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Abstract

We show that for certain integers n, the problem of whether or not a Cayley digraph
T’ of Z,, is also isomorphic to a Cayley digraph of some other abelian group G of order
n reduces to the question of whether or not a natural subgroup of the full automorphism
group contains more than one regular abelian group up to isomorphism (as opposed to
the full automorphism group). A necessary and sufficient condition is then given for such
circulants to be isomorphic to Cayley digraphs of more than one abelian group, and an
easy-to-check necessary condition is provided.
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1 Introduction

It is well known that a Cayley digraph of a group G may also be isomorphic to a Cayley
digraph of group H where G and H are not isomorphic. A natural question is then to
determine exactly when a Cayley digraph is isomorphic to a Cayley digraph of a noniso-
morphic group. Perhaps the first work on this problem was by Joseph in 1995 [16] where
she determined necessary and sufficient conditions for a Cayley digraph of order p?, p a
prime, to be isomorphic to a Cayley digraph of both groups of order p? (see [12, Lemma 4]
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for a group theoretic version of this result). The second author [24] subsequently extended
this result and determined necessary and sufficient conditions for a Cayley digraph of Z,,
k > 1 and p an odd prime, to be isomorphic to a Cayley digraph of some other abelian
group (see Theorem|[I.5]for the statement of this result). Additionally, she found necessary
and sufficient conditions for a Cayley digraph of Z, to be isomorphic to a Cayley digraph
of any group of order p*. The equivalent problem for p = 2 (when both groups are abelian)
was solved by Kovics and Servatius [17]. Digraphs of order pq that are Cayley graphs of
both groups of order pg, where ¢ | (p — 1) and p, g are distinct primes were determined
by the first author in [[6, Theorem 3.4]. Finally, Marus$i¢ and the second author studied the
question of which normal circulant graphs of square-free order are also Cayley graphs of a
nonabelian group [20].

We show in this paper that for some values of n, we can reduce the problem of which
circulant digraphs of order n are also Cayley digraphs of some other abelian group of
order n, to the prime-power case previously solved by the second author. Specifically, let
n=pi*ps?---pe andletk = p; - - - p,, where each p; is prime. Then the reduction works
if ged(k, p(k)) = 1.

At first glance, this arithmetic condition may seem odd. However, this condition is
also contained in a well-known result of Pélfy [27] where he characterized all finite groups
which are CI-groups with respect to all classes of combinatorial objects.

Theorem 1.1 (Theorem A, [27]). A finite group G is a CI-group with respect to all classes
of combinatorial objects if and only if |G| = 4 or G is cyclic of order n, with ged(n, p(n)) =
1.

An equivalent statement of this theorem is that a group G of order n has the property
that any subgroup H < S, with a regular subgroup isomorphic to G has one conjugacy
class of regular subgroups isomorphic to G if and only if n = 4 or ged(n, p(n)) = 1.
See [4, 9] for some generalizations of Palfy’s Theorem (Theorem[I.T)). In addition to com-
pletely answering the question of which groups are CI-groups with respect to every class
of combinatorial objects, Palfy’s Theorem has also been used to classify various classes of
vertex-transitive graphs [3} (7, [10]], and using these results, the first author with Pablo Spiga
[13] showed that there are Cayley numbers with arbitrarily many prime divisors, settling an
old problem of Praeger and McKay. Thus Palfy’s Theorem and its generalizations not only
have the obvious applications to the isomorphism problem for Cayley objects, but also to
classification problems.

Our approach is to consider the values of n with the following property: Any sub-
group H < S, that contains a regular subgroup isomorphic to Z,, and some other regu-
lar abelian group G has a nilpotent subgroup which contains conjugates of every regular
abelian subgroup of H. We show in Theorem [2.15] that n has this property if and only if
ged(k, o(k)) = 1 (with k as defined above). In a sense, our result shows that for these
special values, the question of when a Cayley object of Z,, is also a Cayley object of some
other abelian group reduces to the prime-power case as a finite nilpotent group is the direct
product of its Sylow subgroups. As our result is a characterization of such values of n, the
full automorphism groups of classes of combinatorial objects may have the above property
for all values of n, but the structure of the combinatorial object will have to be used to
prove this - permutation group theoretic techniques will not suffice.

Next, we apply this result when the combinatorial object are digraphs - the only com-
binatorial objects for which the prime-power case has been solved. We show in Theorem
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[3.10] that if all automorphism groups of circulant digraphs have the permutation group the-
oretic property in the previous paragraph (which is the case if ged(k, ¢(k)) = 1), then the
question of when a circulant digraph is also a Cayley digraph of some other abelian groups
reduces to the prime-power case.

Theorem [2.13] also turns out to be a generalization of a restricted form of Palfy’s The-
orem (Theorem [[.T). This ultimately follows as the only regular abelian subgroup of Z,
when n is square-free is Z,,, and a transitive nilpotent group of square-free order is neces-
sarily Z,,. For a complete explanation, see Remark This gives that Palfy’s Theorem
and its generalizations also have applications to a third question, the question of when a
combinatorial object is a Cayley object of more than one group.

To summarize, we determine an algebraic condition which reduces the problem of when
a circulant digraph is also a Cayley digraph of some other abelian group to the prime-power
case. We determine for which values of n this condition holds for all permutation groups of
degree n. We then combine these results to determine necessary and sufficient conditions
for a circulant digraph to also be a Cayley digraph of some other abelian group for those
values of n.

In the remainder of this section, we state the second author’s result (Theorem @
first providing the necessary definitions for that statement. In Section 2, we provide the
necessary group theoretic results to prove our main theorem. In Section 3, we provide the
necessary graph theoretic results to prove our main result, which is Corollary

Definition 1.2. Let G be a group and S C G. Define a Cayley digraph of G, denoted
Cay(G, S), to be the digraph with V(Cay(G, S)) = G and A(Cay(G, S)) = {(g,95) :
g € G,s € S}. We call S the connection set of Cay(G, S).

Definition 1.3. Let I'; and I's be digraphs. The wreath product of I'; and I's, denoted
I’y 1 Ty, is the digraph with vertex set V(I'y) x V(I'2) and arcs ((u,v), (u,v’)) for u €
V(T'1) and (v,v") € A(T'2) or ((u,v), (v/,v")) where (u,u’) € A(T'1) and v,v" € V/(T'g).

For any terms from permutation group theory that are not defined in this paper, see [2].
For a set X we denote the symmetric and alternating groups on X by Sym(X) and Alt(X).
If | X | = n and the set is unimportant, we write Sym(n) and Alt(n).

Definition 1.4. Let X and Y be sets, G < Sym(X), and H < Sym(Y'). Define the
wreath product of G and H, denoted G H, to be the set of all permutations of X x Y of
the form (x,y) — (g(x), hs(y)), where for each x € X, h, is an element of H that acts
on Y, but for different x € X, the choice of &, is independent.

We caution the reader that these definitions of wreath products are not completely stan-
dard, in that some mathematicians use H ! G for what we have defined as G ! H, and
similarly use I's ¢ I'; for our I'; ! I's. Both orderings appear frequently in the literature.

We will often times consider wreath products of multiple digraphs or groups, and some-
times the specific digraphs or groups are unimportant. In this circumstance, rather than
write out and define the digraphs or groups, we will just say that a digraph I" or group G is
a multiwreath product. Formally, a digraph I' is a multiwreath product if there exist non-
trivial digraphs 'y, ..., suchthat I’ =T'1 ¢ '3 2 - - -2 [, and a group G is a multiwreath
product if there exist nontrivial groups G1,...,G, suchthat G = G 1 G2 1 --- 1 G,.. By
a trivial digraph we mean a digraph on a single vertex; along similar lines, we say that a
group is a trivial multiwreath product if one of the factors is the same as the product, so the
other factors are all trivial and the product is not a genuine decomposition.
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Figure 1: The partial order for groups of order p°

Following [24]], define a partial order on the set of abelian groups of order p™ as follows:
We say G =<, H if there is a chain Hy < Hy < --- < H,, = H of subgroups of H such
that Hy, Hy/Hy, ..., H,,/H,,—; are all cyclic, and

Hs H.
G2 H — m_.
1XH1X " Ho

There is an equivalent definition for this partial order. Take the natural partial order on
partitions of a fixed integer n, so for partitions u : n = i3 + -+ i, and v : n =
J1+- -+ Jm, of n, we say p < v if v can be obtained from y after possible rearrangement,
by grouping some summands. Now, G =, H precisely if G = Zi; X Zyiz X -+ X Lpim
and H = Z,jy X Lpjn X -+ X ijmo where y < v. In Figurethis partial order is depicted
for abelian groups of order p°.

The following result was proven in [24] (see also [23]) in the case where p is an odd
prime and in [17]] when p = 2.

Theorem 1.5. Let I' = Cay(G, S) be a Cayley digraph on an abelian group G of order
p¥, where p is prime. Then the following are equivalent:

1. The digraph T is isomorphic to a Cayley digraph on both Z,. and H, where H is
an abelian group with |H| = p*, say H = Ly X Ly X =+ X Zpkmo, where
k14 4 kn, =k

2. There exists a chain of subgroups G < --- < G,_1 in G such that

(a) G1,Go/Ghq,...,G/Gy—1 are cyclic groups;

(b) G1 X Go/G1 X -+ X G/Gp—1 =p H;

(c) Forall s € S\G;, we have sG; C S, fori =1,...,m — 1. (That is, S\G; is a
union of cosets of G;.)
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3. There exist Cayley digraphs Uy, . .., U,, on cyclic p-groups Hy, ..., H,, such that
Hy x---xHp =2, Handl =2 U, - U

Furthermore, any of these implies:

4. T is isomorphic to Cayley digraphs on every abelian group of order p* that is greater
than H in the partial order.

2 Group Theoretic Results

In the section we collect all permutation group theoretic results that we will need for our
main result.

Theorem 2.1 (Theorem 3 of [[15]], or Corollary 1.2 of [18]]). A primitive permutation group
K acting on § of finite degree n has a cyclic regular subgroup if and only if one of the
following holds:

1. Z, < K < AGL(1,p), where n = p is prime;

2. K = Sym(n) for some n, or K = Alt(n) for some odd n;

3. PGL(d,q) < K < PT'L(d,q) where n = (¢* —1)/(q — 1) for some d > 2;
4. K = PSL(2,11), M11 or Ma3 where n = 11, 11 or 23 respectively.

When we refer to any of the groups listed in the above theorem, we will be considering
it not as an abstract group, but as a permutation group endowed with its natural action.

If G has a block system B with blocks of minimal size, then the action of the set-wise
stabilizer H in G of the block B € B is primitive. We will only be concerned with the case
when G contains a regular cyclic subgroup, and it is not hard to show that the action of H
on B is one of the groups in Theorem[2.1] We now consider conjugation results concerning
the groups in Theorem [2.T|that we will require later.

‘The following result can be deduced from Theorem 1.1 and Corollary 1.2 of [[18].

Lemma 2.2. If K satisfies PGL(d,q) < K < PT'L(d,q), then every regular abelian
subgroup of K is cyclic. Furthermore, any such subgroup is a Singer subgroup (and so any
two are conjugate in PGL(d, q)) unless d = 2 and q = 8, in which case n = 9.

The conjugacy of regular cyclic subgroups is also noted in Corollary 2 of [15], but the
fact that all regular abelian subgroups are cyclic is proved in the Li paper.
The following result is well-known.

Lemma 2.3. [f two elements of Alt(n) are conjugate in Sym(n) but not in Alt(n), then
their cycle structures are the same, they have no cycle of even length, and the lengths of all
of their odd cycles are distinct.

Lemma 2.4. Let K, K' < G be conjugate in G. If N 4G and KN = G, then there exists
n € N withn 'Kn = K'.

In particular, any two regular cyclic subgroups of PGL(d, q) are conjugate by an ele-
ment of PSL(d, q). Also, if n is even, then any two regular cyclic subgroups of Sym(n) are
conjugate by an element of Alt(n).
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Proof. Let g € G suchthat 7' Kg = K'. As KN = G there exists k € K, n € N such
that kn = g. Nown 'Kn =g 'kKk 'g=¢ 'Kg=K'.

By [15} Corollary 2] or [[L8, Corollary 1.2], there is one conjugacy class of regular cyclic
subgroups of PGL(d, ¢), and clearly there is always one conjugacy class of regular cyclic
subgroups in Sym(n). If K is a regular cyclic subgroup of PGL(d, ¢), then KPSL(d, q) =
PGL(d, q) by [18, Lemma 2.3]. Similarly, if K is a regular cyclic subgroup of Sym(n)
where n is even, then K'Alt(n) = Sym(n). The result follows by the first paragraph of this
proof, with PSL(d, ¢) or Alt(n) taking the role of N. O

The concept of (2-step imprimitivity will be important in this paper. Intuitively, on a set
of cardinality n, the action of a transitive group is {2-step imprimitive if there is a sequence
of nested block systems that is as long as possible (given n). The terms “nested” and “as
long as possible” may not be clear, so we provide formal definitions below, including an
explicit formula for Q = Q(n).

Definition 2.5. Let G be a transitive permutation group. Let Y be the set of all block
systems of GG. Define a partial order on Y by B < C if and only if every block of C is a
union of blocks of B. We say that a strictly increasing sequence of m + 1 block systems
under this partial order is an m-step imprimitivity sequence admitted by G.

An m-step imprimitivity sequence is what we referred to in our intuitive description as
a “nested” sequence.

Definition 2.6. Let G be a transitive group of degree n. Let n = II]_, pi* be the prime
factorization of n and let @ = Q(n) = >_'_, a;. (The number €2(n) is known as the total
number of prime divisors of n, see for example [28]].) Then G is £2-step imprimitive if it
admits an 2-step imprimitivity sequence.

A block system B will be said to be normal if the elements of B are the orbits of
a normal subgroup. We will say that G is normally Q-step imprimitive if G is {2-step
imprimitive with a sequence in which each block system is normal.

Let By < --- < Bq be an )-step imprimitivity sequence of G, where G is acting on
X. Then By consists of singleton sets, B = {X}, and if B; € B; and B;11 € B;41, then
|B;+1]/|B;| is a prime. Thus it is not possible to have a k-step imprimitivity sequence for
any k > 2, satisfying our intuitive description of the system as being “as long as possible”.

Recall that we would like to characterise digraphs I" with G, G’ < Aut(I"), where G
and G’ are regular (and nonisomorphic), and G is cyclic. Our method will be to find a
subgroup N of Aut(T") that is normally (n)-step imprimitive. If we can then find regular
subgroups H, H' < N with H = G and H' = G, then we will be able to use the fact that
H and H' also admit the many block systems of N to determine a lot about the structure
of I

In fact, in Lemma we will show that there is some conjugate 6~ 1G’5 < Aut(T")
of G', with § € (G,G"), such that K = (G, 6~ *G’5) is normally Q(n)-step imprimitive.
Then in Theorem .13} we show that if we assume a numerical condition on n, there is a
nilpotent group N < K that contains subgroups isomorphic to both G and G'. Clearly N
is still Q(n)-step imprimitive since it must admit all of the blocks that K admits.

The next two lemmas, the intervening corollary, and the definitions surrounding them
are required for the proof of Lemma [2.12] which is in turn used in the proof of Theo-

rem 2.13]
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Definition 2.7. Let X be a set, let G < Sym/(X) be transitive and B a block system of G.
For g € G we denote by g/B the permutation of B induced by g, and G/B = {g/B : g €
G}.

By fix (B) we mean the subgroup of G which fixes each block of B set-wise. That is,

fixg(B) = {9 € G: g(B) = Bforall B € B}.

This can also be thought of as the kernel of the projection from G to G/B.
For B € B, we denote the set-wise stabilizer of the block B by Stabg (B). That is,

Stabg(B) = {9 € G : g¢(B) = B}.

The support of G, denoted supp(G), is the set of all z € X that are acted on nontriv-
ially by some g € G. That is,

supp(G) = {z € X : there exists g € G such that g(x) # x}.

Lemma 2.8 (Lemma 2.2 of [8]]). Let H < Sym(n) be transitive such that H admits a block
system B. If T = (soc(fixy (B)))? is a transitive nonabelian simple group where B € B,
then C = {supp(L) : L is a minimal normal subgroup of fixy (B)} is a block system of H,
B < C, and soc(fixg (B)) is a direct product of simple groups isomorphic to T.

Some of the arguments in the following corollary are also used in the proof of the above
lemma, but since they are not included in the final statement, we repeat them for clarity.

Corollary 2.9. Let H, B, T, and C be as in the statement of Lemma/[2.8] If the blocks of C
are C1, ..., Cy, then we can write soc(fixg (B)) = Ty X - - - x T}, where the support of T;
is C; forevery1 < i < k.

Let C' € C and let B, B’ be two blocks of B that lie inside C. If T also has trivial
centralizer in fixy (B)B then there is no element v € fixy (B) such that v% = 1 but
vB #1.

In particular, this applies if T is primitive on B.

Proof. First notice that as Lemma states, soc(fixg(B)) is a direct product of iso-
morphic finite simple groups isomorphic to 7', so the kernel of any homomorphism from
soc(fixy (B)) onto T is the same as the kernel of some projection onto a single factor.

Thus, each block of B is in the support of a unique direct factor of soc(fixg (B)), so
there is a well-defined map from B to the direct factors of soc(fix (53)) determined by the
direct factor that includes a given B € 5 in its support.

Now, taking any h € fixy (B), since h fixes every block in the support of any direct
factor T; of soc(fixy (B)), the map we’ve just mentioned means that 7; is normalized by
h. Thus, the direct factors in soc(fixg (B)), which are the minimal normal subgroups of
soc(fixy (B)), are also normal subgroups (and therefore minimal normal subgroups) in
fix gy (B). In other words, there is a one-to-one correspondence between the blocks of C and
the direct factors of soc(fixy (B)), establishing the first claim of this corollary.

Towards a contradiction, suppose that there exists v € fixz (B) such that y2 = 1 but
~B" £ 1. Let N = (7)1 (5) be the normal closure of () in fixz (), and notice that
since 72 = 1 we also have N = 1.

Let Tp = (soc(fixz (B)))?'. By hypothesis, Tz has trivial centralizer in fixz (B)7’,
so there is some element ¢’ € T/ such that [/, vB'] is nontrivial on B'. Let M be the direct



8 Art Discrete Appl. Math. x (xxxx) #Pn

factor of soc(fix (B)) with supp(M) = C. As C = supp(M) and B C C, MB # 1.
Then there exists t € M such that t? = t'. Now, [t,~] € N, sincey € N, N < fixy(B),
and ¢t € fixy(B). Also, [t,y] € M, sincet € M, M < fixy(B), and v € fixy(B). So
N N M is a nontrivial normal subgroup of M. Since M is simple, N > M. But then
NB =1 andso MB = 1, a contradiction.

We complete this proof by showing that if T is primitive then its centralizer in fixz (B)
is trivial, so this corollary applies. This result follows from [2, Theorem 4.2A (vi)]. O

Lemma 2.10. Let G, G’ be regular abelian subgroups of a primitive group K of degree n,
with G cyclic. Let p be any prime divisor of n, let G, be the unique subgroup of G of order
p, and let G; be any subgroup of G' of order p. Then there exists § € soc(K) such that
G,=96 _1G;6.

Proof. By our hypotheses, K must be given in Theorem 2.1}

Suppose first that n = p is prime (this deals with parts (1) and (4) of Theorem [2.1} as
well as with some cases of part (2)). In this case, G and G’ are Sylow p-subgroups of K.
Furthermore, either K < AGL(1, p) has a unique regular subgroup (this covers p = 2 in
particular), K is simple and soc(K) = K, or K = Sym(p) and soc(K) = Alt(p) with
p > 2. Inthe first case, G = G’ = soc(K) and the result is immediate. In the third case p is
odd and G, G’ < Alt(p) = soc(K), so in both the second and third cases G, G’ < soc(K)
are Sylow p-subgroups of soc(K) and we can use a Sylow theorem.

Next we suppose that soc(K) = Alt(n). Let G, < G, G, < G be subgroups of order
p. Unless p = 2 and n/p is odd, the semiregular cyclic groups G,, and G; are generated by
elements g and ¢’ respectively, where g, g’ € Alt(n) each has a cycle structure consisting of
n/p > 1 cycles of length p, since n is composite. By Lemmal[2.3] there is some 6 € Alt(n)
such that g = §71¢'4, and so G, = 5*1G;,5. If p = 2 and n/p is odd, then the elements
g, g arenotin Alt(n). However, there is some element y of Sym(n) such that y =gy = ¢/,
so if one of the cycles of g is (a b) then (a b)y € Alt(n) and v~ (a b)g(a b)y = ¢'. This
deals with part (2) of Theorem[2.1

We may now assume that part (3) of Theorem holds, so PGL(d,q) < K <
PTL(d, q). Unless d = 2, ¢ = 8, and n = 9, we may apply Lemmato deduce that both
G and G’ are cyclic Singer subgroups that are conjugate in PGL(d, ¢). Furthermore, by
Lemma|2.4]there exists § € soc(K) = PSL(d, ¢) such that 5G'd = G, and we are done.

To complete our proof, we need to address the possibility that PGL(2,8) < K <
PTL(2,8) so n = 9 and both G and G’ are cyclic groups of order 9. Since the index of
PGL(2,8) in PT'L(2, 8) is 3, we have only these two possibilities for K. If K = PGL(2, 8)
(so its Sylow 3-subgroups have order 9), then every regular subgroup of K is a Sylow
subgroup and the result follows by a Sylow theorem.

As might be presumed from the exception in Lemma PT'L(2, 8) does contain more
than one conjugacy class of regular cyclic subgroups. However, we will show that the
semiregular subgroups of order 3 in these regular subgroups are conjugate, completing the
proof of this result. In order to do this, first observe that for any Sylow 3-subgroup P of
PT'L(2,8), P is nonabelian of order 27, and the center of P has order 3. Now any cyclic
subgroup of order 9 in P is normal and hence contains Z(P), so Z(P) must be the unique
semiregular subgroup of order 3 in any such subgroup. Since all of the Sylow subgroups
are conjugate in PT'L(2, 8), so are their centers.

Now let G and G’ be as in our hypothesis. Let P be the Sylow 3-subgroup of K that
contains G, and let @ be the Sylow 3-subgroup of K that contains G’. Let S < P and
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T < @ be the unique Singer cycles in P and ). We claim that G is the unique subgroup
of S of order 3. Since nothing in our hypotheses distinguishes S from T" or G from G’, this
will imply that G% is the unique subgroup of 7" of order 3, and therefore since there exists
§ € PGL(2,8) = PSL(2,8) such that 5717 = S, we have  "1G%6 = G3. To prove our
claim, it certainly suffices to show that P itself has a unique semiregular subgroup of order
3 (which is G)); this is what we will do.

We may assume that P = {z — ax + b :a € {1,4,7},b € Zo} as the multiplicative
orders of 4 and 7 are 3 in Zg, and the subgroup {z — ax : a = 1,4, 7} normalizes x — x+
1 and P has order 27. Let H < P be semiregular of order 3, and note that such an H exists
as H = {z — x+0b:b e (3)} is semiregular of order 3. Let f € H with (f) = H, where
f(x) =azx+b,a€{l,4,7}and b € Zg. Then f3(x) = 2+ (a®* + a+ 1)b =2+ 3b = =,
from which we conclude that b = 0 (mod 3). Thus b = 3i, where ¢ € {0,1,2}. Set
a =1+ 34, where j € {0,1,2}. If j = 0, then H = H’. Otherwise, let £ € Zg such that
j¢ = —i (mod 3). Then

FO) =al+b=(1+35)0+3i =+ 350+ 3i = £ — 3i + 3i (mod 9) = /.

We conclude that f has a fixed point and H is not semiregular. Hence there is a unique
semiregular subgroup of P as required. This completes the proof. 0

Let G < Sym(n) admit a block system B. It is straightforward to observe that there is
a block system D in G/B if and only if there is a block system C > BB of G where a block
of C consists of the union of all blocks of B contained within a block of D.

Definition 2.11. If G admits block systems 53 and C with B < C, then we denote the
corresponding block system D in G/B by C/B.

We are now ready to show that we can find a group that contains our regular cyclic
subgroup and a conjugate of any other given regular abelian subgroup, and is ©(n)-step
imprimitive. Although it is not immediately clear from the statements of the results as
written, [26, Theorem 4.9 (i)] is a consequence of this lemma.

Lemma 2.12. Let G, G’ be regular abelian subgroups of a permutation group of odd de-
gree m, with G cyclic. Let n = p{* ---pr be the prime-power decomposition of n, and
Q = Q(n) = >°I_, a;. Then there exists 6 € (G,G") such that (G,5*G'5) is normally

Q-step imprimitive.

Proof. 'We proceed by induction on © = Q(n). If Q(n) = 1, then n is prime and the result
follows from a Sylow theorem. Let G,G’, and n satisfy the hypotheses, with Q(n) >
2. Assume the result holds for all permutation groups of degree n’ with (n’) at most
Q(n) — 1. If H = (G, G’) is primitive, then by Lemma [2.10] there exists 6 € H such that
(G,671G'5) has a nontrivial center and hence is imprimitive, so we may assume without
loss of generality that H is imprimitive.

Suppose that B is a block system of H with m blocks of size k. Observe that since
G, G’ are regular and abelian, the orbits of fixy (B) < H are the blocks of B, so B is a
normal block system. We first show that if £ = p is prime, we can complete the proof; then
we will devote the remainder of the proof to demonstrating that if &k is composite, then for
any prime p | k there exists § € H such that (G, 5~ 1G’5) admits a normal block system
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with blocks of prime size p. Replacing G’ by this conjugate and B by this system then
completes the proof.

Suppose k = p is prime, and set 3; = B. By the induction hypothesis, since 2(n/p) =
Q(n) —1 = Q — 1, there exists 6 € (G/By,G’/By) such that (G /By, (G /B)d) is
normally (2 — 1)-step imprimitive with (2 — 1)-step imprimitivity sequence B1/B; <
Ba/By < -+ < Bqo/Bi. Then taking §; € H such that 6;/B; = 0, we see that
(G,671G"8y) is normally ©(n)-step imprimitive with By < By < --- < B,,. This com-
pletes the proof when k = p.

Suppose now that k is composite. We assume that k is chosen to be minimal, and so
by [2, Exercise 1.5.10] Stabg (B)? is primitive. Since k is composite, for any block B €
B, Stab H(B)B is doubly-transitive as Zj, is a Burnside group [2, Theorem 3.5A]. Since
the groups in Theorem 1) are not of composite degree, Stabg (B)? has nonabelian
simple socle, Tp. In fact, T = PSL(d, q) for some d, q, or Tp = Alt(k), so Tp is
doubly-transitive. Since fix (B)ZaStabg (B)E, we see that (fixz (B)?)N T is nontrivial
and normal in Tz; since Tz is a simple group, we conclude that soc(fixgy (B)?) = Tg.
Thus fix 7 (B)? has a doubly-transitive socle, so must itself be doubly-transitive. Let K =
soc(fixg (B)).

We now show that Tg = soc(fixg(B)?) = (soc(fixg(B)))? = KP; that is, we
get the same group whether we restrict to B before or after taking the socle. Clearly,
K = soc(fixy (B)) < fixy (B), so KP < (fixyy (B))P. Therefore, some minimal normal
subgroup of (fixy (B))® lies in K. We have just shown that soc(fixy (B)B) = T is a
nonabelian simple group, so (fixz (B))? has only one minimal normal subgroup, meaning
T = soc(fixg(B)?) < KB. Asnis odd, A,, contains a regular cyclic subgroup. Then
KB (since it contains T'3) must also contain a composite regular cyclic subgroup, so just
as above it too has a nonabelian simple socle. Since any socle is a direct product of simple
groups and T is already (doubly) transitive on B, it is not possible that KZ > Tg. Thus
KB =Tg.

Since K® = Tp, it is a transitive nonabelian simple group, so the hypotheses of
Lemma [2.8| are satisfied. Using Lemma together with the first conclusion of Corol-
lary 2.9] (which requires no additional assumptions, we may write K = T X ... x T,
where for each ¢ € {1,...,r} we have T; = Tp and supp(T;) is a block of H. Further-
more if we take C; = supp(7;) and C = {C4,...,C,} then B < C (sor | m).

Let B={B;;:1<i<randl < j < m/r} be labelled so that UT"[ B; ; = C:.
Let p be a prime divisor of k. Let G, < fixg(B) be the unique subgroup of G of order p,
and G, < fixg: (B) a subgroup of order p. Certainly, G, G}, < fixy (B), so G5, (G})P <
fixyr (B)P for any B € B.

For any 1 < i < r, let T; take the role of K in Lemma 2.10] We know that K <
fix g7 (B) and that T; is acting primitively on each block B; ; in C;, so the hypotheses of the
lemma are satisfied. The lemma tells us that there exists §; € T; such that (J; 1G;6i)3i~1 =
Gf“. Let 5;1G;51- = (h), and G, = (g). Then there exists b; € Z such that (gh®")Bi1 =
1. Since Tp = K® is doubly transitive and therefore primitive, the hypotheses of Corol-
lary are also satisfied, so since ghbi € fixy (B), it must be the case that for every 1 <
j <m/r, (gh*)Bii =1, and so (6; 'G,0:)% = (G,)7". Also, (6;'GL6;)C7 = (G})%
for any j # i, since 5icj = 1. Soif § = IIj_;0; then § € K and 6~ 'G}6 = G is a
central subgroup of (G,5~1G’§), whose orbits are blocks of size p. Thus, replacing G’
with 6 ~1G’6, we assume without loss of generality that k = p. O
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Definition 2.13. Let K < Sym(n) contain a regular abelian subgroup G. We say that a
subgroup N with G < N < K mimics every regular abelian subgroup of K, if the
following two statements are equivalent:

* aregular abelian group M < Sym(n) is contained in K; and

* N contains a regular abelian subgroup isomorphic to M.

If in addition, the subgroup of IV isomorphic to M is conjugate in K to M, we say that N
mimics by conjugation every regular abelian subgroup of K.

We first give a sufficient condition for a group K to contain a nilpotent subgroup that
mimics by conjugation every regular abelian subgroup of K.

Lemma 2.14. Let G be a regular cyclic subgroup of K. Suppose that whenever R < K is
a regular abelian subgroup, then there exists 6 € K such that (G, 51 RS) is nilpotent. If
N is a maximal nilpotent subgroup of K that contains G, then N mimics by conjugation
every regular abelian subgroup of K.

Proof. Let N be a maximal nilpotent subgroup of K that contains G, and R < K aregular
abelian subgroup of K. We will show that there exists § € K with "' R§ < N, which
will establish the result.

Let n = p{*---p? be the prime-power decomposition of n. Note that since G is a
regular cyclic group, for any 1 < ¢ < 7 it admits block systems 3; with blocks of size
p;* and C; with blocks of size n/p{*, and if a group containing G as a subgroup admits a
block system whose blocks have one of these sizes, it must be one of these block systems.
As N is nilpotent and G < N, by [4, Lemma 10] for every 1 < ¢ < r, N admits B;
and C; as normal block systems. Also, by hypothesis, there is some d; € K such that
(G, 67 1R51> is nilpotent and contains GG, so admits each B; and C;. Since we are only
aiming for a conjugate in K, we can replace R by 6, ' Ré1, if necessary, to assume that
(G, R) is nilpotent and admits each B; and C;. Then (R, N) = (G, R, N} admits 55; and C;
as block systems, and so (R, N) < II7_,Sym(p;*) inits natural action on, say By X- - -X B,
where B; € B;, by [5, Lemma 10].

Now, R/C; and N/C; are p;-subgroups of Sym(p]*), and so there exists w; € (R, N)
such that w; 'Rw/Cy and N/C; are contained in the same Sylow p;-subgroup. Then
(wy ' Rwy, N)/Cy is a p;-group. Inductively suppose that (w;l wi PRwy - wj, NY/C
isap;-group foreach 1 < ¢ < j < r. Then there is some w; 41 € (wj_l .. -wflRwl C Wy, N)
such that (by conjugation of Sylow p;_1-subgroups) <wj_+11 e wflRwl w1, N)/Cita
isapji1-group. AS wjiq € (wj_l -+-wi ' Rwy - -+ wj, N) we have

so our inductive hypothesis implies that (wjjrll cwi  Rwy - wjp, N) /Gy s still a p;-
group for each 1 < ¢ < j < r, completing the induction. Let § = w; ---w, € K, so that
(671R6, N)/C; is a p;-group for every 1 < i < r. As (R, N) < II7_, Sym(p{’), we have
(671R6, Ny < TI7_,Sym(p{*). Let G; < Sym(p{*) be minimal such that (§~' R4, N) <
7_,G;. Then (6~'R§,N)/C; < G,. Hence each G; is a p;-group. This shows that
(671 R6, N) is a direct product of its Sylow p-subgroups, so is nilpotent. By the maximality
of N, we have (0" 'RJ, N) = N, meaning 6 ' R§ < N, as required. O
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We now characterize those values of n for which transitive groups of degree n that
contain a regular cyclic subgroup always have this extremely useful property.)

Theorem 2.15. Let k = p;---p, where the p; are prime distinct primes, and n =
pit - pir. Let G be a regular cyclic group of degree n. The condition ged(k, ¢(k)) = 1
is both necessary and sufficient to guarantee that whenever G < K < S, there exists a
nilpotent subgroup N, with G < N < K, that mimics by conjugation every regular abelian
subgroup of K.

Proof. Suppose ged(k, ¢(k)) = 1. Let R < K be a regular abelian group. By Lemma
there exists §; € K such that (G, d; *R6;) is normally (n)-step imprimitive. By
[4, Theorem 12], (applying this requires our hypothesis that ged(k, p(k)) = 1), there
exists J2 € (G, 61_1R51> < K such that (G, 62_151_1R6152> is nilpotent. By Lemma
any maximal nilpotent subgroup N that contains G mimics by conjugation every regular
abelian subgroup of K.

Conversely, we will show that if ged(k, ¢(k)) > 1, then for every ay,...,a, with
n = pi'---pir, there exists a regular cyclic subgroup G of degree n, a group K > G,
and a regular abelian group R < K such that for every conjugate 7' of R in K, (G,T)
is not nilpotent. First, if n = k, then n is square-free and the only abelian group of order
n is the cyclic group of order n. So every regular abelian subgroup is cyclic. By Pélfy’s
Theorem (Theorem there exists G < K < S, and a regular cyclic subgroup 7' < K
such that GG and T are not conjugate in K. Also, the only transitive nilpotent subgroups of
S,, are the regular cyclic subgroups, so for any § € K, (G, 5~ 1T6) is nilpotent if and only
if $7175 = G. So the result follows in this case.

Suppose n # k. We have just shown that if G, < S} is a regular cyclic subgroup
of degree k, there exists K, < Sy and T, < K}, a regular cyclic subgroup such that no
conjugate of T}, is contained in a nilpotent subgroup of K}, that contains G. We now use
this to build the groups of degree n that we require.

Choose K}, and Ty, as in the previous paragraph. Let K = K} ! Sym(n/k) acting on
the same set that GG is acting on. Note K admits a block system 5 consisting of blocks of
size n/k formed by the orbits of the normal subgroup 1! Sym(n/k). By the Embedding
Theorem [21}, Theorem 1.2.6] we may ensure that the orbits of the copies of Sym(n/k) are
the orbits of the semiregular subgroup of G of order n/k, so that G is a subgroup of K and
therefore G/B < Kj. Clearly, K is a subgroup of \S,,. Suppose that T is a regular abelian
subgroup of K. Since K admits 53, these must also be blocks of the subgroup 7. Then T'/B
is square-free and so cyclic, and since T}, < K, again using the Embedding Theorem, we
may choose such a T" so that T'/B = Tj,.

Suppose there exists § € K with 57176 < N where G < N and N is nilpotent. Since
our goal is to show that (G, §~1T'§) is not nilpotent, and we have G, T < K and § € K,
we may further assume that N < K. Therefore N also admits the block system 5.

Since § € K = K;Sym(n/k), we see that §/B € K. We must have (6/B)~T}.(5/B)
(67176)/B and Gy, = G/B, but then

(G, (6/B)'T(6/B)) = (G,67'T6)/B < N/B < K/B = K.

Since N/B is nilpotent, this contradicts our choice of K, and T}, and establishes the result.
O
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Remark 2.16. If, in Pélfy’s Theorem (Theorem [I.T)), we restrict the hypothesis to only
cyclic groups of square-free order, then Theorem[2.15]generalizes this restricted form. This
follows as the only nilpotent group of square-free degree is a cyclic group, and the only
abelian group is also a cyclic group. So a nilpotent group of square-free degree mimics
by conjugation every abelian group of square-free degree if and only if every two regular
cyclic subgroups of G are conjugate in G.

3 Graph Theoretic Results

Lemma 3.1. Let p be prime and ki,...,k; be positive integers. There exist circulant
digraphs T'y, ..., T'j such that Aut(T'y 0---2Ty) = Zppy - - ZZpk-j.

Proof. Let ﬁk denote the directed cycle of length &, which is a circulant digraph. When
k > 2, Dy, has automorphism group Z;, % Sym(k). When k = 2, Aut(K,) = Aut(K,) =
Zs = Sym(2) and K5 and its complement are also circulant (di)graphs.

Foreach1 <1 < 7, let

Dy, if pki > 2;
I; = ¢ Ky if p* =2, and eitheri = 1 or T';_; # K>; and
K5 otherwise.

LetI' =Ty .- I';. By [11I, Theorem 5.7], Aut(I') = Zx, 1+ - ZZpkj. O

Definition 3.2. Let G < Sym(X) be transitive, and Oy, ..., O, the orbits of G in its
natural action on X x X. The orbital digraphs of G are the digraphs I'; whose vertices
are the elements of X and arcs are O,, 1 <i <.

We now require Wielandt’s notion of the 2-closure of a group.

Definition 3.3. Let G < Sym(X) be transitive, and Oy, ..., O, the orbits of G in its
natural action on X x X. The 2-closure of G, denoted G2, is the largest group whose
orbits on X x X are O1,...,0,. We say that G is 2-closed if G = G().

It is easy to verify that G(?) is a subgroup of Sym(X) containing G and, in fact, G(?)
is the largest (with respect to inclusion) subgroup of Sym(X) that preserves every orbital
digraph of G. Equivalently, G(®) is the automorphism group of the Cayley colour digraph
obtained by assigning a unique colour to the edges of each orbital digraph of G. It follows
that the automorphism group of a graph is 2-closed.

Corollary 3.4. Let p be prime and G, H regular abelian groups of degree p* with G
cyclic. Then there exists H' < (G, H) such that H' = H is regular and ((G, H'))?) =
Zpk-l U Uk for some ky, ... kg with ky + -+ + by = K.

Proof. Let T" be the Cayley colour digraph formed by assigning a unique colour to the
edges of each orbital digraph of (G, H). Since Aut(T") has regular subgroups isomorphic
to G and to H, we see that I is a Cayley colour digraph on both of these groups, similar to
condition (1) of Theorem

Although the theorem is not stated for colour digraphs, most of the proof involves only
permutation groups, so it is not hard to see that the same result is true for colour digraphs.
By Theorem(3), we can find kf,..., k], such that ' = Uy - - - U, where each U;
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is a circulant colour digraph on Zpk'- , and Zpkll X -+ X 4w, 2p H.Itis a standard and
k3 p m

straightforward observation that ((G, H))?) = Aut(T') > Aut(Uy) 1 --- 0 Aut(Up) >

Zpk’l IERRR] Zp"" ,. The group Zpk’l IERRR] pr , certainly contains a regular cyclic subgroup

which is conjugate to GG. So there is a conjugate K of Zpk’l !+ 1Z ;s , that contains G.
p m

By Lemma[3.1] K is 2-closed.
Since Zpk’l X e X Zp’“'in/ =<, H, the group K contains a regular subgroup H' =

H. Since G,H' < K and K is 2-closed, we have ((G, H'))?) < K. Repeating the
argument to this point, with H’ taking the role of H, we can find a Sylow p-subgroup K’
of ((G,H')) that contains both G and H' (since G and H' are already in a p-group
together, we do not need to pass to a regular subgroup isomorphic to H' this time). Since
((G, H'))® is a p-group, we must in fact have K’ = ((G, H'))(?). And as before there
must exist k1, . .., ky, With K’ = Zpy 0 0 Lk O

Given regular groups G; and H; of degree a and G2 and Hy of degree b, there is
an obvious method for constructing digraphs that are simultaneously Cayley digraphs of
G1 X G4 and of Hy x Hy. Namely, construct a Cayley digraph I'y of order a that is a Cayley
digraph of G; and H; and a digraph I'; of order b that is a Cayley digraph of G and Ho,
and then consider some sort of “product construction” of I'; and I's to produce a digraph I'
of order ab with Aut(T'1) x Aut(I'2) < Aut(I'). We write “product construction” as there
are two obvious products of I'; and I'y that ensure that Aut(I'y) x Aut(I'2) < Aut(T):
the wreath product, and the Cartesian product.

Definition 3.5. LetI'y,... I, be digraphs. We say that I is of product type I'y,..., T,
if Aut(I'7) x -+ x Aut(T,) < Aut(T).

Theorem 3.6. Let n = p{* ---ptr. Let G, H be regular abelian groups of degree n with
G cyclic and let Gy, Hy, be Sylow p;-subgroups of G and H respectively, and I" a Cayley
digraph on G. If

I is of product type I'y, .. ., I';., where each I; is a Cayley digraph on both G\, and
a group isomorphic to H,,, 1 <1 <,

then
T is isomorphic to a Cayley digraph of H.

Furthermore, the converse holds whenever G, H < N < Aut(T") for some nilpotent group
N, and we can also conclude that each Aut(T';) is a (possibly trivial) multiwreath product
of cyclic groups.

Proof. First suppose that I is of product type I'y, . .., I',.. Then Aut(I';)x- - - x Aut(T,) <
Aut(T). For each i, there is some H, = H,, such that H, < Aut(I;). Thus H =
H, x---x H, < Aut(I'),soIisisomorphic to a Cayley digraph of H.

Conversely, suppose that I" is a Cayley digraph on G that is also isomorphic to a Cayley
digraph of the abelian group H. Then G and some H' = H are regular subgroups of
Aut(T"). By assumption, G, H' < N < Aut(I") for some nilpotent group N. Let N =
Py x -+ x P, where P; is a Sylow p;-subgroup of N. Notice that for each ¢, (G,,, H;,) <
P;, so we may choose N so that P, = (G),, Hp,) for each i. Furthermore, since the 2-
closure of a p-group is a p-group [29, Exercise 5.28], and N? = (P;)®) x ... x (P,)®
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(1. Theorem 5.1] we see that N(?) is a nilpotent group that contains G' and H’, and since
Aut(T) is 2-closed we have N(?) < Aut(T"). We can therefore choose N = (G, H')?) =
(pl)(2) N, (pr)(2).

Let B; be one of the orbits of Pi(z). As an orbit of a normal subgroup, B; is a block
of N. By Corollary there exists (H, )%+ < (G5, (H) )Pi) such that (H )P =
(H,, )Pt acts regularly, and the group (((Gp,)?", (H;,;)Bi>)(2) is a multiwreath product of
cyclic p;-groups. By Lemmathere exists a vertex-transitive digraph I'; with Aut(T';) =
(GB:, (H!)P)@. Now, ((GP:, (H]!)Pi))@ < (P)® = P The first containment
follows from the fact that (G, , (H,))) < PP, while the second follows from [T, Theorem
5.1 (@)]. So Aut(T;) < PP, We claim that Aut(T';) x --- x Aut([',) < N < Aut(T),
so that I" is of product type I'y,...,T',. This is because for any i, N = P, x N/, where
pi 1 |IN/, so we can define Aut(I";) to act semiregularly by commuting with every element
of N/, and in this form, Aut(I';) < P; for each s.

To complete the proof, notice for each i that since Aut(I';) contains regular subgroups
isomorphic to GJi (which is cyclic) and to (H]))P+ = (H}, )P, the digraph T'; is a circu-
lant digraph of order p;* that is also a isomorphic to a Cayley digraph of H,,. O

Although the condition requiring a nilpotent group to achieve the converse in the above
theorem may seem quite limiting, we observe that in Muzychuk’s solution to the isomor-
phism problem for circulant digraphs [25]], he shows that when G = H are cyclic groups,
the isomorphism problem for general n can be reduced to the prime power cases; this im-
plies that G and a conjugate of H always lie in some nilpotent group together.

We point out in the coming corollary that for some values of n, the nilpotent group
required to achieve the converse of the above theorem will always exist, even if G and H
are not both cyclic.

Corollary 3.7. Let k = py - - - p, be such that gcd(k, p(k)) = 1 where each p; is prime,
andn = pi* ---p%. Let G, H be regular abelian groups of degree n with G cyclic and
let G, , Hp, be Sylow p;-subgroups of G and H respectively, and I' a Cayley digraph on
G. Then T is isomorphic to a Cayley digraph of H if and only if T" is of product type
I'y,..., T, where each T'; is a Cayley digraph on both G, and a group isomorphic to
H,,1<i<r.

Proof. The first implication is already proven in Theorem [3.6]

Conversely, suppose that I" is a Cayley digraph on G that is also a Cayley digraph of
the abelian group H. Then G and some H’ = H are regular subgroups of Aut(T"). By
Theorem there exists a nilpotent subgroup N < Aut(T") that contains G and a regular
subgroup H' isomorphic to H. Replacing H by H’ and applying Theorem yields the
result. O

Definition 3.8. Let G and H be abelian groups of order n, and for each prime p; |n, denote
a Sylow p;-subgroup of G or H by G, or H,,,, respectively. Define a partial order < on
the set of all abelian groups of order n by G =< H if and only if G,, =, H,, for every
prime divisor p;|n.

Remark 3.9. If, in Theorem[3.6] H is chosen to be minimal with respect to < subject to
being contained in Aut(I"), then the rank of each Sylow p;-subgroup of H (i.e. the number
of elements in any irredundant generating set) will be equal to the number of factors in
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the multiwreath product Aut(I;). Moreover, Aut(I'y) x -+ x Aut(T',) will contain a
regular subgroup isomorphic to the abelian group R if and only if Aut(T") contains a regular
subgroup isomorphic to the abelian group R.

Theorem 3.10. Let ' = Cay(G, S) for some abelian group G of order n. Let R be
a regular cyclic subgroup of Aut(T'). Suppose that there is a nilpotent group N with
G < N < Aut(D), such that N mimics every regular abelian subgroup of Aut(T"). Then
the following are equivalent:

1. The digraph T is isomorphic to a Cayley digraph on both R and H, where H is a
regular abelian group; furthermore, if H is chosen to be minimal with respect to the
partial order < from amongst all regular abelian subgroups of Aut(T"), then for each
i, the Sylow p;-subgroup of H has rank m,.

2. Let P; be a Sylow p;-subgroup of G. There exist a chain of subgroups P; 1 < --- <
P; pn,—1 in P; such that

(a) P1,Pio/Pi1,...,Pim—1/Pim—2, Pi/Pim,—1 are cyclic p;-groups;

(b) Pix X Po/Pi1 %X, P;y1/Pim—2, Pi/P;m,—1 =p H;, where H; is a
Sylow p;-subgroup of H;

(c) Forall s € S\(P;; x G%), we have sP; ; C S, for j = 1,. ; — 1, where
G}, is a Hall p-subgroup of G (of order n/p;*). That is, S\( 5 X GY) s a
union of cosets of P; ;.

3. The digraph I is of product type Iy, ..., 'y, where each I'; = U; p,, -+ - 1 Uy 1 for
some Cayley digraphs U 1, . . ., Uj m, on cyclic p;-groups K; 1, . . ., K; p, such that
K1 % X K m, 2p H;, where H; is a Sylow p;-subgroup of H.

Furthermore, any of these implies:

4. T is isomorphic to Cayley digraphs on every abelian group of order n that is greater
than H in the partial order <.

Proof. Throughout this proof, let n = py* - - - p%~, where the p; are distinct primes.

(1)=(2): By hypothesis there is a transitive nilpotent subgroup N of Aut(I") that con-
tains regular subgroups isomorphic to G, R, and H. By Theorem[3.6] there existI', ..., ',
where each T'; is a circulant digraph of order p;*, such that I" is of product type I'y, ..., T,
and each Aut(T';) is a (possibly trivial) multiwreath product of cyclic groups. Additionally,
by Remark we may assume that R is a regular abelian subgroup of Aut(I") if and only
if Aut(I'y) x -+ x Aut(T ) contains a regular abelian subgroup isomorphic to R.

Let Aut(T;) = Z i Y/ e (by Remark | this multiwreath product does
have m; factors). Then Aut( i) adrmts block systems D; ;, 1 < j < m; consisting of
blocks of size z; ; = Hézlpie '. Observe that Aut(I';)/D; ; =Z v, , -2 ZprM and

, pomis Pi+L,

ﬁXAllt(Fi)(Di’j)D — sz.,jﬁi I ZZpt_’l,i’ D e Diﬁj. Additionally, ﬁXAllt(Fi)(Di,j+1)/Di,j

in its action on D/D; ; € D; j4+1/D; ; is cyclic of order p?”l’i. Let P; be a Sylow p;-
subgroup of G. Now, as G is a transitive abelian group, P; ; = fixg(D; ;) is semireg-
ular and transitive on D € D; ;. As fixaue(r,)(Di,j+1)/Ds,j in its action on D/D; ; €
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1,

D;.j+1/D; ; is cyclic of order ps , we see that P; j11/P; ; is cyclic of prime-power

order, and for the same reason,
PiixPiofPi1 %X Py 1/Pim_oxP/Pm,—1=p H;,

where H; is a Sylow p;-subgroup of H. For 1 < 7 < m; — 1, N admits a block system
C;,; consisting of blocks of size x;; - n/p;*, as well as a block system B; ; consisting
of blocks of size x; ;, and of course B; ; < C; ;. As I'is of product type I'y,..., [,
and each I'; is a circulant graph, we see that Aut(I';) x Z,, /s < Aut(I'); furthermore,
Aut(l'y) = Zyoi )y, ULy, ;- Thus, Py jlc < Aut(T') for every C' € C; ;. Thus we see
that between blocks C’, C" € C;, we have either every directed edge from a block of B; ;
contained in C' to a block of B; ; contained in C” or no directed edges. As C; is formed by
the orbits of P; ; x G} and B; ; is formed by the orbits of P, ;, (2) follows.

(2) = (3) Let B; ; be the block system of G formed by the orbits of P; ;, 0 < j < m;,
and C; ; the block system of G formed by the orbits of P; ; x Gj. Asforall s € S\(P; ; X
G}), we have sP; ; C S, for j = 1,...,m; — 1, we have fixg(B; ;)|c, , < Aut(I') for
every C; € C; ;. Note that fixg (B;,m,) = P; and that (Z ., fixq(Bi j)|c, , : Cij € Cij)

where the orbits of P; ; have order p. " .

in its action on By p,, € Bjm, is Z i IRy/ i

Now let n; j11 = i j41 — i, 0 < Jj < m; — 1. Then Q; = (fixg(B 7J)|c” :Ciyj €

Cij,1 < j < my)inits action on B, ,, € B, is Z T Zan“n 10 ZZ mit
and Q; = (Zp:u,m zzpf“’"fl !- ZZ n, 1) X 1Sym(n/p“1) Let K;; = Z P for each
1 < 7 < m;. Clearly, these are cyclic p;- groups Also, P; ;11 / P ;= KZ,J+1 as abstract
groups for 0 < j < m; — 1, so assumption (b) tells us that K; 1 X --- X K, ,,, =<, H;.
Notice that Q1 X Q2 X -+ X @, < Aut(T"), and by Lemmathere exists a digraph T';
with Aut(I';) = @Q;. The graphs U, ; are given in the proof of Lemma Thus I is of
product type I'y, . . ., I',., completing this part of the proof.

(3) = (1), (4) For each i, Aut(T';) is a multiwreath product of m; Cayley digraphs
on cyclic groups. It is straightforward to verify (or is an immediate consequence of the
Universal Embedding Theorem) that Z, ! Z; contains regular subgroups isomorphic to
both Z,, and Z, X Zy.

By assumption, Aut( i) > Z i mg “ 02,1 Hence the above facts tell us that

Hy =21 X Z nm; < Aut( ) and also that H’ < Aut(T;) for every H] -, H;.
ThereforeH Hy x -+ x H. < Aut(T"), and also H' < Aut(T") forevery H' = H. O

The following result is obtained from the previous result by applying Theorem [2.15]

Corollary 3.11. Let k = p; - - - p,- be such that gcd(k, p(k)) = 1 where each p; is prime,
andn = pi*---pi. LetT' = Cay(G, S) for some abelian group G of order n. Then the
following are equivalent:

1. The digraph T is isomorphic to a Cayley digraph on both Z,, and H, where H is
a regular abelian group; furthermore, if H is chosen to be minimal with respect to
the partial order < from amongst all regular abelian subgroups of Aut(T"), then for
each i, the Sylow p;-subgroup of H has rank m;.

2. Let P; be a Sylow p;-subgroup of G. There exist a chain of subgroups P; 1 < --- <
P; -1 in P; such that
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(a) Pi1,Pio/Piq,..., Pim—1/Pim—2,Pi/P;m,1 are cyclic p;-groups;

(b) Py X Pia/P;1 X X Pyn_1/Pim—2 X Pi/Pim,—1 =p H;, where H; is a
Sylow p;-subgroup of H;

(c) Forall s € S\(P;; x G}), we have sP; ; C S, for j =1,...,m; — 1, where
G, is a Hall p;-subgroup of G (of order n/p;*). That is, S\(P; ; x G}) is a
union of cosets of P, ;.

3. The digraph T is of product type I'y, ..., T';., where each I'; = U; 1, - -2 U; 1 for
some Cayley digraphs U 1, . ..,U; m, on cyclic p;-groups K; 1, ..., K; 1, such that
K1 X - X Ky, =p H;, where H; is a Sylow p;-subgroup of H.

Furthermore, any of these implies:

4. T is isomorphic to Cayley digraphs on every abelian group of order n that is greater
than H in the partial order <.

A point about the previous results should be emphasized. That is, it is necessary to
introduce the digraphs I'y, ..., I',. from Lemma - one cannot simply define T'; = T'[B;]
(the induced subgraph on the points of B;), where B; € B; and B; is a block system
whose blocks are the orbits of some Sylow p-subgroup of the regular cyclic subgroup.
Rephrased, it is possible for I'[B;] to be a Cayley digraph of more than one group even
when I' is only isomorphic to a Cayley digraph of a cyclic group, and even when the
condition ged(k, ¢(k)) = 1 is met. We give an example of such a digraph in the following
result.

Example 3.12. Let p and ¢ be distinct primes such that ged(pq, p(pq)) = 1, and T' =
Cay(Zy2 x Zq,S), where S = {(kp,0),(1,1) : k € Z,}. The only abelian group H of
order p?q for which I is isomorphic to a Cayley digraph of H is the cyclic group of order
p?q. Nonetheless, let B3 be the block system of the left regular representation of Lo X ZLg,
that has blocks of size p?. Then for every B € B, the induced subdigraph I'[B] is a
Cayley digraph on Z, and on ZI%, and is isomorphic to the wreath product of two circulant
digraphs of order p.

Proof. Towards a contradiction, suppose that I' is isomorphic to a Cayley digraph of the
abelian group H’, where H’ is not cyclic. Let G be the left regular representation of
Zy> X ZLq. Then H' = Z2 x Zqg, and by Theoremthere exists H = H’ such that
N = (G, H) is nilpotent. Then N admits 55 as a block system as well as block systems 13,
and B, consisting of blocks of size p and blocks of size g, respectively. As H = Zg X ZLq,
N/B, is a p-group that contains regular subgroups isomorphic to Zg and Zy,>. By [12,
Lemma 4] we have that N/B, = Z,1 Z,,.

For 0 < i < p? —1, let B; ;, € B, denote the block that consists of {(i,j) : j € Zg}.
Each vertex of By, is at the start of a unique directed path in I" (that does not include
digons) of length ¢ (travelling by arcs that come from (1,1) € S), and each of these paths
ends at a vertex of B, ,. Thus any automorphism of I' that fixes By , must also fix B, 4,
contradicting K /B, = Z, 1 Z,,.

Finally, I'[ B] is isomorphic to Cay (Z,>, {kp : k € Z3}) = K,1K,, so by Theorem
I'[B] is also a Cayley graph on Zg. |

The converse though is true. That is, if the condition ged(k, ¢(k)) = 1 is met, and I is
a Cayley digraph of two abelian groups G and H with nonisomorphic Sylow p-subgroups
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G, and H), respectively, and G is cyclic, then it must be the case that I'[B] is a wreath
product, where B is formed by the orbits of G, and B € B.

Corollary 3.13. Let k = py - - - p, be such that gcd(k, p(k)) = 1 where each p; is prime,
and n = pi*---ptr. Let T be a circulant graph of order n, and let B; be the block
system of the left regular representation of Z, consisting of blocks of size p;*. If T'|B;],
B; € B, is not a nontrivial wreath product and H is an abelian group of order n such
that T is isomorphic to a Cayley digraph of H, then a Sylow p;-subgroup of H is cyclic.
Consequently, if U'|B;), B; € B;, is not isomorphic to a nontrivial wreath product for any
1 <@ < rthenT is not isomorphic to a Cayley digraph of any noncyclic abelian group.

Proof. By Theorem there is a transitive nilpotent subgroup N of Aut(I") that contains
the left regular representation of Z,, as well as a regular subgroup isomorphic to H. The
system B; is a block system of IV also, since N is nilpotent. Thus B; is a block system of
H. Let H; denote a Sylow p;-subgroup of H, and GG; a Sylow p;-subgroup of Z,,. If H;
is not cyclic, then the restrictions of H; and G, to any B; € B, are nonisomorphic regular
p-groups, so by Theorem|[1.5] I'[B;] is a nontrivial wreath product. O

4 Future Work

The work in this paper provides a “template” that one can use to approach the problem of
when a digraph is a Cayley digraph of two nonisomorphic nilpotent groups, as follows.

Let R, R’ be two regular nilpotent groups of order n. If there exists § € (R, R’) such
that (R, 6~ R’'S) is nilpotent, then (R, 5" R'§)(? is also nilpotent, and writing the group
(R,67'R'6)?) as TI7_, P;, where Py, ..., P, are all Sylow subgroups of (R, *R'5)(%),
then each P; is 2-closed. Furthermore, if 12, is the Sylow p;-subgroup of R, R;i is the
Sylow p;-subgroup of R’, and P; is the Sylow p;-subgroup of (R, 5 ' R'6)(?), then P; =
(Rp,, 6 _1R;77:5>(2)- Thus, the subgraph induced on each orbit of P; is a Cayley graph on
the Sylow p;-subgroups of both R and R’. So from a group theoretic point of view, this
“reduces” the group theoretic characterization to the corresponding prime-power cases.

Of course, we would ideally like conditions on the connection set of a Cayley digraph
of one group to be a Cayley digraph of another group, but at this time such conditions are
only known in the prime-power case when one of the groups is cyclic. We also suspect that
the conditions given in Theorem and Corollary[3.1T]only hold when one of the groups
is a cyclic group, and different conditions will be needed for different choices of nilpotent
or even abelian groups. So we have the following problem:

Problem 4.1. Given p-groups P and P’, determine necessary and sufficient conditions on
S C P so that Cay(P, S) is also isomorphic to a Cayley digraph of P’'.

Some attempt to study this has been made in [22]. The authors do not study the con-
nection sets, but show that the situation is vastly different when neither regular subgroup in
the automorphism group is cyclic, in the following sense. Theorem [I.5]above shows that
when one of the regular subgroups is cyclic (say of order p*), the automorphism group of
the graph is a multiwreath product, so the regular subgroup has index at least p(s=D(@=1)
in its automorphism group. However, Theorem 1.1 of [22] shows that if £ > 3 then given
any non-cyclic abelian group of order p* where p is odd, there is a Cayley digraph on that
group whose automorphism group has order just p**! (so the regular subgroup has index
p in this group) that contains a regular nonabelian subgroup also.
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So how can one determine if a ¢ that conjugates R’ to lie in a nilpotent group with R
exists? We have seen in this proof that sometimes in order to prove that they lie together in
a nilpotent group, it is sufficient to show that they lie together in a group that is normally
Q(n)-step imprimitive. Naively following the structure of the proof in this paper, we have
the following problem:

Problem 4.2. Determine for which regular nilpotent groups N and N’ of order n there
exists § € (N, N') such that (N, 51 N’6) is (normally) Q(n)-step imprimitive.

This condition is certainly a necessary condition for a nilpotent subgroup of (N, N') to
contain N and a conjugate of N’, but this condition is also sufficient under the arithmetic
condition in Corollary [3.11] by [9, Corollary 15]. The solution of Problem [4.2] will likely
depend, like the proof of Theorem [2.1]and consequently Theorem [2.15] on the Classifica-
tion of the Finite Simple Groups. In particular, it seems likely we will need at least a list
of primitive groups which contain a regular nilpotent subgroup, as well as a perhaps a list
of such nilpotent subgroups. It is worthwhile to point out that Liebeck, Praeger, and Saxl
have determined all primitive almost simple groups which contain a regular subgroup [[19,
Theorem 1.1].

Finally, we conjecture that the condition ged(k, ¢(k)) = 1 in Theorem is unnec-
essary:

Conjecture 4.3. Theorem[3.11|holds for all n € N.

Settling this conjecture may be quite difficult, as, at least with our approach, a positive
solution would require generalizing Muzychuk’s solution to the isomorphism problem for
circulant color digraphs in [25]], which is a difficult and significant result.

Acknowledgment. The authors thank the anonymous referee for helpful comments
and suggestions.
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