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Preface

In May 2006, I gave four lectures on classical analytic theory of L-functions at IPM. The
following pages are notes that I prepared for those lectures. As you will see these notes are
brief and do not follow a textbook style treatment of the subject. My goal was to give a
quick introduction to L-functions, by selecting some fundamental topics from the classical
theory. The lectures are interrelated and should be read in progression. Many statements
are given as exercises. These notes should be read in a slow pace and I encourage the
reader to do the exercises. I hope that these notes serve as a guideline for the beginners
interested in the theory of L-functions.

Let me give a brief overview of the contents. In the first lecture we set up our notation and
terminology. Here we consider L-functions as complex functions that satisfy some nice
analytic properties. Following Iwaniec and Kowalski, we axiomatize a class of L-functions,
which is basically a class of complex functions satisfying properties similar to automorphic
L-functions. Next we introduce the Rankin-Selberg convolution of two L-functions in this
class. The fundamental role of these convolutions in the theory of L-functions and their
many applications form the main theme of these lectures. We illustrate the importance
of these convolutions by describing their relations with the problem of finding sharp
estimates for some arithmetic functions. Moreover, in the second lecture we show that
how the existence of these convolutions will guarantee the non-vanishing of L-functions
on the line R(s) = 1, and consequently will lead to the prime number theorem type
results. In the third lecture we show that for two L-functions associated to cusps forms
the Rankin-Selberg convolution exists, and as a consequence of this fact we can apply
the results of Lecture 2 to deduce, in the fourth lecture, the prime number theorem type
estimates for the Fourier coefficients of a cusp form.

Lectures 1 and 2 are based on chapter 5 of [IK]!, [R1], [O] and [GHL]. The third lecture

gives a detailed exposition of the classical paper of Rankin [R2]|. The final lecture is based

1See the list of references at the end of notes.



on [Mo], [HL] and [R2].

We are using without proof many facts from complex analysis and Fourier analysis. [T] is
a good complex analysis reference. [D], [I], [IK], and [M] are good analytic number theory
references. For the basic material on modular forms the reader can consult [B], [CKM],
[Iw], [K], [S], and [Sh].

[GM], [IS] and [Mi] are good survey articles and they include extensive bibliography.

I hope that these notes give a glimpse of this fascinating subject and motivate the reader

for further studies of L-functions.

Amir Akbary
October 2006



Notation

For two complex-valued functions f and g defined on a set X, f = O(g) (or equivalently
f < g) for all x € X means that there exists a C' > 0 such that |f(z)| < Cg(z) for all
r € X. We call C' an implied constant. The dependence of C' on other parameters is
indicated by subscripts (for example O.(), <y).

f = o(g) means that lim, ., f(z)/g(x) = 0. If f # o(g), we say f = Q(g). If f = g+o0(g),
we say f ~ g.

d(n) denotes the number of divisors of n, and ¢(n) is the Euler function.

I'(s) denotes the gamma function, and ((s) is the Riemann zeta function.



Lecture 1

General Setting

1. Notation and Terminology

L(f,s) denotes an L-function. It is a Dirichlet series defined on the half plane R(s) > 1.

More precisely,

-EA () (-22)  (-3)

p

where A\;(1) = 1, a;(p), Ap(n) € C and R(s) > 1. The As(n)’s are called coefficients,

a;(p)’s , 1 < i <d, are called the local parameters, and we have

|ai(p)| < p.

d is called the degree of L(f,s). The series and the Euler product are both absolutely
convergent for f(s) > 1.

Exercise 1 Show that the existence of the above Euler product implies that A\¢(n) is a
multiplicative arithmetic function. (i.e. Af(mn) = A¢(m)As(n), whenever ged(n,m) = 1.)

The following exercise describe the intimate connection between analytic properties of an

L-function and the size of its coeflicients.

Exercise 2 Show that since L(f,s) =, >‘fn(:l) is absolutely convergent on R(s) > 1,
then for e > 0,

> ) =0 ).

n<x



From here conclude that
Af(n) = O(n'™).

0o Ag(n)

ne1 —o5— 18 absolutely convergent on

Moreover, construct a sequence Ag(n) such that )
R(s) > 1, however

A(n) = Q(n'™).

Complex Analysis 3 The Gamma Function I'(s) is the meromorphic function defined

on C by the product formula

[e.9]

= se”® H(l + s/n)e ¥/,

n=1

I'(s)
where 7 is the Euler constant. I'(s) has simple poles at s =0,—1,—2,---

Stirling’s formula

= (0(1)

5]
uniformly on angle |args| < m — 6 for § > 0, as |s| — oco.
Stirling’s formula (Horizontal Version)

1

IT(o +it)| ~ V2me 707 2,

for fixed t as ¢ — 0.

Stirling’s formula (Vertical Version)
ID(o + it)| ~ V2r|t|7 271,

for fixed o as [t| — 0.

A gamma factor is defined as

S+l€j

d
Y(f.s) =m T 5

J=1

),

where k; € C are called the local parameters of L(f,s) at co. Moreover, we assume that

either x; € R or they come as conjugate pairs and also $(x;) > —1.

Note A gamma factor is nonzero on C and has no pole on R(s) > 1.



An integer ¢(f) > 1 denotes the conductor of L(f,s). This integer has the property that
for 1 <i <d, a;(p) # 0 for p1q(f). A prime p1q(f) is said to be unramified.

The dual of L(f,s) is an L-function L(f,s) defined by L(f,s) = L(f,3). The following

are parameters of L(f, s).

Ap(n) = Ap(n), (@i(p)g = (ei(p))y v(fis) =7(f.9),  a(f) = alf).

If L(f,s) = L(f,s) then L(f,s) is called self dual.
We define the complete L-function A(f,s) by

It is clear that A(f,s) is holomorphic on R(s) > 1.

Complex Analysis 4 Let f : C — C be a non-constant entire function. Let M(r) =
max{|f(s)|, where |s| = r}. By the Mazimum Modulus Principle and Liouville’s theorem,

we know that
lim M (r) = oc.

r—00

Now if there is a 3 > 0 such that
f(s) = O(el!")
as |s| — oo, we say that f is of finite order. We set
ord(f) =inf{8 > 0; f(s) = O(e*!") as |s| — oo}

It is clear that if f is of finite order then ord(f) > 0.

Examples Polynomials have order zero. e, sin s, cos s and 1/T'(s) have order 1. ¢ has

infinite order.

2. Iwaniec-Kowalski Class

In their book (Analytic Number Theory, AMS, 2004) Iwaniec and Kowalski consider the

following class of L-functions.



Definition 5 We say that an L-function L(f,s) with the gamma factor v(f,s), the con-
ductor q(f), and complete L-function A(f,s) is in class K if it satisfies the following
three conditions.

e Holomorphy: A(f,s) admits a meromorphic continuation to the whole complex plane

with at most poles at s =0 or s = 1.

e Functional Equation: A(f,s) satisfies a functional equation

A(f7 S) = E(f)A(f, 11— S>7

where €(f) is a complex number with |e(f)| = 1. e(f) is called the root number of

L(f,s).

o Growth: (s(1 —s))"A(f,s) is an entire function of order 1, where r is the order of
pole or zero of A(f,s) at s =1. ( If A(f,s) has a pole at s =1, then r > 0 and if
A(f,s) has a zero at s = 1 then r < 0, otherwise r = 0.)

Exercise 6 a) Let ro(f) be the order of pole or zero of A(f,s) at s = 0. Show that

ro(f) =r.
b) Show that r is also the order of pole or zero of L(f,s) at s = 1.

Exercise 7 Show that (s(1—s))"L(f, s) is an entire function of finite order. What is the

order of this function?

Exercise 8 a) Show that the class ZK is closed under multiplication. Also show that if

L(f,s) € ZK then L(f,s) € ZK.
b) If L(f,s) € IK is entire, then for any t € R, L(f, s+ it)L(f, s —it) € IK.

Exercise 9 Show that if L(f,s) is self dual then e(f) = +1. Moreover in this case if
e(f) = —1 then L(f,3) = 0.

Exercise 10 Show that if so # 0 is a pole of v(f,s) then L(f,so) = 0. Such zero is called
a trivial zero of L(f, s).



3. Fundamental Conjectures

We describe some fundamental conjectures regarding the size of the local parameters and
the coefficients of an L-function in ZXC.

Ramanujan-Petersson Conjecture For all p { ¢(f) we have |a;(p)| = 1 and for all
p | q(f) we have |a;(p)| < 1.

The following exercise describes the consequence of the Ramanujan-Petersson Conjecture
for the coefficient Af(n).

Exercise 11 Let 14(n) denote the number of representations of n = py*p5? - --pi as the

product of d natural numbers. Then

() Show that 7a(n) = (*757) (5" - ("a).

(i7) Show that T4(n) = O¢q(n), where the implied constant depends only on € and d.
(1ii) Conclude that if L(f,s) satisfies the Ramanugjan-Petersson conjecture then

Ap(n) = Oca(n).

Ramanujan-Petersson Conjecture at oo (or Generalized Selberg Conjecture)
For any j, R(k;) > 0.

Equivalently the Ramanujan-Petersson Conjecture at oo states that (f,s) has no pole
for R(s) > 0.

Complex Analysis 12 (The Phragmen-Lindel6f principal for a strip ) Let f be

an entire function of finite order. Assume that
[fla+it)] < My(lt] +1)%, and |f(b+it)|] < My(Jt| +1)°

fort € R. Then
|f(0_ + Zt)| < Mé(U)M;_l(O-)(|t‘ + 1)al(0)+ﬁ(1—l(0))’

for all s = o + it in the strip a < o < b, where [ is the linear function such that l(a) = 1

and 1(b) = 0.

Exercise 13 Use the Phragmen-Lindeldf principal for a strip to show that any L(f,s) €
IK is polynomially bounded (equivalently A(f, s) is bounded) in the vertical strip s = o+it



witha < o < b, [t| > 1. Moreover, show that if L(f,s) satisfies the Ramanujan-Petersson
congecture then there is A > 0 such that

d
L(f,0+it) <4 ( H s + ;| + 1))
7j=1

for all s = o +it with a < o <b, |[t| > 1, where the implied constant depends only on d.

The next conjecture can be considered as a global version of the Ramanujan-Petersson
Conjecture.

Lindel6f Hypothesis (Conjecture)
d
L(f.5 +n ) < (q(f) [T it + k51 +1))°.
j=1

The implied constant depends only on e.

4. What are the principal arithmo-geometric L-functions?

n [Se], Selberg introduced a certain class of L-functions (Selberg class) and he made
some conjectures regarding the elements of this class. Conjecturally all the principal
arithmetic and geometric L-functions are in this class. Here, we introduce this class
and the Selberg Orthogonality Conjecture to motivate our future discussion of Ranking-
Selberg L-functions.

Selberg Class The Selberg class S consists of functions L(f, s) of a complex variable s
satisfying the following properties:

1. (Dirichlet series): For R(s) > 1, L(f,s) => ., ’\J;(Sn) where Af(1) = 1.

2. (Analytic continuation): For some integer m > 0, (s — 1)™L(f, s) extends to an entire

function of finite order.
3. (Functional equation): There are numbers Q(f) > 0, §; > 0, r; € C with R(r;) > 0
such that

d
A(f,8) = QU T] T (058 + 1)) L(F,5)
j=1
satisfies the functional equation
A(f: S) = €(f>A(f7 I S)

10



where €(f) is a complex number with |e(f)| =1 and A(f, s) = A(f, 3).
4. (BEuler product): For $(s) > 1, L(f,s) = [, Ly(f, s), where

= by
LP<f7 8) = €xp <Z #)

k=1

and by, = O(p™) for some § < 1/2, and p denotes a prime number here.
5. (Ramanujan hypothesis): For any fixed € > 0, A¢(n) = O.(n°).

Exercise 14 Let L(f,s) € ZK be an L-function that satisfies the Ramanujan-Petersson
Congecture and the Generalized Selberg Congecture. Moreover assume that L(f,s) does
not have a pole at s = 0. Then show that L(f,s) € S.

Note that the functional equation for L(f,s) € S is not unique, by virtue of Legendre’s
duplication formula (i.e. /7T'(2s) = 2*~'T(s)['(s + 1)). However, one can show that the
sum of §;’s is well defined. We define the degree of L(f,s) € S by

d
deg L(f,s) = ZZ(Sj.
j=1

An element L(f,s) € S is called primitive if L(f,s) # 1 and L(f,s) = L(f1,s)L(f1,s)
implies L(f1,s) =1 or L(fs,s) = 1.

Selberg Orthogonality Conjecture If L(f, s), L(g,s) € S are primitive functions then

Z W =ds4loglogz +O(1)

p<w

1 if L(f,s) = L(g,s)

here 67, = . '
as r — 00, where 0y 4 {0 if L(f,s)# L(g,s)

5. Ranking-Selberg L-functions

Let L(f,s), L(g,s) € ZK be L-functions of degree d and e, with local parameters («;(p))
and (8;(p)) and local parameters at oo, x; and v; respectively. For p 1 q(f)q(g), let

Ly(f®gs)=][(1 - ci(p)B;(p)p) "

Z‘?j

11



Definition 15 We say that f and g have a Ranking-Selberg convolution if there exists
an L-function L(f ® g,s) in ZKC that satisfies the following conditions:

o L(f®g,s) is a degree de L-function. More precisely

L(f®g,s) = H Ly(f ®g,s) H Hy(p™),
pla(f)a(g) pla(f)alg)

where
de

Hy(p~*) = [[Q=wpp )" with |y(p) <p.

Jj=1

e The gamma factor is written as

—des S+:uif
1Wf@g,s)=n"1 /QHF(TJ):
,J

where R(p; ;) < R(k; +v;) and | | < |k + |y

o 4(f ®g) | 4(f)a(g)", where g(f @ g) is the conductor of f ©g.

o If f=gthen L(f ® g,s) has a pole at s = 1.

6. What Rankin-Selberg L-functions got to do with it
o

Next we show that the existence of Ranking-Selberg L-functions provides valuable infor-

mation regarding the size of the coefficients of an L-function.
Exercise 16 Show that for (n,q(f)) =1, Agr(n) > 0.

Exercise 17 Show that if L(f ® f,s) or L(f @ f, s) exists, then |a;(p)| < /D for ptq(f)
and R(k;) > —3.

Definition 18 The Ramanujan T-function is defined by the formal generating function

. 24 -
x {H(l - 33”)} = ZT(n)x” = 2(1 — 242 + 25227 — 14722% + 48302% - - ).

n=1 n=1

For historical background about 7(n) see Chapter 10 of [HJ.

12



—

Definition 19 7*(n) = 2%

3
w{"‘

Some questions regarding 7*(n):

1) What is the order of 7%(n)?

2) What is the order of »_ _ |7%(n)[?

3) What is the order of > _ 7%(n)?
4) What is the order of > <. 7%(p)?

p,prime

Exercise 20 a) Show that

[T -2 =Y (-1)r@n + 12"

b) Show that

> n(nt1) 1
Z(Qn—l—l) _O<1—x)

n=0

asx — 1.

ot

Proposition 21 7*(n) = O(n

).

Proof From the previous exercise we have

o oo 8
n n n(n+l) X
n)|z" < E |7(n)|x §x<§ (2n+ 1)z ) SA(l—a:)S
n=1 n=0

for some constant A >0asz — 17. So

A

P —
)| € o=
asx — 1. Takingz =1 — % implies the result. U

Exercise 22 Show that L(7* x 7%,s) = S.°° U 7(;)) is convergent for R(s) > 6. Show

n=1

that if L(7* x 7*,s) has an analytic continuation to R(s) > 1, then for e >0

> (T (m))* = O0@').

n<x

Theorem 23 ( Hardy ) ) . (7%(n))* = O(x).

13



Proof (Sketch) Let f(q) = > .2, 7(n)¢" for |¢| < 1. We note that ¢ = ™ gives a
map from the upper half-plane H = {x + iy : y > 0} to the punctured open unit disc
centered at the origin. So we can consider

_ Z T(n)62m‘nz
n=1
from H to C. It is clear that f(z + 1) = f(2). In other words for fixed ¥,

f(x) = f(z +iy)
is a periodic function on R so it has a Fourier expansion. Thus
_ 00 00
f Z aln 27rin:1: Z . 727rny 27rzn:1:
n=1 n=1

~2m ig the n-th Fourier coefficient of f (x). So by Parseval identity we

n)e-2mn)2 /01 f(2)Pdw = /01 |F(2)da. (1)

One can show that f' (z ) has the following transformation property

Here a(n) = 7(n)e

have

Mg

F(Ch) = 22f ().

From here one can conclude that 3% f(z)| is invariant under action of the group I' =
SLy(Z) on the upper half plane. So y|f(z)| is a I-periodic function that vanishes at the

cusp at oo and therefore it is bounded on H. Thus

vl < L.

Applying this bound in (1) implies that

[e.e]

St <y

n=1

Now taking y = 1/x implies the result. O

The following is a direct consequence of the previous theorem and the Cauchy-Schwarz

inequality.

14



Corollary 24 } _ [7"(n)| = O(x).

N

Corollary 25 7*(n) = O(n2).

Proof From Theorem 23 we have

(7*(n))? = Z(T*<m>)2 — Z (7*(m))* < n.

m<n m<n—1

Exercise 26 Let A(x) =Y. __a, = O(x%). Show that for R(s) > 4,

>\ an > At
Za——s/ <1)dt.
n:1ns 1 ts—i—

Hence the Dirichlet series converges for R(s) > 0. Conclude that the Dirichlet series
L(t*,s) =>>° Tn—(”) is absolutely convergent for R(s) > 1.

n=1

n<x

Two of our goals in the remaining lectures are proving the following theorems.

Theorem 27 ( Rankin ) L(7*,s) # 0 on the line R(s) = 1.

Proof See Theorem 35 and Lecture 3. 0
Theorem 28 ( Rankin ) 7*(n) = O(ni0).
Proof See Corollary 99. 0

Note Deligne proved that |7*(n)| < d(n). Note that d(n) = O.(n¢) for any € > 0.

15



Lecture 2

Z.eros of L-functions

In this lecture we show that upon existence of Rankin-Selberg L-functions and some other
conditions, an L-function has no zero on the line R(s) = 1 and a narrow region to the left

of this line. All the L-functions in this lecture are in ZX class.

7. Zeros of A(f,s)

Recall that A(f,s) is a complete L-function in Z/C class. We list some elementary prop-
erties of zeros of A(f,s). These properties are direct corollary of definition of the class

ZK and the following complex analysis fact regarding entire functions of order 1.

Complex Analysis 29 If the relation f(s) = O(e*!) does not hold for an entire function
of order 1, then

Z — is divergent,

and

1
Z — Is convergent,
= Il

where p denotes zeros of the function and € > 0. So in this case f(s) has infinitely many

ZEeros.

Exercise 30 (1) A(f,s) has infinitely many zeros.
(1) A(f,s) and L(f,s) # 0 on the half plane R(s) > 1.
(111) All zeros p of A(f,s) are in the critical strip 0 < o < 1.

16



(w) If R(k;) > 0 for 1 < j < d, then on the strip 0 < R(s) < 1, zeros of A(f,s) and zeros
of L(f,s) coincide.

1
(v) Z EET < oo, where p Tuns over zeros of A(f,s) and € > 0.

p7#0
(vi) If p is a zero of A(f,s) then 1 — p is also a zero of A(f,s).

8. Non-vanishing of L-functions on the line R(s) =1

In this section we give a proof of the classical theorem of Rankin and Ogg for L-functions
in ZIC.
We define

Za] *logp n=pk

0 otherwise

Ag(n) =

Note that As(n) is different from A(f,s).

Complex Analysis 31 ( Logarithm of functions ) Let f(s) be a function that is
analytic and never 0 on a simply connected region A. Then there is a function g(s)
analytic on A and unique up to the addition of a constant multiple of 2mi such that

e9®) = f(s). Any g(s) has formal properties similar to log f(s).

Exercise 32 Let logz denote the principle branch of logarithm. Then —log(l — z) is

analytic on |z| < 1 and it has the following Taylor expansion

—log(1 — 2) :i%
k=1

Use this fact to show that for o = R(s) > 2, we have

19 e (S ).

Explain why it is reasonable to define for o > 2

IOg L Z Z logp pk:s

p k=1

17



Conclude that for o > 2

L ~ n
Moreover show that for o > 2
L/
‘—fwﬂ )| < d¢'(o—1).

Complex Analysis 33 (Landau’s lemma) A Dirichlet series with non-negative coef-

ficients has a singularity at its abscissa of convergence.

Lemma 34 Let f(s) be a complex function that satisfies the following:
(1) f(s) is analytic on the half-plane R(s) > op;

(ii) f(s) has a representation in the form

f(s) = exp (Z ij?) ,

n=1

with ¢(n) > 0 on the half-plane RN(s) > o1 (01 > 0p).
Then f(s) # 0 for R(s) > oy.

. We claim that oy < oy.

To prove this let us assume that og < g2 < 0. Then for ¢ > 05, we have

(o) = exp (Z Ci?) . )

Now since Y 7, Cn’z is divergent at oy and f (s) is well defined at o9 the equality (2)
shows that f(o2) = 0 and lim, .., > o = —o0o. (This is true since if f(oq) # 0,
then | f(s)| # 0 on a neighborhood of o2 and so log f(s) gives a holomorphic continuation
of >, CT(ZZ) to the left of oy which is a contradiction.) But limy,_ s, > v ) — o

nln"

Proof Let oy be the abscissa of convergence of >~ | ns

nln"

is impossible since ¢(n) > 0. So 03 < 0g. This shows that >~ nz is convergent for
R(s) > 09, and

(5) = exp (Z %)

n=1

for R(s) > g¢. So f(s) # 0 on R(s) > oy. O

18



Theorem 35 (Rankin (1939), Ogg (1969) )* Let L(f,s) be an entire L-function. Let
L(f ® f,s) exists and it has a simple pole at s = 1. Then L(f, 1+ it) # 0 for all real t.

Proof Suppose that L(f, 1+ ity) =0, and let
9(s) = C(s) LS, s +ito) L(f,s —ito) L(f @ [ 5).
It is clear that g(s) is entire. Now note that for R(s) > 1,

1+ 3 alp R = ¢(n
) = |2 ) e (o0

(p,a(f))=1 k=1 n=1

where ¢(n) > 0. So, gun:(s) satisfies the conditions of Lemma 34 with o = 1, and therefore

Gunr(s) and g(s) # 0 everywhere. This is a contradiction since g(—2) = 0. O

9. More on zeros of A(f,s)

In this section we derive an identity (Lemma 41) regarding the zeros of A(f,s). This

identity plays an important role in establishing a zero free region for L(f, s).

Complex Analysis 36 (Weierstrass, Hadamard ) Let f be an entire function of or-
der 1. Then

f(s) = srer o TT( - D),
p#0 P

uniformly and absolutely on all compact subsets of C, where r is the order of the zero of

f at s =0 and p runs over zeros of f different from 0.

As part of Weierstrass’s theory we assume the legitimacy of any formal transformation of

the above product formula.

Theorem 37 There exists constants a = a(f) and b = b(f) such that

(s(L— ) A(f,s) = et ] (1 -

p#0,1

S

)65/97
p

2Rankin and Ogg proved this theorem for modular L-functions. Rankin proved the case t # 0, and
Ogg gave a proof for ¢ = 0. Our proof here is in spirit of Ogg’s proof.

19



where p ranges over all zeros of A(f, s) different from 0 and 1. This expansion is uniformly
and absolutely convergent on compact subsets of complex plane. Moreover, the following

wdentity is valid on any subset of complex plane that avoids zeros of L(f, s).

T (hs) = Jloga(D) + L) —01) + - (3

#01

Proof These are consequences of Complex Analysis 36 and logarithmic differentiation.
O

Exercise 38 Utilize the functional equation to show that
1
- 2_%0)
» P

Analytic Conductor (Iwaniec-Sarnak) The conductor of L(f,s) at oo is defined as

d

4o (f,8) = [ J(Is + 5,1 +3).

J=1

The analytic conductor of L(f,s) is defined as

d
Q(f,s) = q(f)a(f H|S+'€J|+3
We let .
Q) =Q(f,0) = a(h [T(1xi1 +3)

and similarly ¢ (f) = ¢ ([, 0).
Lemma 39 d < log¢oo(f) <logQ(f).

Proof We have .
goo(f) = [ [ (I +3) > 37
j=1

The result follows by taking the logarithm from both sides of this inequality. 0J
Complex Analysis 40
I(s) ( )
=logs+ O
I'(s) 5|

is valid as |s| — oo, in the angle —m + § < args < 7 — ¢, for any fived § > 0.
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Estimation of the gamma factors By employing Complex Analysis 40 we can estimate

the gamma factors as follows. For R(s) > 1 we have

1
|s 4 5|

==

(f.s) < d+loggu(f,s)+ > (4)

[s+rj|<1
Lemma 41 (Main Identity) On the half-plane R(s) > 1

1
|s + Kl

> R =R R 0 Y

S
p#0,1 [s+rj]<1

)+ RS, 5)) + 010 QU 5),

where p ranges over all zeros of A(f,s) different from 0 and 1.

Proposition 42 Let p = 3 + iy denote the zeros of A(f,s). Then
1 1
_ R(—— 1 ).
zp: 1+ (T —)? <<zp: Gr—,) <lsQUhil)
The implied constant depends only on r.
Note You should not confuse the ordinate v with the factors y(f, s).

Proof Let s =3+ 47T in the Main Identity. The result follows. 0

Corollary 43 Let N(f,T) be the number of zeros p = (3 + iy of L(f,s) such that 0 <
B<1and 0 <~y <T. Then

N(f,T+1) = N(f,T) = O(log Q(f,iT)).
The implied constant depends only on r.

Proof Since zeros of L(f,s) and A(f,s) on the critical strip are basically the same (at

most finitely many exceptions), from the previous proposition, we have

N(LT+1)=N(ET) = S 1 gzﬁ < log Q(f.T).

? p
T<y<T+1

Note One can show that
d
N(f,T) = 2—T10gT +cT'+ O(logT),
T

as T'— oo. Here ¢ is a constant depends on L(f, s).
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10. A zero-free region

In this section following [GHL] and [IK], we show the existence of a zero free region for

L(f,s).
Lemma 44 Q(f,s) < Q(f)(|s[ +3)%.

Proof We have
d d
Q(f,s) = a(f) [ [(Is + w31 +3) < a(f) [J ksl + 3)(Is] + 3) = Qf)(Is] + 3)".
J=1 7j=1

O

Let L,(f,s) (respectively Ly.(f,s)) be the Euler product of L(f,s) restricted to ramified
(respectively unramified) primes.

Exercise 45 Assume that for any ramified prime (i.e. p such that (p,q(f)) # 1) we have
laj(p)| < p/2. Then show that for o > 1

RUE (S.) = Ofdoga().

Lemma 46 (Goldfeld, Hoffstein and Lieman (1994) via de la Vallée Poussin
(1899)) Suppose that R(Ag(n)) > 0 for (n,q(f)) = 1. Suppose that R(k;) > —1/2 and
at ramified primes |a;(p)| < p/2. Let r be the order of L(f,s) at s =1. Then

(i) L(f,1) # 0. In other words r is non-negative.

(ii) There exists an effective constant ¢ > 0, depending only on r, such that L(f,s) has
at most r real zeros in the interval

c
o>1-— .
— d(r+1)logQ(f)
Proof Letl <o < % Then from Lemmas 41 and 44
1 r 1 L
9? = —+0 R(— O(1
2. STt P00 ) AR (S.0) + 0005 QL)
p#0,1 lo+rj|<1

where p ranges over all zeros of A(f,s) different from 0 and 1. Now note that

1 L L
ur <
S50 R(FE(f0) <0, and R(F

~(f,0)) = O(dlog q(f))-
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So if ;s are the zeros of L(f, s) in the interval [%, 1), there exists a constant ¢; (depending

only on r) such that

Z ! il + c1dlog Q(f).

<
- o—pB; " o

(Note that since R(x;) > —1/2, §;’s are also zeros of A(f,s)). Now if ¢ — 17 this
inequality shows that r cannot be negative, so r > 0.

Now for §,¢ > 0let 0 = 1+ 6/dlogQ(f) and m be the number of zeros of L(f,s) in the
interval (1 — ¢/d(r + 1)log Q(f),1). Then from the previous inequality, we have

c r ccq

T C
)(—+c1)_r+5c1+—(r+1)+r+1.

<
m < (6+ 5 5

- r+1

Now let § < ¢;*, then we can choose ¢ small enough such that m < r. The proof now is

complete. 0

Let L(f,s) be an entire L-function of degree d with at least one non-real coefficient
(i.e L(f,s) is not self-dual). Suppose that the Ranking-Selberg L-functions L(f ® f,s)
and L(f ® f,s) exist. Also suppose that ®(p;;) > —1. (Note that this implies that
R(x;) > —1/4.) Moreover we assume that the pole of L(f ® f,s) at s = 1 is simple
and L(f ® f,s) is entire. Finally we assume that the local parameters «;(p) of L(f,s),

L(f® f,s) and L(f ® f,s) at the ramified primes satisfy in the inequality |o;(p)| < p/2.
Exercise 47 Q(f ® f) < Q(f)*.

The next theorem establishes a zero free region for such L-functions.

Theorem 48 There exists an absolute constant ¢ > 0 such that L(f,s) has no zeros in
the region
c>1 ¢

T dHlog QNI +3))

Proof Forte R, we let
L(g,5) = C(8)L(f, s + i) L(f.5 — i) L(f @ F, s + 2)L(F @ f. s — 2t)L(f @ f, 5)".

It is clear that L(g,s) is an L-function of degree (1 + 2d)?. By employing Exercise 47 we

have

Qg) < QU 8U(Jt| + 3)5.
Also we have Ay(n) > 0 for any n coprime to ¢(g) (or ¢(f)).
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Now let p = B +ivy be a zero of L(f,s) with 5> 1/2. In L(g,s) let t =~. Then L(g,s)
has a pole of order at most 3 at s = 1 and a zero of order at least 4 at s = 3. By Lemma
46 it is clear that

c c

T PlogQlg) < @ s QU+ 3)

for some absolute constants ¢ > 0 and ¢ > 0. The proof now is complete. 0

6<1

Let L(f, s) be an entire L-function of degree d with real coefficients (i.e L(f, s) is self-dual).
Suppose that the Ranking-Selberg L-functions L(f ® f,s) exists. Also we suppose that
R(p:;) > —3. (Note that this implies that $(k;) > —1/4.) Moreover we assume that the
pole of L(f ® f,s) at s =1 is simple. Finally we assume that the local parameters o;(p)
of L(f,s) and L(f ® f,s) at the ramified primes satisfy in the inequality |o;(p)| < p/2.

The next theorem establishes an almost zero free region for such L-functions.

Theorem 49 There exists an absolute constant ¢ > 0 such that L(f,s) has no zeros in
the region
c
c>1

= dlog (Q(f)(t] +3))

except possibly for one simple real zero By < 1.

Proof The proof is the same as the previous theorem. The only difference is that if
t =~ =0, then L(g, s) has a pole of order at most 5 (in fact exactly 5) at s = 1 and a
zero of order at least 4 at s = (3. So by Lemma 46 there is an absolute constant ¢ > 0

such that L(f,s) has no zeros in the region

c
oc>1

T dtlog (QUA)(Jt +3))’

except possibly for one simple real zero ;. Since L(f,s) is non-vanishing on the line
R(s) =1, we have f; < 1. O

Note The possible simple real zero 3y of L(f, s) is called the exceptional zero or the Siegel

ZETO0.

24



Lecture 3

Poles of L-functions, Examples

10. Riemann Zeta Function

In this lecture we turn our attention to the problem of analytic continuation of a Dirichlet
series to the whole complex plane. After reviewing analytic continuation of the Riemann
zeta function, we apply a similar method to deduce analytic continuation of the Epstein
zeta function, modular L-functions, and Rankin-Selberg convolution of two modular L-
functions. This lecture is an exposition of [R2]. For the related historical background see
[D] and chapter 10 of [H].

Fourier Analysis 50 Let S (the Schwartz space) be the vector space of infinitely differ-
entiable functions f : R — C which decreases at infinity faster than any negative power
function, i.e., |z f(x) — 0 as x — oo for all N. For any f € S we define its Fourier

transform f by

f) = [ sty

Exercise 51 Show that f(z) = e ™" €S, and f=f.

Fourier Analysis 52 (Poisson Summation Formula ) If f € S, then

S s =Y fm),

m=—00 m=—00

Definition 53 The theta-function 0(w) is defined by

o

O(w) = Z e”“"”Q,

n=—0oo

for w > 0.
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Exercise 54 By employing the Poisson summation formula show that 0(w) satisfies the

functional equation
6 (i) o O(w).

Recall that the Riemann zeta function is defined by

o

)=

n=1

s
for $(s) > 1. We next start with the definition of the gamma-function at point 5

Using the change of variable t — mn?z, multiplying both sides by 7~ 2n~* and taking sum

over n’s, for R(s) > 1, we arrive at

73l (%) ¢(s) = /000 (:1:;_1 ie_m%) dx. (5)

n=1

O(x) —
Next by letting n(x) = (z)

function (Exercise 54), we derive the following integral representation for the zeta-function,

30 () cls) = /100 a() (2% + 27 ) do + ﬁ

This representation holds for #(s) > 1. But the integral on the right converges absolutely

, and utilizing the transformation property of the theta

for any s, and converges uniformly with respect to s in any bounded part of the plane
since

n(z) = O(e™™)
as x — o0o. Hence, the integral represents an everywhere analytic function of s, and the
above formula gives the analytic (meromorphic) continuation of {(s) to the whole plane.
Since the right side of this integral representation is unchanged when s is replaced by

1 — s, it also gives the functional equation
A(s) = A(1 —s) (6)

where



11. Epstein Zeta Function

Definition 55 For any z =z +iy € H={x+iy: y > 0} and for s =oc+it € C, we
define the Epstein zeta function by

/ 1
Blz8) =) 1

where the dash means that m and n run through all integer pairs except (0,0).

Exercise 56 Prove that for any z € H, the above double series is absolutely and uniformly
convergent in the half-plane R(s) > 1, and therefore E(z,s) is an analytic function of s

on this half-plane.

Our goal here is to prove that the Epstein zeta function has an analytic continuation
and it satisfies a functional equation. Both of these statements are consequences of the

transformation property of the following theta-function.

Definition 57 For w > 0 and z = x + 1y € H, the theta-function ©(w) is defined by the

following infinite sum

Ow) = O(zw) = Y exp {—%“’ymz + n|2} .

m,n

Here dash has the same meaning as in the definition of E(z,s).

The first target here is to establish the transformation property of ©(w). To do this, first

we recall some facts about the Fourier transform. For simplicity, we set e(z) = e*™*.

Fourier Analysis 58 Let f : R" — C be bounded, smooth (i.e., all partial derivatives
exist and are continuous), and rapidly decreasing (i.e., for any N, |x|N f(x) tends to zero

when |x| goes to infinity). The Fourier transform of f is defined by

F3) = [ el=xyprixiax

H€T€, X = (xly ---axn)ta y = (yla "'ayn)ta Xty = ijyj’ |X| = (th)%7 dx = de] and
j=1

“t” stands for transposition.
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Exercise 59 It can be proved that for f(x) = e ™ we have f = f.
Recall that throughout this lecture w is a positive real number.
Lemma 60 Let A be a real symmetric matriz of size n with positive eigenvalues, and let
g(x)=e (%thAx) — WX AX
Then we have
o(y) = 1] (5) e (oyay) =l (5) Ay,
Here, |A| is the determinant of A.
Proof By the principal axis theorem, there exists an orthogonal matrix U such that
A=U'DU
where D = diag[Aq, ..., A, is a diagonal matrix and \;’s are the eigenvalues of A. Let

B = diag[v/ A1, oo, VAU = (i) nxn-

B is invertible and A = B'B. Consider the change of variable u = w%BX, and let v =
w2 (BY)"ty. We have the following

1
ulu = wx’Ax, viv=—y'Aly, x'y=u'v.
w

Also for the Jacobian matrix J we have
Ou, 1
J= (ax]')an B <(/L)Zbij>n><n B

du = |J|dx = w? |Bldx = w? |A|2dx.

B

D=

Y

and therefore
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Applying this change of variable in the Fourier transform of g yields

ily) = [ elxy)e i
= |A|_% (l)n/ e(—utv)e_““t“du
w R™
= (1)
i (2) e
= LM—%(i)ge—zwA*y
The proof is complete. 0

Proposition 61 The theta-function ©(w) satisfies the following transformation property

1+®(w):£(1+@<£)).

Proof In Lemma 60 put
B
y

where z = x + 1y € 'H. A has positive eigenvalues and we have

1 _=z
Ty oy

<Ll=e |8

and so
g(X) _ e—muxtAx _ e—%\ﬂhz-‘rﬂ@ﬂ?
- - )
§(y) = Lesvay - Loginoer
w w

By applying the Poisson summation formula, i.e.,

3 gm) = 3 j(m),

2 2
meZ meZ
we have
Z _m a2 L Z T lmena|?
e v = — e yw
w
m,n m,n
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or

1+ 0(w) =

gl
VRS
[S—y
+
@
VRS
gl
~
~_

The proof is complete. U

Exercise 62 Show that for —1 < Re(z) <1,

~—

O(w) < (1 Fo b yrwTE 4 y_%w_%> (e_% + 6_%) : (7
Now we are ready to prove the main result of this section.

Proposition 63 (i) The Epstein zeta function can be analytically continued to the whole

complex plane, except for a simple pole at s = 1 with residue T
(11) Put

)= (1) TOEGS).

We have the following integral representation for £(z, )

£(z,8) = /100 @(w)(wsil +w %)dw + 8(8—1—1)

and so, £(z, s) is analytic everywhere, except for simple poles at s = 0,1 with residue 1.

(111) £(z, 8) is unchanged under the replacing of s by 1 — s. This means that

£(z,8) =&(z,1 —s).

In other words, the Epstein zeta function satisfies the following functional equation

(E) _Sf(s)E(z, 5) = (E)S_l T(1—s)E(z,1—s).

Y Y
Proof For R(s) > 0, we have

['(s) :/ e “u*du.
0

We apply the change of variable u +— %]mz + n/|*w, to get

F(S) _ (E) ’mz_i_n‘%/ 6*%|mz+n|2ws—1dw’
Y 0
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or

This implies

a\ ¢ ’ 1

Z I - -

D) oY e

= (%) rme s af
)

m,n
/ oo
= Z/ exp{—y|mz+n|2}ws_ldw.
mm Y0 Y

Now note that the inequality (7) allows us to interchange the order of summation and

integration. So

> !
£(z,s) = / Zexp{—ﬂlmz—l—n\Q}wSldw
(| —— Y

= / O(w)w* dw
0
1 00

= /@(w)ws_ldw—i-/ O(w)w* dw.
0 1

Changing variable w +— % in the first integral, and applying the transformation property

of Proposition 61 yield

- Lot [o() 0 ()
_ /loo 31dw+/oo{w ))-1}(&)5 d
/

- / Wl dw + O(w de+/ (WP —w ) dw
1 1

_ /1 O(w) (W™ )dw+8(8_1). (8)

Note that the inequality (7) also shows that
/ 10(w) (@™ +w™*)| dw
1
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Jun

TYw

< / (1 +wT by yﬁw%) (e‘T - e*%> (W™ + w™?) dw.
1

After expanding the right-hand side, we come to a finite sum of integrals in the form of

oo
/ e~ Wldw
1

where @ € R" and b € R. Since these integrals are convergent, the first summand on the

right-hand side of (8) is an entire function of s. This proves (ii).

The identity (8) also proves (ii), because the right-hand side of (8) is invariant under the

replacing of s with 1 — s.

To prove (i), note that by (i) the only possible poles for E(z, s) are s = 0,1. At s = 0 since

both I'(s) and £(z, s) have simple poles with residue 1, E(z, s) is analytic and E(z,0) = 1.

At s = 1, T'(s) has a value of 1 and &(z, s) has a simple pole with residue 1. Therefore
: . , s

E(z, s) has a simple pole with residue —.

This completes the proof. [l
Selberg’s Analytic Continuation of the Non-holomorphic Eisenstien Series Let

Bzs) = - (L) r(s) Bz )

™

E(z,s) is called the non-holomorphic Eisenstien Series for SLy(Z), where SLo(Z) is the

multiplicative group of 2 x 2 matrices with integer entries and determinant 1.

Exercise 64 Show that E(z,s) is a meromorphic function with two simple poles at s = 0

and s = 1 and with the residue % at s = 1. Moreover show that
E(vz,s) = E(z,s)
for any v € SLy(Z).

In the sequel, following Selberg, we describe a different approach regarding the meromor-
phic continuation of E(z, s). First of all note that since E(z +1,s) = E(z,s), E(z, s) has

a Fourier expansion in the form

[e.9]

Z an(y, s)e*™ e, (9)

n=—oo
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For R(s) > 1. One can explicitly calculate the Fourier coefficients and deduce that

ao(y,s) = 7 °L(s)C(2s)y” + 7 'T(1 — 5)¢(2 — 2s)y'

and for n # 0,
an(ya S) = 2\/@’n’871/20172s<|n|>Ks—1/2<27T|n|y)'
Here
Ul—2$(n) = Zml—Qs’
mln
and K,(y) is the K-Bessel function defined by

—y(t+t1)

Ks(y):§/0 e 2 tldt.

If y >0, K(y) is well defined for all values of s. Moreover if y > 4, we have
|Ko(y)| < e?K,(2),

where s = o + it.

Now note that each individual term of the series (9) has analytic continuation to the
whole complex plane, except that ag(y, s) has simple poles at s = 0 and s = 1. (Each of
the two terms in ag(y, s) has a pole at s = 1/2, but these cancel.) The convergence of the
Fourier expansion follows from the rapid decay of the K-Bessel functions. Thus in this
way we obtain the analytic continuation of F(z, s).

To get the functional equation, it is enough to observe that
an(y,s) = an(y,1 —s).
This is clear since n®o_o5(n) = n"*o9s(n) and K_4(y) = K(y).
Exercise 65 Show that the functional equation of E(z, s) implies the functional equation
of ¢(s).
Exercise 66 For even integer k > 4, let

' 1
Gr(2) = Zm.

Gr(z) is called the Eisenstein series of weight k for SLy(Z). Show that for any v = (¢ Z) €
SLy(Z) we have
Gr(vz) = (cz + d)*Gp(2).
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12. Modular L-functions

Let ‘H denote the upper half-plane
H={z+iy: y> 0}

Let GL3 (R) be the multiplicative group of 2 x 2 matrices with real entries and positive

determinant. Then GL3 (R) acts on H as a group of analytic functions

az+b a b
: = GLT(R).
" Z’_)cz+d’7 (c d)e 2 (R)

Let H* denote the union of H and the rational numbers Q together with a symbol oo (or

i00). The rational numbers together with oo are called cusps.

Let f be an analytic function on ‘H and £ a positive integer. For

7=<a Z)eGL;oR)

c

define the stroke operator “|.” as

(Flin)(z) = (detr)’ (2 + d) ™ f ( - 2) |

Sometimes, we simply write f|y for f|,v. Note that (f|y)|loc = f|vyo.

Let I' = SLy(Z) be the multiplicative group of 2 x 2 matrices with integer entries and
determinant 1 and let IV be a subgroup of finite index of it. Suppose f is an analytic
function on H such that f|y = f for all v € I'". Since I has finite index,

11M 1 M
= el
(1) ()

for some positive integer M. Hence f(z+ M) = f(z) for all z € ‘H. So f can be expressed
27miz

as a function of ¢,, = e™™
f such that

, which we will denote by f. More precisely, there is a function

f(2) = fan)-

The function f is analytic in the punctured disc 0 < |g,,| < 1. If f extends to a mero-

morphic (resp. an analytic) function at the origin, we say, by abuse of language, that f is
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meromorphic (resp. analytic) at infinity. This means that f has a Laurent expansion in
4 p Yy Y p

the punctured unit disc. Therefore, f has a Fourier expansion at infinity in the form of

f( q1\1 Z CLf un qu = 62%2

n=—oo

where af(n) = 0 for all n < ny (ng € Z) if f is meromorphic at infinity; and as(n) = 0
for all n < 0 if f is analytic at infinity. We say that f vanishes at infinity if a;(n) =0
for all n <0.

Let o € T'. Then 0~ 'T"s also has finite index in T and (f|o)|y = f|o for all v € 07 'TVo.
So f|o also has a Fourier expansion at infinity. We say that f is analytic at the cusps if
f|o is analytic at infinity for all ¢ € T'. We say that f vanishes at the cusps if f|o vanishes
at infinity for all o € T'.

Now for N > 1, let

FO(N):{<CCL Z) € SLy(Z); ¢=0 (mod N) }

Note that ['o(V) is of finite index in T'.

A modular form of weight k and level N is an analytic function f on H such that

(1) fly = f for all v € I'y(N);

(i1) f is analytic at the cusps.

Such a modular form is called a cusp form if it vanishes at the cusps.

The modular forms of weight &k and level NV form a finite dimensional vector space My (N)
and this has a subspace Si(IN) consisting of cusp forms. Note that since (a 171) is the
same as (; 7) in To(V), (i) shows that My(N) = {0} if k is odd. So from now on we
assume that k is even.

Also, one can define an inner product called Petersson inner product on Si(N) by

dxdy
(f.9) = // y"*
Do(N y?

where Dy(N) is a closed simply connected region in H with the following two properties:
(1) For any z € H there is a v € I'o(IV) and a z; € Dy(NN) such that z = y(z);

(11) If 21 = 7(29) where z1, 29 € Do(N) and 7 € ['o(N), then z; and 2, are on the
boundary of Dy(N). Do(N) is called a fundamental domain for I'g(N).
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Let f € Sp(N). Since (é }) € I'o(NV), the Fourier expansion of f at infinity is in the form
of

o0

flz) = Z ap(n)e(nz), e(z)=e*"=.

n=1
Attached to f, we define the L-function associated to f by the Dirichlet series

o

ay(n)
L(fs) =Y
n=1
where af(n) = af,fz) for n = 1,2,3,--- . We call as(n) the n-th Fourier coefficient and

n 2
ag(n) the n-th coefficient of f.

Exercise 67 (i) Show that f is a cusp form if and only if the I'-invariant function g(z) =
y*/2|f(2)| is bounded on H.

(i1) Show that Y, - (a;(n))* <  z*.

(#ii) Show that df(;‘b) <Ly 5.

(iv) Show that L(f, s) is absolutely convergent for R(s) > 1 and so it represents an analytic

function on R(s) > 1.
N 0

This is not an element of I" unless N = 1. However,

Let

WiDo(NYW! =Ty(N).

Moreover, f|W2 = f. Wy is called the Fricke ( or Atkin-Lehner) involution. Note that
since f +— f|Wy defines a self-inverse linear operator on Si(N), it decomposes the space
of cusp forms Si(N) to two complementary subspaces corresponding to the eigenvalues
+1. Set

SEN) = {f € SNy fIW = (=Dff},

S (N) = {f € SeN) fIW = (=)E* ),

and notice that Sp(N) = S/ (N) @& S, (N). The following Theorem of Hecke guarantees
the analytic continuation of L(f,s) for f € S (N).
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Theorem 68 (Hecke) Let f € SE(N). Then L(f,s) extends to an entire function and

A(f,s) = (j—“ﬁ)_s ['(s+ %)L(f, s) satisfies the following functional equation

A(f,s) = £A(f, 1 —s).

Proof We assume that f € S;(N), the proof of the other case is similar.
One can formally deduce that for R(s) > 2

M= (F2) 1 (s 5 ) s = en T [T s

Since f(iy) < e ™ as y — oo, one can show that the above identities are in fact valid
on N(s) > 2.
Next by breaking the integral at 1/v/N and employing change of variable y = 1/Nt, we

have

i o [ i1 TET UVN e
A(f,5) = (2m)'5* N ( [ () () e [ s 1dy>.

Now note that

M

/ (m) -y (%) — N E (i) (1) ().

Replacing this identity in the above integral yields

A(f,s) = (2m)F /OO fliy)y'= <N?y‘s + Ngy‘“‘s)> dy.

1/VN
Since f(iy) has exponential decay as y — oo, the above integral represents an everywhere
analytic function, and so this gives an analytic continuation of A(f,s) to the whole com-
plex plane. Since the integral is invariant under transformation s — 1 — s we have the

functional equation. 0
The root number of L(f,s) is the sign appearing in the functional equation of L(f,s).
Corollary 69 Let f € Sp(N). Then L(f,s) extends to an entire function.

Note Our definition of S;"(N) and S (N) is slightly different from the conventional ones
that denote them as subspaces corresponding to the eigenvalues +1 and —1 for operator
Wiy, so for & odd, our S;;(N) is the conventional S7(N). In our notation Sj (N) is the
set of cusp forms whose L-functions have root number +1, respectively.
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Hecke Operators Let f € M(N). Let p and ¢ be primes such that p{ N and ¢ | N.?
The Hecke operators T), and U, are defined by

I Y AT ST
P 0 1 port 0p/|’

k (i 1 e
Uy=q"" :
ne=i S 0]

We can show that f | T, and f | U, are also modular forms of weight k& and level N, and

furthermore they are cusp forms if f is a cusp form.

Let f € Sk(N). We will say that f is an eigenform if f is an eigenvector for all the Hecke
operators {7, (p 1 N), U, (¢ | N)}. The following theorem gives the main property of

eigenforms.

Theorem 70 (Hecke) The following conditions are equivalent.
(i) f is an eigenform and as(1) = 1.
1) Coefficients ar(n) satisfy the following three properties:
/

(a) They are multiplicative, i.e., if g.c.d.(m,n) = 1, then ag(mn) = ar(m)as(n);

(b) For q | N, as(¢") = as(q)"

(c) For pt N, ag(p') = as(p)ag(p'~") — ay(p'~?).
1) L¢(s) has a product of the form

f

Lets) =[] (0= ap(@a™) " T] (L= aro)p~> +07%) ",

q|N ptN

which converges absolutely for R(s) > 1.

We call the product given in part (iii) of the above theorem an Euler product. Also any
f satisfying the above equivalent conditions is called a normalized eigenform. It can be
proved that if f is an eigenform, then af(1) # 0. So we can always assume that an

eigenform f is normalized.

The coefficients of modular forms satisfy some important inequalities. The following
statement, known as the Ramanugjan-Petersson Conjecture, gives the best possible bounds

for the coefficients of cusp forms.

3Here a | b means that a is a divisor of b and a 1 b means that a is not a divisor of b.
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Theorem 71 (Deligne) (i) If f is a normalized eigenform, then
|ag(n)] < d(n)

where d(n) is the number of the divisors of n.

(i1) If f is a cusp form, then for any e > 0,

af(n) < n'.

Now suppose f is a normalized eigenform. From the above inequality it follows that if

pt N, then af(p) can be written in the form of

ar(p) =€, + €

where ¢, € C and |¢,] = 1. In fact, ¢, and €, are the roots of the quadratic equation
1 —as(p)x+a*=0.

Corollary 72 If f is a normalized eigenform, then its L-function has the following Euler
product, valid for R(s) > 1,

L(s) = 110 = as@p™) 7 [ = ep™) (1 = &™) "

pIN ptN
Inspired by the above theorems we may think of finding a basis for Si(N) consisting
of eigenforms for all the operators {T,, (p t N), U, (¢ | N), Wy}. We can show that
there exists a basis for S;(IN) consisting of eigenforms for all the operators {T,, (p{ N)}
and the operator W,. The existence of such a basis is the consequence of the fact that
{T, (pt N), Wy} form a commuting family of Hermitian linear operators (with respect to
the Petersson inner product) and therefore from a theorem of linear algebra the space of
cusp forms is diagonalizable under these operators. Unfortunately the operators {U, (¢ |
N)} are not Hermitian for S(/N) and we can not diagonalize S;(N) with respect to the
operators {1, (p1 N), U, (¢ | N), Wy}. However, we may find such a basis for a certain
subspace of Si(N).
It can be proved that the Fourier coefficient as(n) of a normalized eigenform f is real.
This is a consequence of the fact that the operators {7}, (p{ N)} are Hermitian, and the
fact that the coefficients as(q) (¢ | N) are real.

Oldforms and Newforms Atkin and Lehner constructed a subspace of S(IV) that is
diagonalizable under the operators {T,, (pt N), U, (¢ | N), Wy}. More precisely, they
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showed that there exists a subspace of Si(/N) whose eigenspaces with respect to the Hecke
operators {7}, (p 1 N)} are one dimensional. We call such a property, for a subspace of
Sk(N), “multiplicity one”. Now since the operators {U, (¢ | N), Wy} commute with the
operators {7}, (p { N)}, an eigenform for the operators {7, (p {1 N)} is an eigenform for
the operators {U, (¢ | N), Wy} too.

Let N’ | N (N' # N) and suppose that the {g;} is a basis consisting of eigenforms for the
operators {1}, (pt N')}. It can be proved that if d is any divisor of 4 then g;(dz) € Sk(N).
Set

SPM4(N) = span {gi(dz) :forany N'| N (N'#N), d| %}

We call S¢4(N) the space of oldforms. Its orthogonal complement under the Petersson
inner product is denoted by Sp®V(NN) and the eigenforms in this space are called newforms.
So we have

Sk(N) = SPU(N) @ Spe"(N).

Since the space of newforms has multiplicity one, the set of normalized newforms of weight
k and level N is uniquely determined. We denote it by Fy. From the above discussion it
is clear that if f € Fy, Ls(s) satisfies a functional equation and has an Euler product on
the half-plane R(s) > 1.

13. Rankin-Selberg Convolution

Let z = x 4+ 7y be a point in the upper half-plane H, and let s = ¢ + it be a point in the
complex plane C. Let

and

9(z) = ay(n)e*™

n=1

be cusp forms of weight k£ and level N. We set

5(f,9) =y 2f(2)g(2).

Recall that for $(s) > 1, the L-functions attached to f and g are defined by

e}

L(re) =y U
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and

where

forn=1,2,3,---.

Definition 73 The Rankin-Selberg convolution of L(f,s) and L(g, s) is defined by

L(fXg,s)_ZM.

n=1

The modified Rankin-Selberg convolution of L(f,s) and L(g, s) is defined by

L(f®g,s) = (v(25)L(f x g,5) = (n(25) > ag(n)ag(n)

nS
n=1
o0 1 1 -1
where (n(s) = Z e H (1 — E) is the Riemann zeta function with the Eu-
n=1

g.c.d.(n,N)=1
ler p-factors corresponding to p | N removed.

The main goal of this section is to study the analytic properties of L(f X g,s). We
will see that the analytic continuation and the functional equation of the Epstein zeta
function E(z,s) will result in the analytic continuation and the functional equation for
the Rankin-Selberg convolution L(f X g, s).

In Lemma 75 we will relate the Rankin-Selberg convolution L(f X g, s) to a double integral

on a certain region of the upper half-plane. To do this we need the following lemma.

Lemma 74 For any ﬁxed y >0,

dx = Z ag(n ’4”"1’.

NJ\»—-

Proof We have

1 1 [e'S) )
f( ) ( ) = / (Z df(m)€2mm(x+iy)z dg(n>€27rin(x+iy)) dr
h =1
(Z > ag(m Q”i(m‘”)xe‘%(m*")y) dz.

m=1 n=

—_
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Interchanging the order of summation and integration yields

1 o (o) 1
fEgG)de = 3> (af<m>ag<n>'e—2ﬂ<m+n>y / ewm—wdx)
7% m=1n=1 7%
= Y ap(n)ag(n)e ™
n=1
The proof is complete. -

Lemma 75 For R(s) > 1 we have the following integral representation for the Rankin-
Selberg convolution L(f x g, s)

(4Am) M (s + k= 1)L(f x g,5) = //S y5+k_2f(z)ﬁda:dy

= //S y*o(f, g)dxdy

where S is the strip |x| < 1 and y > 0.

Proof We have

[e.9]

(Am) M (s + k= 1)L(f x g,8) = (4n) " T(s+k—1) Z —af(niizg(n)
. { ()2, (4m)
-y { ANl () 1)}

_ i {&f(n)&g(n)(47rn)_s_k+lr(s +k— 1)} )

n

Note that by the change of variable ¢t +— 4mwny, ['(s + k — 1) can be written as
I(s+k—1)= (47rn)8+k_1/ e Ay sTR=2 0y
0

So

()T (s 4 k- DL(f x g.s) = 3 {af(n)ag(n) /O h 6_4””yys+k_2dy}



Now by applying Lemma 74 we get

(4m) (s + k= 1)L(f x g,5) = /Ooo y e { _2 f(Z)ﬁdx} dy

1
2

= / /S Y2 f(2)g(2)dwdy

= //S y*o(f, g)dzdy.

This completes the proof. O

Our next step is to rewrite the double integral in the statement of the previous lemma as

a new integral on a fundamental domain for I'g(V).

Lemma 76 We have

//s yo(/, g)dudy = //DO(N) y*0(f, 9)Fn(z,s)dzdy

o oo 1
BvGs) =142 2 N
m=1

n=—oo
g.c.d.(n,mN)=1

where

and Do(N) is a fundamental domain for To(N).

lw={yel: 700200}2{((1] Ii) bEZ}.

[ is a subgroup of I' and it is clear that the strip S = {(z,y) : |z| <

Proof Let

1
29
fundamental domain for I's. For any two matrices y=(* 2) and ~'= (“, b/) in GLy(Z), the

c d

right cosets ',y and T’y are equal if and only if (¢,d) = (¢, d’). So the right cosets of

y>0}isa

' in I'o(N) are in one to one correspondence with the pairs (¢, d) where ¢ > 0. Therefore

we can choose a set of representative 7 for the right cosets of Iy, in I'g(N) as follows:
7 ={0,1)}U{(c,d): ¢>0, Nlc, (¢,d) =1}.

We claim that for any pair (¢, d) in 7, there is a unique transformation

az; +b
cz1 +d

Yed * 21— 2 =
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that maps Dy(N) into S. This is true for the pair (0,1). For other pairs in 7', note that
since oo € Dy(N),

a 1
% = heatoo)] < 5.

Since ad — bc = 1, equality holds only if ¢ = 2, a = £1. We consider two cases.

If ¢ # 2, then there is exactly one solution in a, b of the equation ad — bc = 1 for which
a

c
the lines |z| = 3, the whole of 7.4Do(N) lies in S.

If ¢ = 2, then a = £1. Suppose that, for example, v, 4 takes co to the cusp —% and takes

Dy(N) into S. Then the transformation 7. 4(21) + 1 has the same ¢, d and maps Dy(N)

%), and therefore corresponds to the other solution.

Hence exactly one of the transformations 7. 4(21) or v.4(21) + 1 has the desired property.

1
< 7 Since 7.qDo(N) has the unique cusp % in S, and this cusp is not on either of
c

outside S (touching the line z =

The claim is proved.

This shows that the strip S can be written as the disjoint union of v, 4D(N)’s

S=|J reaDo(N).

Therefore, we have
// 5(, g)drdy = Z// “5(f, g)dudy.
(e, d)eT ¥ e aDo(N

az; +0b
cz1 +

//Sysé(f,g)dxdy = Z //D <|Czl+d|2)85(f,g)dx1dy1

1
= y70( ——— | dx1dy;.
//DO 19 Y g | o

(e,d)eT

Now let z; = 1 + 1y;. Changing variable z; — 2z = yields

By considering the definition of 7 in the last integral, we have

o0 o0 1
y*o(f, g)dxdy = // y'o(f,g) Q1+ 0 o dxdy
//s (:9) Do(N) (f:9) Z dz; |z + d[*

Nlc g.c.d.(d,c)=1

= // y*O(f,9)Fn(z, s)dxdy.
Do(N)

The proof is complete. U
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Now we will show that Fyy(z, s) has a representation in terms of the Epstein zeta function.
First we recall the definition of the Mdbius function.
The Mébius function u(n) is defined by

1 ifn=1
p(n) = (=) ifn=pipa---pr, pi # pj
0 otherwise.
Lemma 77 We have
(d) N
QCN(2S)FN<Z,S) = TS WE(EZ, S).

Proof The idea is to evaluate the double sum

/ 1
S - Z N 2s
e~ |mNz+n
(n,N)=1
in two different ways.
On one hand we have
oo o o
1 1
S =2 ) St D Y
n=1 n 3 m=—o0o n=-—oo |mNZ + n’ B
g.c.d.(n,N)=1 m#0 g.c.d.(n,N)=1

o0 oo 1
- 2CN(2S)+2Z Z ImNz + n[2

m=1n=—oo

oo 00 00 1

k=1 m=1 n=-—oo
g.c.d.(n,m)=k

Note that since g.c.d.(n, N) = 1, then g.c.d.(n,m) = g.c.d.(n,mN). So

1

S o= 2An2s)+2) > > N T

k=1 m=1 n=-—oo
g.c.d.(n,mN)=k

) [ 1
m=1

n=-—oo

g.c.d.(n,mN)=1

= QCN(QS)FN(Z, S).
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On the other hand by applying the classical identity

Zu(d)z{ 1 ifn:.l
dln

0 otherwise

we have
! 1
S = _ d
Z |mNz + n|?s Z d)
m,n dlg.c.d.(n,N)
> DY e
= T
T o |mNz + nyd|?®
n
where ny = v So
s = S
o d2s — |m%z + n1|25
p(d) (N
Z{ 7% E (EZ’S .
dN
This completes the proof. O

We are ready to prove the main result of this lecture.

Theorem 78 (Rankin) The Rankin-Selberg convolution L(f X g,s) has the following
properties:
(i) The series

L(f x g.s) = 3 220)

n=1
is absolutely and uniformly convergent for R(s) > 1.
(11) L(f X g,s) has a meromorphic continuation to the whole complex plane.
(111) L(f x g, s) is analytic at s = 1 if (f,g) = 0. Otherwise, it has a simple pole at point

s = 1 with the residue

12(4m)k-1 //
r = o(f, g)dxdy
( - 1 'Hp|N Do(N
12(4m)k1

- N<k—1>!npw<1+;—,><f’g>'
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(iv) Let

o

L(f®g,s) =Cn(25)L(f X g,8) = (n(25) Z W

be the modified Rankin-Selberg convolution and for R(s) > 1, let

or \ %
P(s) = (ﬁ) I'(s)I'(s+k—1)L(f®g,s)

or \ %
= (\/_N> L(s)I'(s +k —1)¢n(28)L(f x g,5).

Then both L(f ® g,s) and ®(s) are entire functions if (f,g) = 0. Otherwise, if N = 1
they are analytic everywhere except that L(f ® g,s) has a simple pole at point s = 1 and
®(s) has simple poles at points s = 0 and 1, and if N > 1 they are analytic everywhere
except that L(f ® g,s) has a simple pole at point s = 1 and ®(s) has a simple pole at
s=1.

(v) If N =1, then the function ®(s) is invariant under the replacing of s by 1 — s, i.e.,
O(s) = P(1 — ).

Proof (i) Suppose that 0 = R(s) > 1+ > 1. By Deligne’s bound, we know that
la(n)], lay(m)] < 7%, So,

o0

D

n=1

ay(n)ag(n)

This completes the proof of (7).
(i1) & (iv) By Lemma 75 and Lemma 76, we have

d(s) = (2_7r> - ) T(s+k—1)L(f®g,s)

\/N 2
— (%) sr(s)gN(zs)(zxw)Hk—l / /S y*o(f, g)dxdy

= (3) T [ vatsapte sy
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Applying Lemma 77 in the previous integral yields

o g )

N N
3(f,9) ( () ( y) [(s)E (—z,s)) dxdy.
Do(N s \dr d
AN
Finally we obtain

O(s) = (472“ //D 5(f,g)2(ﬂc(ig)f(%z,s)>dxdy

_ (472’6 1 3 uds //DO (5 /°° OW) (W + ) dw) ddy
T 2(54(7;—1 ZM //DO(N )y, o

Note that the integral in the first summand of the right-hand side of (10) is dominated

by a finite sum of integrals of the form

/ /D PO ( /1 ™ o b dw) Loy

for A € R. These integrals are all convergent, because f and ¢ vanish at all the cusps of

Dy(N). Therefore the first summand in (10) is an entire function of s. This proves (i)
and (iv).

(ii1) If we multiply both sides of (10) by s — 1 and then let s — 17, we get

lim (s~ 1) (j—%) D()0(s + k — 1)Cx (2)L(f x g.5)

(472 //DO o(f, g)dxdy

d|N

and therefore

r = Res(L(f x g,5),1)
12 47Tk ! //
= S(f, g)dzdy.
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This completes the proof of part (7).
(v) Let N = 1. We can simplify (10) to

o) - U /| . (6<f,g> / m@(w)(w8‘1+w-5>dw) dedy

(4)k-1
+ 25(s = 1) //130(1) S(f, g)dzdy.

At a glance we realize that the right-hand side of this equality is invariant under the

replacing of s with 1 — s. Therefore
D(s) = P(1 — ).
In other words, L(f X g, s) satisfies the following functional equation
(2m) 2T (s)[(s + k — 1){n(28)L(f % g, )

= (2m)* 2T (1 — s)['(k — s)(n(2 — 28)L(f x g, 1 — s).

The proof of the theorem is complete. 0J

Exercise 79 Without appealing to Deligne’s bound show that L(f X g,s) is absolutely
convergent for R(s) > 1.

Next we will study the Euler product of the Rankin-Selberg convolution of two modular
L-functions. Let f(z) = >°°7  as(n)e*™ be a cusp form for Io(N), and let Ly(s) =
> ar(n)n~* be its associated L-function. We know that L(s) has an Euler product
if and only if f(z) is an eigenform. The next proposition will establish the Euler product
of the modified Rankin-Selberg convolution of the modular L-functions associated to two

eigenforms f and g. To derive the desired Euler product we need the following lemma.

Lemma 80 Let f and g be two normalized eigenforms in T'o(N), and let
—s\—1 _s\—1 _ s\ 1
Lis) =[] (@ =arp) [ —ep™) (1—p)
pIN ptN

and

Ly(s) =TT (0 = agp)p™) "] (1 = 6p™) " (1 = 8,p7%) "

pIN ptN
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be their associated L-functions, where €, + €, = as(p), 6, + 0, = a,(p) and |e,| = |5,| = 1.
Then, for R(s) > 1 and pt N, we have the following identity

(1 _ p72s)71 Z af<p2lig<pk)

— (1 — epéppfs)_l (1 — epgppfs)_l (1 — Epé*pp*s)_l (1 — Epgppfs)_l )

Proof Let p{ N. We recall that the coefficients af(n) and a,4(n) satisfy the following:

k:—l) k—2)

as(p*) = ap(p)as(P*') — ays(p

)

k—l) _ k:—2>‘

ag(pk) = ag(p)ay(p ag(p

Applying the above identities repeatedly yields

ar(p")ag(p*) — asp(p)as(p""ag(p)ag(p*") + (ar(p)® + ag(p)® — 2) ay(p*?)a,(p"~?)

—ag(p)ar(p")ag(p)ag(p* ™) + ap (" ay(p" ) = 0. (11)

Also by using the above relations between the coefficients af(p), a,(p) and the complex

units €,, J,, we have

(1 — epépp’s) (1 — epgpp"s) (1 - €p6pp’s) (1 — Epgppfs)

=1—as(p)ay(p)p~® + (as(p)* + ag(p)® — 2) p>° — az(p)ay(p)p™™° + p~*. (12)

Putting together (11) and (12), and following a tedious calculation, we arrive at

—s s =S = —s - 5 =S - af(pk)a (pk>
(1 — €p0pD ) (1 — €p0pP ) (1 — E0pP ) (1 — €0pp ) Z ng
k=0
1
=1— =t
which is equivalent to the statement of the lemma.
This completes the proof. O]
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Proposition 81 The modified Rankin-Selberg convolution of the modular L-functions as-

sociated to two normalized eigenforms f and g has the following Fuler product

Lif®gs) = [[0Q-apapp™)"
pIN

X H (1- epépp_s)il (1- Epgpp_s)i1 (1- Epfspp_s)il (1- Epgpp_s)il '
PIN

Proof First of all we recall that the coefficients of eigenforms are multiplicative and

real. So we have

Lif®g.s)=Cn(2s) [] (Z MW) '

all primes \ k=0 p

k

For p | N, since a;(p*) = a;(p)* and a,(p*) = a,(p)*, we have

o

3 ap(p*)ag(p*)

pks

k

ag(p)*aq(p)*
k=0 0 pkﬁ
()

= (1 —ays(p)ag(p)p™°)

Using this and applying the previous lemma, we attain the result. O
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Lecture 4

Applications

In the previous lecture we proved that the Rankin-Selberg convolution of two modular
L-functions exists. In this final lecture, we employ this fact together with the general
theorems of Lecture 2 to deduce some results regarding the distribution and the size of

Fourier coefficients of modular forms.

14. The Prime Number Theorem

Theorem 82 (Wiener-Ikehara Tauberian Theorem) Let f(s) = >~ a,/n®, with
a, >0, and g(s) = > 2, by/n® be two Dirichlet series with |b,| < a, for all n. Assume
that f(s) and g(s) extend analytically to R(s) > 1 except possibly at s = 1 where they

have simple poles with residues R and r (which may be zero) respectively. Then

an ~rr,

as r — OQ.

In this lecture f(z) = > 7, As(n)e?™* is a normalized eigenform of weight & and level
N and A¢(n) = j\f(n)/nk2;1 is the n-th coefficient of f, unless otherwise stated.

Proposition 83 Let f be a normalized eigenform of weight k and level N. Then
Y@ ~ra,
n<zx

where
12(47r)’“_1

Nk = DT n(1+5)

52

(£, 1),

r =



and

p|N
where

be(n)= Y [As(m)P.

n=d2m
(d,N)=1

Proof This is a direct corollary of the Tauberian Theorem and calculation of the
residues of L(f x f,s) and L(f ® f,s) at s = 1. O

Proposition 84 Let f be a normalized eigenform of level N and weight k. Then
> Ar(p)logp = o).
p<lz

Proof With notation of Lecture 2, we have

o0

——fs:

where Ay(n) = (a1(p)* + aa(p)*)logp if n = p*, and As(n) = 0 otherwise. Since

Ramanujan-Petersson conjecture is true in this case (Theorem 71), we have
A g(n)| < 2logn.

By non-vanishing result of Lecture 2, —Lfl( f,s) is analytic at s = 1. Also —%(s) =

Yoy loi " has an analytic continuation to the whole complex plane with an exception of

a simple pole at s = 1. So by the Tauberian Theorem

D Asn) =Y N(p)logp+ Y As(p”) = ofx). (13)

n<x p<lz p <z
a>2

Zlogp

(This should not be confused with the theta functlon.) Then we have

[ DA™ <2 ) logp=0(x'?) 4+ 0(z'7),

p*<wz p* <z
a>2 a>2

Now let

where r is as large as logz. Since 0(x) < zlogx, we conclude that

> A < Vlog® z.

pa<z
a>2

Now applying this bound in (13) implies the result. O
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15. The Prime Number Theorem With the Remainder

Complex Analysis 85 ( Perron’s formula ) Let z > 0, a > 0, T > 0. Let f(s) =

Yomiy % be a Dirichlet series absolutely convergent in R(s) > a —e. Then if x is a

non-integer

I 7 DN
n==— —ds+0 =Y ——|.
;a 270 Joir /() s ot (T ; n°|log Z|

Exercise 86 Show that

> logn 1 1 9
2 wallog ] O<<a—1>2” 8 )

n=1

where 1 < a < 2 and x is a half-integer (i.e. x = &;1 for an integer k ). The implied

constant is absolute.

c c
Exercise 87 Fort>1 and 1 — <oc<1+ , we have
log (NE(|t| +3)) = — log (NE([t| + 3))

!/

L
f(f,o +it) < log (NE(|t| + 3)).
Here c is the constant coming from the almost zero-free region.

Theorem 88 (Moreno) Let f be a normalized eigenform of level N and weight k. Then

there exists an absolute constant ¢ > 0 such that L(f,s) has no zero in the region

C
>1—
7= log (NK(Jt[ + 3))

except possibly one simple real zero 3 < 1. Moreover,

B
Z A¢(p)logp = 5 + O(VNE zexp(—c1y/log )

p<z

for x > 2, where ¢y > 0 and the implied constant is absolute.

Proof Since f is a normalized newform, L(f,s) is self-dual. So the first part of the
theorem is a simple corollary of almost zero-free region theorem in Lecture 2 (Theorem
49).
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For the proof of the asymptotic formula (upper bound), let x be a half-integer, T > 3,

anda =1+ m. So by Perron’s formula, the bound |[A¢(n)| < 2logn (see Lecture

2) and Exercise 86, we have

L e N " 1
_ —d - - l—al 2 )
St =g [ F U ”O(T((a—l)?” 8 ))

n<x
Nextlet b =1 — ;, where c is the constant coming from the first part of theorem.
log (NET')
We consider a rectangle Ry = Ry U (—Ry) U (—R3) U Ry, where
Rl . s:a+it, -T< tST
Ry : s=o0+il, b<o<a,
Ry : s=b+it, —-T<t<T,

Ry : s=0+1iT, b<o<a

Since %( f,s) has a simple pole of residue 1 at s = 3 (in case the exceptional zero exists),

we have

> Asn) = ———%/ /RB /R +0< )+x1_alog2x)>. (14)

n<x

Now by employing Exercise 87 we have

1 L x® x?
— —— —d —.
omi |, TITEST
A similar bound holds for QLM ) - Also
1 L/ S
— [ 2t ) ds < 2t log (NKT) log T.
2mi ) _p, L s
Applying these bounds in (14) yields
x® zlog® x
A ="+ 0(z%log (NKT)log T + = .

2c
Now let T = 2% = zles(™*1) . We have

B
ZAf(n) = —%—|—O(xblog(NkT)logT—l—xblog2(NkT)+ ' 2% log? z)
B

B _% +O(2"log® (NET) log® T)

_ _%j + O(VNk zexp (—c1y/log z)),

n<x
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for some ¢; > 0. This implies that

Z Ar(p)logp = —x’; + O(VNkz exp(—c11/log ).

p<z

O

Note The asymptotic formula in the previous theorem in fact is an upper bound. Alter-

nately we can write the formula as

Z Ar(p)logp = O(V Nkx exp(—c1v/x)),
p<w
where the implied constant depends on 3. Since the position of the exceptional zero is

not clear, the implied constant is not effectively computable.

Note It is proved by Hoffstein and Ramakrishnan that there is no exceptional zero for

. B .
normalized newforms. So we can drop the term —% in Moreno’s theorem.

16. An Effective Lower Bound

Exercise 89 Show that

1 x® p La=-4r, >
— ¢ — [
2mi Jigy s(s+1) -+ (s+7) 0, 0<z<l1.
24100
Note that / 15 an abbreviation of
(2) 2—400

Proposition 90 (Hoffstein and Lockhart) Let L(f,s) € ZK be an L-function with
positive coefficients and a single simple pole at s = 1 of residue r. Suppose that L(f,s)
satisfies a growth condition on the line R(s) = 1/2 of the form

L(f, 5 +it)] < M| +3)”

for some constant B. If L(f,s) has no real zeros in the range

1-— <o <1,
log M ’
then there ezists an effective constant ¢ = ¢(B) > 0 such that

1
— < clog M.
,
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Proof Let % < f < 1 and let r be a fixed integer greater than B. (We should not
confuse [ with the exceptional zero.) Using Exercise 89 and the absolute convergence of

L(f,s+ () in the range of integration, we get

L[ LfstBe 1A, n,
T Sy oA D o T T 07

n<x

Since Af(n) are non-negative, and A¢(1) = 1, we have for all x > 2,

1 L(f, s+ B)z*
1<<% @ s(s+1)---(s+7)

ds. (15)

From the growth condition on the line R(s) = % and the Phragmen-Lindelof principle, we
have
L(f,o +it) = O(|t|”)

for all % <o <3andt > 1. Thus we can shift the line of integration to (s) = %—ﬁ <0,
picking up residues at s = 0,1 — 3. Using the bound on the line R(s) = %, the right-hand
side of (15) becomes

rat? | LUEA)
C-0C- - G+1-5

Taking x = MY, for C a sufficiently large constant, we get

+O(Mzz0).

TMC(I_B)
l<———2—+L(},0) (16)
1-p
Now we choose .
=1- .
g log M
Since L(f,s) has a simple pole at s = 1, and is positive for ¢ > 1, we must have
L(f,5) <0. Then (16) yields
1
- <L logM
,
as desired. U

Note If L(f,s) € ZK the growth condition on the line R(s) = 1 will be satisfied if we
choose M as a suitable power of the conductor of L(f,s) and the product of its local

factor at oo.
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Definition 91 The symmetric square L-function associated to a normalized eigenform f
of weight k and level N s defined as

L(sym? f,s) = M

(n(s)
From Rankin-Selberg theory it is clear that L(sym? f, s) has a meromorphic continuation
to C. In 1975 Shimura proved that the symmetric square L-function in fact has an analytic
continuation to the whole complex plane.
For square-free N and newform f, the symmetric square L-function associated to f sat-

isfies a functional equation. Let
1 kE—1 k
- (5 (e (1)

A(sym? f,s) = N*L,(sym?, s)L(sym?, s).

and let

Then the symmetric square L-function satisfies
A(sym?® f,s) = A(sym® f,1 — s).
Exercise 92 Show that L(sym? f,s) has an Euler product on R(s) > 1.

Theorem 93 (Goldfeld, Hoffstein and Lieman) Let f be a normalized newform of
square-free level N and weight k. Then there exists an absolute constant ¢ > 0 such that

L(sym?f, s) has no zero in the region

Proof Consider the L-function

s L(sym® f @ sym? f, s)
L(sym? f,s)

The last L-function is a special case of the symmetric square of a cusp form on GL(3) and

L(g, s) = ((s)L(sym® f, s)*L(sym® f@sym® f, s) = ((s)L(sym” f, s)

has been shown by Bump and Ginzburg to have a simple pole at s = 1. Hence L(g, s)
has a pole of order 2 at s = 1, whereas any real zero of L(sym? f, s) is a zero of L(g, s) of
order > 3. By local computations one checks that Ay(n) > 0 for (n,q(g)) = 1, hence the

result follows from Goldfeld, Hoffstein and Lieman’s Lemma in Lecture 2. O
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Exercise 94 For R(s) > 0 define

fo) =y

i) Show that f(s) = (1 — 55)¢(s) for R(s) > 1.

it) From part (1) deduce a meromorphic continuation of ((s) into the half-plane R(s) > 0.
i11) Show that ((o) <0 for 0 <o < 1.

iv) From here conclude that L(f ® f,o) # 0, in the region given in the previous theorem.

o~~~ —~

Corollary 95 (Hoffstein and Lockhart) Let f be a normalized newform of square-free
level N and weight k. Then there exists an effective constant ¢ (depends only on k) such
that

N
- 2

Proof Thisisimmediate from the previous exercise and Hoffstein and Lockhart’s propo-
sition. Note that the residue of L(f ® f,s) at s =1 is

P(N)m(4m)®

ok — 1) T

O

Exercise 96 Let f be a newform of square-free level N and weight k with Petersson norm
|fIl = 1. Let p(1) be the first Fourier coefficient of f. Then prove that there exists an
effective constant ¢ (depends only on k) such that

log N
1]* < :
PP < ==

17. Bounds for the Fourier Coefficients of Cusp forms

Theorem 97 ( Landau [also Chandrasekharan and Narasimhan] ) Let L(f,s) =
Yo, A’;—(n) be a Dirichlet series with non-negative coefficients Ag(n) and converging for
R(s) sufficiently large. Assume that L(f,s) has a meromorphic continuation to C with at
most poles of finite order at s =0, 1; assume also that L(f,s) is of finite order in the half

plane R(s) > —1, and it satisfies a functional equation of the form
a(f)y(f,8)L(f,8) = e(f)a(f) v (f,1 = s)L(f,1 = s)

29



for some constants e(f), and q(f) > 0, where

d

v(fr8) = [ T(us + 50),

=1

for somed >1 and a; > 0, 5; € C for 1 < i < d. Setting n = Zle a;, one has

Z)\f =P logx)x—i-O(x%+1 log" ' n),

n<x

where r is the order of pole of L(f,s) at s =1 and P,_y is a polynomial of degree r — 1
that depends only on L(f,s). The implied constant also depends only on L(f,s).

Theorem 98 (Rankin) Let f be a normalized eigenform of weight k and level 1. Then

ST = cpr+ O(a?),

where 12(4m)-
T
cr= W(f ).
Proof Let by(n) denote the coefficients of L(f ® f,s). Since
1
L(fx f,s)= @L(f®fas)7

we have

)P =D uld)bs(m), (17)

n=d?m
where p(d) denotes the Mobius function. Now one can check that L(f ® f, s) satisfies the

conditions of Landau’s Theorem (Theorem 97) and so
be :—CfI+O( %)
n<x

Now from Proposition 83, we have

12(47)k-1
¢y = W(ﬁ f)-
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Next from (17) and the above asymptotic formula we have

> )P

n<x

> > uldbg(m)

n<x n=d?m

> uld)bs(m)

d?m<zx
> bp(m) > uld)
m<% N
™ oz T3
S @) (Fer +0((G5)F))
d</z
2 d : 1
cfx7T— Z &2) + O(yc% —)
6 d ds
<z d<\/z

cfzc—i—O(x%).

O

The following is a direct corollary of the previous theorem. Note that f(z) = > oo, 7(n)e?™"?

n=1

is a normalized eigenform of weight 12 and level 1.

3 29

Corollary 99 (Rankin ) A\¢(n) = Of(nio) and 7(n) = O(n’ ).

Exercise 100 Let L(f,s) € ZK be an L-function of degree d. Also assume that L(f®f,s)
exists and Aggr(n) > 0 for (n,q(f)) # 1. Then show that for the local parameters o;(p)

for unramified prime p we have

s (p)| < p?~ 7.
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