RESULTS TOWARDS SHOWING Z, IS A CI-GROUP

JOY MORRIS

ABSTRACT. It has been shown that Z; is a Cl-group for 1 < i < 4,
and is not a CI-group for ¢ > 2p—1+ (2pp_1); all other values (except
when p = 2 and ¢ = 5, which is CI) are open. The results presented in
this paper are useful in any attempt to prove that Zy is a Cl-group.
In fact, they provide complete and elementary proofs that Zp, 72

P
and Zg are Cl-groups.

In 1967, Adém conjectured [1] that two Cayley graphs of Z,, are isomor-
phic if and only if they are isomorphic by a group automorphism of Z,,.
Although this conjecture was disproven by Elspas and Turner three years
later [8], the problem and its generalizations have subsequently aroused
considerable interest. Much of this interest has been focused on the Cayley
Isomorphism Problem, which asks for necessary and sufficient conditions for
two Cayley graphs on the same group to be isomorphic. Particular atten-
tion has been paid to determining which groups G have the property that
two Cayley graphs of G are isomorphic if and only if they are isomorphic by
a group automorphism of G. Such a group is called a CI-group (CI stands
for Cayley Isomorphism). One major angle from which the Cayley Isomor-
phism problem was considered was the question of which cyclic groups are
in fact Cl-groups. The problem raised by Adém’s conjecture has now been
completely solved by Muzychuk [14] and [15]. He proves that a cyclic group
of order n is a Cl-group if and only if n = k, 2k or 4k where k is odd and
square-free. The proof uses Schur rings and is very technical. Many special
cases were obtained independently along the way to this result.

One other major branch of study of the Cayley Isomorphism problem
has focused on elementary abelian groups. In [5], Babai and Frankl asked
whether or not all elementary abelian groups are Cl-groups. In 1992, Lewis
Nowitz constructed a Cayley graph on Z$ that is not a Cl-graph, thus
showing that not all elementary abelian groups are ClI-groups. Alspach
provided a simpler proof of the Nowitz result in [2].

From the other side of things, Turner [17] proved that Z, is a CI-group;
Godsil [9] proved that Zf) is a Cl-group, and Dobson [7] provided the first
proof that Z;; is a Cl-group. A more elementary proof that Z;’) is a Cl-group
is provided by Alspach and Nowitz in [3], and the results presented here
extend their techniques. Muzychuk’s work was also key to this aspect of
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the problem; with Hirasaka, he proved that Zf) is a Cl-group [11], a result
that was independently proven by the author in her PhD thesis using the
techniques presented here [13]. Most recently, Muzychuk has constructed
L)

P

graphs on Z?,pi that are not Cl-graphs. By use of a computer, it
has been established that Z3 is a Cl-group, but all other values remain
open.

We would recommend that those readers interested in a survey of the
Cayley Isomorphism Problem see [12].

1. BACKGROUND DEFINITIONS AND THEORY

The notation used in this paper is something of a hodge-podge from a
variety of sources, based sometimes on personal preferences and sometimes
on the need for consistency with earlier works. For any graph theory lan-
guage that is not defined within this paper, the reader is directed to [6]. In
the case of language or notation relating to permutation groups, the reader
is directed to Wielandt’s authoritative work on permutation group theory
[18], although not all of the notation used by Wielandt is the same as that
employed in this paper. For terminology and notation from abstract group
theory that is not explained within this paper, the reader is referred to [10]
or [16].

Many results for directed graphs have immediate analogues for graphs,
as can be seen by substituting for a graph the directed graph obtained by
replacing each edge of the graph with an arc in each direction between the
two end vertices of the edge. Consequently, although the results of this
paper are proven to be true for all digraphs, the same proofs serve to prove
the results for all graphs.

Although for the sake of simplicity we assume in this paper that directed
graphs are simple, this assumption is not actually required in any of the
proofs that follow. We do allow the digraphs to contain digons.

Notation 1.1. Let V' be any orbit of G. Then the restriction of the action
of g € G to the set V' is denoted by g|v .

This ignores what the action of ¢ may be within other orbits of G. For
example, gl = 1 indicates that for every element v’ € V’/, g(v') = ¢/, but
tells us nothing about how ¢’ may act elsewhere.

Sometimes the action of a permutation group G will break down nicely
according to its action on certain subsets of the set V. Certainly, this
happens when G is intransitive, with the orbits of G being the subsets.
However, it can also occur in other situations.

Definition 1.2. The subset B C V is a G-block if for every g € G, either
g(B) =B, or g(B)N B = .

In some cases, the group G is clear from the context and we simply refer
to B as a block. It is a simple matter to realise that if B is a G-block, then
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for any g € G, g(B) will also be a G-block. Also, intersections of G-blocks
are themselves G-blocks.

Definition 1.3. Let G be a transitive permutation group, and let B be a
G-block. Then, as noted above, {g(B) : g € G} is a set of blocks that (since
G is transitive) partition the set V. We call this set the complete block
system of G generated by the block B.

Some of the basic language of blocks will be required in this paper.
Notice that any singleton in V| and the entire set V', are always G-blocks.
These are called trivial blocks.

Definition 1.4. The stabiliser subgroup in G of the set V' is the sub-
group of G consisting of all g € G such that g fizes V' pointwise. This is
denoted by Stabg (V'), or sometimes, particularly if V' = {v} contains only
one element, simply by Gy, or G,.

In some cases, we allow the set V’ to be a set of subsets of V' (where V'
is the set upon which G acts) rather than a set of elements of V. In this
case, the requirement is that every element of Stabg (V”) fix every set in V’
setwise. For example, if B is a complete block system of G, then Stabg(B)
is the subgroup of G that consists of all elements of G that fix every block
in B setwise.

Definition 1.5. Let S be a subset of a group G. The Cayley digraph
X = X(G; S) is the directed graph given as follows. The vertices of X are
the elements of the group G. If g,h € G, there is an arc from the vertex g
to the vertex h if and only if g~*h € S. In other words, for every vertex
g € G and element s € S, there is an arc from g to gs.

Notice that if the identity element 1 € G is in .S, then the Cayley digraph

will have a directed loop at every vertex, while if 1 ¢ S, the digraph will
have no loops. For convenience, we may assume that the latter case holds;
it is immaterial to the results. Notice also that since S is a set, it contains
no multiple entries and hence there are no multiple arcs. Finally, notice
that if the inverse of every element in S is itself in S, then the digraph is
equivalent to a graph, since every arc can be paired with an arc going in
the opposite direction between the same two vertices.
Definition 1.6. The Cayley colour digraph X = X(G; S) is very simi-
lar to a Cayley digraph, except that each entry of S has a colour associated
with it, and for any s € S and any g € G, the arc in X from the vertex g
to the vertex gs is assigned the colour that has been associated with s.

All of the results of this paper also hold for Cayley colour digraphs.
This is not always made explicit, but is a simple matter to verify without
changing any of the proofs used.

Definition 1.7. The set S of X(G; S) is called the connection set of the
Cayley digraph X .
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Definition 1.8. The automorphism group of the digraph X is the per-
mutation group that is formed of all possible automorphisms of the digraph.
This group is denoted by Aut(X).

We now define some terms that classify the types of problems being
studied in this paper.
Definition 1.9. The digraph X isa CI-digraph on the group G zf)? =
X(G; S) is a Cayley digraph on the group G and for any isomorphism of)?
to another Cayley digraph Y = ?(G; S’) on the group G, there is a group
automorphism ¢ of G that maps X toY. That is, o(S) = 5"

If X is a Cl-digraph on the group G, we will be able to use that fact
together with the known automorphisms of G to determine all Cayley di-
graphs on G that are isomorphic to X.

One of the most useful approaches to proving whether or not a given
Cayley digraph is a Cl-digraph has been the following theorem by Babai.
This theorem has been used in the vast majority of results to date on the
Cayley Isomorphism problem.

Theorem 1.10. (Babai, see [4]) Let X be a Cayley digraph on the group
G. Then X is a CI-digraph if and only if all reqular subgroups of Aut()?)
isomorphic to G are conjugate to each other in Aut(X).

2. THE RESULTS

2.1. Using the Sylow p-subgroups. Notice that the Sylow p-subgroups
of Spn have the form Z,1Z, ... 1 Z, (n copies of Z,). So every Sylow p-
subgroup of Sy~ has a unique complete block system of size p* for any i.
Furthermore, any permutation of order p’ that respects these blocks is in
this Sylow p-subgroup of Sp».

Throughout all that follows, all calculations are taken modulo p, and the
range of all variable subscripts of vertices and blocks is within {0,1,...,p—
1}, in addition to any other restrictions given.

Let X = X(Z;; S) be a Cayley digraph on the group Zj. Suppose that
o(Zy)po™t < Aut(X) for some o € Szrn. We want to show that (Zj), and
o(Zy)Lo~" are conjugate in Aut(X).

By taking a conjugate of o(Z)o~" if necessary, we may assume that
(Z3)r and o(Z!')Lo~! are in the same Sylow p-subgroup P of Aut (X).
The group P is contained in some Sylow p-subgroup P* of SZ;, that has
unique imprimitive blocks of length p for any 4. Let the blocks of length 1
be

Bi,in = {%iy,in 0 <01, ..,y <p—1.
Now, we let the blocks of length p™~7 be labelled inductively as follows:

Bi,...; =B oUB 1Y UBy iy -1

7 11,505, 11,0005,
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We use some important properties involving regular permutation groups
several times in what follows. First, if a permutation group G is transitive
and abelian then it is regular. Second, if G is transitive, abelian and im-
primitive, then any permutation in G that fixes some block setwise must
fix all blocks setwise. This follows because the action of G on the set of
blocks is also transitive and abelian, and consequently regular. This will
be used in the next paragraph.

Let the permutation

92—11'”77;77,—1

for 0 <'iy,...,in—1 < p— 1. Since both (Z7);, and o(Zy) o~" are abelian
and transitive on the sets of blocks of each size, they are regular in their
action on these sets of blocks. Without loss of generality, assume that the
blocks are coordinatized so that

(Tir,oyin 1,0 Tirooyin 1,1+ Tigoin_1,p—1)

Ti(Tiy,oigoin) = Tiy,ooij 1,y for all 0 <idg, ..., <p—1,

are all elements of the group (Zg)L. Note that 7, = o<y, .. i <p—18is....i,
and (ZS)L = <T1, ce ,Tn>.

Notice also that in any p-group Py, if g,¢" € P1, (g, ¢’ fixes the block B
of length p setwise, and g|g # 1, then ¢'|p = ¢°|p for some i.
Definition 2.1. Two sets of vertices Vi and Vs are said to be wreathed if
for each possible colour ¢ that an arc can be, the existence of an arc of colour
¢ from some vertex in Vi to some vertex in Vo implies the existence of an
arc of colour ¢ from each vertex of V1 to each vertex of Va, and furthermore
if (symmetrically) the existence of an arc of colour ¢ from some verter in
V5 to some wvertex in Vi implies the existence of an arc of colour ¢ from
each vertex of Vo to each vertex of V.

Sometimes we say (alternatively) that V4 is wreathed with V5 if the above
conditions hold.

The following lemma is useful in determining whether or not two blocks
are wreathed.

Lemma 2.2. Let G be a transitive subgroup of Aut()?), and let By and Bo
be G-blocks in the complete block system B. If Stabg(B) is transitive on
each block B € B, x € By , and the orbit of Stabg(B), containing y € Bo
in fact contains all of Bs, then By and By are wreathed.

Proof. We begin by assuming that there is a red arc from 2’ € B; to
y' € By, and prove that there must be a red arc from z” € B to y” € Bs.
This will be sufficient.

Since Stabg(B) is transitive on Bj, there exists some ¢ € Stabg(B)
such that ¢(z’) = x. Likewise, there exists some § € Stabg(B) such that
§(z) = 2”. Clearly, ¢(y') € By and 6~ !(y”) € Bs. Since the orbit of
Stabg(B), containing y € Bs in fact contains all of Bs, there exists some
b € Stabg(B),. such that ¥ (é(y')) = 6~ (y").
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Thus, §Yé(y’) = vy, and dve(z’) = z”. Since §, ¢ and ¢ were all
automorphisms of X, there must be a red arc from z’ to y”, and the proof
is complete. O

We use the 9; function defined by 6;(¢) = 1 and 6;(j) = 0 for any j # .

Proposition 2.3. Let U(ZZ)La’l be any conjugate of (Zy )1, with the prop-
erty that o(Z))o~" < P, where P is a fired Sylow p-subgroup of Aut()?)
that contains (Z')r.. Let 7] be the element of o(Zy)o~" that maps xo,...0
t0 To15;(1),...,04+6:(n)- Lhen 7] takes By, ... .q; t0 B, 45:(1),....a5+5: (i) for every
A1y...,05.

Proof. We know that o(Zy) o~ ! acts regularly on the vertices and the

blocks of X. By its definition and the definition of a block, the auto-
morphism 7/ clearly fixes Bs,(1),....5,(i—1) setwise. Consequently, 7/ must
fix every block Bg,,. . 4, , setwise. Let B = B,, . 4, , for some fixed
ai,...,a;—1. Since 7/ € P, and 7/ fixes B setwise, the action of 7/ on the p
blocks By, ....a;_1,0- -3 Bai,....ai_1,p—1 in B must be the same as the action
of Tij for some j, and therefore must take Bg, . a; 1,a; t0 Bay,....ai_1,ai+7
for every a; (j does not depend on a;).

Let 24, .4, € B, and let 7' € J(Zg)La’l be the element that maps
Tay.....an 10 To 0. Then 7/t ... 707" € P fixes Zq,, .q,, S0 fixes By, . _a;
setwise, and thus fixes By, 4, . Setwise for every c¢. Now, 7/ and 7’
commute, so we have

/
T

()~ 17'/7'/($a1, ,an)
= (7)1 (o,....0)
= ()"

7' 1(x6 (1),...,0; (4))

T’L(("I:a/17 -an )

m

7 (Bs,(1),....6:(i))
and we know that (T’)_l(x(;i(l)’w(;i(zl)) is in the same block of length n — 1,

7;(Bay,...a:); 88

a Ap 1 I\—1 _
T Tt T (T) T (@6,1),,6:(0)) = Tag 4611000485 (n)

which is in By, 5,(1),...,a;48:(i)- Lhis completes the proof. U
In particular, this has shown that 7, = 7,,.

2.2. Conjugating 7;. Working from the other end of things, suppose that
we have already performed conjugations so that our conjugated group
o(Zy)Lo~" is generated by 7{,7,...,7,. We now demonstrate that we
can find ¢ such that o (Zy) o'~ = (Z7) L.

Throughout this section, G is the subgroup of (r{,71,72,...,7,) that
fixes the vertex xg,.. 0.
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Note that every element of (7], 71, T2,...,T,) commutes with 7o,..., 7,
since both (Zy ) and o(Zy)po~" are abelian, so if ¢ € (1{,71,72,...,7n)
and ¢($T1,---,Tn) = xrl+al7r2+a2,rl7"'7Tn+an,r1 then

! = ’
¢($T1’T2,~-,T;) Lri+ay,rh+az, vy, rh+an,r -

Lemma 2.4. The orbit of G containing x,, ..., is the same as the orbit

n

of some subgroup of (Ta,...,Tp) containing Ty, . ..

Proof. Notice first that G fixes By setwise, and therefore fixes B, setwise
for any r;. It therefore suffices to show that if ., . .., Ty ot and
Ty rytas,...ra+a, are in the same orbit, then so is @, 11 yay, . 17 a,- Since
there is some g € G such that g(xr,,.. r.) = Try rotas,...rntan, a0d g com-
mutes with 7, ..., 7y, it is clear that g(¥,, ry,...v ) = Tr ) van,...rt van-

Lemma 2.5. Suppose i # 0, and the orbit of G containing ;... 0 s the
same as the orbit of the subgroup of (To,...,T,) generated by ¢1,...,dk
containing x;0,..0. Then the orbit of G containing xr; 0.0 15 also the
same as the orbit of (¢1,...,¢r) containing Trio,..0-

Proof. We can assume without loss of generality that no subset of the set
{¢1,...,¢r} generates (¢1,..., ), 50 [{¢1,..., k)| = p*. Now we prove
the result by induction on k.

The base case is given by k£ = 0, so the orbit is a singleton. In this
case, we have G = 7iG1; ", so G = ]G, " for any r, and the result is
apparent.

We now assume that the lemma holds for any orbit of length p’ where
j < k, and demonstrate that it must hold for orbits of length p**!. Inside
the induction on k, we induct on r. Here the base case is r = 1, which is
the vacuous statement that the orbit of x; o, ¢ is equal to itself. Assuming
that the orbit of z,,0 ¢ is as given (with length pFt1), we proceed to
demonstrate that the orbit of z(,1)i0,...0 is as given, with length pFteL.

First we show that the orbit of (,,1)i0,....0 must be contained in the
given set. Let g be any element of G. Then by our induction hypothesis
on 7, g(Trio,..0) = ¢(Trio,..0) for some ¢ in (¢1,. .., Pg+1). Furthermore,
¢~ tg fixes Zrio,..0 and is therefore an element of the group T{iGTf”
Since we know the orbit of G containing x; o, ... o, we also know the orbit of
T{iGTf” containing x(,11)i,...,0- This tells us that qS_lg(x(TH)i_,oy__’O) =
' (Z(r4+1)i0,...,0) for some ¢ € (¢1,...,¢r41). Hence g(x(ri1)i0,..0) =
' (T(r41)i,0,...,0) for some @@’ € (@1, ..., ¢ry1). This has shown the claim
that began this paragraph.

Towards a contradiction, suppose that the orbit of x(,41)0,...,0 under G
were a strict subset of the orbit of z(,41);0,..,0 under (¢1,...,¢r41). By
Lemma 2.4, the orbit of x(,41);0,...,0 under G must therefore be the orbit
of T(;41)i,0,...,0 under a strict subgroup of (¢1,..., ¢ry1), which has order
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at most p*. By the induction hypothesis on k, since i = s(r + 1)i(mod p)
for some s, the orbit of z; o ... o also has length at most p’ﬂ a contradiction.
This completes the proof. O

Corollary 2.6. The orbit of G containing x;0,.. 0 is Tf_j(Oj), where O;
is the orbit of G containing x;o,. .0, if 1,5 # 0.

Proof. Lemma 2.4 tells us that both orbits are orbits of subgroups of the
group (72,...,Ts), and Lemma 2.5 tells us that both subgroups are the
same, since (i,p) =1 = (j,p). The result follows immediately. O
Proposition 2.7. Let J(ZZ)LU’l be any conjugate of (Zy ), with the prop-
erty that o(Z)),o~" < P, where P is a fired Sylow p-subgroup of Aut(X)
that contains (Z3)r, and 7o, ..., 7, € o(Z)po~"'. Then there exists some

Y € P such that Yo(Zy) o~ ™" contains 1, ... 7,1 and 7,.

Proof. We consider 7{. As previously noted, since 7{ commutes with each
of T9,..., Ty, the action of 7{ is completely determined by the p triples

(ag,o, . ,amo) = (O, .. .,O)7 (a271, - 761,7171) ey (a27p_1, .. .,an)p_l),

/
where T (1‘7;1107"'70) = Lig4+1,a2,i) yey8n,iq *
Define the function v as follows:

1 commutes with 7o, ..., 7,; and
VN (@io,...0) = (1) (20,....0)

for any i, where (71)" is considered to be the identity.
First we show that 17{¢~! = 7. For any i1,...,i,, we have

1/}7'{’(/}_1(1‘1‘1"“71'") = w(T{)il—HTl_il (xil,m,in)
= ) T ) (@)

= 71(Tiy,..in )

0

as required.

There is an alternative and perhaps more intuitive way of showing this.
Notice that the disjoint cycle notation for 7| consists of p”~! cycles of the
form

(Z0,i2,msin Tin,sin T2in+as1,intan, - -
xp71ai2+a2,l+-'~+a2,p727~‘~7Z‘7L+a7L,1+~-~+an,p72)'
Also,

,l/)(xilai2+a2,l+~w+a2,i—l7--~,in+an‘1+»--+an,i—l) = Tiy,.. iy
for any iy > 1, while ¥(214,,....4,,) = ®1is,....i,, A0d PY(T0 4,00 ) = T0,i0,.. i, -
From this, it is easy to verify that the disjoint cycle notation for 7] ~!
will consist of p™~! cycles of the form

(T0,in,..sin Thigsoosin v+ Tp—Tin,...sin )y
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which is precisely the form of 7.

Now we must show that v is an automorphism of X. Suppose that there
is a red arc from the vertex x;, . ;, to the vertex Ty il Then showing
that there must be a red arc from ¢~'(z;, . 4,) to w_l(xifl,_“%) will be
sufficient to complete the proof.

If 41 = ¢}, then since ¢ commutes with 75,73 and 74, it is immediately
apparent that the appropriate red arc will exist. So we assume iy # .
Now,

O H @iy in) = (1) (20,63, )
= xi1,i2+a2,o+m+a2,i1—17---,in+an,o+.--+an,z‘1—17 and
_ ./
O (@i i) = (1) (0,07

= X’ ;! ;
$7,1,z2+a2_’0+...+a2‘i/171,...,2;’+an,0+...+an,i,171 .

Let B, be any p™~!-block of Aut(X), with 7 # 0. We show that the orbit
of x,,... 0 under G contains the set

{‘TT,boaQ)g—‘r...+bp_1a2)p_1,...,bgan,g—‘r...+bp_1an7p_1 : O S b07 e 7bp—1 S b= 1}'

To show this, we need only show that if z, ., . ., isin the orbit, then so is
Lrca+az,s,...;Cntan,s for any s.

If s = 0 then a; s = 0 for every ¢, so the result is trivial. Otherwise, notice
that 7'1_17'{(3:570,_”,0) = Tsay.,...an.s and 71_17'{ € G, so by Corollary 2.6,
there exists some g € G such that g(z,0,....0) = Tra,..,....a,.- NOW, since g
commutes with 7o,...,7,, we have g(2, ¢, c.) = Ty cotas,srsCntan.s-

In particular, we have shown that the orbit of z;; _;, o .o under G con-
tains the vertex Tif —in 02,1, o+ 51 1o ., _,- Since every element

< niq a<~-7an,11

of G commutes with 7o,...,7,, this means that the orbit of the vertex
Ti, iy i —in,...it, —i, under G contains the vertex

Tit i ) o ) .
17— 11,15 12""’12)11+"'+a2,i’1—17'”71n 1n+an,,1,...,a”’i/171

This has shown that there must be a red arc from the vertex ¥~ (z;, . ;.)
to the vertex ¢_1($i;,4..,igb), as required. So ¢ € Aut(X). Since v respects
all of the standard blocks, it is clear that ) € P. a

2.3. Completing the proof for Zz. The two propositions have shown
that 75 = 73 and that if we can conjugate 75 to 7o, then we can also
conjugate 71 to 71, so it only remains to show that we can conjugate 74 to
T2.

Define the auxiliary graph Y whose vertices are the blocks of size p from
the graph X. Two vertices of Y are adjacent precisely if the corresponding
blocks of X are not wreathed. By Proposition 2.3, we have 74(;, i5.45) =
Tiy in+1,i5+d;, 5, O €very iy, ia, i3, for some d;, ;, and since 75 and 74 = T3

commute, d;, ;, depends only on i; and is.
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Consider the vertices of X that correspond to some connected component
of Y. We claim that if z;, ;, s, and x;, j, j, are both in the same component,
then d;, ;, = dj, ;,. For suppose this were not the case, and proceed along
a path from B;, ;, to Bj, j, in Y. There is some first block along this path,
By, a5, such that dg, 4, # di; i, But the previous block along this path,
By, p, does have dy, p, = di, 4,. Since By, p, and By, 4, are adjacent in

Y, these blocks cannot be wreathed, but the action of 75 iz 7y 7} fixes
Ty by by While moving 24, 45,64, i an orbit that consists of the full block
By, a,- By Lemma 2.2, these two blocks must be wreathed, a contradiction.

Now, doo =0, so d;, ;, = 0 for any B;, ;, in the same connected compo-
nent of Y as By . We may assume that there is some other connected com-
ponent, C’, containing some vertex Bj, j;,, for which d;, ;, # 0, for otherwise
74 = 7o and we are done. Notice that By is wreathed with By ;. For if 7/

is the element of o(Zy)po~" that takes z,00 to zj, j, 0, then 7 77,727/

fixes xg,0,0 pointwise. However, 757/ (z001) = 7'15(x00k) = T'(T01,k) =
T3 (Tjrgak) = TjrgotLtdyy gy 80 71 Ty 2T (To1 k) = T01k4dy, 4, NOW,
if By were not wreathed with By for some k, then any automorphism
that fixes xg,0,0 must fix g 1,0, so must fix g s,0 for any s. But since p is
prime, there is some s such that sk = 1(mod p), which contradicts the fact
that Tl_j17'2_j27’ fixes 9,00 but not zg 1,0. So By, is wreathed with By y
for every k, which shows in fact that any two blocks of length p in the same
block of length p? are wreathed.

The vertices of X that lie in some fixed component of Y must form a
block of X, so there must be p, or p? such vertices since we have already
eliminated the possibility that Y has just one component. What we have
just shown demonstrates that each component of ¥ must meet the blocks
of length p? in X in at most one block of length p, so 75 and 75 move every
component onto a different component.

Choose one block of length p from each block of length p? in such a way
that every block in the component of Y that contains By ¢ has been chosen.
Call these blocks the representative blocks. Define ¢ by ¢(z; ;%) = ik
if B; ; is a representative block, and ¢(x; ;%) = 92?;’};+"'+di’j71 (@i,5,%) if the
representative block in B; is B; j» and j' # j. Notice that ¢ is some fixed
power of 73 within any component, and ¢ fixes every block of length p
setwise, so ¢ is certainly an automorphism of X. Also, ¢~ ‘3¢ = 73.

Now,

O (@i k) = O (T g ket it i)

=0 (Ti g1 htd, b otdi ) = Tigrik = T2(Ti g k),

for any 4, j, k, completing the proof.
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