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ON SYMMETRIES OF ELLIPTIC NETS AND VALUATIONS OF NET
POLYNOMIALS

AMIR AKBARY, JEFF BLEANEY, AND SOROOSH YAZDANI

ABSTRACT. Under certain conditions, we prove that the set of zerosnoéllptic net forms an

Abelian group. We present two applications of this fact. styrwe give a generalization of a
theorem of Ayad on valuations of division polynomials in tantext of net polynomials. Secondly
we generalize a theorem of Ward on symmetry of elliptic dliigy sequences to the case of elliptic

nets.
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1. INTRODUCTION
Let £ be an elliptic curve defined over a field with the Weierstrass mod¢lx, y) = 0, where
f(z,y) == y* 4+ a1zy + asy — 2° — agx® — auw — ag; a; € K. (1.1)

It is known that there are polynomials,, v, andw, € Klz,y|/(f(x,y)) such that for any
P € E(K), the group ofK -rational points ofF', we have

. ¢n(P) wn(P)
"= (WP)’ ¢2<P>> | 1.2

Moreover,),, satisfies the recursion

,lvbm-i-n'lvbm—n - 'l/)m-i-l'l/)m—lwr% - 'l/)n—i-l'lvbn—lw?m (13)

with initial conditions
’gbl = 1, wg = 2y + a1x + as, ’wg = 3!13'4 + bgl’g + 364!13’2 + 3b61’ + bg,
’QD4 = ’QDQ . (21’6 + b21’5 + 5641’4 + 10[)61’3 + (bgbg - b4b6)l’ + (b4b8 — bg)) .
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Here

by = CL% + 4aq, by = 2a4 + ayaz, bg = a§ + 4ag,

2 2 2
bs = ajas + 4asas — ajazas + asa; — aj.

The polynomialy,, is called then-th division polynomiahssociated td”. (See B, Chapter 2] for
the basic properties of division polynomials.)

Now let K be a field with a discrete valuation let O, = {x € K : v(z) > 0} andp = {x €
K : v(z) > 0}.In[1, Theorem A], Ayad proved the following theorem on the valuaof ), (P).

Theorem 1.1(Ayad). Let £/ K be an elliptic curve defined by the polynom(iall) with a; € O,
fori = 1,2,3,4,6. LetP € E(K) be a point inE(K) such thatP # oo (mod p). Then the
following assertions are equivalent:

(@) v(¢a(P)) andr(i3(P)) > 0.

(b) For all integersn > 2, we haves(y,,(P)) > 0.

(c) There exists an integex, > 2 such that/ (¢, (P)) andv(iy,,+1(P)) > 0.

(d) There exists an integen, > 2 such that/(¢,,,(P)) andv(¢,,, (P)) > 0.

(e) Reduction of modulop is singular.

An important ingredient of the proof of the above theorenhesrecursionl.3). Generally, any
solution over an arbitrary integral domathof the recursion

Wi Wi W2 = Wi i W A W2 — Wy W W2 (1.4)

wherem,n € Z, is called arelliptic sequenceHence the sequenc¢e,, (P)) is an example of an
elliptic sequence. The theory of elliptic sequences wagldged by Morgan Ward in 1948. An
elliptic divisibility sequenc€EDS) is an integer elliptic sequengé’,,), which is also a divisibility
sequence (i.eV,, | W, if m | n).

Theoreml.1 has an immediate application to elliptic denominator sagas, which we will
define now. Let/Q be an elliptic curve defined byL(1), with a; € Z fori = 1,2, 3,4, 6, and let
P € E(Q) be a non-torsion point. It is known that

A
P — _1237&
D} Dp

with ged(Ap, Dp) = ged(Bp, Dp) = 1 andDp > 1 (see R, Proposition 7.3.1]). LetD,,p) be
the sequence of denominators of the multiple®oMore preciselyD,, » is given by the identity

AnP BnP
= (o) &9

with ged(A,.p, Dyp) = ged(Bup, Dp,p) = 1 and D,p > 1. One can show thatD,p) is a
divisibility sequence. Some authors call this sequencellgtie divisibility sequence. In this
paper, in order to distinguish this sequence from the aakslliptic divisibility sequences studied
by Ward, we call the sequen¢®,,») the elliptic denominator sequen@ssociated to the elliptic
curve £ and the pointP.

Comparing equationsl(5) and (1.2) we expect a close relation betweep(P) and D,,p. In
particular, for any prime we have that

I/p(ZL’(nP)) = Vp(AnP) - QVP(DnP) = Vp(¢n(P)) - 2Vp(wn(P))v (1.6)

wherev, is thep-adic valuation orf) andx(nP) is thex coordinate of. P.
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From construction of division polynomials we know thapiff D, thenv, (v, (P)) > 0 and
vp(¢n(P)) > 0. Now Theoreml.l tells us that if P reduces to a non-singular point andFf
modulop is different fromoo (i.e. p t Dp), thenv, (¢, (P))v,(on(P)) = 0. Under these conditions
if v,(x(nP)) > 0 then by (.6) and the fact that,,» and D,,» are coprime to each other, we
havev,(D,p) = v,(¢,(P)) = 0. Similarly, if v,(x(nP)) < 0thenv,(D,p) = vp(Yn(P)) =
~1v,(x(nP)).

Therefore, we have the following proposition.

Proposition 1.2. Let £/Q be an elliptic curve over the rationals given by equat{dnl), and
assume that; € Z. Furthermore, letP € E(Q) be a point of infinite order such that # oo
(mod p) and let(D,,p) be the elliptic denominator sequence associatefl tand P. Then for a
primep if P (mod p) is non-singular, we have

Vp(Dnp) = Vp(¥u(P)).

Remark 1.3. (a) One can drop the conditiaB # oo (mod p) in the previous proposition and
prove a stronger result for an scaled versiowgfP). Let

’(Z}n(P) = DJZQ%(P)

Then if P (mod p) is non-singular for all primes, we have

Dop = [tha(P)].

(See L] ). For a proof of this fact (in more general case of elliptets) see Propositioh 7.
(b) Formulas for explicit valuations af,,(P) at primesp (of good or bad reduction) are given in
[8]. Also in [5] the sign ofi,, (P) is computed explicitly.

In [7], Stange generalized the concept of an elliptic sequenaa tedimensional array, called
an elliptic net. In this paper we give a generalization of dgdaheorem for net polynomials.

Definition 1.4. Let A be a free Abelian group of finite rank, atithe an integral domain. Leét and
0 be the additive identity elements#fand R respectively. An ellipticnetisany médp : A — R
for which1W(0) = 0, and that satisfies

W(p+q+s)W(p—qW(r+s)W(r)
+W(q+r+s)W(q—r)W(p+s)W(p)
+W(+p+s)W(r—-—p)W(q+s)W(q) =0, (1.7)
forall p,q,r,s € A. We identify the rank dfi” with the rank ofA.

Note that ifA = Z andWW : A — R is an elliptic net, then by setting = m,q = n, r = 1,
ands = 0 in (1.7), and noting that?" is an odd function, we get thdt (n) satisfies equation
(1.4), hence(IW (n)) is an elliptic sequence. Therefore elliptic nets are a gdization of elliptic
sequences.

We can relate elliptic nets to elliptic curves in the folloygiway. For an arbitrary field&’, let

S - K[xlvylv T 7x7“7y7“]7
and consider the polynomial ring

R, = K[z, yili<i<r[(x; — xj)_1]1§i<j§r/<f(xia Yi))1<i<rs
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where f is the defining polynomiall(1) for E. LetP = (P, P,...,P.) € E(K)" andv =
(v1,v9,...,v,) € Z". From [7, Section 4] follows that there exist “polynomial§’,, ®,,Q, € R,
such thatl,, (as a function ot € Z") is an elliptic net and

o,(P) O.(P)
3 (P)’ \P%(P))'
The “polynomial” ¥, is called thev-th net polynomiahssociated td”. Also, the functionv —

U, (P) is calledthe elliptic netassociated té& andP. In [7], Stange also proves that when- 1,

then we can computé, using the recurrence relatioh.7) and the initial value¥,, for v = e;,

v =2e;, v =e¢; +e; andv = 2e; + e;, where{e;, e, ..., e,} is the standard basis f@". (For
r = 1 the recurrencel(3) shows that),, is uniquely determined by, v, 13, andi,.) Note that
the initial values ofl’,, are defined as follows:

\Ilei = 1, \IIZei = 2yz +a1x; + as, \Ilei—i-ej = 1,

2
Waoyre, = 201 + ) — (u) B a1<yg y) b (1.9)
l’j — I .I'j — T
The above initial conditions define tiheth net polynomials of rank > 1 for any elliptic curves
completely. We refer the reader to Theorem 2.5, Lemma 2d5Taeorem 2.8 of{] for the details
of how this can be done.
In this paper, we prove the following generalization of Tieeo1.1for net polynomials. Lefy,

v, O,, andp be defined as before.

V‘P:’U1P1—|—1)2P2+“'+’U7«Pr:( (18)

Theorem 1.5. Let £//K be an elliptic curve defined by the polynom{all) with a; € O, for
i=1,2,3,4,6. LetP = (P, P, ..., P,) € E(K)" be such that’, # oo (mod p), for1 <i <r,
and P, £ P; # oo (mod p), for1 < i < j <r. Then the following are equivalent:

(&) There exists < i < r, such that

V(Wae, (P)) > 0 and v(¥se, (P)) > 0.

(b) There existd < i < r such that for alln > 2 we have
V(¥ (P)) > 0.

(c) There existsy € Z" and1 < i < r such that

v(Uy(P)) > 0and v(Vy,e, (P)) > 0.
(d) There existy € Z" such that

v(Vy(P)) > 0and v(®y(P)) > 0.

(e) There exists < i < r such thatP; (mod p) is singular.

To prove this, we first need to show th&tl, (P)) > 0 in the cases we are dealing with. This
result is of independent interest, so we record it in theofelhg proposition.

Proposition 1.6. Let £/ K be an elliptic curve defined by the polynom({ll) with a; € O, for
i =1,2,3,4,6, and letP = (P, P,,...,P,) € E(K)". Whenr = 1, assume thaP, # oo
(mod p). Whenr > 1, then assume that for all < i < j < r we haveP;, # oo (mod p) and
P, + P; # oo (mod p). Then for allv € Z" we have

V(¥ (P)) >0,
henceVl, (P) € O,.



Next we specialize to the case ttais defined ovef). Let £//Q be an elliptic curve, and & =
(P, Py, ..., P.) € E(Q)" ber linearly independent points if(Q). Forv = (vy,ve, - ,v,) €
7", letv-P = v P + -+ v,.P.. We denote thelliptic denominator neéssociated t@& and P
by (Dy.p), whereD, p is the denominator of - P. More precisely,

AV-P BV~P
Dip Dyp)
We are interested in the relation between the elemgnt of the elliptic denominator net, and the
value of thev-th net polynomiall, at P. An immediate corollary of Theoreh.5is that for all
but finitely many prime® we have

vp(Dy.p) = 1,(Uy(P)),
wherev, is thep-adic valuation. We extend this result, however similar enfark1.3 (a), we
need to multiply,, at P with a quadratic form to obtain an equivalent net polynordial More
precisely, by using notatiori (10), let

FP)= [ A", (1.11)
1<i<j<r

V‘P:1)1P1+’U2P2+"‘+UTP7«:< (110)

where

ThenF(P) : Z" — K* defined by — F,(P) is a quadratic form. Define
U, (P) = F,(P)U,(P),

for all v € Z". Then(P) is an elliptic net that is scale equivalent¥qP) (see Sectior2 for
more explanation). Furthermore, notice that

\i]ei (P> = Fei(P>\Ijei(P) = Ay = Dei‘P7

and
‘Ilei+ej (P) = Fei+ej (P)‘Ilei+ej (P) = AiiAjinj = DPL'+PJ' = D(ei+ej)‘P‘
We will prove the following generalization of Propositidr?.

Proposition 1.7. Let £/Q be an elliptic net defined by polynomi@.1) with a; € Z for i =
1,2,3,4,6. LetP = (P,...,P,) € E(Q)" be anr-tuple consisting of- linearly independent
points inE(Q). Letp be a prime so thaP; (mod p) is non-singular forl <i < r. Then

vp(Dyp) = vp(By(P)),
forall v € Z". In particular, if for all primesp and all integersl < i < r we have thaf’;, (mod p)
is nonsingular, then
Dyp = Uy (P)].

Section5 includes proofs of Propositioris6, 1.7, and Theoreni..5. Also see Examplées.1and
5.2for concrete descriptions of Propositiary.

To prove Theorenmi.5 we need to study the behaviour of zeros of an ellipticiet Z" —
K, whereK is an arbitrary field. Recall that for the values of ranklliptic nets (i.e. elliptic
sequences), we have the conceptaotk of apparition More precisely, for any elliptic sequence
(W,,) we say that a natural numbgiis a rank of apparition it¥, = 0 andW,,, # 0 for anym|p.

We say a sequence hasinique rank of apparitiop (> 1) if W, = 0if and only if p|k. Motivated
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by this definition, we say an elliptic nét’ : Z" — K has aunique rank of apparition with respect
to the standard basi§ each sequenc@V (ne;)), (W(nez)), ..., (W(ne,)) has a unique rank of
apparition. In general, it is convenient to have a definitiwat works for a free finitely generated
Abelian groupA, rather thar.".

Definition 1.8. LetWW : A — K be an elliptic net of rank. LetB = {by, b, ..., b,} be a basis
for A. We say thatV has aunique rank of apparition with respect Bif there exists am-tuple
(p1, po, - - -, pr) Of positive integers with; > 1 for 1 <14 < r, such that

W(nb;) =0 <= p;[n,
forall1 <i<r.

Note that an elliptic sequend@V,,) has a unique rank of apparition if its corresponding net
n — W, has a unique rank of apparition with respec{g.

We remark here another possible generalization of a uniguile of apparition of a sequence.
Namely, for a sequendd : Z — K, having a unique rank of apparition is the samé\as {v €
Z . W(v) = 0} being a subgroup &. Therefore, a natural generalization of the concept ofumiq
rank of apparition to elliptic netd/ : A — K isthatA = W=1(0) = {ve A: W(v) =0} to
be a subgroup ofi. The following theorem shows that our concept of unique rainkpparition
implies thatA is a subgroup ofl.

Theorem 1.9.LetW : A — K be an elliptic net, and leB = {b,,...,b,} be a basis forA.
Assume thatl has a unique rank of apparition with respect®o Let

A=W0)={veAd: W(v)=0}
be the zero set di/. ThenA is a full rank subgroup ofl.

We prove Theorem.9in Section3.
The proof of Theorenl.5 comes as a combination of Theorethd, 1.9 and the following
theorem.

Theorem 1.10(Ward). Let (W,,) be an elliptic sequence. A necessary and sufficient conditio
that (1,,) does not have a unique rank of apparition is th&f = 1/, = 0.

The proof of Theorem.10is analogous tod, Theorem 6.2] where the case of an integer elliptic
sequence modulp has been considered.

Here we describe another application of Theote® Let I, = 4,,(P) as defined in Remark
1.3(a). Then Propositiod.2tells us that in many cases, we can thinkf as the denominator
of the pointn P for some elliptic curvel”/Q and some poinf € E(Q). Now letp be a prime
of good reduction and let, be the order of the poin® in E(F,), whereF, is the finite field of
p elements. Then we have that, + k)P = kP (mod p). Therefore, it is tempting to assume
thatW,, . = W, (mod p). More generally, letV : Z — K be an elliptic sequence withthe
unique rank of apparition ofl”. Then, one may speculate that,,, = W,. This in fact is not
true. However, in9] the following is proved.

Theorem 1.11(Ward’'s Symmetry Theorem). Let (V,,) be an elliptic sequence and assume
WoWs # 0. Letp > 1 be the unique rank of apparition 6¥'. Then there exists,b € K
such that
Winpin = a™ 5™ W,
forall m,n € Z.
6



See Theorem 9.2 of] for a proof and Theorem 8.2 o8] for some properties of elemenisand
b, whenK = [F,. Note that the proofs also work for any fiefd.
The following theorem gives a generalization of Theorkdil

Theorem 1.12.Let W : A — K be an elliptic net with the property that = W~1(0) is a
subgroup ofA and assuméA/A| > 4. Then, there exist well defined functighs A — K* and
X : A x A— K* such that

WA+v) =EA) XN, V)W (V) forall A € Aand all v € A,

and the functiong andy satisfy the following properties:

(i) x is bilinear,

(i) X(A1, A2) = x(A2, A1),

(i) €(A1+ Az) = E(A)E(A2)x (A1, Az),

(iv) £(=A) =¢(A), and

(V) §(A)? = x(A, N).
Furthermore, the functiong(\, p) and{ (), are defined by

d: Ax(A\A) — K~

W(A+p)
Ap)  — T

and relations
X: AxA — K~
(A, p+v)

Ap) — T
wherev is any element oft withv, v + p ¢ A, and
&N — KX

d(A,V)
A G

foranyv € A\ A.

Note that under conditions of Theorelrl ], by considering\ = mp andv = n in the previous
theorem and applying the bilinearity gfand Corollary4.4, we obtain

W (mp +n) = E(mp)x(mp,n)W (n) = £(p)™ x(p, )™ W (n).
Thus, by lettingn = £(p) andb = x(p, 1) we have the assertion of Theordnil
We remark here that irg], Stange relates some of the functions given in Theotel2to the
Tate pairing onE. Furthermore, special cases of the above formula does shaw ler thesis.
However to the best of our knowledge, the statement of theeattieorem is new.
Giventhe properties of and¢, foranyr € N, anyA;, Ao, ..., A, € A,and anyhy, na, ..., n, €
7., we get that

W<<;n)\> ) (]‘[g (A, v)™ (JHlX /\Z,)\)"Z"J>)W(v). (1.12)

As a simple corollary of the above identity, we have the fwllgy periodicity result.

Corollary 1.13. LetW : A — F, be an elliptic net, and leA = W~1(0). Assume thal is a
subgroup ofd and|A/A| > 4. ThenW (vy) = W(vy) if vi = vy (mod (¢ — 1)).

We can also employl(12) in computing elliptic nets with values in finite fields (Seraple

4.5for a description). Sectiofis dedicated to proofs of Theorehil2and its corollaries.
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2. REVIEW OF ELLIPTIC NETS

We will collect some basic facts about elliptic nets in thestson for sake of completion. Recall
that for a free Abelian groud and an integral domaiR, we defined an elliptic net to be any map
W :A— Rwith W(0)=0and

W(p+q+s)W(p—qW(r+s)W(r)
+W(q+r+s)W(q—r)W(p+s)W(p)
+W(+p+s)W(x—p)W(q+s)W(q) =0,

for all p,q,r, ands € A. Also recall that the rank of an elliptic net is defined to be thAnk of its
domainA.

Lemma2.1l.LetWW : A — R be an elliptic net.

(a) For any integral domain?’ and any morphism : R — R/, the functionmro W : A — R’ is
an elliptic net,

(b) For any subgroup!’ C A, the function¥ |4 : A” — R is an elliptic net.

(c) Foranyv € Awe havel/ (—v) = =W (v),

Proof. To prove the first two parts of this lemma, note that bdthy, andr o IV satisfy the elliptic
net recurrencel(7). To provelV (—v) = —WW(v), observe that itV (v) = W (—v) = 0, then we
are done. Otherwise, assume without loss of generalityith{at) # 0. Then by settingg = q = v

andr =s = 0in (1.7) we have

W )?(W(v)+W(-v)) =0.
SinceR is an integral domain, we gét'(—v) = —W (v). O

We have already remarked that the values of an elliptic nedrf 1 form an elliptic sequence.
Let W : A — R be any elliptic net, and let € A. Then by part (b) of the above lemma,
Wlyz : Z — R is an elliptic net of rankl. Also, note that ifR is an integral domain and
K = Frac(R), the fraction field ofR, theni : R — K is injective. Thereforéo W : A — K isan
elliptic net, and(i o W)~1(0) = W~1(0). Therefore we are not losing any generality in Theorems
1.9and1.12by focusing on elliptic nets having entries in a field.

Next we are interested in relating elliptic nets with linemmbination of points on elliptic
curves. In order to do this we review some results/pbjn net polynomials.

For a complex lattice\ C C, leto : C — C be the Weierstrass function

o(z)=c(zA) =2 ][] (1 - i) euta(3),
weN,w#0 w

Fix anr-tuplez = (21,22,...,%) € C" with z; ¢ A andz + z; ¢ A. For anr-tuplev =
(v1,v9,...,v,) € Z" define

o(viz1 + veze + -+ v,.2,)

U.2— 7; VU4 ViU '
<H§:1 o) 2m J> (H1§i<j§r‘7(zi + )" ])

Oy (z) = Qy(z;A) = (—1)21§i§j§r vivj+1

Theorem 2.2(Stange). The function
Q=Q(z;N): 2" —
v — Qu(2z),
8



is an elliptic net.
Proof. See [f, Theorem 3.7]. O

Now let £/C be an elliptic curve, and letz be the lattice corresponding 6. LetP =
(Pr,...,P) e E(C) with P, P, + P; # coand letz = (zy, ..., z.) € C" be such that; maps to
P; under the uniformization map

C — C/Ag ~ E(C).
Then the function
vP;E): 72— C
v — Qu(2),
is an elliptic net with values i©. We callV (P; E) theelliptic net associated t&'(over C) andP.
Let SU"V = Z[ay, an, as, ay, o, and for any positive integerlet

R?niv = Sumv[% Yihi<i<r[(zi — xj)_l]lﬁi<j§r/<f(xia Yi)i<i<r,
where f(z,y) is given by @.1). Then for every elliptic curvéy/ K defined by the polynomial
(1.2, andP € E(K)" with P, P, =+ P; # oo, we can find a morphism
T =TpE : R;miv — K
so thatr («;) = a;, and(w(x;), m(y;)) = P;. The following result is proved in7} section 4].

Theorem 2.3(Stange). For eachv € Z7, there isWU"V € RUW so thatP!'"V : v — WUV is an
elliptic net, and for any elliptic curvé&’/C andP € E(C)" with P,, P, + P; # oo we have

Tp.E © \I/univ = \IJ(P7 E)

Let RU"V, SU"V and E/K be as before. Then, there exists a map: SV — K, so that
7me(a;) = a;. This induces a map

(mp) s RY™ = Ko, yih<ose (2 — 25) icicjar/ (20 yi)1<i<r
Then part (a) of lemma.1shows thatl : v+ (7z).(PU") defines an elliptic net with values in

Ry = K[zi, yiliizr[(@: — ) Nizicjzr/ (F (@, yi) 12020
We callV, € R, thev-th net polynomiahssociated t&. Now letP € E(K)" with P, P,+P; #
co. Then by part (a) of Lemm2.1, ¥(P; F) : v — ¥ (P) is an elliptic net with values ik’. We
call U(P; F) theelliptic net associated té& (over K) andP.

Here we note thatv,..(P) = ,(P;). Moreover, we remark that foE' /K defined by the
polynomial .1), we can comput&, explicitly. In factforv € {e;, 2e;,e;+e€;,2e;+e; : i # j},
the exact values o¥', are given by 1.9). Furthermore, as we pointed out in the introduction,
Theorem 2.5, Lemma 2.6, and Theorem 2.8@fdrove that these initial conditions are sufficient
for computing¥,, for anyv € Z".

Example 2.4.I1f we let (p,q,r,s) = (e; + e;, e; = e, —e;, —e;), then from (.7) we get that

\I]ei—l-ej:tek \Ilej¥ek \Il—2ei\I]—ei + \Ij—ei:tek\IIQei:l:ek\Ilej \Ilei+ej + \Ij—ei:tek\ll—2ei—ej \Il:l:ek\Ilei:I:ek = 0.
We note that inT, Theorem 2.5] it is shown that the ternirg, _.,, andW¥,., ., can be computed
explicitly in terms of U, for v € {e;,2e;,e; + €;,2¢; +€; : i # j}. In particular, setting
(pv q,r, S) = (eia eja 07 €; + ej) gives

\Ilei—ej = \Ijei+2ej - \I]2ei+ej-
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Similarly, taking(p, q,r,s) = (—e; + €;, €;, €;, €;), we have
‘1’2ei—ej = wZeinej - ¢2ei+eﬂ/&2;i_ej-
ThusW,, c,+¢, Can be computed using, for v € {e;, 2e;,e; +e;,2e; +e; : i # j}.
We are interested in relating, (P) to the denominators of linear combinations of points on an
elliptic curve. To do this, recall that for ank/ K given by the polynomiali.1), P € E(K)",

andv € Z" we can find rational functions (by repeated use of doublirdyaddition formulas for
elliptic curves)X,, Y, € Frac(R,), the fraction field ofR,, such that

v-P=vP+- - +uvP = (X, (P),Y,(P)).
The following lemma gives an explicit representation &y in terms of net polynomials.

Lemma 2.5. Let £/ K be an elliptic net, and |eP € E(K)" be such tha’; # co and P, + P; #
oo. Then Foranw € 77, there is®, € R, such that

X, = %
In particular for anyl < i < r we have

Oy (P) = U3 (P)a(P) — Uyio,(P) Ty, (P).
Proof. In [7, Lemma 4.2], it is proved that for any, u € Z" we have
V202 (X, — Xy) = U, U,y
If we letu = e;, thenX,(P) = z(P;). Thus we have
(W2X,)(P) = W2(P)2(P,) — W\ o, (P)W, o, (P),

which gives us the desired result. O

Definition 2.6. Let B andC' be Abelian groups written additively. Furthermore, assuhs C' is
2-torsion free. Then a functiof : B — C'is a quadratic form if

F(zx+vy)+ F(x —y) =2F(z) + 2F(y), (2.1)
forall x,y € B.
Equation 2.1) is sometimes called thgarallelogram law

Example 2.7. (a) Leta;, ¢;; € Q and conside¥' : Z" — Q defined by

r
F(’Ul,’l}g,...,vr) = Zaw?%— Z CijU;U;.
i=1

1<i<j<r
Then we can check thdt satisfies the parallelogram la®.().
(b) Letp,,q;; € Q*. Then the functiorty : Z" — Q* defined by

! v2 ViV
G</0171)27"'7/U7‘)::l_[piZ ’ H ng !
i=1 1<i<j<r
is a quadratic form.
(c) LetFy, Fy : B — C betwo quadratic forms. Then their differenég— F5, is again a quadratic
form.

The main reason we are interested in quadratic forms is tleviog result.
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Proposition 2.8. Let K be a field and letV : A — K be an elliptic net. Let” : A — K* be a
guadratic form. Then

wk. A — K
v — WE)F) (2.2)
is an elliptic net.
Proof. See [, Proposition 6.1]. O

Definition 2.9. We say that two elliptic nefd” and ¥’ are scale equivalent, if there is a quadratic
formF : A — K suchthat?V’ = WF,

Let )\, be the(local) Neron height function oty associated to the prime (See #, Chapter VI,
Theorem1.1] for properties of,.) An important property of Néron height is that it satisfibe
quasi-parallelogram law

Lemma 2.10. Assume thaP’, Q € E(Q) are two points such thaP, @, P £ ) # oco. Then we
have

AP+ Q)+ (P = Q) = 2,(P) + 22,(Q) + 1y a(P) — 2(@)) — 51,(Ap)

Proof. See §i, Page 476, Exercise 6.3]. O

Lemma 2.11. Let F/Q defined by the polynomiél.1), and assume;’s are all integers. LefA g
be the discriminant ofy. LetP = (P,..., P.) € E(Q)" be anr-tuple consisting of linearly
independent points oA (Q). Define

c(v) = {Ap(v ‘P) = Lu,(Ap) — 1, (U,(P)) ifv #£0,
0 otherwise.

Thene is a quadratic form fronZ" to Z.

Proof. From Lemma2.5, we know that
Vp(Wyiw(P)) + 1 (Vv—w(P)) = 205 (Vo (P)) + 203 (Ve (P)) + 13 (X (P) — X (P)).  (2.3)
Now assume that, w, v + w # 0. Then substituting - P andw - P in Lemma2.1Q we get

(V- P+w-P)+ A, (v-P—w-P) = 2)\p(V-P)+2)\p(W-P)—|—I/p(XV(P)—XW(P))—%I/I,(AE).

(2.4)
Subtracting 2.3) from (2.4) we have
e(V+wW)+e(v—w)=2(v)+ 2e(w), (2.5)

wherev, w,v + w # 0. The identity .5 also holds ifv or w = 0. So to complete the proof
it is enough to show that(2v) = 4¢(v). In order to establish this we add copies af5 for
(v,w) = (4u,u), (3u, u), (3u,u), (2u, u) to obtain

e(bu) + £(u) = 2¢(3u) + 8(u) (2.6)
Also letting (v, w) = (3u, 2u) in (2.5) yields
g(bu) + e(u) = 2¢(3u) + 2¢(2u). (2.7)

Now subtracting2.7) from (2.6) givess(2u) = 4¢(u). Thuse is a quadratic form as desired.[d
11



3. PROOF OFTHEOREM 1.9

Let K be any field and assume tHat : A — K is an elliptic net of rank:. Theoreml.9claims
that if W has a unique rank of apparition than= W ~1(0) will be a subgroup ofd. The goal of
this section is to prove this claim.

Throughout this section assume thidthas a unique rank of apparition and®et= {b;,b,, ..., b,}
be a basis for such thatl}’ has a unique rank of apparition with respect®o Therefore, there
exists(p1, pa, - .., pr) € Z" With p; > 1 for 1 <+ < r such that¥ (nb;) = 0 if and only if n|p;.

Let A; be the subgroup oft generated byb,, b,, ..., b;} for1 <i <rand let

Note thatA; is the zero set of the elliptic nét’|,, : A, — K. By induction oni, we will prove
thatA; is a subgroup of4;. Note that the base case= 1, is true by definition of unique rank of
apparition.

We will prove the inductive step by proving three lemmas.

Lemma 3.1. Letn € Z, and letl < i <r. If p; | n, then we have
W(v+nb;) =0<=veA.
Proof. First letv € A. Takingp = v, q = —nb,, r = b;, ands = 2nb; in (1.7) yields
W (v 4+ nby)*W((2n + 1)b;,)W (b;) = 0. (3.1)

Note that sincey, | n andp; > 1, we havep; { (2n + 1) and solW ((2n + 1)b;) # 0. Thus, from
(3.2), we havelV (v + nb;) = 0 forall v € A.
Conversely assume that¢ A. Then takingp = v, q = nb;, r = b;, ands = 0 in (1.7) yields

W (v + nb) )W (v — nb) )W (b;)? + W((n + 1)b))W((n — 1)b))W(v)* = 0. (3.2)

Sincev ¢ A andp; | n, we haveWW ((n + 1)b;)W ((n — 1)b;)W (v)? # 0. It therefore follows,
from (3.2), thatWW (v + nb;) # 0 forall v ¢ A. O

The following is a straightforward consequence of Len8ria
Corollary 3.2. We have
{niby + noby+---+mn,b.: p; | n;forl <i <r} CA.

Lemma 3.3. Suppose that for a fixed> 1 we have that\; ; is a subgroup ofd. Then for all
v € A;,_1, we have

Proof. Choosev € A, ;. Sincev € A;_; C A, it follows from Lemma3.1that if p; | n then
W (v + nb;) = 0. Conversely, lep; t n, takingp = v, q = nb;,r € 4,1 \ A;_;,ands = 0in
(1.7) yields

W (v + nb))W (v —nb) )W (r)? + W (r + v)W (r — v)W (nb;)* = 0. (3.3)
Sincev € A4, r € A;_1 \ A;_1, andA;_; is a subgroup, it follows that +r € A;_; \ A;_1,
hencelV (v £+ r) # 0. It therefore follows from 3.3) thatIV/ (v + nb;) # 0. O

Lemma 3.4. Suppose that; ; is a subgroup ofA for a fixed: > 1 andp; > 2. Letu,v € A;
such thatu = ug + nb;, andv = vy + nb; forug, vp € A;,_;. Thenu — v =uy — vg € A;_;.
12



Proof. Settingp = ug + nb;, q = vg + nb;, r = mb;, ands = —2nb; in (1.7) gives
W(ug + vo)W(ug — vo)W((2n — m)b; )W (mb;) = 0. (3.4)
Sincep; > 2, we havel (b;), W (2b;) # 0. So we can choose € {1,2} such that
W((2n — m)b;,)W (mb;) # 0.

Thus from @.4) we conclude thatV (ug + vo)W(ug — vo) = 0. Now if W (uy — vo) = 0 we are
done. Otherwise we assume th&tu, — vo) # 0, hencelV (u, + vo) = 0, and show that this
gives a contradiction.

Settingp = ug + nb;, q = vy + nb;, r = b;, ands = 0in (1.7) gives

W(uo + Vg + 2an)W(u0 — V())W(bi)z = 0,

hencelV (uy + vo + 2nb;) = 0 (recall thatiW (ug — vo) # 0). Sinceuy + v € A;_; it follows
from Lemma3.3thatp; | 2n. Now we consider two cases.

Case 1: Ifp; | n, then sincar = uy + nb;, v = vy + nb; € A, it follows from Lemma3.1that
uy, vo € A;_1, henceuy — vy € A;_1, contradicting our assumption thidt(u, — vo) # 0.

Case 2: Ifp; 1 n, thenWW (ug+vo+nb;) # 0 by Lemma3.3. Settingp = uy+nb;, q = vo+nb;,
r = b;, ands = —nb; in (1.7) gives

W (uag + vo + nb;)W(ug — vo)W((n — 1)b;)W(b;) = 0,

hencelV((n — 1)b;) = 0 and sop; | n — 1. Similarly by settingp = uy + nb;, q = v + nb;,
r = —b;, ands = —nb; in (1.7) we find thatiV ((n + 1)b;) = 0 and sop; | n+ 1. Sincep; | n —1
andp; | n + 1, we havep; = 2. This is a contradiction. O

We are ready to prove our main result on zeros of an elliptic ne

Proof of Theoreni.9. We proceed by induction oin Note thatA; is a subgroup ob,Z, since

W (nb;) = 0 if and only if p;|n. Assume that\; ; is a subgroup. We want to prove thatis a
subgroup, that is for any, v € A, thatu — v € A;. We will prove this by contradiction, so assume
thatu — v € A;. Letu = ug + nb;, v = vqg + mb; € A;, whereug, vy € A;_;. It follows from
(1.7,forp=u,q =v,r =u+w, ands = —2u, thatiW(u — v)?’W(u — w)IW(u+ w) = 0.
SincelW (u — v) # 0 andu = ug + nb;, we conclude that

W(uy + nb; — w)W(ug + nb; +w) =0 (3.5)

foranyw € A;. We claim that 8.5) implies thatp; | n. To show this assume otherwise that n.
Then, sincar = ug+nb; € A, it follows from Lemma3.3thatu, ¢ A;_;. We consider two cases.
Case 1: Ifp; > 2, then settingy = ug in (3.5) yields

Then we have thadl/’(2u, + nb;) = 0 sincep; 1 n. SinceW (uy + nb;) = W (2uy + nb;) = 0, it
follows from Lemma3.4thatu, € A,_;. This is a contradiction.
Case 2: Ifp; = 2, then settingy = b, in (3.5) yields

W(ap+ (n+ 1)b;))W(ug + (n — 1)b;) =0,

from which it follows thatu, € A;_; (since bothn — 1 andn + 1 are even). This is a contradiction.
In either case, the assumptipn{ n leads to a contradiction. Thus, we have= u, + nb;
with uy € A;_1, andp; | n. Similarly we havev = v, + mb;, with vy € A;_; andp;|m. Then,
u—v =uy—vg+ (n—m)b; withuy — vy € A;_1, andp; | (n—m). Thus it follows from Lemma
3.3thatWW(u — v) = 0. This is a contradiction as we assumed thatu — v) # 0.
13



Since the assumptiom — v ¢ A; leads to a contradiction, we conclude thiat v € A; and so
A; is a subgroup ofd. O

4. PROOFS OFTHEOREM 1.12AND COROLLARY 1.13

Theoreml.9shows that for a given ellipticnét’ : A — K, in favorable conditions, fi/(A;) =
W(A2) = 0thenW(A; + A2) = 0. In this section we study the relation betwedf{v + )
and W (v) when W (A) = 0 but W(v) is non-zero. Throughout this section we assume that
A = W~Y0) is a subgroup ofd. We also assume thatl/A| > 4. The results of this section
generalizes Theorem11to Elliptic nets. In order to do this, we first define the awaji function
d: Ax(A\A) — K~
Av) o B

and explore the properties &f Notice that forA € A andv ¢ A we getthat (A, v) # 0. We have
the following lemma.

Lemma4.1l.Forall A € A, anda,b,c,d € A\A witha +b = c + d, we have
d(A,a)0(A, b) = 5(A, c)d(A,d).
Proof. Assume thap + s, p,q + s,q ¢ A. Then, setting = A in (1.7) gives
WA+aq+s)WA-—q)W(p+s)W(-p)=WA+p+s)WA-p)W(q+s)W(-q).
Sincep + s,p,q +s,q ¢ A we havelW (p + s)W (p)W(q + s)IW(q) # 0, hence
WA+a+s)WA-—q) WA+p+s)W(A—p)

W(q+s)W(-q) W(p+s)W(-p)
Thus
d(A,q+8)0(N, —q) =0(A,p+5s)d(A, —p).
Taking
a=q+s,b=—-q,c=p+s, andd = —p,
yields the result. O

Note that ifv, p;, po € Aandp, p2, v+ p1, v+ p2 € A, then
O(A, v+ Pp1)d(A, p2) = (A, v+ P2)d(A, p1).
Since) is nonzero, we get
SN, v+p1)  O(AV+ps)
d(A, p1) o(A,p2)
Since we are assuming that/A| > 4, we get that for any € A there is an an elemepte A so
thatp andv + p are inA \ A. In light of this observation, we define the functigrby

X: AxA — K* 4.2)
(A v) s 25 '
for any choice op with p, v + p ¢ A. Equation 4.1) shows that this definition is independent of
the choice op. Furthermore, note thatis non-zero, so¢ maps toK *.
We now show thay is a bilinear map.

(4.1)
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Lemma 4.2. LetW : A — K be an elliptic net, and\ = W~1(0) be a subgroup ofl such that
|A/A| > 4. Lety : A x A — K* be defined as before. Then forA;, A, € A, andv, vy, vy € A,
we have the following:

() (A, vi+va) = X(A, vi)X(A, va).
(”) X()‘l =+ >‘27 ) X(Alv V)X(A% V)'
(iif) X()\h}\2) X (A2, Ap).
(iv) x(A, =v) = x(A, v)~!

Proof. First we note that ifA/A| > 4, then for any choice of, v, € A, we can findp € A so
thatp, p + v, andp + v; + vy are not inA. In particular, by pigeonhole principle, we can find
u € A/A so that the image d, v, andv; + v, will missain A/A. Lettingp be any element in
A that reduces te-u we get the desired result. Given tlpsve have,

O(A, vi+Vvo+p) (A, vy + D)
6(A, v2 +p) d(A,p)
(A, vi + Vs + p)
5(A, p)
= XA vi+va).

X(Av Vl)X(Av VQ) =

This proves the first statement.

For the second statement, we fetc A\A be such thav + p ¢ A (Again, by pigeonhole
principle, such an element exists). Sirdces a subgroup ofl, it follows thatv-+p+As, p+As & A.
Hence, we have

O(AL, V+ P+ X)0(Ao, v+ P)

S(AL, P+ A2)0(A2, P)
WE+p+A+X)W(Pp+ X)W (v+p+ X)W(p)
WHv+p+X)W(p+ A +X)W(V+p)W(p+ )
(V+Pp+ AL+ X)W(p)

(v+p)W(p+ A1+ Ag)
(A1 + A2, v +p)
6(A1+ A2, p)
= X(A1+ A, V).

X(ALV)X(Ag, V) =

w
W

For the third statement, takinge A \ A, we have

d(A1, A2+ p) B WA+ X2 +p)W(p) 5(}\2,>\1 —I—p)
5S(ALP) We+pWAi+p)  5(Ap)

The last statement follows frod) and the fact thag(X, 0) = 1. O

X(A1, Ag) = X (A2, Ar).

Note that forA € A andv ¢ A we have
5(A,v)
X(A,v)

We now show thad (X, v)/x (X, v) is independent of choice of.
15
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Lemma 4.3. For all v, vy € A\A we have
d(A,vi)  0(A Vo)
XA vi) XA va)
Proof. First, if vi + vo ¢ A we have
S, vi) 0N V)N, va) (A V)
X(A, V1) B S(A, vi+va) B X(A, va)

Next, we suppose that, + v, € A. Then, since A/A| > 4, we can findp € A\ A such that
p # —vi, —vy (mod A). Then, we have

Vi+Vva+p,2vi+ Ve +p,vi+2vo +p ¢ A
It then follows from @.3), that
O(A,vi) A vi+vat+p) (A V)
Y\, vi) B X vi+ve+p) XA, va)

(4.3)

Now in light of Lemma4.3, we define

&N — KX
A S (4.4)
X(Av)?

for any choice ofv € A\ A. Lemma4.3shows that is a well defined function.
We are now in a position to give a generalization of Theofebi

Theorem 1.12 LetW : A — K be an elliptic net with the property that = W~1(0) is a
subgroup ofA and assuméA/A| > 4. Then, there exist well defined functighs A — K* and
X : A x A— K* such that

WA+ V) =EA) XA, V)W (v) forall A\ € Aandall v € A,

and the functiong andy satisfy the following properties:
(i) x is bilinear,

(i) x(A1, A2) = x(Az, A1),

(i) E(A1 + A2) = E(AD)E(A2) X (A1, A2),

(iv) £E A) =¢(A), and

(V) £(A)* = X(A, N).
Proof. Recall that we have defined the functiafis\, v) = S, (A, v) = 2850 ¢(X) =
5()\v

for any choice ofv, p € A so that the fractions make sense. Note that

W +A) =6Av)IW(v) = EA)x (A, v)W(v),
foranyv ¢ A. If v € A then both sides ar@ Therefore, for anyw € A and anyA € A we have
W(v+A) = EA)XA, V)V (v) (4.5)

Furthermore, Lemmad.2 shows thaly is bilinear andy|,« is symmetric.
Therefore, all we have to do is to show that

(A4 A2) = E(A)E(A2)x (A1, A2), (4.6)
16



that(—A) = &(A), and
E(A)? = x(A ). (4.7)
Let A1, A2 € A andv ¢ A. Note that by 4.5 and (i) we get

WAL+ A2 + V) = LA+ A2)x( A1+ A, V)W (V) = (A1 + X)X (A1, v)x( g, V)W ().
On the other hand
WAL+ (A2 +v))

EAD)X(AL, V+ X)W (V4 Ag)
EADEA)X (AL, v + X)X (A2, V)W (v)
E(ADEA2) X (A1, A2)X (A1, V)X (Ag, V)W (V).
Equating the above two equations fdf(A\; + A, + v) yields

E(AL + A2) X (A1, V)X (A2, V) = E(A)E(A2) X (A1, A2) X (A1, V) x(Ag, v),

which gives us4.6).
Now note that(0) = 1, sinceW (v + 0) = £(0)x(0, v)W (v) = W(v). Similarly,

W(=v =) = (=A)x(=A, =)W (=v)
= £(=A)x(A, )W( v)
= —S(=Ax(A, V)W (v)

while
W(=v—-A)=-W(v+A)
= =LA, V)W (V)
which implies¢ (=) = (). Therefore
1=¢(0) = (A = A) = E)E(=A)x(A, =),

which by employing part (iv) of Lemma.2results iné(X\)? = x (X, A). This completes the proof
of our theorem. O

As an immediate corollary of the above theorem we have

Corollary 4.4. LetWW : A — K be an elliptic net with\ = 1/ ~1(0) be a subgroup ofA and
|A/A| > 4. Then for allx € A andn € Z we have

§(nA) = &(A)".

Proof. We already showed thgt0) = 1, so the statement holds fer= 0. It also trivially holds
for n = 1. We proceed by induction. Assume the statement is true foeso> 1. From part (4)
of Theoreml.12and Lemmai.2, we have

§((n+1)A) = EA)EnA)x (A, nA) = E(A)E(nA)x (A, A)".
From the induction hypothesis and part (v) of Theorkd® it follows that
E((n+1DA) = E)HEN = g

Therefore the statement holds for all> 0. Finally note that (—n\) = £(nA) = £(A)™ from

part (5) of Theoremi..12 Thus the statement holds for alle Z. O
17



Note that Theorem.12allows us to comput&’ : A — K by knowing the values dfi” on a set
of representatives ofl /A and by computing certain values gfand¢. In particular ifA is a full
rank subgroup ofl, then we can choosk;, \,, ..., A, as a basis oA. Then

w ((; nA) ¥ v> ¢ (; nA) ‘ (; ni)\i,v> W)
¢ @1 nA)

Iy ev)™ W)

i=1
and

j=i1+1

11 x(Ai,ww).

j=i+1

= ﬁ §(nii) (

1=1

£ <ZT: niAz)
i=1

= [T (

1=1

Combining the above two identities yields. 12).

Proof of Corollary1.13 If K = F,, afinite field withg elements, and ifg—1)|n; for all 7, then we
get{(X-l_; n;A;) = 1, since every term is raised to a power divisibleryfor some:. Similarly,
XA, v)™ = 1. O

Example 4.5. Here by an example we show that how one can use the ideftitf) (to calculate
an arbitrary term of an elliptic net over a finite field. To dlwate the method we consider a rank
2 elliptic net associated to an elliptic curve ov@rand compute a specific term of its associated
p-reduced nets gsvaries over certain primes.

For a primep let W : Z?> — T, be the elliptic net associated to the radlelliptic curve
y* = 23 — 11 and generator® = (3,4), and@Q = (15,58). The netiW has a unique rank of
apparition respect to the standard bgsis e, } and so its zero set forms a subgroup of rardf
Z2. We choose a bas{s\, A, } for this subgroup and by using definitions of functigrendy we
computes (i), §(A2), X(A1, A2), X(A1,€1), X(A1, €2), x(Az,€1), andx(Aq, e2). The following
table summarizes the result of our computations for fiveeaabfp (i.e.p = 7,11, 19, 61, 89).

p Al Ao 5()\1) 5()\2) X(AlaAQ) X(Alael) X()\1762) X(A27el) X()\z,ez)
7 |(1,5)|(0,13) 1 4 3 3 3 6 2

11| (1,7)| (0,11) 4 9 9 4 9 9 6

191 (1,6)| (0,14) 8 5 4 1 3 6 2
61|(2,8)| (0,38)] 39 60 19 34 6 43 41
89(9,3)| (0,10)| 87 43 80 62 58 52 33

Let D be a fixed set of representatives #61/A. Then any pointr, s) in Z* can be uniquely
written as(r, s) = ni A1 + noAg + mye; + moey With (mq, ms) € D. Now by computing values
for W (mye; + msyes) (by using the defining recursion of our net), the above tadd,employing
the rank2 version of (..12),

W(ni Ay + noXe + myey + moey) = f(Al)nfg()\z)n%X()\la A2)" 2 x (A, e1)" My (A, €)™
X X(A2,€1)"M x(Ag, €2)"2" W (mye; + maes),
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we can computél/(r, s).
Here by using the above formula and table we compute theltg(to1, 100) modulop.

p n1 Nog | M7 | My W(mlel + m2e2) W(101, 100)
7 (1101|-32] 0 | 11 3 1
11110156 0 | 9 6 5
191101 -37| 0 | 12 12 12
61/ 50| 8|1 )| 4 21 28
89|11 6 | 2 | 7 44 52

5. PROOFS OFPROPOSITION1.6, THEOREM 1.5, AND PROPOSITION1.7

Recall thatk is a field with a discrete valuation: K* — Z. We haveO,, p, andK defined as
before. An application of the fact thati™" € RU" is the following proof of proposition.6.

Proof of Propositiorl.6. Recall thatry : SY" — K is defined byrg(a;) = a;. Then the image
of 7 lies in O,, so we can think ofrz as a function fromS""V into O,.. In particular for any
v € 7" we get that

Uy = (1) (WS™) € O, [z, yih<icr (i — ) icician/ (F (@0 4)) 1 <ic, (5.1)

Now assume thaP;, # oo (mod p) and P, £ P; # oo (mod p) for all ¢ # j. Then, since
P; # oo (mod p), we havev(z(F;)) > 0 andv(y(F;)) > 0 and sov(z(P;) — z(F;)) > 0. On
the other hand, sincg;, P;, P, + P; # oo (mod p) we conclude that(P;) # z(F;) (mod p),
and thus/(z(P;) — z(FP;)) < 0. Thereforey(x(P;) — z(F;)) = 0. This together with§.1) give
v(¥y(P)) > 0, as desired. O

Proof of Theorenl..5. (a) = (b). Observe that,,..(P) = v,,(F;). So the result follows from
Theoreml.1

(b) = (c) is clear.

(¢) <= (d). From Lemma2.5, we have

(I)V(P) = W%(P)x(Pz) - ‘IIV+ei(P)‘IIV—ei(P)7

which implies the (c) and (d) are equivalent.

(¢c) = (e). First note that by propositioh.6, we havev (¥, (P)) > 0, hencev (¥, (P)) € O,
and therefore the reduction meds well defined. We letr, (P) (mod p) be the image o, (P)
in the corresponding residue field under this reduction rByppart (a) of Lemma.1we get that
U, (P) (mod p) is an elliptic net. Under the assumptions of (c) we hagP) (mod p) = 0
and V¥, .., (P) (mod p) = 0. Now if the zero set ofl, (P) (mod p) forms a subgroup then we
haveV,. (P) (mod p) = ¢4 (F;) (mod p) = 0 which is a contradiction, since; = 1. So the
zero set ofl, (P) (mod p) does not form a subgroup @f and thus by Theorerh.9we conclude
thatV,(P) (mod p) does not have a unique rank of apparition (with respe¢etfo- - - ;e.}). So
there existsl < i < r such thatl,,, (P) (mod p) does not have a unique rank of apparition.
By Theoreml1.10we get that¥s., (mod p) = Wye, (mod p) = 0, which means/(V;,,) and
v(W4e,) > 0. Therefore from Theorerh.1we conclude thaP; (mod p) is singular.

(e) = (a) SinceP; (mod p) is singular, then from Theoret1we know that/(y»(P;)) > 0
andv(y3(F;)) > 0. Now the result follows since,,(P;) = ¥, (P) forn € Z. O
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Proof of Propositiorl.7. First of all by [4, Theorem 4.1] ifP is a point such thaP (mod p) is
non-singular then we have the following expression for twal Néron height of’,

Ap(P) = max {—%Vp(x(P)), 0} + 1—121/p(AE).
Observe that .
vy(Dp) = max {—iup(x(P)), o} .

Under our assumptions sindg (mod p) is non-singular forl < i < r, we conclude that the
quadratic forme(v) in Lemmaz2.11, can be written as

e(v) = 1p(Dyp) = (Vv (P))

for v # 0. We also note that — v,(F,((P)) is a quadratic form, wherg, (P) is givenin (L.11).
Defineé : Z" — Z by

E(v) = e(v) = 1 (F\(P)) = vp(Dyp) — (04 (P)).

Sinceé is the difference of two quadratic forms, we conclude thas also a quadratic form.
Furthermore, we have

2(es) = 1vp(Dp) = (e, (P)) = 0,
forall1 <i<r, and
é(ei + ej) = VP(DPH-PJ') - Vp(\i]er‘rej (P>> = 07
forall1 <i < j <r. Thus by [, Lemma 4.5] we havé(v) = 0 for all v € Z". This shows that,
forall v € Z", we have A
vp(Dy.p) = 1v,(VUy(P)),
as desired. m

The following two examples give illustrations of Propasitil.7.

Example 5.1. We consider the elliptic curv& : > = 23 — 11. Then the group of rational points
of £ overQ is generated by two point8 = (3,4) and(@ = (15, 58). We observe thaP, ) # oo
(mod p) for all primesp andP + ) # oo (mod p) for all primesp exceptp = 2. In Table5.1
we provide some values of the elliptic denominator net dased to £ and the points® and

as a two dimensional array with lower left corn@g,.op, lower right cornerD,qop, upper left
cornerDyg9p, and upper right corneb,q9p. Table5.2 provides the corresponding values for
the elliptic net associated to net polynomialsg, .., (P, Q). As predicted in Propositiofh.7 the
valuations of these two nets at all prime&xceptp = 2) coincide.

Example 5.2. We consider the elliptic curve : y* + 7y = 2 + 2 + 28z with £(Q) generated
by two independent point8 = (0,0) and@ = (1,3). ThenP,Q, P + @) # oo (mod p) for any
primep. HoweverP reduces to a singular point moduloThus as predicted in Propositidr/the
valuations of the elliptic denominator net (given in Tabl8) and the elliptic net (given in Table
5.4) are the same for all primes 7.
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33 .17 . 861139 - 638022143238323743 2 - 31 - 227 - 32114101 - 2233563433631

25 .37.167 - 245519 - 3048674017 3.7% .11 1567 - 634026250609
19 - 433 - 2689 - 8819 - 40487 2.131-179 - 2103080101
23%.32.5.17.23. 1737017 163 - 1877 - 42797
449 - 104759 2.3.29 809
2% .37.167 52 . 631
32.17 2.67
28 3
2
0 1

13- 97 - 967 - 2333 - 899531 - 20086489 2 - 32 . 67 - 89 - 379 - 1078019 - 724929587 23 - 103 - 340789 - 175849593114259

22

3.

22

11 -

22
7.

22 .

3.

22.

52 .43.293 349 - 631 - 1670527 41 - 227 - 4051 - 32279374297 23 .3.17.37.47 149 - 263 - 2003 - 714947
17 -101 - 15641 - 150379 2.71.83-107 - 751 - 22613 77711 - 82149276767
67 - 317 - 98377 32 .5 .59 - 25640299 20 .7.41.157 - 229 - 9437
19 - 31 - 677 2.29 569 - 4987 3171439 - 925741
23.17.149 13 - 30557 2% . 5.37.239 - 1549
157 2.3% . 2087 19 - 23 - 503 - 659
5 11- 1553 2% .3.17.199 - 577
17 2.31.233 631 - 1753
29 32.5.3331 23 .29.37.83 3467

TABLE 5.1. Elliptic denominator net associatedda 3* = x* — 11 and the pointg) = (15,58) andP = (3, 4)

—3% .17 . 861139 - 638022143238323743  —27% . 31 - 227 - 32114101 - 2233563433631
25 .37 . 167 - 245519 - 3048674017 —278%.3.72 .11 . 1567 - 634026250609
19 - 433 - 2689 - 8819 - 40487 276 .131.179 - 2103080101
23.32.5.17.23 1737017 276.163 . 1877 - 42797
—449 - 104759 —2-%.3.29.809
—24.37.167 —27%.52.631
—32.17 —272 .67
23 272.3
1
0 1

TABLE 5.2. Elliptic net associated t& : 3% = 23

—2718 . 13.97.967 - 2333 - 899531 - 20086489
—2714 .52 .43.293.349 - 631 - 1670527
2714 .3.17.101 - 15641 - 150379

2710 . 67.317 . 98377
2710 .11.19.31.677
—276.3.17.149
—276.7.157
—272.5

272.3.17

22 .29

—2720.71.83.107 - 751 - 22613
2718 .32 .5.59. 25640299
2= 14 . 29.569 . 4987
—2712.13.30557

—278 .33 . 2087
—276.11.1553

272.31.233

32 .5.3331

11 and the point$) = (15,58) andP =

—2726 .32 .67.89-379-1078019 - 724929587 —2736.23.103 - 340789 - 175849593114259
—2724 .41 . 227 . 4051 - 32279374297 —2729.3.17.37-47 - 149 - 263 - 2003 - 714947

—2728 . 77711 - 82149276767
2718 .7.41.157. 229 - 9437
2720 .3.17.1439 - 925741
2713 .5.37.239 . 1549
—2712.19.23.503 - 659
—274.3.17.199 - 577
—27%.631-1753

23 .29 .37.83 3467

(3,4).



32 .5.8243 - 7289363
13 - 127 - 3066533
5948431
3-5-7-1949
2-11-113

127

-5

(= Y

59 - 523 - 1170779

2803 - 2163467

2.41.53-26627 71317 - 5653
181 - 8819 32 .47 .1097
6553 24 . 431

911 463

7 3.19

23

1

1 2.3

1 13

23 .23 . 7758139
52 .29 .67 - 487
11 - 11779

72 . 521

5. 557

2.199

349

5. 11

601

7.59

59 - 149837011
3-13-19-89-1291

31 - 229 - 32045369
7109 - 1427 - 2833

311 - 733 - 154099559
22.13.167-199 - 617887

37127 - 349 - 32537

2.32.41.73.661 -2141

2. 6174377 17 - 25967671 5. 56479 - 333271
42181 47 - 71 - 14557

33.37.137 22 . 2059769 25084117199

7 - 2039 653 - 15767 5.11-293 - 662327
53 . 593 5624039

22.3.23.107 7. 4812433 19 - 127 - 601 - 4637
277 - 313 1987 - 119321 52 . 139843540153
13 - 55819 2.29 - 26272439

3-7-13-59-263 - 5880307

TABLE 5.3. Elliptic denominator net associatedfa y* + Ty = x3 + 2% + 28z and the pointg) = (1,3) andP = (0, 0)

—32.5.720.8243 . 7289363
—716 .13 .127 - 3066533

712 . 5948431
3.5.7'0 . 1949
2.7%.11.113
—74 127
-3.5.72

7

1

0

TABLE 5.4. Elliptic nets associated 1 : y* + Ty

720 . 59 . 523 . 1170779
—2.716 .41 .53.26627

—712.181 - 8819

79 . 6553
76 . 911
75

—23 .72
-7

1

1

720 . 2803 - 2163467
717 .13 .17 - 5653
—32.712 .47 . 1097
—24 .79 . 431

76 . 463

3.7% .19

_72

_72

—2.3

13

23 . 720 . 23. 7758139
52 .716 .29 .67 .487
7121111779

-7t 521
—5.76.557

2.7%. 199

72 . 349

—5.7-11

—601

—7.59

—720 .59 . 149837011

3.716.13.19.89 1291

2.7'2.61.74377
—79 . 42181
—33.76.37.137
—75.2039
72 .53 . 593
22.3.7.23.107
—277 . 313
—13 - 55819

—720 .31 . 229 - 32045369

—717.109 - 1427 - 2833
712 .17 . 25967671

79 .47 .71 - 14557

—22 .76 . 2059769
—7%.653 - 15767

—72 . 5624039

72 . 4812433

1987 - 119321

—2.29 . 26272439

—3.720.11. 733 . 154099559
—22.716.13.167 - 199 - 617887

—5. 712 . 56479 - 333271
3. 710 .127. 349 . 32537
76 . 25084117199

—5.7%.11.293 . 662327

—2.3%2.72.41.73.661- 2141

—7-19 127 - 601 - 4637
52 . 139843540153
3-7-13-59-263

= 2% + 2% + 28z and the pointg) = (1,3) andP = (0,0)

- 5880307
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