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ABSTRACT. The Erdés—Ko—Rado (EKR) theorem and its generalizations can
be viewed as classifications of maximum independent sets in appropriately
defined families of graphs, such as the Kneser graph K(n, k). In this paper,
we investigate the independence number of random spanning subraphs of two
other families of graphs whose maximum independent sets satisfy an EKR-type
characterization: the derangement graph on the set of permutations in Sym(n)
and the derangement graph on the set M, of perfect matchings in the complete
graph Kay,,. In both cases, we show there is a sharp threshold probability for the
event that the independence number of a random spanning subgraph is equal to
that of the original graph. As a useful tool to aid our computations, we obtain a
Friedgut—Kalai-Naor (FKN) type theorem on sparse boolean functions whose
domain is the vertex set of M,,. In particular, we show that boolean functions
whose Fourier transforms are highly concentrated on the first two irreducible
modules in the Sym(2n) module C[M,], is close to being the characteristic
function of a union of maximum independent sets in the derangement graph
on perfect matchings.

1. INTRODUCTION

The Erdés-Ko-Rado (EKR) theorem [I6] is a classical result in extremal set
theory which deals with intersecting families of uniform sets. Given a positive
integer n, we write [n] for the set {1,2,...,n}, and for any set V', we let (‘Ig) denote
the set of k-subsets of V. A family F of k-subsets of [n] is said to be intersecting
if ANB # () for all A, B € F. For any x € [n], the star centered at z, or simply a

star, is the intersecting family

o fac (W) s vea).

The EKR theorem asserts that if n > 2k and F C ([2]) is intersecting, then
|F| < (Zj) and, moreover, that provided n > 2k, equality is achieved only when F
is a star. A collection of sets is canonically intersecting if the intersection of all of
the sets is nonempty. Since all of the k-sets in a star intersect in the same element,
a star is canonically intersecting. Even in more general settings, “star” is used to
indicate a maximal canonically intersecting set.

The EKR theorem can be reformulated as a result on independent sets in Kneser
graphs. The Kneser graph K(n,k) is a graph whose vertex set is ([Z]) in which
A B € ([Z]) are adjacent if and only if AN B = (. Observe that F C ([Z]) is
intersecting if and only if F is an independent set in K (n, k). Given a graph G, the
independence number is the size of the maximum independent set in G. This size

is denoted by a(G). For n > 2k, the EKR theorem states that a(K (n,k)) = (Zj),
1
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furthermore, when n > 2k, every maximum independent set in K (n,k) is a star.
The Hilton—Milner theorem [28] goes further and considers the largest independent
sets in K(n, k) that are not a subset of a star. Such a set can be no larger than
(Zj) - (";Efl) + 1; this shows that the stars are the largest intersecting sets by
a significant margin.

For any class of objects with a natural notion of intersection, one can ask for
the largest collection of sets that are pairwise intersecting. This leads to many
variations of the EKR theorem; we refer the reader to the book [24] for a survey
of such results. In this paper, we consider versions of the EKR theorem for two
types of objects: permutations and perfect matchings. For both of these objects a
corresponding EKR theorem is known, and in both cases the largest intersecting
collection is canonically intersecting (a star).

Two permutations o, 7 € Sym(n) are said to be intersecting if o(i) = 7(i), for
some i € [n]. An intersecting set in Sym(n) is a subset & C Sym(n) of pairwise
intersecting permutations. Given any ¢,j € [n], the set A,_,; := {0 € Sym(n)
o(i) = j} is a maximal canonically intersecting set (star), and has size (n — 1)
We call A;_,;, the star centered at i — j. Inspired by the classical EKR theorem,
Deza and Frankl [20] asked for the size and structure of the largest intersecting
subsets in Sym(n). They proved that an intersecting set S has size at most (n —1)!
and conjectured that every maximum intersecting set is necessarily a star. This
conjecture was proved independently by Cameron and Ku [10] and by Larose and
Malvenuto [30], and later another proof was given by Godsil and Meagher [25].

Like the standard EKR theorem, this result can be translated into a characteri-
zation of maximum independent sets in a graph, called the derangement graph. A
derangement is a fixed-point-free permutation, and we use D(n) to denote the set of
all derangements in Sym(n). The derangement graph I';, of Sym(n), is the Cayley
graph Cay(Sym(n), D(n)). So the vertices of I,, are the elements of Sym(n) and two
permutations o and 7 are adjacent if o7~! € D(n). Observing that A C Sym(n)
is intersecting if and only if A is an independent set in T, the EKR theorem for
permutations is equivalent to the following result.

Theorem 1.1 (Cameron and Ku [I0], Deza and Frankl [20], Larose and Mal-
venuto [30]). The independence number of Ty, is (n — 1)! and every mazimum in-
dependent set in Iy, is a star.

Now we explain the EKR variant on perfect matchings. An n-perfect matching
is a perfect matching on the complete graph K, on 2n vertices. As a perfect
matching is a set of edges, two n-perfect matchings are said to be intersecting if
they have a common edge. An intersecting set of perfect matchings is a set in
which the perfect matchings are pairwise intersecting. Again, we ask for the size
and structure of the largest sets of pairwise intersecting perfect matchings, and
there is an obvious candidate. Given an edge {a,b} of Ky, the set Sg, 3 of all
perfect matchings containing {a, b} is an intersecting set of size

(2n —2)!

— 3\l = — — o] = = 7
2n-3)=02n—-3)2n—-5)---1= i 1)1

The set Sgqpy is called the star centered at {a,b}, or simply a star. A star is also
known as a canonical intersecting set. The Erdés—Ko—Rado theorem for perfect
matchings [25] states that the stars are the unique largest intersecting sets of perfect
matchings.
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As in the previous cases, this theorem can rephrased as a question about the
maximum independent set in an appropriate graph. The perfect matching graph
M., is the graph whose vertices are all the perfect matchings on Ks,,, with matchings
P and Q being adjacent if and only if PN Q = 0. It is easy to observe that a family
of n-perfect matchings is intersecting if and only if it forms an independent set in
M,,. The set S, 5 is an independent set in M., of size (2n — 3)!!.

Theorem 1.2 (Godsil-Meagher [28]). Given any positive integer n, a(M,) =
(2n — 3)!l and every mazimum independent set in M,, is a star.

A relatively recent research direction in this field involved considering other
measures of how robust the standard EKR theorem is by considering the largest
intersecting sets of random subgraphs of K (n, k). There are two natural approaches
given by either deleting vertices or edges from the Kneser graph. Balogh, Bohman
and Mubayi [3] considered taking random induced subgraphs of the Kneser graph,
with each vertex included independently with probability p. They gave results
about values of p for which the maximum independent sets in random subgraphs
were subsets of a star; that is the vertices in these independent sets were all of the
retained vertices that corresponded to sets that contained a fixed point. Refine-
ments of this result for different ranges of & (in terms of n) are given by Hamm and
Khan [26, 27]; Gauy, Han, and Oliveira [23]; and Balogh, Das, Delcourt, Liu, and
Sharifzadeh [5].

The other approach is to delete edges of a Kneser graph at random to obtain
a random spanning subgraph. Given a graph G and a probability p € [0, 1], let
G, denote the random model for spanning subgraphs of G with each edge in-
cluded independently at random with probability p. In the case G is the Kneser
graph K (n, k), the random graph model K, (n, k) was first considered by Bogolyub-
skil, Gusev, Pyadérkin, and Raigorodskii [7, [§], who showed that « (Kl/g(n, k)) =
a(K(n,k)) (140(1)). Bollobas, Narayanan and Raigorodskii [9] investigated thresh-
old functions for the event o (K, (n, k)) = a (K (n, k)), showing that for k = o(n'/?),
there is a threshold probability p. = p.(n, k) so that (i) if p >> p., then with high
probability o (K,(n,k)) = a (K(n,k)); and (ii) if p << p., then with high proba-
bility « (K,(n,k)) > a (K(n,k)). Their results were extended to a larger range of
k in terms of n by Balogh, Bollobas, Narayanan [4], Devlin and Khan [II], Das and
Tran [37], culminating in the work of Balogh, Kruger, and Luo [6]—who extended
the range to k = (n — 1)/2. Note that in the case k = n/2, the graph K (2k, k) is a
perfect matching, so the event « (K,(n,k)) = a(K(n,k)) is precisely the event in
which no edges were deleted. We summarize their results in the following result.

Theorem 1.3 ([4, 6, @, 11, B7]). Let k = k(n) and set

2 ifn=2k+1,
ifn>2k+1.
Then, for any e >0 as n — o0,

ot = (171)] - {1 9> (1 +peln. k),

k-1 0 ifpg(]-*g)pc(nak)'

Furthermore, when p > (14 €)p., then with high probability every mazimum inde-
pendent set in K,(n,k) is a star.
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We have seen that Theorem [I.I] and Theorem [I.2] are equivalent to determining
the maximum independent sets in I',, and M,,, respectively. In this paper, we
consider random analogues of these two graphs.

Our first results are analogous to Theorem [I.3] but in the context of I',, and M,,
rather than K (n, k). More precisely, we show that using natural random analogues
for each family of graphs, we are able to determine threshold probabilities. These
threshold probabilities have the property that if the probability used in the random
analogue exceeds the threshold, then with high probability the independence num-
ber of the random analogue will have the same independence number as the original
graph, and if the probability is below the threshold then with high probability the
random analogue will have a lower independence number than the original.

We begin with T',. Given p € [0,1], by T, ,, denote the random spanning
subgraph of I',, where edges are included independently with probability p. We
find threshold probabilities for the event o(T'y ) = (n — 1)!, and thus prove a
random analogue of Theorem just as Theorem gives a random analogue of
the EKR theorem.

Theorem 1.4. Let d,, be the number of derangements in Sym(n). Let
n—1)In(n! n(n—-1
(o =D (= 1)

dy
Then, for any € > 0, as n — oo,

L ifp>(1+¢€)pe(n),
0 ifp<(1—¢)pe(n).

Furthermore, when p > (1 + €)pe(n), with high probability, every mazimum inde-
pendent set in I'y, , is a star.

Pla(Tn,) = (n =1 = {

Next we look at M,,. Given p € [0,1], by M,, ,,, we denote the random spanning
subgraph of M,, where edges are included independently with probability p. We
find threshold probabilities for the event a(M,, ;) = (2n — 3)!!, giving a random
analogue of Theorem

Theorem 1.5. Let ¢ > 0 be a fixed constant and d,, be the degree of the perfect

matching graph M,,. Let

(2n — 2)In(n(2n — 2)(2n — D)
d,

pe(n) ==

Then, for any € >0, as n — oo,
1 ifp>(1+e)pe(n),
0 ifp<(l-¢)pc(n).

Furthermore, when p > (1 + €)p.(n), with high probability, every mazimum inde-
pendent set in M, , is a star.

Pla(M, ) = (2n = 3)!1] — {

Let G be a graph and p € [0,1] a probability. Let G, denote the random
spanning subgraph of G where edges are included independently with probability
p. To compute the independence number of G, it is useful to obtain bounds on
edge densities of induced subgraphs in G. Given a subset S of vertices in G, by
&(S), we denote the number of edges in the subgraph of G induced by S; we also
say that S spans &(S) edges. The set S will only be independent in G, if all the
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edges spanned by S are removed, so the probability of S being independent in G, is
(1—p)¢®). In the case &(S) is “large”, the probability of S being independent in a
random subgraph is “low”. To prove our results, we require structural information
about sets of vertices that induce sparse graphs. Clearly, stars induce empty graphs
and are extremal in the sense of inducing sparse subgraphs.

Using a variant—Proposition 2.5} —of the expander mixing lemma, we can use
the eigenvalues of a k-regular graph to produce a lower bound on the number of
edges spanned by a set of vertices in the graph.

Proposition 1.6. Let G be a k-reqular graph on n vertices and let T be the smallest
etgenvalue of G. For any subset of vertices S,

> B

2n

There is a simple equivalence between sets of vertices in GG, and boolean functions
on the vertices of G via an indicator function; this is simply the function that returns
1 for vertices in S and 0 otherwise.

By Proposition S satisfies with equality if and only if its indicator
function 1g is a boolean function in the sum of the eigenspaces associated with k
and 7; call this space Ugs . When G is either I';, or M,,, the space Ug is linearly
spanned by indicator functions of stars (see Lemma and Lemma . In other
words, in these cases, Ug is a set of degree 1 polynomials in indicator functions of
stars. Such functions are known as degree 1 functions in the underlying association
scheme. The definition of boolean degree 1 functions has been extended to some
other classical association schemes [19].

Boolean degree 1 functions in association schemes are extremal in the sense that
the associated sets satisfy with equality. It is of interest to find the structure of
almost-extremal sets, that is, sets whose indicator functions are “close” to satisfying
with equality. By Proposition indicator functions of almost-extremal sets
must be “close” (in euclidean distance) to Ug.

When G is a hypercube, the classical Friedgut-Kalai-Naor (FKN) theorem [21]
shows that a boolean function which is “close” to Ug, must be in fact close to a
degree 1 boolean function. The FKN theorem has been generalized to other discrete
domains: for example to graph products in [I], to the Kneser Graph [17], and to
T, [14, 15, 18]. We extend the techniques of [14] to find an FKN result in the
domain of perfect matchings. We first state the main result of [I4] which is an
FKN result for I';,. We use A to denote the symmetric difference of two sets, and
round(c) for the integer closest to ¢ (we use the convention of rounding up if two
integers are equally close, but this is not important to our results).

(1.1) &(S) MLy

Theorem 1.7 (Ellis, Filmus, Friedgut [14, Theorem 1]). Let U be the linear span of
indicator functions of stars in Ty, and let A C Sym(n) be any set of size c¢(n — 1)!,
where ¢ < % There exist absolute constants Coy and €9 such that whenever e < gy
the following is satisfied. If ||La — Proj,;(14)||? < €/n, then there is a set B that
is a union of round(c) stars in Iy, such that

|AAB| < Coc?(eY2 +1/n)(n — 1)\
Moreover |c — round(c)| < Coc? (e + ).
We obtain the following FKN type result in M,,.
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Theorem 1.8. Let U be the linear span of indicator functions of stars in M,
and let A C M,, be any set of size c¢(2n — 3)!1, where ¢ < 2"7_1 There ezist
absolute constants Cy and g such that whenever € < g¢ the following is satisfied.
If |14 — Projy(14)|]? < e, then there is a set B that is a union of round(c)
stars in M,, such that

|AAB| < Coc?(2n — 3)!! <ﬁ+ ! ) .

2n—1

Moreover |c¢ — round(c)| < Coc? (ﬁ—k 1 )

2n—1

As an application of their main result (Theorem [1.7)), the authors of [I4] proved
some stability results on intersecting sets of permutations in Sym(n). We will prove
analogues of these results for independent sets in M,,. Our method of proof was
originally used in [I4] §4] to prove a conjecture (c.f [I4, Conjecture 2]) by Cameron
and Ku. The following result was originally proved in [31], using different methods.
One application of Theorem is to provide an alternative proof.

Theorem 1.9. There exists § such that for alln, if A is an independent set of size
at least (1 —0)(2n — 3)!1 in M,,, then A is contained in a star of M,

2. NOTATION, BACKGROUND, AND PRELIMINARY RESULTS.

In the following sections we will give the needed background and preliminary
results.

2.1. The graphs I';,, and M,,. In this section, we define some notation and provide
some previously-known results on T',, and M,,. For any set V (typically this will
be the set of vertices of a graph) with S C V, the indicator function of S is the
length-|V| vector defined by

1 ifves
1 = ’
s(v) { 0 otherwise.

For a simple graph G = (V, E) we denote the space of R-valued functions with
domain V' by R[V]. We use Ag to denote the adjacency matrix of G, and for an
eigenvalue w of Ag, the corresponding eigenspace in R[V] is denoted by V.

Consider the graph I';,. This is the normal Cayley graph Cay(Sym(n), D(n)).
The phrase “normal Cayley graph” has two very different meanings in the literature.
It is often used to mean that the regular subgroup is normal in the automorphism
group of the graph. However, when the adjacency matrix and eigenvalues of a
graph are being studied, it typically carries a different meaning. In this context,
normal means that the connection set, the set of all derangements, is closed under
conjugation. This is the way in which we use the term, and it yields significant
information about the graph.

Any Cayley graph, so in particular I';,, is a regular graph whose valency is the
cardinality of the connection set. In the case of I'j,, this means that it is a d,-
regular graph, where d,, is the number of derangements in Sym(n). The number of
derangements is well-known, see, for example, [36, Example 2.2.1] and the following
can be determined by counting using inclusion and exclusion:

(2.1) dn :nlg(—l)iil! = MJF;J =n! (i—i—o(l)).
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The normality of I';, also shows that the eigenvalues of I';, can be found using the
irreducible representations of Sym(n) (see [24, Chapter 14] for details). In short,
the space R[Sym(n)] is isomorphic to the real regular representation of Sym(n),
so it can be decomposed into irreducible submodules, and there is a submodule
for every irreducible representation of Sym(n). It is well known that there is a
canonical one-to-one correspondence between irreducible representations of Sym(n)
and the integer partitions of n. This correspondence can be found in many classical
books on character theory, such as [22, Chapter 4]. Given an integer partition
A of n, by xn we denote the irreducible character of Sym(n) associated with .
Further, Uy will denote the isotypic component in R[Sym(n)] corresponding to
xx- Each of these components is a subspace of an eigenspace for I';,, so there is
an eigenvalue associated to each Uy, and this eigenvalue can be calculated by the

formula from [2] [12]
1
= > xal@).
X)\(l) z€D(n)

With this formula, it is straightforward to calculate that the eigenvalues corre-
sponding to the representations x(,) and x(,—1,1) are d, and ;ﬁ% respectively.
Further, the module Uy, is spanned by the all-ones vector (this is the eigenspace
corresponding to the valency) and it is also not difficult to find a spanning set for
the space U = Uy) +U(n—1,1)- More information about the other eigenvalues of T,
is also known, see for instance [I3] pages 176-177]. We summarize the results we

need in the following lemma.

Lemma 2.1 (see references and discussion above). For every positive integer n,
T',, has the following properties:

(1) it is a d,-regular graph, and d,, is the largest eigenvalue;

(2) it has
n—

(3) Uy = Span ({1v }) is the d,-eigenspace;

nl as its least eigenvalue, and all other eigenvalues are O((n—2)!);

(4) Um—1,1) is the n_—nl -eigenspace;

(5) U(n) + U(n—l,l) = Span ({1814\] NS [n]})

Next we turn to the perfect matching graph, M,,. The vertex set of this graph
is the set of all perfect matchings of Ky,. Since the automorphism group of Ko,
is Sym(2n) which acts transitively on the perfect matchings of Ky, the graph M,
is vertex-transitive and therefore in particular is regular. We denote the degree by
d,,. Similar to the derangement graph, the value of d,, can be found by counting,
using inclusion and exclusion (see for instance [31, §2])

22)  d, = g(—ni C;) (2n —2i — 1)l = (2n — 1) (\}é + 0(1)> .

The natural action of Sym(2n) on the perfect matchings gives a permutation
representation of Sym(2n). The decomposition of this representation is known
to be the sum of the irreducible representations of Sym(2n) that correspond to
partitions in which all the parts are even (for a proof of this, see [33]). Given an
integer partition \ of 2n, in which all the parts are even, let 4y be the x)-isotypic
component in R[V(M,,)]. This space is contained in an eigenspace of the adjacency
matrix of M,,, and there is an eigenvalue that belongs to it, see [25], §15.2] for details.
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There is a formula to calculate these eigenvalues but it is more difficult than the
equation for the eigenvalues of the derangement graph. These eigenvalues have been
studied and some recursive formulas for them have been found, see [29] 32} [34] [35].
The following result summarizes [25, Theorem 7.2, Lemma 8.1], and [31, Lemma
15]. Similar to the case for permutations, it is not difficult to find a spanning set
for the space U = U (2,) + th(2p—22). Again we summarize the results we need in a
lemma.

Lemma 2.2. [Godsil-Meagher [25], Lindzey [31]] For every positive integer n, M,
has the following properties:

(1) it is a d,,-regular graph and d,, is the largest eigenvalue;
2 —Hn
(2) 2n —2
(3) Yiany = Span ({1y(m,)}) is the dy,-eigenspace;

(4) Y(an—2,2) is the 2__

(5) u(zn) +u(2n_272) = Span ({ls{a‘b} : {(l, b} € E(Kzn)})

For both the derangement graph and the perfect matchings graph we know
the largest eigenvalue and the smallest eigenvalues, so the well-known Delsarte—
Hoffman ratio bound can be applied. In both cases the bound holds with equality
and can be used to prove a version of the EKR theorem for these objects. The
following form of the bound is found in [24] Corollary 2.4.3] and holds for T',, and
M,,.

Theorem 2.3 (Delsarte-Hoffman ratio bound). Let G be a k-regular graph on v
vertices with T as its least eigenvalue. Then

v
1 < —
(1) a(G) < Ty and
(2) if S is an independent set such that
S| =

is its least eigenvalue, and all other eigenvalues are O((2n — 5)!1);

n .
9 -ergenspace.

v
1—k/7’
then every vertex outside S has exactly —t neighbours in S.

2.2. Isoperimetry Results. Recall that for a given graph G and a probability
p € [0,1], the graph G, is the random spanning subgraph of G’ where each edge is
included independently with probability p. Further, for a set of vertices S in G,
the probability of S being independent in G, is (1 — p)¢5), where &(S) denotes
the number of edges in the subgraph of G induced by S.

It is useful to get some bounds on &(S) for sets S of vertices in T';, and M,,.
Bounds on the size of &(S5) are known as isoperimetry results, and will be key in
considering independent sets in random subgraphs. Our first isoperimetry result is
a simple bound stemming from the Delsarte-Hoffman ratio bound.

Corollary 2.4. Let G = (V, E) be a k-regular graph with least eigenvalue 7. As-
sume that a(G) = ey and let S be an independent set of size a(G). If A C S
—k/T
and B C V' \'S, then taking T = (S '\ A) U B yields
&(T) = |B|(=7 — [A]).

Proof. By Theorem [2.3] each b € B has exactly —7 neighbours in S. Therefore
each b € B has at least —7 — | A| neighbours in S\ 4, and the result follows. O




ROBUSTNESS OF ERDOS-KO-RADO THEOREMS ON PERMUTATIONS AND PERFECT MATCHINGS

Combining Theorem [I.I] with Lemma [2.T] and observing that I',, has n! vertices,
we see that «(T',,) meets the Delsarte—Hoffman ratio bound with equality. Similarly,
combining Theorem with Lemma and observing that M, has (2n — 1)!!
vertices, we see that a(M,,) also meets the Delsarte-Hoffman ratio bound with
equality. Thus, both graphs I',, and M,, satisfy the premise of the above result.
We also note that the above result is vacuous in the case |A| > —7. In such cases, we
use a different isoperimetry result which we now describe. Adapting the methods
of Das and Tran [37, Theorem 1.6], we obtain the following “spectral” lower bound
on edge density of spanning subgraphs of a regular graph. This bound uses a norm
for f € R[V], defined by

1/2
1
1Al = <|V| > f(v)2> :

veV

Proposition 2.5. Let G = (V, E) be a connected k-reqular graph with smallest
eigenvalue 7 and second smallest eigenvalue . For every eigenvalue &, let Ve be
the corresponding real eigenspace and let U = Vi, G V..

For any SCV
26(5) 1S12 . _IS] , 2
> (k=7)im + 71 — (T —#) [1s = Projy(1s)||".
V] ViV v
Proof. Define f = 1g and fy := Projy, (f). Since V} is spanned by the all ones

vector, fo = %lv and ||fo> = |“S,‘|22. Next define f; = Projy. (f) and fo =

f—fo— f1, so that fo = f —Proj;(f). These definitions ensure that fo, f1, fo are
pairwise orthogonal. Furthermore, note that since f = 1g, it is easy to see that
1% = {2

If A is the adjacency matrix for G, then fTAf = 2£(9), as the subgraph in G
induced by S contains exactly &(S) edges. We can also express f7 Af by expanding
f into its pairwise orthogonal components fy, f1, fo to get

fTAf = fg Afo+ fTAf + f3 Afa
= kSl VI + I APV + f2 Afe
> Kl folPIVI+ 71 = 1 foll® = 1 £V + ull f2 12V
= VI ((k =Dl foll* + T I = (7 = Wl f21I) -
Using the fact that fTAf = 2£(S), we have

26(5) 2 2 2 1512 18] 2
> (k— — (T — =(k—7)—= = (r—

v = (k=) foll* + LA II* = (T =) lf2l” = ( T)|V|2+T|V| (T=wllf21%,

which completes the proof. ([l

Using Theorem [I.7] and the above bound, we derive another isoperimetry result
for sets in I',,. Prior to stating this result, we state the following useful corollary of
Theorem This result is the contrapositive of Theorem [I.7]in the case ¢ = 1.

Corollary 2.6. Let U be the linear span of indicator functions of stars in [',.
There exist absolute constants Coy and €9 so that for any A C Sym(n) with size
(n —1)!, the following holds.
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If there is an € < g such that
1
488, > Cofn— 1) (VE+ 3 ).
n
for every star S;, then
. €
114 = Proj;(14)|* > —

We now use Proposition and Corollary to find a lower bound for the
number of edges induced by a set of vertices in I',,, in the case that the set does
not have a large intersection with any of the stars.

Theorem 2.7. There is an absolute constant k > 0 so that for every § > 0, there

is an ng € N such that the following is true for alln > ns and i with 67711 <1<
n—

(n—1).
If A C Sym(n) with |A| = (n —1)! and |A\ Sz| > i for every star S, then
E(A) > wiZ.
Proof. As we have seen in Lemma the smallest eigenvalue for the adjacency
matrix of Iy, is 7 = —nd_”l = O((n — 1)1), and the absolute value of its second
smallest eigenvalue is |u| = O((n — 2)!). Thus, for n large enough,
-7 dn
2.3 (T —p)>— = —.
(23) (r=)= 5 = 5ot

Applying Proposition in this case shows that for any set A C Sym(n) of size
(n —1)!, we have

(2.4)
n! dn \ (n—1)1? dy, (n—1)! ) 9
o2 (a2 ) P - B P ) Projs (L]
n! 1 1 1
=—|d, [ (1 - — (1 —p) |14 — Proj;(14)]2
(0 (5 (14 527) ~ sy ) ~ = ) 4= Proju (L) P)
n! .
= B r 4 1) 14 — Projy (La))?
>0y, Proj, ()P (by @)
- — — Pr .
=2 g1 T4 UL Y
nl|T .
= T 14— Projy(14)”
For ease of notation, we set M = |7| = -%2-. Then let § > 0 and i be such that

n—1"
0M <i < (n—1)!. Consider a set A such that |A\ S,| > i, for every star S,. Since
|A| = (n — 1)! = |S,|, we have

IAAS,| = 2/A\ S| > 2i.
With Cy and €( as in Theorem let C; > 0 be large enough so that

4
(2.5) 200 S Cl, 3 S €0-
&

M 1
From (2.1)), we have lim ———— = = so for n being sufficiently large, we have

Soo (n—1) e
M 1
W > %" Therefore we can pick ngs so that for all n > ns the following two
n—1)! e
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inequalities hold

| =

1 2M
(2.6) 0 -

< — < ———.
~eCy’ ~ (n—-1)!

Next, set € = (%) . Since i < (n — 1), by (2.5, we have

I S S
“\&n—11) 2"

Applying the two inequalities in (2.6|) followed by the fact ¢ > 6 M, we have for all
n > ng that

v 3

1 _ 6 2M 2 12
- < —< < =¢e'7,
n~ eCy — Ciln—1)! = Ci(n—1)!
(the final equality is simply the definition of ).
Assume n > ns. Applying the equality and the two inequalities 2i = Ci(n —

1)e'/2, 2Cy < €y, and — < /2, shows for any star S,
n

|AAS,| > 2i = Cy(n —1)1e'/2 > 2Cy(n — 1)!*/?
= Co(n— D)2 +e2) = Co(n —1)!1(/2 + 1/n).
Thus, by Corollary [2.6]
442
_ 3 2 > £ -
114 = Projy (1)[I" = ~ Conlin — 1)1

Using the above inequality in (2.4) yields

n!M n!M 432 Mi?
E(A) > ——||1a — Projy(14)|]* > = :
(4) 2 == lita = Proju (La)II” = = Conl(n—1)! ~ C2(n—1)!
. o 1 2M
By the second inequality in (2.6]), — < ( ik It follows that
e n—1)!
Mi? 1
E(A) > > i .
(4) 2 Cin—1)! — ! 2eC?
Thus A contains at least #i2 edges, where £ = 1/(2eC%). O

Using a similar argument, we derive an analogous isoperimetry result for sets of
vertices in M,,.

Theorem 2.8. There is an absolute constant k > 0 so that for every § > 0, there
is an ng € N such that the following is true for all n > ng and i with § ———— <

(2n —2)
i< (2n —3)I.
If ACV(M,) with |[A| = (2n — 3)!! and |A\ S| > i for every star S, then

E(A) > wiZ.

—d
Proof. By Lemma T=3 is the smallest eigenvalue of M,,, and if p is the

n—
second smallest eigenvalues of M,,, then |u| = O((2n — 5)!!). So for n sufficiently
large, we have

T— 2>

(G
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Applying Proposition [2.5]in this case shows that

(2n —1)Id
(2.7) &(A) > W

As in the proof of Theorem we apply Theorem in the contrapositive to
prove that |14 — Proj;(1.4)]| is large, which then implies &(A) is large. Again we
also start with the fact that |A| = (2n — 3)!! = |S,| implies that |[AAS,| > 2i for
every star S;.

Using Cy and €( as in Theorem let C; > 0 be large enough so that

114 = Projy (1a)]*.

(28) 200 < 01, 02 < €0-
Again, we set M = |7| = 522, Using (2.2), we have hm M1
’ =2 ’ oo (2n — 3)!! Ve’
Therefore, when n is sufficiently large, we have @n =30 > NG We can therefore
pick ng such that for all n > ng
1 M 1 0

(29) e S @n—3  am—1° ey

, 2
Set € = (m) . Since i < (2n — 3)!, by (2.8), we have

B 2i o4
“=\c@n_sn) Scz=

Using the two inequalities in (2.9) and the fact that i > §M, it follows that for all

n > ng, we have

1 ) 2M§ 2i
2.10 < = gl/2
(2.10) m—1 = el, = Ci@n—3) = Cr(zn—3)l _ ©

Using the above inequality and the first statement in ([2.8)), for any star S, we have

1
|AAS,| > 2i = C1(2n—3)!1e¥/2 > 20 (2n—3)1e'/2 > Cy(2n—3)!! (\@+ 5 2) )
The final inequality follows from (2.10]).

The contrapositive of Theorem [I.§ in the case ¢ = 1 implies that

(3
14 — Proj, (14)|]? > )
[[1a — Projy,(14)]|” > G —

By
(2n—-1Nd,, ¢

8n — 8 2n —1
_ (2n —3)!' d,, 4i?
~4(2n —2) C% ((2n — 3)!1)2
B d,, i’
- (2n—2) C? (2n — 3)!!
M

C?(2n — 3)!

L

>
= Vet

E(A) >
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Parameter | Permutations | Perfect matchings | Order
N (n—1)! (2n — 3)!! 1
\% n! (2n — 1N O(nN)
d n ™~ %' (2:312) ~ (QHJEI)” ©(nN)
M = 7,3 o(N)
K n ) O(n?)

TABLE 1. Parameters for Derangement graphs

(where the last equation follows from (2.9)). Thus the result holds with x =
1/4/zC%. O

3. PrROOFS oF THEOREMS [I.4] AnD [[.5]

The EKR theorem for permutations or perfect matchings is equivalent to the
result that every maximum independent set in ', or M,,, respectively, is a star. In
this section, we prove that the stars are still the only maximum independent sets in
many sparse random spanning subgraphs of I',, or M,,. Before proceeding to the
proof, we discuss some attributes shared by both families of graphs.

Throughout this section, G,, will be one of {T',,, M,,}. We will use the following
notation:

V = V(n) is the number of vertices in G;
d = d(n) is the valency of Gp;

(3) N =N(n)=a(Gy);

(4) M = M(n) = |7| is the absolute value of the smallest eigenvalue of G,,; and
(5) K = K(n) is the number of maximum independent sets in G,,.

In Table [1| we summarize the values of these parameters in the two situations.
In the first column we list the parameter; in the second column we give its value in
the context of I';,; in the third column we give its value in the context of M,,, and
in the final column we compare the value of the parameter to N. By Theorems [L.1
and [[.2] K is equal to the number of stars. We use Lemma [2.1] and Lemma [2.2] for
the final column. The approximations in rows 3 and 4 follow from and .

Recall, as observed above, that the Delsarte-Hoffman ratio bound is tight for
both these graphs.

If H is a spanning subgraph of G,,, with a(G) < «(H), then one of the following
must hold: (a) there exists a star S, and a vertex v outside S, such that S, U {v}
is independent in H; or (b) there is a set A which is independent in H and larger
than N, but does not contain any stars. To this end, we now define the following
types of sets in G,.

Definition 3.1. Let A be a set of vertices in G, then

(1) A is called a superstar if there is a star S, and a vertex v ¢ S, such that
A=8,U{v};

(2) and A is called a faux star if |[A] > N and S, \ A # 0 for every star S, in
G.

If H is a spanning subgraph of G,,, with a(G) < a(H), then H contains either
an independent superstar or a faux star that is an independent set.
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Given a set A of vertices, define the size of its largest intersection with a star to
be

0A =max {|ANS,| : S, is a star}.

‘We now introduce random variables that count the number of faux stars and inde-
pendent superstars. For each i, define

X;:=]{A : Ais an independent faux star with 04 = N —i}|,

and
= |{A : Ais an independent superstar}|.

From our discussion above, we have
N—1

(3.1) Pla(Gnp) > Nl = > PIX; >0/ +P[Y >0].
=1

We now recall the isomperimetry results we derived from the previous section.
Given a vertex v and a star S;, define S;[v] := S, U {v}. Every superstar is of
the form S;[v]. Since the Delsarte-Hoffman ratio bound is tight for G,,, we have
&(Sz[v]) = M. Tightness of this bound gives us yet another edge isoperimetry
bound: given a set T with 9T = N —i, by Corollary 2.4] we have &(T) > i(M —1i).
Theorems and give a lower bound on &(A) in the case i > M.

We will first investigate the threshold for the appearance of a superstar in Gy, p.
The probability of set of vertices A being independent in G,, ,, is (1 —p)¢ | 50 the
probability that a superstar is an independent set in G,, , is (1 — p)™. There are
exactly K stars, the size of every star is N, and every superstar spans exactly M
edges, so we have that

(3.2) E[Y] = K(V — N)(1-p)™.
We now define our threshold probability

In(K(V — N))

DPe = pc(n) = M

We note that p. matches the threshold probabilities defined in Theorems and
Given £ > 0, we now show that when p > (1+¢)p, then P[Y > 0] = o(1). We
will make use of a well-know inequality that we state below.
Lemma 3.2. For every xz € R with |z| <1/2
2
e <14z <€

Lemma 3.3. Let e > 0 and consider p > (14 €)p.. Then

lim P[Y > 0] = 0.

n—oo



ROBUSTNESS OF ERDOS-KO-RADO THEOREMS ON PERMUTATIONS AND PERFECT MATCHINGES

Proof. From Chebyshev’s inequality, we have P[Y > 0] < E[Y]. Usinge * > 1 —x

and (3.2]), we have

PlY > 0] < E[Y]
<KV -N)1-p)"
< K(V —N)e?M
<KV - N)e—(1+6)pcM
< K(V = N)e~(1+) m(K(V=N)
< (K(V-N))™*
The result now follows from Table [Il O

We now show that when p is smaller than the threshold p., independent su-
perstars appear in Gy, ,, with high probability. Thus, when p is smaller than p.,
we have a(G, ) > N, with high probability. To prove this, we first establish the
following bound.

Lemma 3.4. Given any 6 > 0, we have K = o((V — N)?).

Proof. To show this, we use two relaxations of Stirling’s approximation

(f)rgr!, i\/%(g)rgrlgx/ﬁ\/%(g)T.

e V2
When G,, =T, we have
K _ n? < n? < n?
(V=N)  (n(n—1))7 = (n—1)""1\° " /(n—1)\°""Y
(0-vom) ()

When n is sufficiently large, we have §(n — 1) > 3, and thus when n is sufficiently
large, we have

K n? n?

(V= N) : <(n_1)>‘5("—1) = (n—1° =o(1).

e3

Now we consider the case G,, = M,,. In this case, K = (%') = (n)(2n — 1) and
V — N = (2n — 2)(2n — 3)!l. Using Stirling’s approximation, we have

(2n — 2)!

S A | I S A —

(2n — 3)! @1 (1)1

2n—2
27(2n — 2) (@)
= n—1
(201 2027 (n— 1) (52)
(3.3) L (2m=D\"
. -_ 6 *
In this case, we have
K n(2n —1) < 2n? 2n?2

V_N) ~ (@n—2)2n—3)1) = @n—3)1)p = ((2n2)>6<n—1>'
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When n is sufficiently large, we have §(n — 1) > 3, and thus when n is sufficiently
large, we have

K 2n? 2n?
SN S (TEa

(&

We also need the following bound.
Lemma 3.5. p. = o(1).

Proof. Using Table [1}, provided n is sufficiently large, we have M > aN, for some
absolute constant a, and K(V — N) < bn®N, for some absolute constant b. Thus,
when n is sufficiently large
_ In(K(V —N)) < 31n(n) + In(b) + In(V)
be = M = aN '
In the case G,, =T',, we have N = (n — 1)! and for G,, = M,,, N = (2n —3)!l. In
either case both

| In(N
i 2 _ g 2V
n—00 n—oo  alN
hold. As b is a constant, these imply p. = o(1) in both cases. O

We are now ready to show that when p is smaller that p., independent superstars
appear with high probability.

Lemma 3.6. Let € > 0 and consider p < (1 — €)p.. Then we have
lim Pla(G,,) = N] =0,

n—oo

and with high probability, G, , contains an independent superstar.

Proof. As p. = o(1), for sufficiently large n, we have the following two bounds on
Pct

(3.4) Pe< s, (L—e)(1+po) < (1—¢/2).

N | =

We may assume the above conditions, without loss of generality.
Given a vertex v, not contained in a star S,,, consider the superstar S;[v]. From
Theorem [2.3| &(S,[v]) = M, so

P [S,[v] is independent | = (1 — p)M.
Asp< (1 —e)pe < pe < %, we have (1 —p) > e~ P=P" and thus,

P [S,[v] is independent | = (1 — p)™
> ¢—PM(1+p)

2 6_(1_€)pcM(1+pc)

> e~ (1=5)pcM (using (3.4))
(35) > (K (V = N)) 02,
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Fix a star S;[v]. The events {S;[v] is independent} are mutually independent

across all choices of v ¢ S. Therefore, we have
Pla(Gpp) = N] < P[S;[v] is not independent for all v ¢ S]

< H (1 —P[S,[v] is independent])
vgS

< (1 —(K(V - N))_(l_e/z))V_N (using (B.5))
< exp (f(K(V — N))*(1*5/2)(V — N)) (since e > 1—1x)

- (V — N)=/2
=GP\ TR
- (V _ N)e/2
wp [N T
= exp K
= 0(1)7
with the equality following from Lemma This concludes the proof. O

So far, we proved that when p < (1 — ¢)p., we have lim P[a(G,,) = N] =0.
n— oo
We also proved that in the case p > (1 + €)p., Gy, has no independent superstars
with high probability. To finish proving that lim P[a(Gy,p) = N] =1 in the case
n—oo

p > (1 + €)pe, we need to show that with high probability, G, does not contain
any faux stars (see Definition either. Given an integer i, we recall that X;
is the random variable that counts the number of independent faux stars A with
0A = N —i. For ease of notation, by a faux star of type i, we mean a faux star
A with 0A = N — i. To finish our proof, we need to show that P[X; > 0] = o(1),
provided p > (1 + ¢)p..

At first, we consider faux stars which are “far” from being stars. To be precise,

. . _EM
we consider faux stars of type ¢ > -

Lemma 3.7. For everye >0, if p > (1 + ¢)p.(n), then
lim P[X; > 0] =0,

n—oo

M
for all i > 8—.

Proof. Using Stirling’s approximation, we have

s se\’t
< (%)
Due to the monotonicity of independence, we may assume that p = (1+¢)p.. Rough
counting estimates imply that the number of faux stars of type ¢ > % is at most

w7 s ()

< K2N (W)
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. . . 2(V — N)e
Using the values in Table |1} there is an absolute constant b such that ———— <

bn, and an absolute constant a such that K < an?. Therefore, the number of faux
stars of type i is at most an?2™ (bn)".

Using Theorem and Theorem any faux star of type ¢ > M /2 spans at
least ki2 edges (where x is an absolute constant), provided n is sufficiently large.
We can now conclude that

1—(1+4¢)p)""
1— (14 e)p.)"Mi/2  (since i > eM)

< an®2¥ (bn(K(V - N)),(1+E)m/2>z

< an?2V ((K(V _b?v))s%/z (K(V — N))_E“ﬂ)

< an?2V ((K(V - N))_E"“/2)i ,

with the last equation following from the fact n = o(K(V — N)%), for all § > 0.
Thus,

EN: E[X, Z an®2" ((K(V - N))‘E“”)i

i=eM/2 i=eM/2
< an?2N (K(V = N)))~= "M/2,
Since N = O(M), K = ©(n?), and since lim ((V — N))° = oo, for all § > 0, we
n—oo

N
can conclude that > E[X;] = o(1). The result now follows by an application of
i=eM /2
Chebyshev’s inequality. O

Now we consider the probability of having faux stars of type i < eM/2. There

are at most K (V) (VN ) faux stars of type i. Given a faux star A of type i < eM /2,
by Corollary [2.4] we have &(A) > i(M —i). By Chebyshev’s inequality, we have

P[X; > 0] <E[X ]<K(Z><V ‘N)(l—p)i(Mi).

7

However, the above bound is too large to show that lim P[X;] = o(1), and for this

n—oo
reason, we adopt a different strategy.

Given j > i, we define the random variable
Xij=|{A : |[A|l=N+j—1i, 0A= N —i, Ais a maximal independent set} |.

We have
P[X; > 0] = > P[X;; >0 <Y E[X, ]
j>i Jj>i
To find a bound on E[X ;], we use two approximations. The first is a lower bound
on the number of edges in A. This bound follows from Corollary [2:4] which implies
that &(A) > j(M —i). The second is a lower bound on the probability that A is a
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mazimal independent set in G, ,. We find this bound by counting the number of
edges from any vertex in S;\ A to A, where S, is a star. If A is a maximal, as well
as independent, set in G, p, then at least one of these edges must remain in G, .
Since 04 = N — i, there is a star S, and sets I C S, and J with J NS, = 0 with
|I| =4 and |J| = j, such that A= (S, \ I) U J. Consider a v € S, then

P [v has at least one edge incident to J] <1 — (1 —p)? < jp.
Using the above two bounds
P [A being a maximal independent set in T',, ,] < (1 — p)? M=% (jip)".

By counting the number of stars and the number of sets A of size N + j — i with
9(A) = N — i we can now conclude that

(36) e, < k() (1) a-me

i
Define a; ; = K(]j) (‘J/)(l — p)? (M=) (§p)?, then

Qi j —i N
#“ <VQA-pMTra+1/j)"
2,7

As the property of having an independent set of a given size is monotone de-
creasing, it suffices to assume that p = (14¢)p., with 0 < e < 1. Using 1 —z < e™ %,
along with the fact that i < eM/2 and (1 + 1/4)? is bounded by e, we have

V(l _ p)M—t(l + 1/.7)1 S Ve—(]\/[—EM/Q)pe

< ‘/6(52/275/2—1)1%Me
<V (K(V — N))E2=e/270
Set

Poe =V (K(V = N)E/27e/270 ¢

From Table (1)), K(V — N) = ©(n®N) and V = ©(nN). Using these bounds
along with the fact that £2/2 — e < 0 (recall that € € (0,1) by assumption), we
conclude that 7, . = o(1). Thus, provided n is large enough, we have r,, . < 1/2,
which implies

. . 72
50 a; j < 0 j—1Tn,e, and doing this repeatedly, oy ; < aiﬂ-rﬁw .

\
2
IA
[\
82

Jji j2i ’

. b
We now turn our focus to o, ;. Using (Z) < (%) and e”* > 1 — x, we have

- K(N> (V> (1= p) M= (ipyi < K <€2VN exp(—p(M — Z'))p)i _

] 7 7
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AsM—i>(1-¢/2)M andp= (1+¢e)p. = (1 +¢)In(K(V — N)) /M, we have

ek <e2VNexp [—(1—€2/2 4 ¢/2) In (K(V = N))] (1 + &) In (K(V — N)))i
(253 Z’M

VN ((K(V - N)(‘1+52/2‘5/2)) 21n (K(V — N))
M )

<K using 1+e<2andi>1

g [(2VN (K (V - N2 (kv = W)
= KV -N)M '
0(n3N), K = 6(

Again, since V. = ©(nN), K(V — N) =
there are absolute constants a, b such that

9 bln(n®N) '
@i < an n2(n3N)e2=<2 )
As N is either (n — 1)! (when G, =T,,) or N = (2n — 3)!! (when G,, = M,,),
3

we have In(n®>N) = o((n®N)?%), for all § > 0. In particular, we can set § = £/2 —
e2/2 —e/4 to get

n?) and M = O(N),

In(n®N)(n3N)=/4 B In(n3N) <1
(n3N)6/27€2/2 - (n3N)5/2752/27€/4 —

This, when rearranged, implies that as long as n is sufficiently large, we have

o < an2 bln(n3N) Z < cm2 # Z = ch # l
i = n2(nd3N)e/2-<2/2 ) = n2(n3N)e/4 n2te/2(nN)e/4 ) -

< 1/2. Now using (3.7, we have

. b
ThuS, for n Suﬂi(:lently large, W

eM/2 eM/2

i=1 i=1

b i
2
<2 Z an <n2+5/2(nN)5/4)

(the third inequality is from the fact that Y o, 2° <2z if 0 <z < 1/2).
We have now shown that

Lemma 3.8. For everye >0, if p > (1 + &)p.(n), then
lim P[X; > 0] =0,

n—oo

M
for alli < 87

Using (3.1) along with Lemmas and we can conclude that
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Lemma 3.9. Let e >0 and p > (14 ¢)p.. Then we have
lim Pla(G,,) = N] =1,

n—oo

and with kigh probability, every mazimum independent set in G, p is a star.

Theorems [[L4] and [LL5] follow from Lemmas [3.6] and [3.91

4. PrROOF OF THEOREM [L.8l

In this section we prove Theorem [1.8] Recall that U is the space formed by
the span of the characteristic vectors of the stars in M,,. This result shows that
if a relatively large set A of vertices in the graph M, has the property that the
characteristic vector of A (14), and the projection of 14 to U are close (in norm),
then the set A is close (in terms of the symmetric difference) to a star.

Before starting the proof we give equations for the size of intersection of two stars
in M,,. For pairwise distinct edges e, e, e3 € E(Ka,) (so that |e; Ne;| € {0,1} for
1<i,7 <3 with i # j), we have

[Se, NSe,| = (2n —5)I(1 — |eg Nea|),

4.1
(4.1) [Se; NSe, NSes| = (20— TN — |eg Nea|)(1 — |ex Nes|)(1 —|e2 Nesl),

since a matching cannot contain two distinct edges that have nonempty intersection.

Throughout this section, we let A be a set of perfect matchings of size ¢(2n — 3)!!
and f := 14 denote the indicator function of A. When using a variable to denote
a single arbitrary edge we use e to avoid possible confusion with Euler’s constant
which we have also been using in this paper. Given e € E(Ky,), define

JANS| b e c
e T an_3 T 1

Given a vertex x of Ko, each perfect matching in A has x matched with exactly
one other vertex in Ko, so the set A can be partitioned into the sets A NS, where
x € e. Thus

(4.2) Z Ge = ¢, Z be = 0.

{e : z€e} {e : z€e}

If A is a disjoint union of stars, we observe that the value of each be will either be
close to 1 or close to 0. We will prove that this is also true if A is a set as described in

Theorem We can do so by showing that >~ 52 —b2 is “small”. To do so, we
e€E(Kan)

first find a relationship between moments of f; := Proj;;(14) and Y. b2 — 2.
EEE(K:271)
We define

g:= Z aels,, h = Z bels,.

e€E(Kan) e€E(Kan)

Our first result towards finding the relationship we seek is a bound on the expec-
tation of h2.

Lemma 4.1. For any n

21 _ (2n —2) 2
E[h]_m >

eeE(’an)
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Proof. Using (4.1]), we see that

h? = Z bzlse + Z bebflgemgf.

e€E(Kay) e,fEE(Kan)
enf=0

Computing the expectations yields

1 1 2 :

4. E[h?] = ‘ |

( 3) [h ] 277, _ 1 eeE%K:: )be + (2n — 1)(2n - 3) efEE(’C )bebf
2n ’ eﬁf:@2”

In the next equation, we denote the edges of Iy, by their endpoints, and use the
fact that the sum of all b, over all edges e that contain z is equal to 0. Fix an edge

{1‘7 y}7 then
2 ) by =— Y bawy— D by
{u,v} vET,Y uFx,y
Ly&{u,v}
== blawy = Y biyuy + 2b(ay
vFET uFy

= 2b{x,y}~
Thus
(4.4) > b =be,

fmé:@

and we have

(4.5) S obebr= > be Y b= > b

e fEE(Kay) eeE(K f ecE(K
eﬁf:%n ( 27L) fﬂe:@ ( 2n)

Putting this into Equation (4.3)) yields the equation in the statement of the lemma.
O

Next we establish a bound on the expectation of h%, namely Lemma [£.4 We will
arrive at this bound in two steps. We begin by bounding E[A3] in terms of bgbebs.
After this (in Lemma we will bound byqbebs.

Lemma 4.2. For all n,

37 2(n—2) .
En] ~ (2n—3)(2n —5) eeEz(}; )bg

1

- > babebs
(2n—1)(2n—3)(2n —5) Gt B
|dne|=1, |[dnf|=1, |enf|=1

Proof. Again using (4.1)), we see that

= > Bls,+3 Y blblsns + > babebsls,ns.ns:

EEE(’CQn) e,fEE(ICQ,I) d,e,fEE(ICQH)
enf=0 dNe=enf=dNf=0
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and
BpY=—— 3 83+ 5 S e
2n — 1 ¢ (2n—-1)(2n-3) €
eEE(Ing,L) e,feE(ngn)
(46) . eNnf=0
+ > babebs.
(2n—1)(2n—3)(2n —5) diefeBCan)
dNe=eNf=dNf=0
Using (4.4),
(4.7) Sone= ) D b= > b
efeE(Kan) e€E(Kan) fEE(Kan) e€E(Kan)
enf=0 enf=0

Now using (4.2), we have

Z babebs = Z babe Z be

d,e,fEE(K2n) d,e€ E(K2n) feE(K2n)
dne=enf=dNf=0 dne=0 fN(due)=0
== D D babe| Xl X
deE(Kan) e€E(Kan) tceud | FEE(Kan)
dne=0 tef

+ > YD babebr

d€EE(K2y,) e€E(K2,) fe (dge)
dNe=0

S 3D VRS Sy

deE(K2n) e€E(K2n) fe(d;e)
dne=0

= ) (bEbe+b2ba)+ > > babebs

d,e€E(Kan) d,e€E(Ka2n) fe(9Y%)\{d,e
dne=0 dne=0 (2 )\{ !

(4.8) =2 > b+ > > babebr,

e€E(K2n) d,egri(f@zn) fe(!5°)\{d.e}

with the last equality following from (4.7). In the second summand above, as d and
e are disjoint 2-sets, we have f € (dge) \ {d,e} if and only if |f Nd| = |fNe|l = 1.
With this observation, we have

(4.9) > > babebr= > babs > be.

die€E(Kan) fe(U5°)\{d,e} d,fEE(Kan) eCE(K2n)
dne=0 |[dNf|=1 end=0 & |enf|=1

For a fixed d = {z,y} and f = {y, 2z} withe z,y, z distinct (so clearly |dNf| = 1),
and any e with eNd =0 and |eNf| =1, using (4.2)) we have

> be= D> be=—bpy.y — by

e€E(K2y,) e€E(K2n),
end=0 & |enf|=1 z€e, wde, yde
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Using this equality in the inner summand on the right hand side of (4.9)), we have

> > babebs = — > babebe| — > babf

d,e€E(K2n) fe(“5°)\{d,e} d,e,fEE(Kan) d,fEE(K2n)
dne=0 LldNf|=1, |dNe|=1, |enf|]=1 J |[dnf|=1

=- > babebs | +2 Y BE,

d,e,fEE(K2n) e€E(K2n)
L|dNf|=1, |dNe|=1, |enf]=1

with the last equality following from (4.7]). Using this equality along with (4.6)),
(4.7), and (4.8) yields the lemma. O

We now consider the second summand in the equation given by Lemma

Lemma 4.3. For alln

2¢3n(2n — 2) A3n
babebs > — .
2 M= 3@2n—12  2m—1
d,e,fEE(ngn)
|dnf|=1, |dNe|=1, |enf|=1

Proof. We prove this by expanding the left-hand side by replacing each b,, with
by = ay —c¢/(2n — 1), we have

(4.10)
¢ 2 2n 3
babebs = X1 — b Y3 — Tor 13
2 abebr = 21 = o e g e (3)(2n—1)3’
d,e,fEE(Kan)
|dnf|=1, |dNe|=1, [enf|=1
where
(4.11a) Si= ) py)esags),
(w2 ye (V)
(4111’)) Yo = Z Afzy}O{x,2} + A{z,y}A{y,z} + Afz,2}A{y,z}>
{w.,2re(VKan)
(4.11c) 5y = Y ey g +agy

{wy,2 e(VKzn))
As ae > 0 for all e € E(Ksyy,), we have

(4.12) ¥ > 0.
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Now, we consider ¥5. From (4.11b)), we have

Xy = Z Ua,y} oz} T 02y} 0{y,2} + 0oz} 0{y,z}
{z,y,z}e(v(gzn))

= Z Z Uz,y} A{y,z}

{z,2}€E(Kan) y€V (Kan)\{z,2}

=2 Y apy > afy,z}

{z,y}eE(K2n) z€V (Kan)\{m,y}

=2 > apglc—agyy) (using @32))

{$7y}EE(’C2n)

=2c Z gy} — 2 Z a?%y}.

{Ly}EE(’C%L) {w,y}EE(K:zn)
Now using the above and (4.2)), yields
(4.13) Yo =c*n —2 Z a%myy} < .

{z,y}eE(K2n)

Moving onto X3, noting each 2-subset of V(Ks,) sits in exactly 2n — 2 of the
3-subsets of V(Ksay), and using (4.2), we observe that Y. ae = cn. Therefore,

eEE(’Czn)
we have
(4.14) Y3 = (2n — 2)nec.
Applying (.10, (#.12), (4.13), and (£.14) in Lemma[£.2] yields the lemma. O

Inserting the bound from Lemma [4.3[ in Lemma [4.2 gives the following bound
on the third moment of h.

Lemma 4.4. For alln

, 2(n — 2) 3 An(2n +1)
(4.15) E[r’] < @n—3)@n—5) EEE%;M) b + 3(2n—1)3(2n — 3)(2n — 5)’

The next goal of this section is to find a lower bound on E[h®]. We recall that
g = aels, and using (4.2)), we see that h = g — 5% .
Proposition 4.5. For alln
_2n—2 c(n —2)

4.1 = 1

(4.162) 9= g st ga=g b e
2n — 2 c(2n — 2)

4.16b h= -

(4.16b) an—3""" (2n—1)(2n —3)

Proof. Recall U is the space spanned by the characteristic vectors of the stars, and,
by definition, both g, f; are contained in U, as is the all ones vector. So, to show
the first statement in this proposition, we will show that
2n —2 n c(n—2)
97 o =3 T 2n—3)

is orthogonal to every 1g_, and hence is equal to 0.
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First, for any edge e, we have both
Qe 1

1s,) =(1a,1s,) = —— 1, 1s,) =
<f17 Se> < A, Se> Qn_l’ < ) Se> 2”

Next, consider the edge e = {z,y} and S, using and (| ., we have

Qe af
<g7 1Se>:2n71+ Z m

{f : f N{z,y}=0}

Qe 1
e sy -
2n—1 (2n - 1)(2n - ) z#x,y \{f : zef fn{z,y}=0}
Qe 1
T 201 2@n D) Z;yc T sk T Hysd
a 1
= on i 1 ( 1)( ) ((Qn - 2)6 +a{zyy —CH Ay} — C)

1 2n—2 ¢(n—2)
= e + .
2n —1 2n —3 2n —3

The result follows from expanding < 2n=2f 4 cln=2)y 13> The second

9~ 2n—3 2n—3)
statement follows as h = ), g— 5-%51s, and Z 1s, = nl. O
e€E(Kan) e€E(Kan)

From this proposition and the fact that E[f;] = E[f] = 5.%5, we have
(4.17) E[h] = 0.

We can now give the value of the second moment of h, provided that E[(f — f1)?]
is “small”.
Lemma 4.6. Let € be such that E[(f — f1)?] = %, then

n—

c(l-¢)(2n-2)*  (2n-2)
(2n—3)2(2n—1) (2n—3)%(2n—1)%"
Proof. Since f = 14, is a 0-1 vector, so E[f] = E[f?] and we have seen that
E[f1] = E[f] = 5:%5. As f is orthogonal to f — f1, we further have

E[f?) = Elf") ~ El(f — 1)) = Elf] - 5o = D=9,

The result now follows by using (4.16b)) and (4.17). O
Lemma [4.1] and Lemma [£.6] give the bound

,_ (-2 (m-2) &
(4.18) eEEE(;M) e “(2n—-3) (2n-3)(2n-—-1)

E[h?] =

We are working to find a lower bound on E[h?], and the reminder of this section
follows the method in [I4] very closely. We include the details for completeness.
The next step is to give a lower bound on E[f{], and then use this bound in
Proposition We have established the following properties of f:
(1) E(f1) = E(f) = 557, and
(2) f takes only two values, 0 and 1.
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We will further include the assumption from Theorem [T.8] that
3. B~ 1) =

To find a lower bound on E[f3], we will apply Lemma which is an opti-
mization result derived in [I4]. This result uses the piecewise continuous function

D : [0, 1] — RZO defined by & := 1.]_[0’ 0)_’_0.1[9’ 1 with 6 = 2ni -.

any discrete function ¢ on V' (M,,) with a piecewise-continuous function defined on

[0,1]. Simply, identify the 7*" element of V(M,,) with the number m € [0,1],

and for € (ﬁ W} define ¢/(z) = ¢(i) (and set ¢/(0) = ¢(1)). Clearly
for any discrete ¢ on V(M,), E[¢p] = E[¢']. If we assume the elements of V(M,,)
are ordered so the elements in A occur first, then f' = ®

We will find a lower bound on E[f}], by considering the piecewise continuous
function f{ and using the following optimization lemma.

egc

n—1

We can identify

Lemma 4.7. Let 6 € (0,1) and let H, L,n € R>q be such that H > L and

U
@)1 —0)

Let ® := H -1y, gy + L -1, 1. If ¢ : [0,1] = R>q is a measurable function such
that E[¢] = E[®] and E[(¢ — ®)?] < n, then

< (H - L)%

1-20 4,

E[¢%] > 0H*+(1—0) L*~3(H*—L*)/6(1 — 6)n+3 (1 — 0) L + 0H) e

Since E[(f1)?] = E[(f])?], we will apply the above lemma with ¢ = f{. We will
use the parameters

C

0=——, H=1, L=0,
2n—1

and show that f| satisfies the conditions for ¢. First, by definition E[®] = 6§ =

c A — _ c _ /
T and E[f{] = E[f1] = E[f] = 5 50 e have E[®] = E[f]]. Next, we
have assumed that E[(f — f1)?] = 51 and ® = f/, so
ec

E[(® — /)2 =El(f — £1)*) = 5,

thus we set n = Finally, we will make the additional assumption that

c
2n—1
e < %, as this implies £3/2 < /2, and that
ec
1
0 2n — 1 3(2n—1) 2
0(1—0) c < c > m—1-c~ ( )

1—
2n —1
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since ¢ < (2n — 1)/2. Now we can apply Lemma [4.7] with these parameters to get

3ec? 1— S2¢ 3/2
E[f2] > NG c ec 5o—T CE

¢
_3 11— _
“2n—1 2n—1 2n—1+(2n—1)2 /1_2c 2n—1
n—1
> € g /e eVE
“2n-—1 2n—-1 2n-1

¢ dey/e
Tm—1 2n-—-1"

Using (4.16b)) and (4.17)), we have
(2n —2)3 3c(2n — 2)

WEW] =E[1*] + o= T = 3)E[h2]
3c(2n — 2)? A3(2n — 2)3
(2n — 1)2(2n — 3)2 [h] (2n — 1)3(2n — 3)°
(4.19) . CCl b B A3(2n — 2)3

(2n —1)(2n — 3) (2n —1)3(2n — 3)3°

The above result along with Lemma [£.6] and ([£.19) yields

4 (2n—2)3_ . A@2n—2)3 3c(2n — 2)
E[?] > (2n — 3)3E[ 1= (2n—1)3(2n—3)3  (2n—1)(2n — 3)E[h2]
- (2n —2)3 c NG A(2n —2)3
~(2n —3)3 [Qn -1 2n-— 1} C (2n—1)3(2n—3)3
3c3(2n — 2)3 3c2e(2n —2)3 3c2(2n — 2)3
(2n—1)3(2n—3)3 "~ (2n—3)3(2n—1)2  (2n—3)3(2n — 1)2
(2n —2)3 ¢ den/e 3c? 2¢3
(420) 2(2n —3)3 (2n —1 2n—-1 (2n—1)2 + (2n — 1)3> '
Using along with yields
(4.21)
(2n —5)(2n — 2)3 (2n —5)(2n — 2)3
Ee}% )bg Zon—)2n —32@n -1 *@n—1)@n—3)2@n - 1)0\/g

3(2n —2)3(2n - 5) 2
a ((Qn —4)(2n—3)2(2n — 1)) 2n —1

2(2n — 5)(2n — 2)3 n(2n + 1) 3
(3 )

2n—4)(2n—3)22n—1) 3@2n—4)2n—-1)) (2n—1)%

We now observe the following;:

a) The difference between the coefficient of ¢ in and the above equation is
O(1/n) + O(1)Ve;

b) the difference between the coefficient of ¢2/(2n — 1) in and the above
equation tends to 2 as n — oo; and

c) the coefficient of ¢3/(2n — 1) is positive as it tends to 11/6 as n — oo.
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Therefore, we have

(4.22a) S ¥ze-0 (%) —O(ev/E) - 0 (f) ,

e€E(Kz2p)
(4.22b) Z b2 — b2 < O(cy/e) + 0 (5) +0 ¢
. €E(Kan) ’ - " n)

We will show that these equations prove that A is close to being a union of
round(c) stars, the first step is to show that these two equations force ¢ to not be
too small.

Lemma 4.8. We have
1
?2>1-0 () —0(Ve).
n

Proof. The statement is clearly true for any ¢ > 1, so without loss of generality
assume ¢ < 1. From (4.18]), we have for n sufficiently large,

c 2n — 2 1
4.2 b2 < < <cl1 =1]).
(4.23) > e_c+2n—3_62n—3_c< +O(n>>

ec E(’CZn)

Now by monotonicity of p-norms, we have

3/2

doows| Y §03/2<1+O(i>>.

eEE(}CQTL) eEE(ICzn)

Using this, with (4.22a), we have
1 2
S2(1+0 () >c—0 (5) —0(ev/E) — 0 (C> :
n n n
and thus

?>1-0 (i) —0(Ve).

This result can be used to simplify the bounds in (4.22a)) and (4.22b)).

Corollary 4.9. Provide that n is sufficiently large and € is sufficiently small, then

(4.24a) Y Bze-0(VE) -0 <C> :
e€E(Kan) n

02

(4.24D) > -8 <0(PVE)+0 <n) .

e€E(Kan)

Proof. For n sufficiently large and ¢ is sufficiently small, using Lemma[£.8] we have
¢ > 1. Thus we can use the inequality ¢ < 2¢? in (£.22a]) and (4.22H) to yield the
corollary. [




30 K. GUNDRSON, K. MEAGHER, J. MORRIS, V.R.T PANTANGI, AND M.N. SHIRAZI

Our goal is to show that each of the parameters b, is either close to 1, or close
to 0. To do this, define the sequence (x1, w2, x(zn)) be the arrangement of
2

the parameters be in non-increasing order. We will show that the first round(c)
elements of the sequence are close to 1. Using , proceeding as in § 3 of [14],
we obtain a lower bound on the sum of the first ¢ elements in the sequence. The
proof of this is essentially same as that of [I4] Equation (39)]. We include it for
completeness.

Lemma 4.10. Provided n s large enough and ¢ is small enough, we have
round(c) 2
Z x; > round(c) — O(c*/g) — O () )
n
i=1

e — round(e)| < O(c?Ve) + O (Cj) .

for

Proof. By the definition of the parameters be, we have —5-5 < z; <1— 555,
all 1 <i < (22”) So we can set m to be the largest index ¢ such that x; > % The
first step in this proof is to show that the equation holds when round(c) is replaced
with m.

As z; <1/2 for j > m, we have

mZZx?

i<m

Now using (4.24a)) and (4.24b)), we have

(4.25) m>c—0(Ve) -0 (Cz)

n

Further, (4.24b) and the fact that 1 < 422 for all i < m, imply

m—Zaci 221(1—%) §4Zm?(1—xi) SO(CQ\E)-FO( 2),

C
; ; n
=1 =1

thus,

(4.26) gx >m—0(c*\e) — O (i)
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Since z; > 1/2 for all i < m, we have 2 > 2z; — 1. Now, using (4.23)) and ({4.26)),

we have

19) (7) > 259 d=—m>m-—o0(EvE) o).
c+ - 7;:527 ;m m>m (*Ve) "
Combining the above inequality with (4.25)), we have

(4.27) lc —m| < O(c*Ve) + O (C;)

We will now show that (4.26) is true upon replacing m with round(c). Next
we will show that the equation holds when m is replaced with an integer m’ with
|e —m/| < 1. We split this into two cases.

Case 1: ¢ < m.
2n

We set m’ = [¢], ¢ <m/ <m. As (x;); 2/ is a non-increasing sequence, we have

z; < # ;xl Therefore by (4.26]), we have

s

4
m

i=1

ix > 2 (m-0ve-0(2)) 2w - owva -0 (%)
Cas:2: c>m.

In this case, set m’ = |¢], som <m/ < c¢. Asuz; > _(27671)’ using (4.26)), we
have

T

= (m—O(c2 6)_O(C;>) _2:/—61

2 l
>m — o _ 2 _ i _ mc
>m' — (m' —m) —O(c"Ve) O< > o1

>m' — (c—m) — O(c? 5)O<02>62 since m’ < ¢
— 2”—1’ —

>l -0y -0 ().

with the last inequality following from (4.27)).
In both cases, m’ is between ¢ and m, so (4.27) is true even after replacing m
with m’; so, in both cases, we have an integer m’ which satisfies

(4.28a) lc—m/| < min{l, O(c*Ve) + O (Cj)}
(4.28b) ilx >m' —O0(c*Ve) — O (Cj) .

Finally, we need to show that (4.26)) holds when m is replaced by round(c). If
round(c) = m/, then both statements in the lemma hold true (the second statement
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follows from (4.28a)). So we need to consider the cases round(c) = m’ + 1 and
round(c) = m’ — 1, in either case (4.28a)) implies

<

n

(4.29) 1 = |m’ — round(c)| < 2|m’ —¢| < O(c*\/e) + O ( 2) .

Case a. round(c) =m’ +1
Since Zyound(e) > —¢/(2n — 1), using (4.28b) and (4.29)), we have

round(c)

m/
C
> xiZ;xi—m

i=1

>m' —O0(*Ve) — O (C2>

n

> round(c) — O(2VE) — O <C2> .

n

The second inequality is true as by Lemma we have ¢ < 2¢? for n large enough
and ¢ small enough.

Case b. round(c) =m’ — 1

As z,,,» <1, we have

round(c) m’
Z ZT; Z Z €Ty — 1
=1

i=1

>m' —1-0(c*/e) -0 <i)
= round(c) — O(c*\/g) — O (f) :

The second statement in the lemma holds from (4.28a)) and the fact that |c —
round(c)| < |e —m/|. O

We are now ready to prove Theorem

Proof of Theorem[1.8. Let Z be the round(c)-set of edges in Ky, such that {be :
e€ Z} ={x;: i €[l,...,round(c)]}. Using the definition of the parameters x;
and Lemma we have

round(c)
Y IANSS = @n -3 > =
ec”Z i=1

> (20— 3)1I (round(c) —O(VE) - 0 (Cj)) .
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Set B= |J S.. By (4.1), for any two edges e, f, |Se N Sf| < (2n — 5)!!, thus,
ec”Z

ANBI> Y [ANS - (ro‘“;d(c)> (2n — 511
ec”Z

> (2n —3)!! <r0und(c) —0(c*Ve) -0 (i)) -0 (ij) (2n — 3)!
> (2n —3)!! <r0und(c) —0(*\e) -0 (i)) .

As |A| = ¢(2n — 3)!I! and |B| = round(c)(2n — 3)!!, we have

AAB = |A| + |B| - 2|AN B|

< ¢(2n — 3)!! + round(c)(2n — 3)!! — (2n — 3)! (round(c) —0(3Ve) -0 (i))

:(o¢%@y+o<f>>.

2
where the last equation uses Lemmal4.10} that is |c—round(c)| < O(c?\/€)+O (%)
This proves our theorem when n is sufficiently large, for a choice of sufficiently
small g¢g. For a fixed ng and ¢, we can choose a sufficiently large absolute constant
Cy so that the result is true for all n < ng. O

5. PROOF oF THEOREM [L.9]

Let S be an independent set in G = M, of size ¢(2n—3)!! with ¢ < 1. Let k, 7, u
be as in Proposition We have from Lemma and ([2.2) that
—d, (2n-1U /1
S - — 1 —p = 2n — 5)1).
=gty = G (o). —u= OG- 1)

Together these imply p — 7 > |7]/2. Since S is independent, we have &(S) = 0, so
applying Lemma [2.5, we have

. c(l—c) |7 2(1—c)e
1s—P 15)[* < < .
By Theorem [I.8] there are absolute constants Cy and £ < 1 such that for any
independent set S of size ¢(2n — 3)!! with ¢ > &, there is an edge f € E(Kg,) such
that

1
< Coc*(2n — 3)!! - .
|SASt| < Coe®(2n — 3) ( 2(1—c¢)+ o — 1)

Given ¢ > 0, we can pick a ¢(¢) < 1 such that for any ¢ € [¢(¢), 1], we have

Co< 2(1—c¢)+ 2n1_1) < ¢,

for all n > 3. We have now proved the following.

Lemma 5.1. Given ¢ > 0, there exists a c(¢) such that the following holds. If S
is an independent set in M, of size ¢(2n — 3)!! with 1 > ¢ > ¢(¢), then there is an
edge f in Kop such that

SAS; < ((2n —3)!)e.
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Proof of Theorem[I.9 Pick some 0 < ¢ < ﬁ, and ¢(¢) be as in Lemma Then

for any independent set of size ¢(2n — 3)!! with ¢ > ¢(¢), there is an edge f of Ko,
such that

(5.1) SAS; < (20— 3)!lg,

We will now show that the above inequality implies S C Sf when n is sufficiently
large. We assume the contrary, that is, there is a perfect matching P € S that does
not contain the edge f. Using Theorem ‘P has —7 neighbours in S¢. Therefore,
since S is an independent set, we have

d,
5.2 Si\S| > ——.
(52) S\ S| Gt
From (5.1) and (5.2)), we arrive at the following contradiction
1 SASt IS¢\ S| d, d, 1
— > = — 1).
0% G S @@= - @ ve oW
Thus our assumption is false. O
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