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1. Introduction

Let p be prime and g = p™. A polynomial is a permutation polynomial (PP) of [, if it
induces a bijective map from [F, to F,. In recent years, there has been a lot of interests
in studying permutation polynomials, partly due to their applications in coding theory,
combinatorics, and cryptography. For more background material on permutation poly-
nomials we refer to [1, Chapter 7]. For a detailed survey of open questions and recent
results see [2—4].

In general, it is a challenging task to characterize permutation polynomials. In fact
there are only a few classes of permutation polynomials that are known. Many examples
of permutation polynomials can be constructed as subclasses of polynomials of the form
x" f(x4=V/1), where r > 1,1> 1 and I | (g — 1). More precisely, we observe that any poly-
nomial h(x) € F4[x] can be written as a(x” f(x9=V")) + b, for some r > 1and I | (g — 1).
To see this, without loss of generality, we can write

h(x)=a(x"+a, ;X" "+ +a,_;x"%) +b, (1.1)
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where a,a,;, #0, j = 1,...,k. Here we suppose that j > 1 and n — i, = r. Then h(x) =
a(x" f (x4~ 1)/1 )+ b, where f(x) =x%+a,_;x + -+ +ap_j , x%"' +ay,

_ q-1
l_gcd(n—r,n—r—il,...,n—r—ik_l,q—1)’ (1.2)

and gcd(eg, e1,...,ek-1,1) = 1.

Due to the importance of the polynomials of the form x” f(x(4~V/), it is interesting
to give criteria for PPs of this type. One such criterion was given by Wan and Lidl ([5,
Theorem 1.2]).

Tueorem 1.1 (Wan-Lidl). Let g be a primitive element of Fq and let { = g'-V"" be a prim-
itive I-th root of unity in F,. Then the polynomial P(x) = x" f (x'9=V") is a PP of F, if and
only if

@) (r(qg=1)/D) =1,

(ii) f({")#0, foreacht=0,...,1-1,

(iii) forall0 <i< j <,

)
£(&)

tndg (£ 1) # #(j — i) (mod 1), (13)

where Indg(f((i)/f((j)) is the residue class b modulo g — 1 such thatf((i)/f((j) =
g".
In this paper, we give another general criterion (Theorem 2.2) for PPs of the form
= x" f(x4~D/1), Tt turns out that by employing our criterion we can give a unified
treatment of several classes of permutation polynomials. Along the way, by applying our
theorem, we construct some new classes of permutation polynomials, and give simpli-
fied proofs for some known classes of permutation polynomials. They include the class
of polynomials of the form P(x) = x” f (x(4-1/2) (Corollary 2.4), the class of polynomi-
als of the form P(x) = x" f (x4~ 1 1y such that f(¢)"" Y1 _ 1 for all I-th roots of unity
{ (Theorem 3.1), and the class of polynomials of the form P(x) = x" f (x4~V") with
fx)=14+x+--- +x*, where r > 1 and k = 0 (Theorem 4.4).
The structure of the paper is as follows. In Section 2, we prove our new criterion. Then
we describe some applications of this criterion in Sections 3 and 4.

2. A general criterion

LEMMA 2.1. Letl| q — 1 and y, be the set of all distinct I-th roots of unity in F. Let &y, &5,...,
&1_1 be some I-th roots of unity. Then

-1

(&8 &= =D& =0, forc=1,..,1-1 (2.1)
=0
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Proof. First note that for an I-th root of unity &, we have

-1 0 ifé&#1,
1 = 2.2
AR 11 ifE—1. 22
Now fort =0,...,1—1, let
el
he(x) =2 & 7). (2.3)
i=0
We have
0 ift#j,
ho(E.) = 2.4
(&) {l o (2.4)
Let

h(x) = zh(x)—1+z<25 ) (2.5)

j=1 \t=0

We consider h as a function from y; to F,. Since the degree of h(x) is less than or equal to
I—1, it is clear that &,,¢,,...,&,_, are all distinct if and only if h(x) = I. This implies the
result. O

Using Lemma 2.1, we obtain the following general criterion.

TueorReM 2.2. Let q — 1 = Is for some positive integers | and s. Let { be a primitive I-th root
of unity in F4 and f(x) be a polynomial over Fy. Then the polynomial P(x) = x" f(x°) is a
PP of F, if and only if

(1) (T,S) = 1’
(ii) f(()#O foreacht:O,...,l—l,
(iii) Z mf —Oforeachc: 1,...,1—1.

Proof. 1f P(x) = x" f(x*) is a PP, then for a primitive I-th root of unity {, f({' %O for
i=0,...,] - 1. Moreover, (r,s) = 1. This is true, since otherwise (r,s) = e > 1. Let w be a
primitive e-th root of unity. Then P(1) = P(w), and P(x) is not a PP.

So suppose that conditions (i) and (ii) are satisfied. Let g be a primitive element of
F4- We know that P(x) is a PP if and only if P(g¥) for k = 1,...,q — 1 are all distinct. Let
k =1ld+twhere0 <t <. Then

P(gk) =g"g" f(g*) = g'ng, (2.6)

where g% = ¢'" f(¢"). Here a; is well-defined mod g — 1. Now since (r,s) = 1, then dr for
0 < d < s form a complete set of residues mod s. So P(gk)’s are distinct if and only if a,’s
form a complete set of residues mod I. However, {ay,...,a;-1} forms a complete set of
residues mod [ if and only if the mapping ¢ : a—a° from {g®,...,g%'} to y, is surjective.
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By Lemma 2.1 this is true if and only if

-1
> gem =0, (2.7)
t=0

forc=1,...,]— 1. Hence we are done. O

Combining Wan-Lidl theorem (see Section 1) with our Theorem 2.2, we obtain the
following equivalent conditions.
CoROLLARY 2.3. Letq—1=Is, let (r,s) = 1, let { be a primitive I-th root of unity in F, and

let f(x) be a polynomial over [, such that none of{t, t=0,...,—1,isazero of f(x). Then
the following are equivalent:
(1) ST =0 foreachc = 1,...,1-1;
(ii) forall 0 < i< j <1, Indg(f({)/f({)) # r(j = i)(mod 1), where Indg (£ ({')/ £ ({7))
is the residue class b modulo q — 1 such that f({')/f({) = g, where g is a fixed
primitive element of .

In [6], Niederreiter and Robinson proved that for odd g, the binomial x@D2 L gxisa
PP if and only if #(a” — 1) = 1. Here # is the quadratic character of [F, with the standard
convention #7(0) = 0. Next corollary gives a generalization of this theorem.

COROLLARY 2.4. For odd g, the polynomial P(x) = x" f (x\9-1/2) is a PP of F, if and only if
(r,(q=1)/2) = Land n(f(=1)f(1)) = (=1)"*".

Proof. In Theorem 2.2, let I = 2. Then the result is evident since

FOED2 4 (1) f(-1) T2 =0 = p(f(1)f(-1)) = (=)™ (2.8)
O

A version of the previous corollary is due to Wan, see [7, Theorem 4.1].

3. First application

The following is a consequence of our general criterion.

THEOREM 3.1. Let g — 1 = Is. Assume that f((t)s =1foranyt=0,...,I — 1. Then P(x) =
x" f(x°) is a permutation polynomial of F, if and only if (r,q — 1) = 1.

Proof. We have

-1

-1
Z(C”f(ct)cs _ Z(crt. (31)
t=0

t=0
This is zero if and only if (,7) = 1. O

Next we show that how the above theorem can result in a unified and simplified treat-
ment of some known classes of PPs. As a special case of Theorem 3.1, we have the follow-
ing result of Wan and Lidl (see [5, Corollary 1.4]). The sufficiency part is a classical result
of Rogers and Dickson ([8, Theorem 85]).
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CoroLLARY 3.2. Letl| q— 1 and g(x) be any polynomial over F,. Then P(x) = xrg(xs)l isa
permutation polynomial of By if and only if (r,q — 1) = 1 and g0 forallo<t<I—1.

Proof. This is true since if we set f(x) = g(x)l, then we have f((t)s = g((t)ls = g((t)LF1 =
1. The result follows from Theorem 3.1. O

We next consider a class of PPs with coefficients in some appropriate subfield which
has been studied in [9]. Special cases of Corollary 3.3 has also been considered in [10, 11].

CoroLLARY 3.3 (Laigle-Chapuy). Let p be a prime, let | be a positive integer, and let v be the
order of p in Z/1Z. For any positive integer n, take q = p™ = p""" and s = q — 1. Assume f(x)
is a polynomial in [ pw [x]. Then the polynomial P(x) = x f (x°) is a permutation polynomial
of Fy ifand only if (r,q — 1) = 1 and f({")#0 forall0 <t <1-1.

Proof. This is clear from Theorem 3.1, since we have

—1)/1 vin_1 /1 vi_1)/1((p*" -1 =2, .. 1
f((t)(q ) :f((t)(P ) :f((t)(P I(p™) ™ +(p*™) "+ +1)

I-1 (p=1/1 (3.2)
- (ﬂf(cf)"”’) = (FEHHP =,

i=0
(]

Note. Laigle-Chapuy has proved the previous corollary under the stronger assumption
that (r,g — 1) =1 ([9, Theorem 3.1]). Our proof shows that under the conditions of
Corollary 3.3 if P(x) is a PP, then (r,q — 1) = 1.

4. Second application

In this section, we give another application of our main criterion and construct some new
classes of PPs.

TueoreM 4.1. Let q — 1 = Is, and suppose that F, (algebraic closure of F,) contains a prim-
itive jl-th root of unity 1. Assume that (=" f (n/*))’ = 1 for any t = 0,...,1— 1 and a fixed
u. Moreover, assume that j | us. Then P(x) = x" f (x°) is a permutation polynomial of F if
and only if

(i) (r,8) =1,

(ii) (r+us/j,1) = 1.

Proof. From Theorem 2.2, we need to show that condition (ii) is equivalent to
> mf(ft)cs =0forc=1,...,1— 1. We have

-1 -1 I ) P o NS
TS = 2 f ) = X e () = BT (4.1)

which is zero if and only if [ ¢(r + us/j) for each ¢ with 1 < ¢ <[ — 1. This is equivalent to
(r+us/j,l)=1. O

From now on, we consider P(x) = x” f(x°) such that f(x) = 1+x+ - - +x¥, where
r=1,k=>=0and q— 1 = Is for some positive integer /. We first prove two lemmas.
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Lemma 4.2. Let p be an odd prime, g — 1 =1s. Let f(x) = 1+x+ - - - +x*. Then f((t)aéO
foranyt =0,...,1—lifand only if (Ip,k+1) = 1.

Proof. f((o) = k+1+0 is equivalent to (p,k + 1) = 1. Moreover, f((t)aéO foralll <t <
I—1isequivalent to (L,k+1) = 1. O

LEmMA 4.3. Let p be an odd prime, q — 1 = Is, and « any nonzero element of F,. Then
(i) if p= — 1(mod I), and I > 1 is odd, o = 1 in F,.
(ii) if p= — 1(mod I), I = 2I;, where I, > 1is odd, o = 1 in F,.
Proof. (i) See [10, Lemma 4.1].
(ii) Since d = (p — 1,1) = 1, alP"V/d = ¢P~1 = 1 in [, and « is the ;-th power of an
element 8 of F,, ([1, Exercise 2.14]), that is, & = [3[1. Since p= —1(mod l) and /| g — 1,
we have 2 | m and thus p — 1 | (g — 1)/2. Therefore, & = (/)’l‘ ) = ﬁ(qfl)/z =1in[F,. O

Using Theorem 4.1 we can also obtain the following result which extends [11, Theorem
5.2].

THEOREM 4.4. Let p be an odd prime, q — 1 = Is. Assume that either (1) [ > 1 is odd or (2)
I=2I, where I, > 1 is odd. If p = — 1(mod 2I), then the polynomial P(x) = x"(1 +x° +
-+ - +xk) is a permutation polynomial of Fy if and only if (r,s) = 1, (Ip,k+1) = 1 and
(r+ks/2,1) =1.

Proof. Foru=kand j=2,let
_ pk+t (st

A=n"f(n") R (4.2)
Since 21 | p+ 1, we have
AP = () ) D+ D D)+ ()
= () + () T ) - () () ) .
= @ ) ) o)
= A.
O

Therefore, A € Fj,. Then we have A* = 1 by Lemma 4.3. Using Theorem 4.1, we con-
clude our result.

Note. Note that in the case that both p and [ are odd, p = — 1(mod 2I) is equivalent to
p= —1(mod I).
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