Asymptotically efficien t triangulations of the d-cub e^∗

David Orden, Francisco Santos

Universidad de Cantabria. Departamen to de Matem´aticas, Estad ística y Computaci´on. Av. Los Castros, s/n E-39005 Santander, SPAIN. {ordend,san tos}@matesco.unican.es

Key Words: dissection, triangulation, size, cube, efficiency, simplexit y.

1 Intro duction

Triangulating the regular d-cube I^d = [0,1]^d in a “simple” way has many applications, like solving differen tial equations by finite element metho ds or calculating fixed points. See, for example, [7]. Determining the smallest number of simplices needed has brought special attention both from a theoretical point of view and from an applied one (see [6, Section 14.5.2] for a recent survey).

Before going on, let us clarify that when we speak about triangulations of a polytop e P of dimension d we mean decompositions of P into d-simplices (i) using as vertices only the vertices of P , and (ii) intersecting face to face (i.e., forming a geometric simplicial complex). If the second condition is not fulfilled, we call them simplicial dissections of P . The number of d-simplices of a triangulation or dissection T will be called its size and denoted |T|.

A general metho d to obtain the smallest triangulation of a polytop e P of dimension d as the optimal integer solution of a linear program is describ ed in [2]. For the d-cube, the direct application of this metho d is impossible in practice beyond dimension 4 or 5. With a somewhat similar metho d but simplifying the equations using simmetries of the cube, Anderson and Hughes [1] have calculated the smallest size of a triangulation of the 6-cube and the 7-cube, in a computational tour-de-force which involved a problem with 1,456,318 variables and ad hoc ways ofdecomposing the system into smaller subsystems.

In order to compare sizes of triangulations of cubes in differen t dimensions, Todd [7] defines the efficiency of a triangulation T of the d-cube to be the number (|T|/d!)^{1d} . This is at most 1, since |T| ≤ d!. Following [6, Section 14.5.2], let us denote by ϕ_d and ρ_d the smallest size and efficiency , respectively, among all possible triangulations of the cube of dimension d.

∗ Researc h partially supp orted by pro ject PB97-0358 of Spanish Dir ección Gener al de Investigaci´ on Cient ífica y Técnic a.

Their values are known up to dimension 7; see Table 1. The number ϕ_d is known as the simplexity of the d-cube and, obviously, ρ_d = (ϕ_d/d!)^{1/d}.

In [4] (see also [6], pages 283-284), Haiman observes that a triangulation of I^{k+ l} with t_k t_l

�_{k+ l} k � simplices can be constructed from given triangulations of I^k and I^l with t_k and t_l simplices respectively. With this, one easily concludes:

Theorem 1.1 (Haiman) For every k and l, ρ_{k+ l}^{k+ l} ≤ ρ_k^k ρ_l^l. Thus, the sequence (ρ_i)_{i∈} N converges and

lim_{i→∞} ρ_i ≤ ρ_d ∀d ∈ N.

What is the limit of this sequence? In particular, is it positive or is it zero? The known values of ρ_d (up to d = 7) form a decreasing sequence, as shown in Table 1, but it is not even known whether this occurs in general. Putting together this result with the values in Table 1 we conclude that lim_{i→∞} ρ_i ≤ ρ_7 = 0.840.

dim. Smallest size (ϕ_d) Smallest efficiency (ρ_d) 1 1 1 2 2 1 3 5 .941 4 16 .904 5 67 .890 6 308 .868 7 1493 .840

Table 1: Smallest size and efficiency of triangulations of I^d.

Here we propose a metho d to obtain efficien t triangulations of a product polytop e P × Q starting from a triangulation of Q and another of P × Δ^{m − 1}, where Δ^{m − 1} denotes a simplex of dimension m − 1 and m is any relativ ely small number. We apply this with P being a small-dimensional cube and Q a high-dimensional one, iterativ ely, what allows to obtain asymptotically efficien t triangulations of arbitrarily high-dimensional cubes from any (efficien t) triangulation of I^l × Δ^{m − 1}, with l and m small.

The asymptotic efficiency of the triangulations obtained of course depends on how good our triangulation of I^l × Δ^{m − 1} is. Finding the triangulation of I^l × Δ^{m − 1} which is optimal for our purp oses reduces to an integer programming problem, similar to finding the smallest triangulation of that polytop e (actually , it is the same system of equations with a differen t objective function). Using the linear programming software CPLEX[5], we have solved the system for some values of l and m. The best triangulation we have found is one of I^3 × Δ^2, with which we obtain

lim_{i→∞} ρ_i ≤^3 � 44/3 27 ≈ 0.8159

2 Overview of the metho d and results

We start describing Haiman’s original idea, which is related to our metho d. Let T_k and T_l be triangulations of the regular cubes I^k and I^l, respectively. The product T_k × T_l of the two triangulations gives a decomposition of the cube I^k × I^l = I^{k+ l} into |T_k | ·|T_l| subpolytop es, each of them isomorphic to the product of simplices Δ^k × Δ^l. It is well known that every triangulation of Δ^k × Δ^l has size

�_{k+ l} k � . Hence, refining T_k × T_l in an arbitrary way one gets a triangulation of I^{k+ l} of size |T_k | ·|T_l| ·

�_{k+ l} k � . Our metho d is, in a way, similar. Starting from a triangulation of I^{n − 1} and another one of I^l × Δ^{m − 1}, we get one of I^{l+( n − 1)} with the following general metho d to triangulate P × Q starting from a triangulation of Q and another one of P × Δ^{m − 1}:

(1) We first show how to obtain triangulations of P × Δ^{n − 1} from triangulations of P × Δ^{m − 1}, where n − 1 = dim(Q) is supposed to be much bigger than m − 1. We call our triangulations multistair case triangulations .

(2) A triangulation of Q induces, as in Haiman’s metho d, a decomposition of P × Q into polytop es isomorphic to P × Δ^{n − 1}. Each of them can be triangulated using the previous paragraph, although this in principle only gives a dissection of P × Q; if we want a triangulation, we have to apply (1) to all the polytop es P × Δ^{n − 1} in a compatible way. For this we use a random partition of the vertices of Q into m colors.

In order to analyze the efficiency of our metho d we introduce the following concepts. Their interest will be apparen t in Theorem 2.2, which is our main theoretical result. Compare its statemen t with Theorem 1.1:

Definition 2.1 Let P be a polytop e of dimension l and let τ be a simplex of dimension l + m − 1 in

P × Δ^{m − 1}. Let {v_1,...,v_m } be the vertices of Δ^{m − 1}. Then, τ, understo od as a vertex set, decomposes as τ = τ_1 ∪ ···∪ τ_m with τ_i ⊂ P × {v_i}.

(i) We define the sequence (|τ_1|− 1,...,|τ_m |− 1) to be the type of the simplex τ. The weight of a simplex τ of type (t_1,...,t_m ) is the number^1� m_{i =1 t i !}.

(ii) The weighted size of a triangulation T of P × Δ^{m − 1} is � τ∈ T weight(τ), and the weighted efficiency is

l � � τ∈ T weight(τ)

m^l

Using this metho d to triangulate I^{l+( n − 1)} = I^l× I^{n − 1} starting from a triangulation of I^{n − 1} and another one of I^l × Δ^{m − 1} we conclude:

Theorem 2.2 If there is a triangulation T_0 of I^l × Δ^{m − 1} with weighted efficiency ρ_0, then:

∀ϵ> 0,∀n ≥ lmρ_0 ϵ , ρ_{l+( n − 1)}^{l+( n − 1)} ≤ ρ_{n − 1}^{n − 1}(ρ_0 + ϵ)^l

Thus, lim_{i→∞} ρ_i ≤ ρ_0.

Hence, we are led to study the smallest weighted efficiency of triangulations of I^l × Δ^{m − 1}. Let us denote this number ρ_{l,m} . To compute it we use the universal polytope as describ ed in [2], which gives a bijection between the triangulations of a polytop e P and integer solutions of a certain system of linear inequalities derived from the oriented matroid of P . The weighted size turns out to be a linear functional on this universal polytop e. Hence, finding ρ_{l,m} is restated as an integer linear programming problem.

In order to apply our metho d we have used the program UNIVERSALBUILDERby Jesús A. de Loera and Samuel Peterson [3]. Given as input the vertices of P , the program generates the linear system of equations defining the universal polytop e of P . The output is a file readable by the linear programming software CPLEX [5]. We have created a routine that generates our particular objective function. Table 2 shows the results obtained in the cases we have been able to solve. The computation of ρ_{3,3} involved a system with 74,400 variables, whose resolution by CPLEXtook 37 hours of CPU on a SUN UltraSparc.

Note that ρ_{l,1} = ρ_l. The fact that ρ_{1,m} = 1 for every m reflects that every triangulation of the prism I × Δ^{m − 1} is unimodular. In the case of ρ_{2,m} we prove that the smallest weighted efficiency is always � ⌈3m^2/4⌉/m^2. That is to say, � 3/4 for even m and � 3/4 + o(m) for odd m.

l \ m 1 2 3

1 1 1^3

�_5 6 ≈ 0.941 2 1 �_3 4 ≈ 0.866^3

�_{14} 24 ≈ 0.8355 3 1 �_7 9 ≈ 0.8819^3

�_{44} 81 ≈ 0.8159

≥ 3 1 ≥

�_3 4 Table 2: Values of ρ_{l,m} for l ≤ 2 or for l = 3 and m ≤ 2.

Thus, since lim_{i→∞} ρ_i ≤ ρ_{3,3} ≈ 0.8159, we conclude that, asymptotically , the d-cube can be triangulated with 0.8159^dd! simplices instead of the 0.840^dd! achievable before.

References

[1] R. Anderson, B. Hughes, “Simplexit y of the cube”, Discrete Math. 158 (1996), 99–150.

[2] J. A. de Loera, S. Hosten, F. Santos, B. Sturmfels, “The Polytop e of All Triangulations of a Point Configuration”, Documenta Mathematic a 1 (1996), 103–119.

[3] J. A. de Loera, S. Peterson, universalbuilder.

Software available at

http://plane.math.ucdavis.edu/~deloera/
RECENTWORK/recent.html

[4] H. Haiman, “A simple and relativ ely efficien t triangulation of the n-cube”, Discrete Comput. Geom. 6 (1991), 287–289.

[5] ILOG, “ CPLEX”. Commercial software, more info at

http://www.cplex.com

[6] C.W. Lee, “Sub divisions and triangulations of polytopes”, in Handbook of Discrete and Computational Geometry (J.E. Goodman and J. O’Rourke eds.), CRC Press, New York, 1997, pp. 271–290.

[7] M. J. Todd, The Computation of Fixed Points and Applications , Lecture Notes in Economics and Mathematical Systems, Vol. 124, Springer-Verlag, Berlin, 1976.