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CONSTANTS FOR ARTIN-LIKE PROBLEMS IN KUMMER AND DIVISION FIELDS

AMIR AKBARY AND MILAD FAKHARI

ABSTRACT. We apply the character sums method of Lenstra, Moree, and Stevenhagen to explicitly

compute the constants in the Titchmarsh divisor problem for Kummer fields and division fields of

Serre curves. We derive our results as special cases of a general result on the product expressions for

the sums in the form
8ÿ

n“1

gpnq

#Gpnq

in which gpnq is a multiplicative arithmetic function and tGpnqu is a certain family of Galois groups.

Our results extend the application of the character sums method to the evaluation of constants, such

as the Titchmarsh divisor constants, that are not density constants.

1. INTRODUCTION

Throughout this paper, let a be a non-zero integer that is not ˘1. Let h be the largest integer for

which a is a perfect h-th power. In 1927, Emil Artin proposed a conjecture for the density of primes

q for which a given integer a is a primitive root modulo q. More precisely, Artin conjectured that

the density is

(1.1) Aa “
ź

p prime

ˆ
1 ´ 1

#Gppq

˙
“

ź

p prime
p|h

ˆ
1 ´ 1

p ´ 1

˙ ź

p prime
p∤h

ˆ
1 ´ 1

ppp ´ 1q

˙
,

whereGppq is the Galois group of Qpζp, a1{pq over Q. Here ζp is a primitive p-th root of unity. Note

that Gppq depends on a, but we suppress the dependence on a in our notation for simplicity. Also,

observe that Aa “ 0 if a is a perfect square as Gp2q “ t1u for such a.

In 1957, computer calculations of the density for various values of a by D. H. Lehmer and E.

Lehmer revealed some discrepancies from the conjectured value Aa. The reason for these incon-

sistencies is the dependency between the splitting conditions in Kummer fields Qpζp, a1{pq.

To deal with these dependencies, Artin suggested an entanglement correction factor that appears

when asf ” 1 pmod 4q, where asf , the square-free part of a, is the largest square-free factor of a

(see preface to Artin’s collected works [3]). More precisely, the corrected conjectured density δa is

(1.2) δa “
#
Aa if asf ı 1 pmod 4q,
Ea ¨Aa if asf ” 1 pmod 4q,

where

(1.3) Ea “ 1 ´ µp|asf |q
ź

p|h
p|asf

1

p ´ 2

ź

p∤h
p|asf

1

p2 ´ p ´ 1
.
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Here, µp.q is the Möbius function. Hooley proved the modified conjecture [9] in 1967 under the as-

sumption of the Generalized Riemann Hypothesis (GRH) for the Kummer fields Kn “ Qpζn, a1{nq
for square-free values of n. For any n, let Gpnq be the Galois group of Kn{Q. Hooley proved,

under the GRH, that the primitive root density is

(1.4)

8ÿ

n“1

µpnq
#Gpnq ,

and then showed that the above sum equals the corrected conjectured density δa in (1.2).

In [14], Lenstra, Moree, and Stevenhagen introduced their character sums method in finding

product expressions for densities in Artin-like problems. Their method directly studies the primes

that do not split completely in a Kummer family attached to a, without considering the summation

expressions such as (1.4) for the constants. In [14, Theorem 4.2], they express the correction factor

(1.3), when a is non-square and the discriminant d of K2 “ Qpa1{2q is odd, as

(1.5) Ea “ 1 `
ź

p|2d

´1

#Gppq ´ 1
.

The authors of [14] achieve this by constructing a quadratic character χ “ ś
p χp of a certain

profinite group A “ ś
pAp such that kerχ “ GalpK8{Qq, where K8 “ Ť

ně1Kn (see Section

2 for details). They derive (1.2) as a special case of the following general theorem ([14, Theorem

3.3]) in the context of profinite groups.

Theorem 1.1 (Lenstra-Moree-Stevenhagen). Let A “ ś
pAp, with Haar measure ν “ ś

p νp, and

the quadratic character χ “ ś
p χp be as above. Then for G “ kerχ and S “ ś

p Sp, a product of

νp-measurable subsets Sp Ă Ap with νppSpq ą 0, we have

δpSq “ νpGŞ
Sq

νpGq “
˜
1 `

ź

p

1

νppSpq

ż

Sp

χpdνp

¸
¨ νpSq
νpAq .

The above theorem shows that if
νpG

Ş
Sq

νpGq
‰ νpSq

νpAq
, then the density of S in A can be corrected to

give the density of the elements of S in G. Moreover, the correction factor can be written explicitly

in terms of the average of local characters χp over Sp.

Our goals in this paper are two-fold. In one direction, in Theorem 1.6 and Corollary 4.1, we

will show how the character sums method of [14] can be adapted to directly deal with the general

sums similar to (1.4). This is an approach different from the one given in Theorem 1.1 in which a

density given as a product, i.e., νpSq{νpAq, is corrected to another density, i.e., νpG X Sq{νpGq,

which is not explicitly given as an infinite sum. In another direction, we describe how the method

of [14] can be adapted to derive product expressions for the general sums similar to (1.4) in which

µpnq is replaced by a multiplicative arithmetic function that could be supported on non-square free

integers (all the examples given in [14] are dealing with arithmetical functions supported on square-

free integers). Such arithmetic sums appear naturally on many Artin-like problems. In addition,

some of them, such as Titchmarsh divisor problems for families of number fields, are not problems

related to the natural density of subsets of integers. In this direction, our Theorem 1.2 provides

a product formula for the constant appearing in the Generalized Artin Problem for multiplicative

functions f (see Problem 1.5) in full generality.

We continue with our general setup. Let a “ ˘ae0, where e is the largest positive integer such

that |a| is a perfect e-th power, and signpa0q “ signpaq. In our arguments, the integer a is fixed,

so we suppress the dependency on a in most of our notations. We fix a solution of the equation

x2 ´ a0 “ 0 and denote it by a
1{2
0 . The quadratic field K “ Qpa1{2

0 q, the so-called entanglement

field, plays an important role in our arguments. We denote the discriminant of K by D. Observe
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that for an integer ap‰ 0,˘1q, we have three different cases based on the parity of the exponent e

and the sign of a: (i) Odd exponent case, in which e is odd; (ii) Square case, in which e is even and

a ą 0; (iii) Twisted case, in which e is even and a ă 0. We refer to cases (i) and (ii) as untwisted

cases. Note that for odd exponent case K “ K2, for square case K2 “ Q and K ‰ K2, and for

twisted case K2 “ Qpiq and K ‰ K2.

For a Kummer family tKnu, the Galois elements in Gpnq “ GalpKn{Qq are determined by their

actions on the n-th roots of a and the n-th roots of unity. Thus, any Galois automorphism can be

realized as a group automorphism of the multiplicative group

Rn “ tα P Q
ˆ
; αn P xayu,

the group of n-radicals of a. This yields the injective homomorphisms

(1.6) rn : Gpnq Ñ Apnq :“ AutQˆXRn
pRnq,

where Apnq is the group of automorphisms of Rn fixing elements of Qˆ. For n “ ś
pk}n p

k we

haveApnq – ś
pk}nAppkq. Let νppeq denote the multiplicity of p in e. Let Φpnq be the Euler totient

function. For odd p,

#Appkq “ pk´mintk,νppequΦppkq
and for p “ 2,

#Ap2kq “
#
2k´mintk,s´1uΦp2kq if e is odd or a ą 0,

2k´mintk,s´1uΦp2k`1q if e is even and a ă 0,

where

(1.7) s “
#
ν2peq ` 1 if e is odd or a ą 0,

ν2peq ` 2 if e is even and a ă 0.

(see Proposition 3.1 for a proof.)

The following theorem, related to the family of Kummer fields Kn, gives us the product expres-

sions of a large family of summations involving the orders of the Galois groups of Kn{Q.

Theorem 1.2. Let a “ ˘ae0, where a0 and e are defined as above, K “ Qpa1{2
0 q, and let D be the

discriminant of K. Let g be a multiplicative arithmetic function such that

8ÿ

ně1

|gpnq|
#Gpnq ă 8,

where tGpnqu is the family of Galois groups of the Kummer family tQpζn, a1{nqu. Let Apnq be as

defined above. Then,

(1.8)

8ÿ

n“1

gpnq
#Gpnq “

ź

p

ÿ

kě0

gppkq
#Appkq `

ź

p

ÿ

kěℓppq

gppkq
#Appkq ,

where

ℓppq “

$
’’’’’&
’’’’’%

0 if p is odd and p ∤ D,
1 if p is odd and p | D,
s if p “ 2 and D is odd,

maxt2, su if p “ 2 and 4}D,
2 if p “ 2, 8}D, and pν2peq “ 1 and a ă 0q,
maxt3, su if p “ 2, 8}D, and pν2peq ‰ 1 or a ą 0q.
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Remarks 1.3. (i) In the summation (1.4) appearing in Artin’s primitive root conjecture, we have

gpnq “ µpnq. In this case, formula (1.8) for gpnq “ µpnq provides a unified way of expressing the

constant in Artin’s primitive root conjecture. Note that if e is even and a ą 0, i.e., a is a perfect

square, we have
ÿ

kě0

µp2kq
#Ap2kq “ 0 and

ÿ

kěℓp2q

µp2kq
#Ap2kq “ 0.

(The first sum is zero since #Ap2q “ 1 and the second sum is zero since ℓp2q ě 2.) Hence, (1.8)

vanishes. Also, if e is even and a ă 0, then ℓp2q ě 2. Thus, (1.8) reduces to (1.1). If e is odd and

D is even, then again ℓp2q ě 2 and (1.8) reduces to (1.1). The only remaining case is when e is

odd and D is odd (equivalently e odd and asf ” 1 (mod 4)), where (1.8) reduces to Ea ¨ Aa given

in (1.2).

(ii) As a consequence of Theorem 1.1, we can derive necessary and sufficient conditions for the

vanishing of

(1.9)

8ÿ

n“1

gpnq
#Gpnq .

More precisely, (1.9) vanishes if and only if one of the following holds:

(a) For a prime p ∤ 2D, we have
ÿ

kě0

gppkq
#Appkq “ 0.

(b) We have
ź

p|2D

ÿ

kě0

gppkq
#Appkq `

ź

p|2D

ÿ

kěℓppq

gppkq
#Appkq “ 0.

In the case of Artin’s conjecture, (a) is never satisfied and (b) holds if and only if a is a perfect

square.

(iii) If #Gpnq was a multiplicative function, then the sum in (1.8) would have been equal to the

product
ś

p

ř
kě0

gppkq
#Gppkq

. However, this is not the case for the Kummer family, and thus the sum

in (1.8) may differ from the above naive product. If the sum and the product are not equal, then a

complex number Ea,g is called a correction factor if

8ÿ

n“1

gpnq
#Gpnq “ Ea,g

ź

p

ÿ

kě0

gppkq
#Gppkq .

The expression (1.8) provides precise information on the correction factor Ea,g. In fact, ifř
kě0

gppkq
#Gppkq

‰ 0 for all primes p | 2D, we have

8ÿ

n“1

gpnq
#Gpnq “

¨
˚̊
˚̊
˝

ź

p|2D

ÿ

kě0

gppkq
#Appkq `

ź

p|2D

ÿ

kěℓppq

gppkq
#Appkq

ź

p|2D

ÿ

kě0

gppkq
#Gppkq

˛
‹‹‹‹‚

ź

p

ÿ

kě0

gppkq
#Gppkq .

Also, if
ř
kě0

gppkq
#Gppkq

“ 0 for some prime p | 2D, and
ř
ně1

gpnq
#Gpnq

‰ 0, then the product
ś

p

ř
kě0

gppkq
#Gppkq

cannot be corrected.

It should be noted that for K “ Qp
?

˘2q the above correction factor is slightly different from

the one given in Theorem 1.1 for the density problems since in these cases #Gp2kq ‰ #Ap2kq for

some positive integers k.
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(iv) For integer ap‰ 0,˘1q, let na “ ś
p|2D p

ℓppq, where D and ℓppq are as in Theorem 1.2. Then,

by taking gpnq “ 1{ns, for Repsq ą 0, in Theorem 1.2 and comparing the coefficients of 1{ns in

both sides of (1.8), we get

rQpζn, a1{nq : Qs “
#
#Apnq if na ∤ n,
1
2
#Apnq if na | n.

The formula (1.8) can be used to study the constants in many Artin-like problems. We next apply

this formula in the computation of the average value of a specific arithmetic function attached to a

Kummer family. More precisely, for tKn :“ Qpζn, a1{nquně1, we define

τappq “ # tn P N; p splits completely in Kn{Qu .
The Titchmarsh divisor problem attached to a Kummer family concerns the behaviour of

ř
pďx τappq

as x Ñ 8 (see [1] for the motivation behind this problem and its relation with the classical Titch-

marsh divisor problem on the average value of the number of divisors of shifted primes). Under

the assumption of the GRH for the Dedekind zeta function of Kn{Q for n ě 1, Felix and Murty

[8, Theorem 1.6] proved that

(1.10)
ÿ

pďx

τappq „
˜ÿ

ně1

1

rKn : Qs

¸
¨ lipxq,

as x Ñ 8, where lipxq “
şx
2

1
log t

dt. They do not provide an Euler product expression for the

constant appearing in the main term of (1.10). As a direct consequence of Theorem 1.2 with

gpnq “ 1, we readily find an explicit product formula for the constant appearing in (1.10).

Proposition 1.4. Let a “ ˘ae0 with e “ ś
p p

νppeq, and let D be the discriminant of K “ Qpa1{2
0 q.

Then, if e is odd or a ą 0,

ÿ

ně1

1

rKn : Qs “

¨
˝1 ` c0

3 ¨ 2ν2peq ´ 2

ź

p|2D

pνppeq`2 ` pνppeq`1 ´ p2

pνppeq`3 ` pνppeq ´ p2

˛
‚

ˆ
ź

p

ˆ
1 ` pνppeq`2 ` pνppeq`1 ´ p2

pνppeqpp ´ 1qpp2 ´ 1q

˙
,

(1.11)

where

c0 “

$
’&
’%

1{4 if 4}D and ν2peq “ 0, or if 8}D and ν2peq “ 1,

1{16 if 8}D and ν2peq “ 0,

1 otherwise.

If e is even and a ă 0 (i.e., the twisted case)

ÿ

ně1

1

rKn : Qs “

¨
˚̊
˝1 ` c0

3 ¨ 2ν2peq`2 ´ 2

ź

p|D
p‰2

pνppeq`2 ` pνppeq`1 ´ p2

pνppeq`3 ` pνppeq ´ p2

˛
‹‹‚

ˆ
ˆ
1 ` 2ν2peq`2 ´ 2ν2peq ´ 1

3 ¨ 2ν2peq

˙ ź
p
p‰2

ˆ
1 ` pνppeq`2 ` pνppeq`1 ´ p2

pνppeqpp ´ 1qpp2 ´ 1q

˙
,

(1.12)

where
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c0 “
#
4 if 8}D and ν2peq “ 1,

1 otherwise.

Let ca denote the constant given in (1.11) and (1.12). It is evident that ca “ qa ¨ u, where qa is a

rational number depending on a, and u is the universal constant

(1.13)

8ÿ

n“1

1

nΦpnq “
ź

p

ˆ
1 ` p

pp ´ 1qpp2 ´ 1q

˙
“ 2.203856 ¨ ¨ ¨ ,

where Φpnq is the Euler totient function. Observe that if νppeq “ 0 for all p, the expressions for

naive products (products over all primes p) given in (1.11) and (1.12) reduce to (1.13). This is in

accordance with [2, Theorem 1.4] in which (1.13) appears as the average constant while varying a.

Thus, on average over a, a smooth version of (1.11) and (1.12), i.e., the universal constant, appears.

The product expressions of Proposition 1.4 provide a convenient way of computing the numerical

value of ca for a given value of a. We record a sample of such values in the following table.

a -13 -10 -8 -5 -3 -2 2 3 5 8 10 13

ca 2.205 2.206 2.972 2.214 2.343 2.258 2.258 2.238 2.247 2.972 2.206 2.209

The classical Artin conjecture and the Titchmarsh divisor problem for a Kummer family are

instances of a more general problem that we now describe. For an integer ap‰ 0,˘1q and a prime

p ∤ a, the residual index of a mod p, denoted by iappq is the index of the subgroup xay in the

multiplicative group pZ{pZqˆ. There is a vast amount of literature on the study of asymptotics of

functions of iappq as p varies over primes. In [16, p. 377], the following problem is proposed.

Problem 1.5 (Generalized Artin Problem). For certain integers a and arithmetic functions fpnq,

establish the asymptotic formula
ÿ

pďx

fpiappqq „ cf,a lipxq,

as x Ñ 8, where

(1.14) cf,a :“
ÿ

ně1

gpnq
rKn : Qs .

Here gpnq “ ř
d|n µpdqfpn{dq is the Möbius inverse of fpnq, where µpnq is the Möbius function.

Note that by setting fpnq as the characteristic function of the set S “ t1u and gpnq “ µpnq in

Problem 1.5, we get the Artin conjecture, and fpnq “ dpnq (the divisor function) and gpnq “ 1

give the Titchmarsh divisor problem for a Kummer family, this is true since τappq “ dpiappqq
(see [8, Lemma 2.1] for details). Also, a conjecture of Laxton from 1969 [13] predicts that for

fpnq “ 1{n, the generalized Artin problem determines the density of primes in the sequence given

by the recurrence wn`2 “ pa ` 1qwn`1 ´ awn, where a ą 1 is a fixed integer. Another instance of

Problem 1.5 appears in a conjecture of Bach, Lukes, Shallit, and Williams [4] in which the constant

cf,2 for fpnq “ log n appears in the main term of the asymptotic formula for logP2pxq, where

P2pxq is the smallest x-pseudopower of the base 2.

A notable result on Generalized Artin Problem, due to Felix and Murty [8, Theorem 1.7], estab-

lishes, under the assumption of GRH, the asymptotic

(1.15)
ÿ

pďx

fpiappqq “ cf,a lipxq ` Oa

ˆ
x

plog xq2´ǫ´α

˙
,
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for ǫ ą 0. Here fpnq is an arithmetic function whose Möbius inverse gpnq satisfies

|gpnq| ! dkpnqrplog nqα,
with k, r P N and 0 ď α ă 1 all fixed, where dkpnq denotes the number of representations of

n as product of k positive integers. Observe that the identity (1.8) in Theorem 1.2 conveniently

furnish a product formula in full generality for the constant cf,a in (1.15) when f (equivalently g)

is a multiplicative function. This product formula is valuable for studying the vanishing criteria for

cf,a and their numerical evaluations for different f .

We now comment on the proof of Theorem 1.2. Observe that corresponding to the Kummer fam-

ily tKnu, we can consider the inverse systems ppGpnqqnPN, pin1,n2
qn1|n2

q and ppApnqqnPN, pjn1,n2
qn1|n2

q
ordered by divisibility relation on N, where Gpnq and Apnq are as defined before and in1,n2

and

jn1,n2
, for n1 | n2, are restriction maps. By taking the inverse limits on both sides of (1.6) we have

the injective continuous homomorphism

r : G “ limÐÝGpnq Ñ A “ limÐÝApnq
of profinite groups, where G “ GalpK8{Qq and A “ AutQˆXR8pR8q with K8 “ Ť

ně1Kn and

R8 “ Ť
ně1Rn. As profinite groups, both G and A are endowed with compact topologies and thus

can be equipped by Haar measures. We will show that Theorem 1.2 is a corollary of the following

theorem attached to a general setting of profinite groups G and A.

Theorem 1.6. Let ppGpnqqnPN, pin1,n2
qn1|n2

q and ppApnqqnPN, pjn1,n2
qn1|n2

q be inverse systems of

finite groups ordered by divisibility relation on N. Moreover, for n ě 1, assume that there are

injective maps rn : Gpnq Ñ Apnq compatible by in1,n2
and jn1,n2

, i.e., for n1 | n2, the diagram

Gpn2q Apn2q

Gpn1q Apn1q

rn2

in1,n2
jn1,n2

rn1

commutes. Let r : G “ limÐÝGpnq Ñ A “ limÐÝApnq be the resulting injective continuous homomor-

phism of profinite groups. Let µm be the multiplicative group of m-th roots of unity for a fixed m.

Suppose there exists an exact sequence

(1.16) 1 Ñ G
rÝÑ A

χÝÑ µm Ñ 1,

where χ is a continuous homomorphism. Let g be an arithmetic function such that

ÿ

ně1

|gpnq|
#Gpnq ă 8.

Consider the natural projections πA,n : A Ñ Apnq and let

(1.17) g̃ “
ÿ

ně1

gpnq1kerπA,n
,

where 1ker πA,n
denotes the characteristic function of ker πA,n. Let νA be the normalized Haar

measure attached to A. Then, g̃ P L1pνAq (the space of νA-integrable functions) and

ÿ

ně1

gpnq
#Gpnq “

m´1ÿ

i“0

ż

A

g̃χidνA.

Observe that Theorem 1.6 is quite general and can be applied in the evaluation of sums of the

form
ř
ně1 gpnq{#Gpnq for any family tGpnqu of finite groups satisfying the assumptions of the

theorem. The Kummer family is an instance of such families. Another example is the family of

division fields attached to a Serre elliptic curve E (see Section 7 for the definition). Following
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[14, Section 8], in Section 7, we show that the family of division fields tQpErnsqu attached to a

Serre curve E satisfies the conditions of Theorem 1.6 and so as a consequence of it the following

holds.

Proposition 1.7. Let QpErnsq denote the n-division field of a Serre elliptic curve defined over Q
by a Weierstrass equation y2 “ x3 ` ax ` b. Let ∆ be the discriminant of the cubic equation

x3 ` ax ` b “ 0 and let D be the discriminant of the quadratic field K “ Qp∆1{2q. Let gpnq be a

multiplicative arithmetic function such that

8ÿ

ně1

|gpnq|
rQpErnsq : Qs ă 8.

Then,

(1.18)

8ÿ

n“1

gpnq
rQpErnsq : Qs “

ź

p

ÿ

kě0

gppkq
p4k´3pp2 ´ 1qpp ´ 1q `

ź

p

ÿ

kěℓppq

gppkq
p4k´3pp2 ´ 1qpp ´ 1q ,

where

ℓppq “

$
’’’’&
’’’’%

0 if p is odd and p ∤ D,
1 if p is odd and p | D,
1 if p “ 2 and D is odd,

2 if p “ 2 and 4}D,
3 if p “ 2 and 8}D.

Observe that the above proposition for gpnq “ 1 reduces to the product expression of the Titch-

marsh divisor problem for the family of division fields attached to a Serre curve E. We note that

the product expression for this constant and two other constants corresponding to different gpnq’s

for such families are given in [5, Theorem 5] by determining the value of rQpErnsq : Qs for a Serre

curve E (see [5, Proposition 17 (iv)]) and employing [11, Lemma 3.12]. It is worth mentioning that

a similar approach in finding the expression (1.11) using the exact formulas for rKn : Qs as given

in [20, Proposition 4.1] will result in the tedious case by case computations that does not appear

to be straightforward. Especially when a ă 0, this approach seems to be intractable. The method

of [14] as described above provides an elegant approach to establishing identities similar to (1.11)

and (1.12).

The structure of the paper is as follows. We describe our adaptation of the character sums method

of [14] in Sections 2 and 3 and prove Proposition 3.3 that plays a crucial role in our explicit com-

putation of the constants in the Kummer case. Section 4 is dedicated to a proof of Theorem 1.6.

The proofs of Theorem 1.2 and its consequence, Proposition 1.4, are given respectively in Sections

5 and 6. Finally, a brief discussion on Serre curves and the proof of Proposition 1.7 are provided in

Section 7.

Notations 1.8. The following notations are used throughout the paper. The letter p denotes a prime

number, k denotes a non-negative integer, the letter n denotes a positive integer, the multiplicity of

the prime p in the prime factorization of n is denoted by νppnq, the cardinality of a finite set S is

denoted by #S, 1S is the characteristic function of a set S, Q is an algebraic closure of Q, ζn denotes

a primitive root of unity, and Φpnq is the Euler totient function. In Sections 2, 3, 5, and 6, a “ ˘ae0
is a non-zero integer other than ˘1, the collection tKn “ Qpζn, a1{nqunPN is the family of Kummer

fields and K “ Qpa1{2
0 q is the entanglement field attached to this family, D is the discriminant

of K, the Galois group of Kn over Q is denoted by Gpnq, the inverse limit of the directed family

tGpnqu is denoted by G, µ8 denotes the group of all roots of unity, and Qab “ Qpµ8q is the

maximal abelian extension of Q. The group of n-radicals of the integer a “ ˘ae0 is denoted by Rn

and R8 “ Ť
ně1Rn. The group of automorphisms of Rn (respectively R8) that fix Qˆ is denoted
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by Apnq (respectively A). The inverse limit of the system tAppkqukě1 is denoted by Ap. The map

πA,n (respectively πG,n and ϕpk) is the projection map from A (respectively G and Ap) to Apnq
(respectively Gpnq and Appkq). The profinite completion of Z is denoted by pZ and Zp is the ring of

p-adic integers. The normalized Haar measures on G, A, and Ap are denoted respectively by νG,

νA, and νAp
. The space of ν-integrable functions is denoted by L1pνq. In Section 4, Gpnq, Apnq,

Appkq, G, A, Ap, πA,n, ϕpk , νG, νA, and νAp
are used in the general setting of profinite groups.

Finally, in Section 7, Erns denotes the group of n-division points of an elliptic curve E defined

over Q given by a Weierstrass equation with discriminant ∆, and K “ Qp∆1{2q of discriminant D

is the entanglement field attached to the family of division fields of a Serre elliptic curve.

2. THE ASSOCIATED CHARACTER TO A KUMMER FAMILY

Recall that for an integer ap‰ 0,˘1q, we set a “ ˘ae0, where signpaq “ signpa0q and e is the

largest such integer. We fix a solution of the equation x2 ´ a0 “ 0, denote it by a
1{2
0 , and set

K “ Qpa1{2
0 q.

We next define a quadratic character which describes the entanglements inside a given Kummer

family tKnu. Let µ8 “ Ť
ně1 µnpQq be the group of all roots of unity in Q. Then, µ8 is contained

in K8 “ Ť
ně1Kn. In addition, the infinite extension K8{Q is the compositum of QpaQ0 q and Qab

(the maximal abelian extension of Q), where

(2.1) QpaQ0 q X Qab “ Qpa1{2
0 q

(see [14, Lemma 2.5]). Note that aQ0 “ tab0; b P Qu. In [14, Page 494] it is proved that

(2.2) A “ AutQˆXR8pR8q – HompaQ0 {aZ0 , µ8q ¸ Autpµ8q,
where aZ0 “ tab0; b P Zu, and for pφ1, σ1q, pφ2, σ2q P A we have

pφ1, σ1qpφ2, σ2q “ pφ1 ¨ pσ1 ˝ φ2q, σ1 ˝ σ2q.
Note that G “ GalpK8{Qq can be embedded in A. Thus, if pφ, σq P HompaQ0 {aZ0 , µ8q ¸

Autpµ8q – A is an element of G, then, by (2.1), the action of φ and σ on Qpa1{2
0 q must be the

same. One can show that pφ, σq P A is in G if and only if φ and σ act in a compatible way on a
1{2
0 ,

i.e.,

(2.3) φpa1{2
0 q “ σpa1{2

0 q
a
1{2
0

P µ2

(see [14, Page 494]). (For simplicity, we used φpa1{2
0 q instead of φpa1{2

0 aZ0 q.) We elaborate on

(2.3) by considering two distinct quadratic characters ψK and χD on A which are related to the

entanglement field K “ Qpa1{2
0 q of discriminant D. The quadratic character ψK : A Ñ µ2

corresponds to the action of φ-component of pφ, σq P A on a
1{2
0 , i.e.,

ψKpφ, σq “ φpa1{2
0 q P µ2.

This is a non-cyclotomic character, i.e., ψK does not factor via the natural map A Ñ Autpµ8q (see

[14, Page 495]). The other quadratic character,

χD : A Ñ Autpµ8q – pZˆ Ñ µ2,

corresponds to the action of the cyclotomic component Autpµ8q of A on K “ Qpa1{2
0 q of discrim-

inant D, i.e.,

χDpφ, σq “ σpa1{2
0 q

a
1{2
0

P µ2.
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Hence, by [6, Proposition 5.16 and Corollary 5.17], χD is the lift of the Kronecker symbol
`
D
.

˘
to

Autpµ8q – pZˆ.

The characters χD and ψK are not the same on A since one is cyclotomic, and the other is not.

Moreover, by (2.3), an element x P A is in G if and only if ψKpxq “ χDpxq. Thus, the image of the

homomorphismG Ñ A is the kernel of the non-trivial quadratic character χ “ ψK ¨ χD : A Ñ µ2.

In other words, the sequence

1 ÝÑ G
rÝÑ A

χ“ψK ¨χDÝÝÝÝÝÝÑ µ2 ÝÑ 1

is an exact sequence (see [14, Theorem 2.9] for more details).

Let Appkq “ AutQˆXR
pk

pRpkq and Ap “ limÐÝAppkq. Since an element of A can be determined

by its action on prime power radicals, then A – ś
pAp (see [14, formula (2.10), p. 495] and [15, p.

20]). The character χD is the lift of the Kronecker symbol
`
D
.

˘
to A via the maps

A –
˜ź

p

Ap

¸
projÝÑ Autpµ8q

˜
–

ź

p

Zˆ
p

¸
projÝÑ pZ{|D|Zqˆ,

where the first projection comes via (2.2). SinceD is a fundamental discriminant, χD “ ś
p|D χD,p,

where χD,p is the lift of the Legendre symbol modulo p to Ap for odd p, and χD,2 is the lift of one

of the Dirichlet characters mod 8 to A2 (see [7, Chapter 5]). More precisely, if D is odd, then

χD,2 “ 1; if 4 } D, then χD,2 is the lift to A2 of
`

´4
.

˘
, the unique Dirichlet character mod 8 of

conductor 4; and if 8 } D, then χD,2 is the lift to A2 of
`

˘8
.

˘
, one of the two Dirichlet characters

mod 8 of conductor 8. For the case 8 } D “ 2a
śk

i“1 pi, if D ą 0 and the number of 1 ď i ď k

with pi ” 3 pmod 4q is even, or D ă 0 and the number of 1 ď i ď k with pi ” 3 pmod 4q is odd,

then χD,2 is the lift to A2 of
`
8
.

˘
. Otherwise, χD,2 is the lift to A2 of

`
´8
.

˘
.

Next, we show that χ can be written as a product of local characters χp : Ap Ñ µ2. Note

that ψK factors via A2. Let ψK,2 : A2 Ñ µ2 be the corresponding homomorphism obtained from

factorization of ψK via A2. For odd primes p ∤ D, set χp “ 1. Let χp “ χD,p for odd primes

p | D and for prime 2 let χ2 “ χD,2 ¨ ψK,2. Therefore, by the above construction of χ, we have the

decomposition χ “ ś
p χp.

3. THE LOCAL CHARACTERS χp

In this section, we find the smallest values of k, as a function of p and a, for which the local

character χp factors via Appkq. In other words, we will determine the values of k for which χp is

trivial on kerϕpk and it is nontrivial on kerϕpk´1 , where ϕpi is the projection map fromAp toAppiq.

The values are recorded in the statements of Theorem 1.2 and Proposition 3.3. We start by giving

a concrete description of the groups Ap2kq, for positive integers k, as subgroups of matrices p 1 0
b d q,

where b P Z{2kZ and d P
`
Z{2kZ

˘ˆ
. We achieve this by choosing a certain compatible system of

generators for the groups R2k , where k ě 1.

Proposition 3.1. (i) Let Φpnq be the Euler totient function and s be as defined in (1.7). For odd p,

#Appkq “ pk´mintk,νppequΦppkq
and for p “ 2,

#Ap2kq “
#
2k´mintk,s´1uΦp2kq if e is odd or a ą 0,

2k´mintk,s´1uΦp2k`1q if e is even and a ă 0.

(ii) If e is even and a ă 0, we have

Ap2kq –
"ˆ

1 0

b d

˙
; b P Z{2kZ, d P

`
Z{2kZ

˘ˆ
, and 2b` 1 ” d pmod 2mintk,s´1uq

*
.
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(iii) If e is odd or a ą 0, we have

Ap2kq –
"ˆ

1 0

b d

˙
; b P Z{2kZ, d P

`
Z{2kZ

˘ˆ
, and b ` 1 ” d pmod 2mintk,s´1uq

*
.

Proof. (i) For odd primes p, it is known that Appkq – Gppkq “ GalpKpk{Qq (see [14, Remarks

2.12. (b), p. 496]). Also if K ‰ Qp
?

˘2q, then Ap2kq – Gp2kq. Since the size of Ap2kq is

independent of K, we get the formulas for the size of Appkq from the ones for Gppkq as given in

[20, Proposition 4.1].

(ii) Let a “ ´ae0 as before and e “ 2ν2peqe1, where ν2peq ě 1 and e1 is odd. We denote a primitive

m-th root of unity by ζm. Recall that R2k is the group of 2k- radicals. We have

R2k “ xζ2k`1 pae10 q1{2k´ν2peq

, ζ2ky “ xβ, ζ2ky.
An automorphism τ P Ap2kq is determined by its action on these generators of R2k , i.e., β and

ζ2k . We have τpβq “ βζ
bpτq

2k
and τpζ2kq “ ζ

dpτq

2k
, where bpτq P Z{2kZ and dpτq P

`
Z{2kZ

˘ˆ
. We

consider two cases.

Case 1: k ě s ´ 1 “ ν2peq ` 1. We have

ae10 τpζ2k´ν2peq

2k`1 q “ τpβ2k´ν2peqq “ pβζbpτq

2k
q2k´ν2peq “ ae10 ζ

2k´ν2peq

2k`1 ζ
bpτq2k´ν2peq

2k
.

From here we get

ζ
dpτq2k´ν2peq´1

2k
“ ζ

2k´ν2peq´1`bpτq2k´ν2peq

2k
.

This implies 2bpτq ` 1 ” dpτq pmod 2s´1q.

Case 2: k ă s ´ 1 “ ν2peq ` 1. We have

pae10 q2{2k´ν2peq

τpζ22k`1q “ τpβ2q “ pβζbpτq

2k
q2 “ pae10 q2{2k´ν2peq

ζ22k`1ζ
2bpτq

2k
.

From here we get

ζ
dpτq

2k
“ ζ

1`2bpτq

2k
.

This implies 2bpτq ` 1 ” dpτq pmod 2kq.

So any τ P Ap2kq corresponds to a matrix
`

1 0
bpτq dpτq

˘
in the affine group of matrices given in part

(ii) of the proposition. Since, in each case, the number of such matrices is equal to the cardinality

of Ap2kq given in part (i), then the claimed isomorphism in part (ii) holds.

(iii) The proof is analogous to the proof of (ii) by considering R2k “ xζ2k pae10 q1{2k´νppeq

, ζ2ky,
where pe1, 2q “ 1.

�

The following proposition indicates the significance of the integer s defined in (1.7).

Proposition 3.2. The number s defined in (1.7) is the smallest integer k for which ψK,2 factors via

Ap2kq.

Proof. For integers k ě 0, let ϕpk : Ap Ñ Appkq be the projection map. It is enough to show that

ψK,2 is non-trivial on kerϕ2s´1 and is trivial on kerϕ2s . We write the proof for the twisted case,

where s “ ν2peq ` 2. The proof for the untwisted case is similar.

Assume that a “ ´pae10 q2ν2peq
as in part (iii) of Proposition 3.1. Let α P A2 be such that

τ2 “ ϕ2ν2peq`2pαq “
ˆ

1 0

0 1 ` 2ν2peq`1

˙
P Ap2ν2peq`2q.

Observe that α P kerϕ2ν2peq`1 and since R2ν2peq`2 “ xζ2ν2peq`3 pae10 q1{4
, ζ2ν2peq`2y, we have

(3.1) τ2pζ2ν2peq`3 pae10 q1{4q “ ζ2ν2peq`3 pae10 q1{4
.
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Raising both sides of (3.1) to power 2 and observing that ζ2ν2peq`2 and pae10 q1{2 P R2ν2peq`2 , we get

(3.2) τ2pζ2ν2peq`2qτ2ppae10 q1{2q “ ζ2ν2peq`2 pae10 q1{2
.

Now since τ2pζ2ν2peq`2q “ ζ1`2ν2peq`1

2ν2peq`2
, the equation (3.2) implies that

τ2pae1{2
0 q “ ´ae1{2

0 .

We have e1 “ 2m ` 1 for some integer m. Hence,

τ2pa1{2
0 am0 q “ ´a1{2

0 am0 .

Thus for α P kerϕ2ν2peq`1 , we have ψK,2pαq “ ´1. Hence, ψK,2 is non-trivial on kerϕ2ν2peq`1 .

Next, let α P A2 be such that α P kerϕ2ν2peq`2 . Hence,

τ3 “ ϕ2ν2peq`3pαq “
ˆ

1 0

b d

˙
P Ap2ν2peq`3q

and

(3.3)

ˆ
1 0

b d

˙
”

ˆ
1 0

0 1

˙
pmod 2ν2peq`2q.

Hence, b “ 2ν2peq`2b1 for some integer b1. We have

τ3pζ2ν2peq`4 pae10 q1{8q “ ζ2ν2peq`4 pae10 q1{8
ζ2

ν2peq`2b1
2ν2peq`3

.

Squaring both sides of this identity yields

τ3pζ2ν2peq`3qτ3ppae10 q1{4q “ ζ2ν2peq`3 pae10 q1{4
.

This implies

(3.4) τ3ppae10 q1{4q “ ζ2ν2peq`3

ζd
2ν2peq`3

pae10 q1{4
.

Now observe, from (3.3), that

(3.5) d “ 1 ` 2ν2peq`2d1

for some integer d1. Raising both sides of (3.4) to power 2 and employing (3.5) yield

τ3ppae10 q1{2q “ pae10 q1{2
.

Hence,

τ3pa1{2
0 am0 q “ a

1{2
0 am0 ,

where e1 “ 2m` 1. Thus, ψK,2 is trivial on kerϕ2ν2peq`2 .

�

The following proposition is essential in proving Theorem 1.2.

Proposition 3.3. Let ℓppq be the smallest integer k for which χp factors via Appkq. Then

ℓppq “

$
’’’’’&
’’’’’%

0 if p is odd and p ∤ D,
1 if p is odd and p | D,
s if p “ 2 and D is odd,

maxt2, su if p “ 2 and 4}D,
2 if p “ 2, 8}D, and pν2peq “ 1 and a ă 0q,
maxt3, su if p “ 2, 8}D, and pν2peq ‰ 1 or a ą 0q.
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Proof. If p ∤ 2D, by the definition of χp, we have that χp is constantly equal to 1. Thus, the assertion

holds.

If p is an odd integer dividing D, then χp is the Legendre symbol mod p, so the result follows.

If p “ 2 and D is odd, then χ2 “ ψK,2. Thus, the result follows from Proposition 3.2.

If p “ 2 and 4}D, then χ2 “ ψK,2χD,2, where χD,2 is the Dirichlet character mod 8 of conductor

4. We are looking for a positive integer k such that ψK,2pαq ‰ χD,2pαq for an elementα P kerϕ2k´1 ,

and ψK,2pαq “ χD,2pαq for all α P kerϕ2k . Note that 2 is the smallest values of k for which χD,2
factors via Ap2kq, and, by Proposition 3.2, s is the smallest value of k for which ψK,2 factors via

Ap2kq. Thus, χD,2 is trivial on kerϕ2k for k ě 2 and is nontrivial on kerϕ2k for 0 ď k ď 1. Also,

ψK,2 is trivial on kerϕ2k for k ě s and is nontrivial on kerϕ2k for 0 ď k ď s. Using these facts

and a case-by-case analysis in terms of the values of ν2peq, and for the untwisted and twisted cases,

we can see that the claimed assertion, in this case, holds. More precisely, if ν2peq “ 0, then χ2

factors via Ap22q. Otherwise, χ2 factors via Ap2sq. The only case that needs special attention is

when a is an exact perfect square (i.e., a ą 0 and ν2peq “ 1). In this case, maxt2, su “ 2 and

both ψK,2 and χD,2 are trivial on kerϕ22 , hence χ2 is trivial on kerϕ22 . Let α P kerϕ2 be such that

ϕ22pαq “ p 1 0
0 3 q P Ap22q. Note that 0 ` 1 ” 3 (mod 2), so by Proposition 3.1(iii) such α exists.

We have χ2pαq “ ψK,2pαqχD,2pαq “ p1qp´1q “ ´1. Thus, χ2 is non-trivial on kerϕ2. Hence, χ2

factors via Ap22q “ Ap2sq “ Ap2maxt2,suq.

If p “ 2 and 8}D, similar to part (iv), a case-by-case analysis in terms of the values of ν2peq, and

for the untwisted and twisted cases, verifies the result. (Note that in this case 3 is the smallest values

of k for which χD,2 factors via Ap2kq.) More precisely, if ν2peq “ 0 or 1, and a is not negative of a

perfect square, then χ2 factors via Ap23q. Also, if ν2peq “ 1 and a ă 0, then χ2 factors via Ap22q.

Otherwise, χ2 factors via Ap2sq. Two cases need special attention.

Case 1: The number a is negative of an exact perfect square (i.e., a ă 0 and ν2peq “ 1). In

this case, maxt3, su “ 3 and both ψK,2 and χD,2 are trivial on kerϕ23 , hence χ2 is trivial on

kerϕ23 . Thus, χ2 acts through Ap23q. Let α P kerϕ22 . Then ϕ23pαq “ p 1 0
b d q P Ap23q such that

p 1 0
b d q ” p 1 0

0 1 q (mod 22). Hence,

ˆ
1 0

b d

˙
P

"ˆ
1 0

0 1

˙
,

ˆ
1 0

0 5

˙
,

ˆ
1 0

4 1

˙
,

ˆ
1 0

4 5

˙*
Ă Ap23q.

Since for each α corresponding to the above matrices we have χ2pαq “ ψK,2pαqχD,2pαq “ 1, we

conclude that χ2 is trivial on kerϕ22 . Now let α P kerϕ2 be such that ϕ22pαq “ p 1 0
6 1 q P Ap22q.

Note that p2qp6q ` 1 ” 1 (mod 22), so by Proposition 3.1(ii) such α exists. We have χ2pαq “
ψK,2pαqχD,2pαq “ p´1qp1q “ ´1. Thus, χ2 is non-trivial on kerϕ2. Hence, χ2 factors via Ap22q
as claimed.

Case 2: The number a is an exact perfect fourth power (i.e., a ą 0 and ν2peq “ 2). In this case,

maxt3, su “ 3 and both ψK,2 and χD,2 are trivial on kerϕ23 , hence χD is trivial on kerϕ23 . Let

α P kerϕ22 be such that ϕ23pαq “ p 1 0
0 9 q P Ap23q. Note that 0 ` 1 ” 9 (mod 22), so by Proposition

3.1(iii) such α exists. We have χ2pαq “ ψK,2pαqχD,2pαq “ p1qp´1q “ ´1. Thus, χ2 is non-trivial

on kerϕ22 . Hence, χ2 factors via Ap23q “ Ap2sq “ Ap2maxt3,suq. �

4. PROOF OF THEOREM 1.6

Proof of Theorem 1.6. Let νG be the normalized Haar measure on the profinite group G, and νA be

the normalized Haar measure on the profinite group A. We start by writing the summation

ÿ

ně1

gpnq
#Gpnq
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in terms of measures of certain measurable subgroups of G. For this purpose, let πG,n : G Ñ Gpnq
be the projection map for each n ě 1. Then, G{ ker πG,n – Gpnq and rG : ker πG,ns “ #Gpnq.

Hence, since ker πG,n is a closed subgroup of G, we have νGpker πG,nq “ 1{#Gpnq. Thus,

(4.1)
ÿ

ně1

gpnq
#Gpnq “

ÿ

ně1

gpnqνGpker πG,nq.

Observe that the number of cosets of the set A{rpker πG,nq divided by the number of cosets of

the group G{ ker πG,n – rpGq{rpker πG,nq is equal to # pA{rpGqq. Hence, we have

(4.2) νGpker πG,nq “ νAprpker πG,nqq
νAprpGqq .

Now, since

(4.3) 1 Ñ G
rÝÑ A

χÝÑ µm Ñ 1

is an exact sequence, by (4.2), we have

ÿ

ně1

gpnqνGpker πG,nq “
ÿ

ně1

gpnqνAprpker πG,nqq
νApkerχq

“ 1

νApkerχq
ÿ

ně1

gpnqνAprpker πG,nqq.
(4.4)

Next, we show that rpker πG,nq “ kerpπA,nq X kerχ, where πA,n : A Ñ Apnq is the projection

map for each n ě 1. To prove this claim, we note that the diagram

(4.5)

G Gpnq

A Apnq

r

πG,n

rn

πA,n

commutes. For a group H , let eH denote its identity element. Note that if σ P ker πG,n, then

rnpπG,npσqq “ rnpeGpnqq “ eApnq. Hence, by the commutative diagram (4.5), we have rpσq P
kerpπA,nq. Moreover, by the exact sequence (4.3), we have rpσq P rpGq “ kerχ. Therefore,

(4.6) rpker πG,nq Ă kerpπA,nq X kerχ.

On the other hand, if α P kerpπA,nq X kerχ Ă kerχ “ rpGq, then there exists a σ P G such that

rpσq “ α. Moreover, rpσq P kerpπA,nq means πA,nprpσqq “ eApnq. Hence, rnpπG,npσqq “ eApnq as

(4.5) is commutative. Thus, σ P ker πG,n, since rn is injective. This shows that

(4.7) kerpπA,nq X kerχ Ă rpker πG,nq.
Therefore, from (4.6) and (4.7), we have

(4.8) rpker πG,nq “ kerpπA,nq X kerχ.

From (4.8), we have
ÿ

ně1

gpnqνAprpker πG,nqq “
ÿ

ně1

gpnqνApker πA,n X kerχq

“
ÿ

ně1

gpnq
ż

A

1ker πA,nXkerχdνA

“
ż

A

˜ÿ

ně1

gpnq1kerπA,n

¸
1kerχdνA.

(4.9)
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To justify the interchange of the summation and the integral in the last equality, observe that
∣

∣

∣

∣

∣

mÿ

n“1

gpnq1kerπA,nXkerχ

∣

∣

∣

∣

∣

ď
ÿ

ně1

|gpnq|1kerπA,nXkerχ.

Since by the assumption,
ř
ně1|gpnq|{#Gpnq converges, then, by [17, Theorem 1.27],ř

ně1|gpnq|1kerπA,nXkerχ is integrable. Thus, by Lebesgue’s dominated convergence theorem (see

[17, Theorem 1.34]), the interchange of the summation and the integral in (4.9) is justified. Also,

since #Apnq ě #Gpnq, then
ř
ně1|gpnq|{#Apnq ă 8. Hence, by [17, Theorem 1.38],

g̃ “
ÿ

ně1

gpnq1kerπA,n
P L1pνAq.

Now from (4.1), (4.4), and (4.9), we have

(4.10)
ÿ

ně1

gpnq
#Gpnq “

ş
A
g̃1kerχdνAş

A
1kerχdνA

.

Note that the character χ : A Ñ µm in (4.3) induces the character χ1 : A{rpGq „ÝÑ µm by

χ1pᾱq “ χpαq, where α P A and ᾱ is the coset associated to α in A{rpGq. More precisely, χ is the

lift of χ1 to A. Since χ1 sends a generator of A{rpGq to a generator of µm, then χ1 is a generator of

the group of characters of A{rpGq denoted by {A{rpGq. Thus, for ᾱ P A{rpGq, by [18, Chapter VI,

Proposition 4], we have

ÿ

ǫPzA{G

ǫpᾱq “
m´1ÿ

i“0

pχ1qipᾱq “
#
m if ᾱ “ 1,

0 if ᾱ ‰ 1.

Therefore, since ᾱ “ 1 means α P kerχ, we have

m´1ÿ

i“0

χipαq “
#
m if α P kerχ,

0 if α R kerχ.

This implies
řm´1

i“0 χipαq “ m ¨ 1kerχpαq. Thus,

(4.11)

ş
A
g̃ 1kerχ dνAş
A
1kerχ dνA

“
ş
A
g̃

řm´1

i“0 χidνA

m
ş
A
1kerχdνA

.

Furthermore, by (4.3), we have rA : kerχs “ rA : rpGqs “ m. Hence, νApkerχq “ 1{m. Thus,

the desired result follows from (4.10) and (4.11). �

The following corollary considers a special case of Theorem 1.6.

Corollary 4.1. In Theorem 1.6, suppose that g is a multiplicative arithmetic function. In addition,

assume that A – ś
pAp, where Ap “ limÐÝAppiq, and χ “ ś

p χp, where χp : Ap Ñ µm is a

character of Ap. Then

(4.12) g̃p “
ÿ

kě0

gppkq1kerϕ
pk

P L1pνAp
q.

Moreover,

(4.13)
ÿ

ně1

gpnq
#Gpnq “

m´1ÿ

i“0

ź

p

ż

Ap

g̃pχ
i
pdνAp

,

where νAp
is the normalized Haar measure on Ap.
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Proof. By Theorem 1.6, we have

(4.14)
ÿ

ně1

gpnq
#Gpnq “

m´1ÿ

i“0

ż

A

g̃χidνA.

Since gpnq is multiplicative, A – ś
pAp, νA “ ś

p νAp
, χ “ ś

p χp, and g̃ “ ś
p g̃p, then (4.14)

yields (4.13). Note that, since #Appkq ě #Gppkq, then
ř
kě0|gpnq|{#Appkq ă 8. Hence, by

[17, Theorem 1.38], g̃p P L1pνAp
q. Thus, the integrals in (4.13) are finite. �

5. PROOF OF THEOREM 1.2

Proof of Theorem 1.2. We employ Corollary 4.1 and compute
ş
Ap
g̃pdνAp

and
ş
Ap
g̃pχpdνAp

for

primes p. Since kerϕpk is a closed subgroup of Ap, we have νAp
pkerϕpkq “ 1{rAp : kerϕpks “

1{#Appkq. Observe that
ż

Ap

g̃pdνAp
“

ż

Ap

ÿ

kě0

gppkq1kerϕ
pk
dνAp

“
ÿ

kě0

gppkqνAp
pkerϕpkq

“
ÿ

kě0

gppkq
#Appkq .

(5.1)

In addition, by Proposition 3.3,
ż

Ap

g̃pχpdνAp
“

ż

Ap

´
1Ap

χp ` gppq1kerϕp
χp ` ¨ ¨ ¨ ` gppkq1kerϕ

pk
χp ` . . .

¯
dνAp

“ 0 `
ÿ

kěℓppq

gppkqνAp
pkerϕpkq

“
ÿ

kěℓppq

gppkq
#Appkq .

(5.2)

Thus, by Corollary 4.1 with m “ 2, (5.1), and (5.2), we get (1.8). �

6. PROOF OF PROPOSITION 1.4

Proof of Proposition 1.4. For integer k ě 1 and odd prime p, let

(6.1) k1 “
#
0 if k ď νppeq,
k ´ νppeq if k ą νppeq,

and for k ě 1 and p “ 2, let

(6.2) k1 “

$
’&
’%

0 if k ď ν2peq and pa ą 0 or e is oddq,
1 if k ď ν2peq and pa ă 0 and e is evenq,
k ´ ν2peq if k ą ν2peq.

Then, from Proposition 3.1 (i), we have

(6.3) #Appkq “
#
pk`k1´1pp ´ 1q if k ě 1,

1 if k “ 0.



CONSTANTS FOR ARTIN-LIKE PROBLEMS IN KUMMER AND DIVISION FIELDS 17

Now by employing (6.3) in (1.8) we get

(6.4)

8ÿ

n“1

gpnq
#Gpnq “

ź

p

ÿ

kě0

gppkq
pk`k1´1pp ´ 1q `

ź

p

ÿ

kěℓppq

gppkq
pk`k1´1pp ´ 1q .

We set g “ 1 in (6.4) to get the product expression for the constant in the conjectured asymptotic

formula in the Titchmarsh Divisor Problem for a given Kummer family. Therefore, by (6.4),

(6.5)
ÿ

ně1

1

rKn : Qs “

¨
˝1 `

ź

p|2D

Cp

1 ` Bp

˛
‚ź

p

p1 ` Bpq ,

for the following values for Bp and Cp.

If p is odd, we have

(6.6) Bp “
ÿ

kě1

1

pk`k1´1pp ´ 1q “ pνppeq`2 ` pνppeq`1 ´ p2

pνppeqpp ´ 1qpp2 ´ 1q ,

and Cp “ Bp, where k1 is given by (6.1).

For p “ 2, we have the following cases for B2 and C2 with k1 as given by (6.2).

Case (i). Let e be odd or a ą 0. Hence, s “ ν2peq ` 1. Then B2 is the same as (6.6) with p “ 2.

Now, if D is odd; or 4}D and s ě 2; or 8}D and s ě 3, then

C2 “
ÿ

kěℓp2q

1

2k`k1´1
“ 2

2ν2peqp22 ´ 1q .

Otherwise,

C2 “
ÿ

kěℓp2q

1

2k`k1´1
“ 2ν2peq`1

2βp22 ´ 1q ,

where β “ 2 if 4}D and s “ 1; and β “ 4 if 8}D and s P t1, 2u.

Case (ii). Let e be even and a ă 0. Then

B2 “
ÿ

kě1

1

2k`k1´1
“ 2ν2peq`2 ´ 2ν2peq ´ 1

2ν2peqp22 ´ 1q .

If 8}D and ν2peq “ 1, we have ℓp2q “ 2. Hence,

C2 “
ÿ

kěℓp2q

1

2k`k1´1
“ 1

22 ´ 1
.

Otherwise, we have ℓp2q “ s “ ν2peq ` 2 and thus

C2 “
ÿ

kěℓp2q

1

2k`k1´1
“ 1

2ν2peq`1p22 ´ 1q .

By applying the above expressions in (6.5) and by case-by-case simplifying, we get (1.11). �

7. SERRE CURVES

Let E be an elliptic curve defined over Q given by a Weierstrass equation

y2 “ x3 ` ax ` b,

where a, b P Q. Let QpErnsq be the n-division field of E. By taking the inverse limit of the natural

injective maps

rn : GalpQpErnsq{Qq Ñ AutpErnsq – GL2pZ{nZq,
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over all n ě 1, we have an injective profinite homomorphism

r : GalpQpEr8sq{Qq Ñ AutpEr8sq – GL2ppZq.
Let ∆ be the discriminant of the cubic equation x3 ` ax ` b “ 0. Set K “ Qp∆1{2q and let D

be the discriminant of K. In anticipation of applying Theorem 1.6, let det be the determinant map

det : GL2ppZq Ñ pZˆ and

χD : GL2ppZq detÝÑ pZˆ pD
. qÝÑ µ2

be the composition of det with the lift to pZˆ of the Kronecker symbol attached to D. We note that

GL2pZ{2Zq – S3, where S3 is the symmetric group on three letters. Let

ψ : GL2ppZq Ñ GL2pZ{2Zq – S3
signÝÑ µ2

be the composition of the projection map from GL2ppZq to GL2pZ{2Zq with the signature character

on S3. Let G “ GalpQpEr8sq{Qq. For η P G we can show that the image of rpηq under ψ is the

same as χDprpηqq “ ηp∆1{2q{∆1{2. We now set χ “ χD ¨ ψ.

The above construction of character χ is described by J.-P. Serre in [19]. In addition, in [19],

Serre shows that always rGL2ppZq : rpGqs ě 2. We name E a Serre curve if rGL2ppZq : rpGqs “ 2.

This is equivalent to saying that rpGq “ kerχ. Thus, letting A “ GL2ppZq, for Serre curve E, the

sequence

(7.1) 1 ÝÑ G
rÝÑ A

χÝÑ µ2 ÝÑ 1

is an exact sequence. In addition for a Serre curve K “ Qp∆1{2q is a quadratic field.

The quadratic character χ : GL2pẐqp– ś
pGL2pZpqq Ñ µ2 can be written as a product of local

characters χp : GL2pZpq Ñ µ2. Observe that since ψ factors via GL2pZ{2Zq, then it factors via

GL2pZ2q. Let ψ2 : GL2pZ2q Ñ µ2 be the corresponding homomorphism obtained from factoriza-

tion of ψ via GL2pZ2q. For prime p ∤ 2D, let χp be constantly equal to 1. For odd prime p | D, let

χp “ χD,p be the lift of the Legendre symbol mod p to Zˆ
p , i.e.,

χp : GL2pZˆ
p q detÝÑ Zˆ

p ÝÑ µ2

where the last map is the composition of projection map to Z{pZ and the Legendre symbol mod

p. For prime 2, let χ2 “ χD,2 ¨ ψ2, where χD,2, similar to the Kummer case, is the lift of one of

the Dirichlet characters mod 8 to Zˆ
2 (if D is odd, then χD,2 is trivial). Therefore, by the above

construction of χ, we have the decomposition χ “ ś
p χp.

Let Ap “ GL2pZpq and Appkq “ GL2pZ{pkZq. The following is an analogous of Proposition 3.3

for Serre curves.

Proposition 7.1. For a Serre curve E, assume the above notations. Let ℓppq be the smallest integer

k for which χp factors via Appkq. Then

ℓppq “

$
’’’’&
’’’’%

0 if p is odd and p ∤ D,
1 if p is odd and p | D,
1 if p “ 2 and D is odd,

2 if p “ 2 and 4}D,
3 if p “ 2 and 8}D.

Proof. If p ∤ 2D, then χp is constanly equal to 1. Hence, it factors via Ap1q. If p is odd and p | D,

then χp is the Legendre symbol mod p, and so it factors via Appq, and since it is non-trivial, it does

not factor via Ap1q. The result for p “ 2 follows from the construction of χ2 described above,

noting that the smallest integer k for which ψ2 factors viaAppkq is k “ 1, for 4}D the smallest such

k is k “ 2, and for 8}D the smallest such k is k “ 3. �
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We are now ready to prove our last remaining assertion.

Proof of Proposition 1.7. Following steps similar to the proof of Theorem 1.2 and by employing

Corollary 4.1 with m “ 2, Proposition 7.1, and

|GL2pZ{nZq| “
ź

pe } n

p4e´3pp2 ´ 1qpp ´ 1q

(see [10, page 231]) we have the stated product expression. �
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