exp(—Coy/log T)

for all g < L.
Resonator case. Assume the large zero-free region conjecture for L(s,1)).
Then we have

> almd)i(m) < j(d)(r + o] (dywexp (—poLesr)

m<w

2.5.%
for q < expl(232).

The evaluation of (&, 55, k) is split in the two cases.

We first consider part (7). That is, z,,y, satisfy (2) and (3). By Lemma
8.3 we obtain for { < n =24

N (& 550 F)
< KT esp(~Co2") Y gl 3 1@ Y 18(a. kg, d, ) L 2T

q<&k thmod q d|kq
By Lemma 6.6, |7(¢)| < /g, |zal, |yn] < ZL7.(n) we see that N'(, 55, k)
is bounded by

R e S S OLUNC DR
q<§ dlkq
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By Lemma 6.7 and < log Z this is further bounded by

¢>(k

< j(k)Tr(k)T ()T exp(=CuiV2) Y j(a)7()v/a -

q<n
The last sum is < 127 and thus
N (& 5 k) < (k)T (k)T (k)T exp(=Cia VL)
for some Cy; > 0. Therefore by (57) we have
&1+ & < Texp(—Chi/logT) j—(k)”ﬁ{(k)”(k)

We now establish part (7). Here we assume z, = y, = f(n) and n =
exp(232). As before N'(€, £ k) is bounded by

(T esp (~982) 37 flka) 3 17 @) Y I8(a. b, d, ) 2 AT IND.

g<én pmodg dlkq

By Lemma 6.6 and |7(¢)| < /g, we further bound this by

CIBIOIT o aim2) 3 spya s SHEDD.
q<{ dlkq

By Lemma 6.7 we obtain

) (7 * gggww exp (— 22 1 o(V2)) S j(a) F(a)v/a

Obviously Y, ., 7(¢) f(q)y/@ < n2|| 42}, Thus
N(EBE B) < G(R) (7 5 ) (K) (k)T exp (Lo 109y
Therefore by (57)

£1+ & < Tooxp (i)

et
1

<

q<n

J(k)( T3*f H Hf /kHN?Q )
O

8.2. Proof of Lemma 8.3. We now establish Lemma 8.3 which was central
to establishing our bounds for &, &,.

Proof. Recall that T < w < T? and d < T. By Perron’s formula, we have

S a(mdyp(m) = —— / Z A<s,¢,d)w8§ +0(e)

< 27 Jiu

where £k =1 + O((logw)™!) and

e<<z< ) a(dn)| min (1, U~ log(w/n)|~") + |a(w)| .

We will first show that e is small. Let € = €; +¢9 where ¢; is the contribution
from those terms with n > 1.5w and n < 0.5w and ey consists of the
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other terms. We observe that (A * log)(n) < log®n and hence |a(n)| <
(log®n)(1 * |z|)(n). It follows that € is bounded by

—Z 4] 1o >($QZ (L lel)(n) +Zlog2"<17; |x|><n>> |

n>1 n>1

Observe that

2. (1 |z])(n =1 |z
n=1 a=1 b<M

A similar calculation gives

i (logn)2(:b: |x|)(n) < $3||%H1

n=1

and thus e; < £.23(1% |z[)(d)||22]]; . We now deal with €,. Since nd < T°
the contribution from those terms in 0.5w <n < w is

Y. la(nd)|min(1, U~ [log(w/n)| ™)

0.5w<n<w

< (1% |z])(d)Z£> Z (1% |z[)(n) min(1, U~ | log(w/n)| 1) .

0.5w<n<w

Since | log(w/n)| ™! <

2 <1*rx\><n>+g y  Urleb)

w—"n

o for w/2 < n < w it follows that the last sum is

w—g<n<w F<n<w—g
However by Lemma 6.4 the first sum is < U~"[|22]]; . In the second sum we
divide it up in to intervals of the form [w— (k+ 1), w—kg] for 1 <k < K

with K < U. By another application of Lemma 6.4 the second term is

K
- (1 [z[)(n) - 1
Uty > et SUED D > (1 J2[)(n)

k=1 w—(k+1) g <n<w—k{ k<K w—(k+1)fF<n<w-kg

1w

<w Yy ——f|B] < ULk

w30 L)), < U2

k<K

Note that an identical argument applies to the range w < n < 1.5w and
thus e; < (1% |z])(d)U~'.Z|[2+]|;. In summary,

> amayitm) = oo [ Al v 40 ((1 Ja)) (@2 w2 ) |

271'2 k—ill U

m<w
To complete the proof we require a bound for
1 k+iU d
(58) I=— A(s, ¥, d)w® Sl
s

2mi k—iU

In order to achieve this we need some understanding of the generating func-
tion A(s,1,d). We will show that the generating function A(s, 1), d) can be
computed explicitly in terms of L(s,1)). With our knowledge of A(s,,d)
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in hand we shall deform our contour left into the zero-free region of L(s, 1))
and then bound A(s,1,d) on this contour. Since a(n) = (A * log*x)(n),
Lemma 6.1 yields

(59) Als, ¢, d) = Z Ai(s,1,d1)As(s, dy, da) Az (s, dida, d3)
didydz=d
where

/I7Z) :L‘m’l)
(suv)= 3 |

mv<M
(m,u)=

Z (m log mv)

SU'U ’
(m,u)=1

sy = Yo LA
(m,u)=1

A calculation demonstrates that
As(s,u,v) = L'(s,9)®(s, ¥, u) — L(s,9)® (5,4, u) + (log v) L(s, ¥) (s, 1), u)
where (s, ¢, u) =[], (1 =¥ (p)p™) = 32, M and

! lo :
— (s - 2 plu i(g?x(%) ito=1

1 e B
A3<S,U, U) - 1_Xo(i)pp75 if v = r, (U,p) =1
log p if v=yp'p|u
0 else

With these expressions in hand we now analyze the behaviour of A(s, v, d)
to the right of the line Re(s) = 1. For Re(s) > 1/2, |®(s, v, u)| < j(d),
@' (5,1, u)| < j(d)(logd) and thus

[As(s,u,0)| < G| (s,9)] + |L(s,9)|2) .

‘A?)(Sa u, /U)‘ < |%(37 wﬂ + Z .
It follows from (59) and these two last bounds that
(60)
(s, 0, )| < 3(d) (12 (s, 0)] + L5 0)|2) (1550 +2) D0 JAls, 1dy)
dydads=d
Now since |A(s, 1,d1)| < |zq,||]22][; M~ and by the bounds for LY (s, 1),
%(s, ) from Lemma 6.8 we obtain

(61) [A(s, 9, d)] < j(d) (7 = |a]) ()L | %[, M7

unconditionally for Re(s) > 1 — and assuming the large zero-free

co/4
; . loglog(q(|t[+4)) "
pared to bound /. The argument is again split in two cases.

log(q([t[-+4))

region conjecture it is true for Re(s) > 1 — We are now pre-

Case 1. Divisor case. It follows that A(s,,d) has a meromorphic contin-
uation to all of C. For all non-principal characters, A(s,,d) has at most
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one simple pole in the region {s =c+it: 0 > 0((t) =1— )} where

logq(Tt|+2
¢ > 0 is an absolute effective constant. By Siegel’s theorem, this pole, if it

exists is a real number 3 that satisfies
(62) 11— ﬁ e q_E

where the constant is ineffective. We shall let I'; denote the contour ¢ =
o1(U) and [t| < U. By (61) and ||22||; < £ we have

(63) |[A(s, 4, d)| < 5(d)(7 * |2])(d) 2"
where s = og(U) +it, [t| < U, |s—1] > £ ' and [s— (] > L1 Tt

follows from Cauchy’s theorem that

Za(md)w(m)<</ |A(s, b, d) 2>
(64)  m=w B

ds

s w
+ [resi—gAs, o, d) 5| + (7 x [e) ()L 52 -
By (63)

w_s : c” —clogw
/F Al d) ds < ) o) (@)L wesp (s

< j(d) (7 % |2)(d) L w exp(—Ciay/log w)
since ¢ < Z4 and U = exp(Ci3v/logw). To bound the residue at s = 3
(the possible Siegel zero) we invoke Siegel’s ineffective bound (62) to obtain

w? < wexp (—%) < wexp (—%) < wexp <—Cl4v.$>

if e < (2A)7!. Thus

ress—gA(05, 1, d)w? < j(d) (7 % 2)(d).L°" wexp(—C VL) .
Collecting all estimates yields

(65) > a(mdyyp(m) <4 j(d)(7 * |z])(d)wexp(~Ci5VZ) .

m<w

where 015 = 015(14) > (0 and q < (,?A.

Case 2. Resonator case. In this case we assume that for each ¢ that

every primitive Dirichlet L-function L(s, ) is non-vanishing in the region
_ . _ co/4

{s=0c+it:0>09(t) =1— loglog((ijw}' We shall let I'y denote the

contour with o = 05(U) and |t| < U. By (61) and Lemma 6.8

A, 0, d)] < 5(d) (7 * ) (d).2| 2l exp (s

log log M
where s = ao(U) +it, |t| < U, |s — 1| > Z~'. By Cauchy’s theorem

> a(md)p(m) < /

m<w I2

Als )

w
ds + (7 x [2])(d) 252 | -
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Hence

w_s y 5| zn co [ logM log w
/F Al v, d) - ds < (o) (d) 2711 1w exp (2 (Rt - iy )

C17logw

log log w )7 T < w < T? we have

We choose U = exp(

: 257
). Since q < exp(, 7

log

Als, 0, )" ds < ) (e (@|2 lrwesp (50— 1)1 +o(1)) 5 )

I
As [ < exp(o(v/.Z)) and 0 < 0 < 1 we deduce
S almd)i(m) < jd)(r = ) (d)wesp (L)

m<w

for ¢ < exp <12@g5—‘§> O

8.3. Bounding &;3: Proof of Proposition 8.2. We now prove the bound
for

M kT kT
(66) &= Y NG5 R) - N 55 k)

k<M/n

Proof of Proposition 8.2. By Perron’s formula applied with U = 7%, T <
w < T? and k = 1+ (logw)™! we have

k+iU s
Z a(md)p(m) = % /U A(s, v, d)w® d— + O(w°) .

Combining this expression with the definition (51) of A we obtain
(67)

[Yal
VAR k) - N, AR b < Y =%

27
M
n<q< -

Z \r@)\zw(q,kq,d,w)\(/:;U (5,0, )(ngC;) cis

1y mod q dlkq
By Lemma 6.6 the term containing O(7) contributes

A (d, k Ykl [ygloi(kq) 3
< T¢ << T* WY & |yl TM 2
2 ¢ZZ G PN

n<g< -
H+1U
qk:T *ds
iU m S
M

The first sum in (67) is bounded by
log ¥

<<M Z |yq|\/_ Z ZM (kq)(d, k)

< llosZ) PP (kQ) > (d. k) / " ldS(2)
(k) Q<M i .

+ O(TE))

o(k) o q0(a) o o
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k+iU s
qkT\ " ds
A K
\/\){—iU (5,4, d) (27“1) s

The next step is to dissect A(s,1,d) = > 7 a(md)y(m)m~* via Vaughan’s

where

m=1
identity. We define the partial sum of A(s, 1, d)
a(md)p(m)
F=F d) = —_—
(371% ) ;L ms ’

and the partial sum G(s, ) of L(s,v¢)! by
m)i(m
G =G(s,¢) :;% .
We choose the parameters
u=2%and v="T"Y?
where z is a real variable satisfying n < z < % Vaughan’s identity is
A=(A-F)1-LG)+ (F—-FLG+ ALG) .
We write this as A = H + [ where
H=(A-F)(1-LG)and I = F - FLG + ALG .

It follows that
1 k+iU

o [ A (

2mi rk—iU

gkT\* ds 1 [t
ﬁ) — == (H+1)(s,9,d)

S 21 J,._iv

AN

ord ) s

By the argument of [3, p. 514] we have

K+iU s 14U s
qkT\ " ds /2 qkT\ " ds )
1 A=) == I d|— | —+0(T .
/n—iU (5,9, )(27d> S Y (5,9, ) 2rd ) s +0(T™)

Next we define

B |yqu3/2 « (U o dt
e =S S e il

q<z Ymodg ™

where k = 14+ O(Z ') and

. « (Y , dt
z(z)zzi/(;‘)l 3 /U|I(1/2+zt)\m.

q<z pmodg” ™

With these definitions in hand we obtain

(68) V(AL EL kY — N (0, 5L k)| < 0y + 09 + |y M2 T
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where

B d.k) [* _
o = T gjgu2<k@>27 / L OF

dkQ

(Th)2 |y log £ L
Ty = o(k) Q<agl<,u (kQ) ; d1/2 2 dI(z) .

Next we will show the bounds
M

(69) / 2THAH(z) < (U ) (@) L7 [R5 0 (2 + Tk
n

(70) / 2L (z) < ()@l (7% + T8 )

where 6 = % — g. We deduce
(71)
. _ d,k)(1x|z|)(d
01 <<T$7H Hl/QH ]:Hl( 1/2+T S~ 1/2) ’y ]maxlu (kQ>Z( )( y | D( ) 7
* dkQ
(72)
|y| (d, k)i (d)73(D)|2(D)? (tiope, -1 | e
< k Tat0tep=3 4 Tatate)
o) k QST ( Q)(ﬂ%? d1/2 ( >

We now bound |N(%, 52 k) — N (n, £L k)| in the two cases:

k2
Case 1. Divisor case. We have by Lemma 6.7 ()
d, k)1r41(d
o, < T.LCrs (77_1/2 4 T“;k:_m) 7 (k) max 1 2(kQ) Z w
Q<% dIkQ
L TL% (n_1/2 + T_‘Sk:_lﬂ) T (k) Traa(k) .
By Lemma 6.7 (i) and |x,|, |y,| < T we obtain
oy & Tat0+el—1/2 + Tit5+e
From (66), (68) and our bounds for ¢; we have

7 (k)T i2(k)

E < T Z .

k<M/n
<K TL0y 3 4 Titate

for 0 < 6 < 1/2 as claimed.

(77—1/2 + T_5/c_1/2) 4+ T3t0+e 4 itgte

Case 2. Resonator case. By (69) and (8) we have

1
KL Texp <(0'251)0+g—ofii))iﬂ> (77_1/2 + T—5k—1/2) f(k') max Mz(kQ) Z (d, k)( d* f)(d)
Q< o
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By an application of Lemma 6.7 (7) this is
o, <L T exp (%) (77_1/2 + T_5k_1/2) ) (T * f)(k) .
By (72), Lemma 6.7 (1) and f(d), (7 * f)(d) < ||f|lecT* (see (7)) we find
o2 < FR)IfII% (THO kT2 4 T
By (66), (68) and our expressions for the o;

£ < Texp (CHDL )| L0 |y /2y | 2, (rh0ve 4 ThH S

since || L8|, < 1 and ||L2], < M- O

9. ESTABLISHING (69)

The argument of Proposition 8.2 has been reduced to establishing (69)
and (70). In this section we establish (69). We require the large sieve
inequality:

(73)
q * U it ’ dt 2 2
2 mzmodq/_U 2y 2 A os Ul

In addition, we define for an arbitrary function ¢(s,) the operator

q « (Y , dt
A0 =3 S 3 [ ettt

q<z Ypmodg ™ ™~

Notice that if ¢ is a constant then A(c¢) = |c[A(¢) and also for two functions
¢; = ¢i(s,) for i = 1,2 we have A(p1¢2) < A(¢?)Y2A(¢2)1/2. Recall that
H=(A-F)(1-LG). By (73)

* dt
A(A-F?) =3 LS Ak +it) - Fi o+ it)
¢(q) R+ |1
(74) q<z 1 modq
< (m+ 22Z)|a(md)Pm >
m>u
Since |a(md)| < (log? m).ZL%(1  |z|)(d)(1 * |z|)(m) for d < T
log* m)(1 = |z|)2(m
A4~ F) < (1 fal ()2 32 WB U m) 2 gy
m>u
Since 2k — 1 =14 O(Z~!) we have
(log* m)(1 * |z|)2(m) log* m
Z m2r—1 - Z |y |20, | Z m2r—1
m>u v1,02<M [Umyzﬁm
o |l’v1||l’v2| 1Og4(m/(2}1,1}2)) 5 |l‘v1||$v2|
o Z [U1, vg]2r—1 Z (m/)2n—1 <Z Z [v1, Vo]

vy, <M m/>—2

v1,v2 <M
= [v1,v2] bHb2=
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Since [v1,va] ™" = (V1v2) T D2, (1, 0p) P(9) the last expression is

¢(g)|zy|? |20l \2 .
<Ly =) U) AN
g<M g o<
(”L),g):l
An analogous calculation establishes

1 41 2 ¥z
Z (Ogm) ( *|x|)(m) <$4H (Lx|z])* (k) | Hluil < $5H nH HanQ 71.

m2/{

m>u

Therefore A((A— F)?) < (1% |x|)(d)2$6||ﬁ||1||%||% Moreover, in [3] it is

n

established that A((1 — LG)?) < (1 + 2%v™1)#*. Thus we obtain
H(z) < VZA(I(A = F)(1 - LG)])
< (L [a]) ()22 |71 2|2 (1 + 2T

where in the last line we applied Cauchy-Schwarz. Since M = T? we deduce
M

B " _ 01
[ ) < el @I I (4 742

n
10. ESTABLISHING (70)

In this section, we are not so precise about bounds. This is since we will
have a small power savings from the main term. We set s = 1/2 4 it and
we now provide a bound for Z(z). Since Z(z) = A(F — FLG + ALG) we
see that

(75) Z(2) < A(F?)2 A2+ A(F?)' PALYAAGHY* + A(ILA||G]) -
It follows from (60) that

[As, 40, d)L(s, )| < j(d)ms()T(IL(s, ) > + L (s,4) ") |1B(s)]
for some Dirichlet polynomial B(s) = Emgy 2 where [b,| < |24]|Tm].
Thus
(76)
A(ILA|IG]) < j(d)7s(d)TA(|L(s, )[* + L (s, )[*)|B(s)[|G (s, ¥)])
< (d)s(d)TA(L(s, ) [* + [L (s, 0)|)2A(B(s, ) [ A(G (s, 0) )
It suffices to bound A(¢) for a variety of ¢ = ¢(s,1). We have the following

bounds:
(77) A A(IL(s, )Y 5 AL (s,9)|") < 22T° .

The first bound is trivial and the last two are due to an argument of Mont-
gomery [8]. Next we analyze A(F?), A(G*), and A(B*). Note that

F(s, ) = 3 P G g o SR = 3 ke

k<u k<v? k<M?

where the coefficients satisfy
a(kd) < T(r* x)(d) (7 *2)(k) , |8l < 7(k) . |l < 2(d)*(|] * |2])(k) .
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The large sieve (73) inequality yields
(78)
A(F(s,9)°) < T(r * |a])(d)* Y _(k + °.Z)
k<u
< (7 |2 ()T (u + 2°) |

AG(s, ) < ) (k+ z{%)Lk)2 <L T (v + 2%,

k<v? k
A(B(s)") < z(d)* %(zc n ZQX)M < Tea(d) (M? + 22)

By (75), (76), (77) and the bound (a + b)"/™ < a'/™ 4+ b'/" for a,b > 0,
n € N we have

T(z) < (7 * |z)(d)z(u'/? + 2)T°
+ (7 % |x|)(d)z1/2(u1/2 + z)(v1/2 + 21/2)TE
F ) Dle(d) (" + 22 (M 4 2T

(7 * |=[)(k)?
k

Recalling that u = 2% and v = T"/* this simplifies to
I(z) < j(d)rs(d)|o(d)| T (22 + 22TV + 222 M2 4 2TV AMY?)
Since M = T°

M
[ ) < Sm@ @I (3 + G 4 ()M 4 T
n

< j(d)ns(d)|e(d)] (T kY2 Th)
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