COMPUTING THE VISIBILITY POL YGONS OF THE ENDPOINTS OF SET OF LINE SEGMENTS IN OUTPUT SENSITIVE TIME MARK KEIL AND STEPHEN WISMA TH Abstract. Giv en set of non-in tersecting line segmen ts in the plane, presen an algorithm that computes the visibilit olygons of the endp oin ts of in output sensitiv time. The algorithm relies on the ordered endp oin visibilit graph information to tra erse the endp oin ts of in spiral-lik manner using com bination of Jarvis’ Marc and depth-�rst searc h. One extension of this result is an e�cien algorithm for computing the full visibilit graph of in whic ertices corresp ond to segmen ts and pair of ertices are joined an edge if the corresp onding line segmen ts are somewhere visible. 1. In tro duction. Problems in olving the visibility of ob jects in giv en domain arise in sev eral areas of computer science, suc as, VLSI design, graphics and motion planning. Visibilit problems in olving line segmen ts in the plane are fundamen tal and man problems in olving more general ob jects can reduced (or appro ximated) this case. requen tly it is the underlying structure of the visibilities that is critical and graph can created that condenses this structural information. In this pap er, certain problems in olving set of non-in tersecting line segmen ts in general osition, in the plane, are considered. The endp oin visibilit graph of denoted here as ), is de�ned as graph with ertices corresp onding to the endp oints of the line segmen ts of and with an edge set represen ting the endp oin visibilities (i.e. endp oin ts and are visible if the line segmen joining them in tersects no other line segmen of ). This graph arises naturally in motion planning problems and has een extensiv ely studied ], 11 ], ]. Let represen the um er of edges in ). It is clear that the maxim um alue of is 1) 2, and furthermore, Shen and Edelsbrunner ha sho wn that (see also Cam ell and Higgins ]). The problem of computing in output sensitive time as solv ed Ghosh and Moun ],who presen ted an log time algorithm. The visibilit olygon from giv en oin is denoted as VP oly( and is de�ned as the (star-shap ed) olygon consisting of the ortions of the line segmen ts of visible from The main con tribution of this pap er is an optimal solution to the problem of computing the set of visibilit olygons from the endp oin ts of presen an output sensitiv algorithm that solv es the problem in time after the endp oin visibilit graph, is computed. THIS RESEAR CH AS SUPPOR TED BY N.S.E.R.C. Dept. of Computational Science, Univ ersit of Sask atc hew an, Sask ato on, Canada Dept. of Math. and Computer Science, Univ ersit of Leth bridge, Alb erta, Canada VP oly( ma un ounded, in whic case assume there are \p oin ts at in�nit y" whic serv to close the olygon with arti�cial sides. Fig. The visibility gr aphs of De�ne line segmen ts and as visible if there exists oin on and oin on suc that the line segmen joining them, in tersects no other line segmen of The full visibilit graph of denoted as ), is graph whose ertices corresp ond to the line segmen ts of and whose edges represen the visibilit relation. See �gure for examples of the visibilit graphs. As noted Ghosh and Moun t[ ], (i.e. the um er of edges in )), is asymptotically equal to the um er of edges in and furthermore, the graph can also computed in log time in the general case. Our second result is an e�cien solution to the problem of computing whic outp erforms the algorithm of Ghosh and Moun for certain sp ecial cases (for example, if the line segmen ts of form simple olygon). Our algorithm relies on the information pro vided the solution to the problem of computing the visibilit olygons of the endp oin ts of 2. Computation of the Visibilit olygons. In this section, presen an al- gorithm for computing the visibilit olygons of the endp oin ts of set of non- in tersecting line segmen ts. As prepro cessing step, assume that the ordered endp oin visibilit graph ), has een computed. The endp oin visibilit graph information pro vides one half of the information needed to compute the visibilit olygons. or particular endp oin eac neigh our of in is in VP oly( but the follo wing stabbing query ust also answ ered: determine the segmen of �rst encoun tered the ra extending from in the direction See Figure 2. Fig. Stabbing Query If the visibilit olygon of ere kno wn, then this stabbing query could answ ered in log time via binary searc h. If endp oin is on the con ex ull of then all the stabbing queries from are in fact immediately kno wn. Note that the visibilit et een and also generates stabbing query in the opp osite direction whic is required for the computation of VP oly( ). Giv en ), the visibilit olygons of the endp oin ts of can determined solving exactly suc \stabbing queries". The main con tribution of this section is to order these queries so that all the answ ers are computed in time. The approac com bines mo di�ed Jarvis’ Marc with depth-�rst searc h, to pro cess the endp oin ts of in spiral-lik manner. An early algorithm dev elop ed Jarvis ], for computing the con ex ull of set of oin ts, marc hes around the con ex ull initially ho osing oin on the con ex ull and then iterativ ely determining the next con ex ull oin sorting all the remaining oin ts olar angle ab out the curren con ex ull oin t. If the algorithm is mo di�ed so that oin ts are remo ed from consideration as they are visited, then all oin ts are ultimately visited and the oin ts are pro cessed in spiral-lik manner. This is the basic paradigm used our algorithm, alb eit for the endp oin ts of line segmen ts. Consider the e�ect of Jarvis marc around the endp oin ts of set of line seg- men ts. Cho ose the left-most endp oin as an initial oin and pro ceed \wrapping" coun ter- clo kwise, iterativ ely ho osing the next visible un visited endp oin t. Again, the endp oin ts will visited spirally ho ev er when the algorithm terminates at an endp oin with no visible neigh ours, some endp oin ts ma not ha een visited. In order to ensure that all endp oin ts are ultimately visited, the algorithm will erform in depth-�rst searc mo de, bac ktrac king along the spiral un til an endp oin with un visited visible neigh ours is dis- co ered at whic stage, the spiralling pro cess will resume. The e�ect will to spa wn spiral branc hes o� the main spiral (see �gure for example). Jarvis’ con ex ull algorithm is not optimal in the orst case to uc time is exp ended (re)sorting at eac stage. Note ho ev er that for our problem, the endp oin visibilit graph ), con tains exactly the endp oin ts visible to eac endp oin in sorted olar order. The main algorithm to compute the visibilit olygons is as follo ws: compute mark all vertices as unvisite := leftmost endpoint of := the convex hull edge of clockwise from Spiral The pro cedure Spir al is mo di�ed depth �rst searc routine whic computes partial visibilit olygons when it visits endp oin ts and then completes the visibilit olygons as it returns from the recursion. Th us, there are stages winding, and an un winding stage. During the winding stage, previously un visited endp oin is partially pro cessed computing the \outer" ortion of its visibilit olygon and then this information is used to answ er the stabbing queries of some of its neigh ours, namely the visible endp oin ts on the \inside" of the spiral. During the un winding step, the remainder (i.e. the \inside") of eac endp oin t’s visibilit olygon is computed and the related stabbing queries (i.e. to the \outside") are answ ered. The algorithm computes partial visibilit olygons based on the previously answ ered stabbing queries. Let VP oly a; denote the ortion of the visibilit olygon coun- terclo kwise ab out ertex from edge to edge In order to compute VP oly( a; e�cien tly it is critical that all the stabbing queries from to ha een answ ered, for all endp oin ts visible to coun terclo kwise et een and The set of all stabbing queries to from all ertices that lie clo kwise et een and will denoted as Stabs a; ). The answ er to eac stabbing query will stored on the asso ciated edge in to oid \table lo okup". Both VP oly( a; and Stabs( a; can computed simple rotational sw eep ab out in time, where represen ts the degree of ertex in ). The spiralling pro cess is complicated sligh tly the presence of \kinks", i.e. endp oin ts where the spiral actually forms \righ turn". In this case, the outside of the spiral is strictly less than 180 degrees and an insu�cien um er of stabbing answ ers ould generated if the partial visibilit olygon ere computed. The algorithm ignores suc righ turn endp oin ts not marking them as \visited" (and hence visits them again). It will sho wn that righ turn endp oin ts do subsequen tly ecome left turn endp oin ts (or the recursion terminates at them) at whic time they are mark ed as visite and pro cessed appropriately The consequence of the existence of these righ turn endp oin ts is that the spiral wraps around on itself at suc endp oin ts however it do es not actual ly cr oss itself See �gures and for examples of righ turn ertices. no presen more formal pseudo co de description of the spiral pro cedure. Procedure Spiral vertex; edge) edge vertex known := := For each vertex adjacent to (counterclockwise from do := if mark[ unv isited then if e; forms left turn then mark[ := isited compute VPoly known[ ], report Stabs known[ ], known[ := Spiral else right turn -- do not mark Spiral return all vertices adjacent to are marked -- now unwind if then mark[ := isited bottom out case compute VPoly known[ ], VPoly is now complete If then the en tire visibilit olygon is mean t. Fig. ight turns in spir als report Stabs known[ ], end Spiral Note that the arra named known is used to eep trac of the ortion of the visibilit olygon of endp oin that has een computed th us far. Using known oids recomputing part of VP oly( in the case of eing left turn ertex that when bac ed in to the recursion during un winding, is disco ered to still ha un visited neigh ours. or example, the endp oin ts mark ed with \*" in �gure are all left turn endp oin ts with this prop ert 2.1. Correctness. It is critical that the \spiral" generated the algorithm do es not actually pierce itself, and hence the notion of \outside" is ell-de�ned. It is the existence of righ turn endp oin ts on the spiral that complicates the spiralling pro cess. The spiral-lik path generated the algorithm is not necessarily simple, it ma self- in tersect at righ turn endp oin t, at an edge et een righ turn endp oin ts, or at sequence of edges et een adjacen righ turn endp oin ts. In �gure for example, the endp oin ts and are adjacen righ turn endp oin ts on the spiral. Lemma: The spiral-lik path generated the algorithm do es not cross itself. Pro of (By con tradiction) There are cases to consider: Fig. Backtr acking thr ough left turn endp oints Assume the spiral crosses itself at an endp oint (refer to �gure 6). Note that ust righ turn endp oin in this case since left turn endp oin ts are only visited once. When the spiral �rst en ters along an edge the algorithm determines the �rst un visited visible ertex from coun terclo kwise from lab el this outgoing edge If is righ turn endp oin t, then the spiral ust reen ter at some later stage along an edge 00 ho ev er since there are no un visited ertices coun terclo kwise et een and the outgoing edge asso ciated with 00 can not lie in that region and hence the spiral can not actually cross itself at Assume the spiral crosses itself at an edge as in �gure 7. Let the endp oin ts creating the �rst suc edge crossing on the spiral in order, and When the endp oin as pro cessed, endp oin as not mark ed as \visited" and hence there ust exist line segmen blo king the visibilit et een and (since as hosen as the next endp oin on the spiral). Segmen can not blo the visibilit et een and nor the visibilit et een and and th us there is an endp oin inside the triangle de�ned adb and visible to Since this endp oin as not visited after it ust ha een previously visited: either as righ turn endp oin (and hence unmark ed), whic con tradicts the hoice of as the next visited endp oin on the spiral after or as left turn ertex, in whic case there exists another edge crossing, earlier In fact, if is righ turn ertex, then the line segmen con taining ust lie strictly on the outside of the spiral at (i.e. coun terclo kwise et een and ). Fig. djac ent right turns in spir als Fig. Endp oint cr ossing Fig. Edge cr ossing in the spiral, con tradicting the assumption that a; c; as the �rst suc crossing. similar argumen handles the case when the edge crossing ccurs in clo kwise manner. The correctness of the algorithm can no established. Theorem 2.1. The algorithm orr ctly omputes the visibility olygons of the endp oints of set of non-interse cting line se gments. Pro of: Since is connected graph, ev ery endp oin of is ultimately mark ed as \visited", ecause the algorithm is essen tially mo di�ed depth-�rst searc h. The in arian exploited the algorithm is that when left turn endp oin is encoun tered and pro cessed, all stabbing answ ers are ailable (eac in constan time) from the visible endp oin ts on the outside of the spiral (i.e. et een and and th us VP oly( e; and Stabs( e; are computable in time. The previous lemma ensures that there are no unpro cessed visible neigh ours of coun terclo kwise et een and 2.2. Analysis. After the prepro cessing step of computing the endp oin visibilit graph ), the initializations in the main program can erformed in time. Before analysing the pro cedure spiral there are mo di�cations necessary It is ossible that the spiral en ters righ turn endp oin more than once along giv en edge (see �gure for example). If the spiral exitted suc righ turn endp oin di�eren edge on eac visit, then it could argued that eac righ turn endp oin is not en tered more than times. Unfortunately it is ossible that hain of consecutiv righ turn endp oin ts is created and the spiral ma th us en ter and exit some righ turn endp oin ts along previously used edges more than once. oid this situation, assume double- ended queue is created whenev er more than consecutiv righ turn endp oin ts app ear on the spiral. By main taining this queue, it is ossible to oid passing through righ turn endp oin more than once without using new edge, jumping to the tail of the queue. Whenev er the edge on the fron of the queue is encoun tered, the spiral ust follo the same hain of righ turn ertices as on the previous trip only the head and tail ertices will mo di�ed. Note that the queue ma en tered in the middle (as in �gure for example), in whic case the queue ust split if an in terior ertex ecomes mark ed as isited This splitting op eration can erformed in constan time as follo ws. Consider queue of edges et een righ turn endp oin ts with head oin ter and tail oin ter If an endp oin in the queue is subsequen tly encoun tered the spiral at some in terior endp oin and ecomes left turn endp oin t, then ust \split" in to pieces: an activ queue from to (where is the �rst ertex efore in the queue), and (temp orarily) inaccessible piece from to No w, since this latter queue is inactiv e, the queue need not actually split. Rather, stac con taining head-tail pairs can main tained. In this case, the alue of for the tail and for the head are put on the stac and is assigned the alue of th us creating the activ queue from to Note that all the endp oin ts in the activ ortion of the queue will ecome mark ed as isited efore the inaccessible endp oin ts in the inactiv ortion of the queue are pro cessed. Since the spiral do es not cross itself, these inaccessible endp oin ts are in fact pro cessed exactly when is bac ed in to the recursion, at whic oin the head-tail stac is opp ed and the previously inactiv queue is restored and pro cessed appropriately This \splitting" or hiding op eration can erformed in constan time since the queue oin ters are not actually destro ed. Although ma split an arbitrary um er of times, at an stage, there is only single activ head and tail pair ailable (in constan time) to the activ endp oin ts in eac queue. The second mo di�cation to the pro cedure also in olv es righ turn endp oin ts. Since righ turn endp oin ma en tered man times efore it receiv es left turn status, it is imp ortan that the asso ciated outgoing edge found quic kly i.e. the algorithm can not a�ord to erform the same coun terclo kwise scan of visible visite ertices eac time the endp oin is en tered. The solution to this problem is to main tain cop of the ordered 10 visibilit information ab out and to actually delete the edges to visited neigh ours as they are disco ered. Th us, when righ turn endp oin is subsequen tly en tered, the next visible un visited endp oin is disco ered without considering previously rejected edges. Note that neither of these mo di�cations a�ects the correctness of the algorithm; they are used merely to impro the e�ciency Giv en the ab mo di�cations to the Spiral pro cedure, the running time can no sho wn to ). Theorem 2.2. Pr dur Spir al runs in time and quir es sp ac e. Pro of: Consider an endp oin that is disco ered to left turn on the spiral during the winding stage. Both VP oly( e; and Stabs( e; are easily computed with single rotational sw eep in time. Similarly when is encoun tered during the un winding stage, the rest of the visibilit olygon and asso ciated stabbing queries can computed in time. If during the un winding stage, is disco ered to ha further un visited neigh ours, new winding stage is initiated (for example at the ertices mark ed with \*" in �gure 4). In this situation, only small slice of VP oly( is computed, namely from kno wn[ to Th us, although ma reen tered sev eral times, the total ork to compute the visibilit olygon of is ). No w, consider the total time sp en er the lifetime of the pro cedure at giv en right turn endp oin The um er of times is encoun tered as righ turn endp oin t, times the amoun of time sp en determining the next endp oin on the spiral is in total, since eac en try or exit to ust in olv new edge. Summing er all endp oin ts yields the claimed ound on the running time. Static space is required for the ordered visibilit graph ), and the arra ys now and mar run time, the total size of the dequeues is ounded and the recursion is no deep er than Th us, the space requiremen ts of the algorithm can con tained to ). 3. Extensions. In this section, consider extensions to the previous result: searc hligh sc heduling problem, and the problems of computing and dynamically main- taining the full visibilit graph of 3.1. The ull Visibilit Graph. The original motiv ation for considering the visi- bilit olygon problem for endp oin ts as in relation to the computation of the full visibilit graph of set of line segmen ts. Recall that in the ful visibilit graph of ), ertices corresp ond to the line segmen ts of and pair of ertices are adjacen if, and only if, the corresp onding line se gments are visible. Although the algorithm of Ghosh and Moun ], can mo di�ed to compute the full visibilit graph in optimal output sensitive time log ), the algorithm is not practical to implemen as it requires sophisticated data structures (�nger trees) to store funnel sequences and con tains an extremely in olv ed SPLIT pro cedure to up date the visibilit information. In 12 ], orst case optimal time and space algorithm as presen ted, that 11 computes the full visibilit graph, ). The algorithm relies on result due to Asano, Asano, Guibas, Hersh erger and Imai, as prepro cessing step to compute the (ordered) visibilit olygon of eac endp oin of the line segmen ts in This initial prepro cessing step truly requires time and space as an arrangemen of lines ust main tained in order to answ er visibilit queries in linear time. Ho ev er the algorithm to compute in 12 do es not require the full er of the Asano et al algorithm, as only endp oint queries need answ ered, not general queries.

In this section, presen (practical) output sensitiv algorithm for computing the full visibilit graph given the endp oint visibility gr aph By div orcing the problems any endp oin visibilit routine ma used as prepro cessing step. The adv an tages of this \mo dular" strategy are: practicalit y: the algorithm of Ov ermars and elzl ], for example, whic runs in log time has een implemen ted and runs e�cien tly ersatilit y: In restricted domains, the computation of the endp oin visibilities can erformed faster than for the general case. or example, Hersh erger ], has sho wn that for olygons, the ertex visibilit graph can obtained in time dynamization: egter 10 ], has sho wn ho the endp oin visibilit graph can main tained to accommo date insertions and deletions of line segmen ts. The algorithm to compute the full visibilit graph, ), as describ ed Wismath 12 is as follo ws: Prepro cess to construct an arrangemen of lines using time and space, as outlined in ]. or eac endp oin of eac segmen do compute the visibilit olygon VP oly( as describ ed in ]. rep ort as visible and eac segmen in VP oly( ). rep ort the visibilities ar ound (i.e. the segmen ts of that are 180 degrees apart ab out in VP oly( )) with rotational sw eep tec hnique. The correctness of this algorithm is sho wn in 12 ]. Here note that the algorithm actually runs in time after the visibilit olygons ha een constructed. Com bining this algorithm with the algorithm of the previous section yields an time solution to the problem of computing the full visibilit graph, after the endp oin visibilit graph has een computed. 3.2. Dynamic Main tenance of the ull Visibilit Graph. When segmen ts are inserted or deleted in dynamic fashion, the full visibilit graph ma up dated main taining the endp oin visibilit graph. egter 10 has sho wn ho to up date the endp oin visibilit graph in log log time, where represen ts the um er of edges of the visibilit graph that are hanged. Although egter’s algorithm, whic erforms in dual space, could mo di�ed to up date the full visibilit graph directly once using the linear time triangulation algorithm of Chazelle 12 again, separating the problems ma ene�cial. If the insertions and deletions ha sp ecial form, (for example, if the line segmen ts form olygon), then erhaps oth the endp oin and full visibilit graphs can main tained e�cien tly exploiting the underlying structure. lea as an op en problem the dynamic main tenance of the full visibilit graph, giv en the endp oin visibilit graph up date information. 3.3. Searc Ligh Sc heduling. The depth �rst spiralling tec hnique ma also pro useful in other visibilit problems where the endp oin ts of line segmen ts ust ordered in some fashion. or example, consider the follo wing searc ligh sc heduling problem. Supp ose that eac line segmen represen ts �xed barrier and eac endp oin corresp onds to guard to er equipp ed with rotatable searc ligh t. The problem is to devise sc hedule for searc hing the plane in order to guaran tee the illumination of mo ving \in ader". Comm unication et een guards is ermitted only via searc ligh ts. The la out of the barriers, and the lo cation of the in ader are unkno wn to the guards. assume that the guard to ers are transparen t, that is, ligh passes through them. single \initiator guard" lo cated on the con ex ull is allo ed eacons, one of whic is �xed oin ting to the outside and the second of whic is sw ept from the �rst eam coun terclo kwise. All guards no erform iden tically and at an stage eac guard is in one of four mo des: waiting The ligh is o� and guard is aiting to illuminated some neigh- ouring guard. When initially illuminated some guard guard oin ts the searc ligh in the direction of and switc hes to swe ep mo de. swe eping Guard rotates the ligh coun terclo kwise un til guard to er is encoun tered. If is waiting (i.e. unlit but subsequen tly illuminated) then auses If is ausing (i.e. already lit) then con tin ues sw eeping. Sw eeping con tin ues un til rotation of 360 degrees has een made at whic oin the guard is done ausing paused guard aits for the guard it has illuminated to done and then rev erts to sw eeping mo de. done The eacon is ermanen tly extinguished. In this case, righ turn ertices do not require the sp ecial treatmen that they re- ceiv ed in the Spiral algorithm; it is the coun terclo kwise ordering of the endp oin ts and the spiralit of the searc that is critical. Note that at an stage, there exists spiral shap ed outer region that is guaran teed to in ader-free and whic is separated from the unsearc hed inner region(s) series of barriers and pausedly �xed ligh ts. 4. Conclusion. The main con tribution of this pap er is an algorithm that computes the visibilit olygons of the endp oin ts of set of line segmen ts. The algorithm runs in time, after the endp oin visibilit graph has een computed (in the general case this prepro cessing step can erformed in log time but can con tained to in sp ecial cases, for example, if the line segmen ts form simple olygon ]). 13 One consequence of this result is that the full visibilit graph of can also com- puted in time, giv en the endp oin visibilit graph. REFERENCES [1] T. Asano, T. Asano, L. Guibas, J. Hersh erger, and H. Imai, Visibilit of Disjoin olygons, lgo- rithmic No. 1, (1986), 49-64. [2] D. Campb ell, J. Higgins, Minimal visibilit graphs, Information Pr essing etters 37 (1991), 49-53. [3] B. Chazelle, riangulating simple olygon in linear time, Discr ete and Computational Ge ometry ol. 6, No. (1991), 485-524. [4] J. Hersh erger, Finding the visibilit graph of simple olygon in time prop ortional to its size, Pr dings of the 3r Symp osium on Computational Ge ometry aterlo o, 1987, 11-20. [5] S. Ghosh, D. Moun t, An Output Sensitiv Algorithm for Computing Visibilit Graphs, SIAM J. of Computing ol. 20, No. 5, (1991), 888-910. [6] R. A. Jarvis, On iden ti�cation of the con ex ull of �nite set of oin ts in the plane, Information Pr essing etters (1973), 18-21. [7] M. Ov ermars, E. elzl, New metho ds for computing visibilit graphs, Pr dings of the 4th Sym- osium on Computational Ge ometry Urbana-Champaign, 1988, 164-171. [8] X. Shen, H. Edelsbrunner, tigh lo er ound on the size of visibilit graphs, Information Pr o- essing etters 26 (1987/88), 61-64. [9] G. oussain t, Shortest ath Solv es Edge-to-Edge Visibilit in olygon, Pattern gnition et- ters (1986), 165-170. [10] G. egter, Dynamically main taining the visibilit graph, orkshop on Algorithms and Data Struc- tures 1991, Otta a, Springer erlag ctur Notes in Computer Scienc e, #519 425-436. [11] E. elzl, Constructing the Visibilit Graph for n-Line Segmen ts in O( Time, Information Pr o- essing etters 20 (1985), 167-171. [12] S. Wismath, Computing the full visibilit graph of set of line segmen ts, Information Pr essing etters 42 (1992), 257-261. 14