ON NON-VANISHING OF SYMMETRIC SQUARE L-FUNCTIONS

AMIR AKBARY AND SHAHAB SHAHABI

ABSTRACT. We find a lower bound in terms of N for the number of newforms

of weight k and level N whose symmetric square L-functions are non-vanishing
at a fixed point sg with % < Re(sp) < 1or sg= %

1. INTRODUCTION

Let Si(N) be the space of cusp forms of weight k& and level N with trivial
character. For f € Si(N) let

oo
f(z) =Y agmn’=
n=1
be the Fourier expansion of f at ico and let F be the set of all normalized (af(1) =

1) newforms in Si(NN). The symmetric square L-function associated to f € Fy is
defined (for Re(s) > 1) by

L(sym? f,s) = (n(25) Z af(? )
n=1

n

Here (n(s) is the Riemann zeta function with the Euler factors corresponding to p| N
removed. Shimura [Shi75] proved that L(sym? f,s) extends to an entire function.
Moreover, let

Loo(sym?, s) :ﬂ‘%F(S—gl)F <S+§_1>F(S—;k>,

A(sym? f,5) = N®Loo(sym?, s) L(sym? £, s).

Then it is known that A(sym? f,s) is entire and for square-free N it satisfies the
functional equation

(1) A(Sym2 fa S) = A(Sym2 f7]- _S)'

In recent years, the problem of non-vanishing of L(sym? f, s) in the critical strip
0 < Re(s) < 1 has drawn the attention of many authors. In [Li96], Li proved that
for a given complex number sy # % satisfying 0 < Re(sp) < 1 and ((so) # 0, there
are infinitely many level 1 newforms f of different weight such that L(sym? f,sq) #
0. Kohnen and Sengupta [KS00] showed that for any fixed sg with 0 < Re(sg) < 1
and Re(sg) # %, and for all sufficiently large k, there exists a level 1 newform f
of weight k such that L(sym? f,sq) # 0. Very recently, Lau [Lau02] proved that
for any fixed so with 0 < Re(sp) < 1, there exist infinitely many even k such that
L(sym? f,s0) # 0 for some level 1 newform f of weight k. Furthermore, when

and
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Re(sg) # % or sg = %, there exists a constant kq(so) depending on sg such that for
all k > ko(so), L(sym? f,sg) # 0 for some level 1 newform of weight k.

All of the above results are related to the symmetric square L-functions associ-

ated to normalized eigenforms for the full modular group and various weights k. In
this paper we consider a different point of view and we prove similar non-vanishing
results while weight k is fixed and level N varies, moreover we give a density es-
timate in terms of N for the number of newforms of weight k and level N whose
symmetric square L-functions are non-vanishing at a fixed point inside the critical
strip. Precisely speaking, we prove the following.
Theorem 1.1. Let N be a prime number and let so = og + ity with % <og <1
or sg = % Then for any € > 0, there are positive constants Cs, . and C;mk,e
(depending only on so, k and €), such that for any prime N > Cy_, _, there ezist at
least Cs, ke N1™¢ newforms f of weight k and level N for which L(sym? f,sq) # 0.
Corollary 1.2. For any sg = oo + ity with % < og <1orsy= %, there are
infinitely many weight k newforms f such that L(sym? f, sq) # 0.

Note that by the functional equation (1) similar statements are true for points
so with 0 < Re(sg) < 1.

The proof is based on a comparison of mean values. In section 2, by modifying
our arguments in [Akb00] we derive an asymptotic formula for L(sym? f,so) on
average. In section 3, we establish an upper bound for the mean square values of
the symmetric square L-functions at a fixed point sq in the critical strip. Our proof
in this section closely follows the proof given in [IMO01] for the case Re(sg) = 3.
The proof of our theorem is given in section 4.

2. MEAN ESTIMATE

We start by finding a representation for L(sym? £, so) as a sum of two absolutely
convergent series. Recall that L..(sym?,s) is the product of gamma-factors in the
functional equation of the symmetric square L-functions.

Lemma 2.1. For any so with 0 < Re(sg) <1, let

1 : d
Weoly) = 5— / 730 Log(sym? 5o+ 5) y 5
2mi J () s

and

ar(e?) d%e
o) = 32 g oo <N>

d,e
(d,N)=1

where f € Fy. Then we have
3% Log (sym?, s0) L(sym? f, 50) = I(s0) + (m~ 2 N)' 720 [1(1 — s0).
Proof. We have

1 3 S0 ds

I5(s0) = — ( iN_l) A(sym? f, a.

1(s0) = 5 /(2) ™ (sym® f. s+ s0) —

By moving the line of integration from (2) to (—2), calculating the residue at s =0
and applying the functional equation (1), we get

1 : s d
If(SO) = 7T%SUL<><>(SYHIQ7 SO)L(Sym2 /s 50)+ﬂ / (W%N_l) ’ A(Sym2 I 1—8—80)§~
T J(-2)
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Now the change of variable s to —s yields the result. O

By employing the Legendre duplication formula one can deduce the following
expression for Wy, (y) (see [Akb00], Lemma 6 for details).

o0 o0
VT sodl g ¢ so+k—3 —t
Wso(y) = 9so+k—2 t" 2 et /h%y %0 e 2dty | dtq.
0 T
t] 2

Note that this integral representation shows that |Ws, (y)| < We, (y)-

In the next two lemmas we derive asymptotics for some series involving W, (y).

Lemma 2.2. Let sg = og + ity with o9 > %, then

1 d?
> we(y)

(d,N)=1

W%SOLOO(sme, 50)Cn (250) + Ogy i (d(N)N%"’(J) if u=sg

= Oy .k (d(N)N"O_%) ifu=1-sg

3
=L Lo (sym2, ) L w (1 - %) log N + Oy (N*%) if u =1
as N — oco. Here d(N) denotes the number of divisors of N.

Proof. From the definition of W,,(y) we have

1 d2 1 Su 2 SdS
; CPUWu(N)Qm./(z)wz Loo(sym®, s + u)(n (28 + 2u) N <

(d,N)=1

For u = s, we move the line of integration from (2) to the left of (3 — 0¢) and

calculate the residues of the integrand at s = 0 and s = % — 0p to get the first

identity. For u =1 — so, we move the line of integration to the left of (o9 — 1) and

calculate the residue of the integrand at sy = o¢ — % Finally, for u = %,
_1

the line of integration to (—3) and calculate the residue at s = 0. O

we move

Lemma 2.3. Let a, 8 and v be real numbers such that —1 < a < min{1, #,’y—!—
2}, then

d(e?) d’e 3 w37 2 1—aq,,2
ch WWV <N Nﬁmg\;(ﬁfﬂ)ﬂr%Lo@(sym , 1—a+~)N""%log” N

(d,N)=1

and
E —1 W —2 ——% (nv(B—2a+2)L (sym2 l1-—a+ 7)N1 @
L o w v N 0o )

(d,N)=1

as N — oo.
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Proof. First note that Y oo | d(:s ) — 2(2( %) for Re(s) > 1. Now by this identity and

the definition of W, (.), the above sum is equal to

11 3 G(s+a) (N\ ds
- 27], 2 — | =] —.
P 27i /(2) T Loy s EN R TR0 ) s

Moving the line of integration to the left of (1 — a)) and calculating the residue at
s = 1 — « yields the result. The proof of the second asymptotic is similar. (I

(d,N)=1

We need one more lemma before stating the main result of this section. Recall
that we have an inner product on Sy (V) called Petersson inner product defined by

(f. gy = /D O(N)f<z>g<z>yk%

where Do(N) is a fundamental domain for T'o(N). Using this inner product we

define

(4m)kt
<f I

T(k—1)

The following estimation for the weighted trace of the Hecke operators acting on

the space of newforms is fundamental in the proof of the main result of this section.

Wf«—

Lemma 2.4. For prime N, we have
Z w;laf(n) = 0p1 + Oy (Nfgn% + Nﬁld(n)>
feFN

where 8,1 denotes the Kronecker delta.

Proof. We outline the proof given in [Luo99]. Recall that Fy is the set of normalized
newforms of weight k and level N. We consider the following orthogonal basis for

Sk(N).
By =FnUFU{g=arf(z)+ f(N2)| fe Fi} =FnUF1UGn.

Nz),f(z
Here oy = —W We have

Z w?laf(n)af(m) = Z - Z - Z .
feFn feBn  fE€F1  geGN

By taking m = 1 in the above identity we have

Z w?laf(n) = Z wy Yag(n Z wy Yas(n

fEFN feBN fer
_ n
feF

Note that ay(#) = 0 if N does not divide n. By Petersson formula (see [Mur95],
Proposition 2), for any orthogonal basis By of Si(NN) we have

Z wf_laf(n)af(l) =0p1 + Oy (Nfgn%) .
feBn
Also for f € F; we have the following
k—1
N——=2 _ L(k—1) B NE-1
= N 1_ 1
N S WD anE (g e Cerseres <6 T,
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(see [Luo99], p. 596 for details). Now applying these relations together with Pe-
tersson formula and Deligne’s bound (|as(n)| < d(n)) in (2) yields the result. O

Here we prove the main result of this section.
Theorem 2.5. Let N be prime, for any so = og + ity with % <opg<1orsy= %,
we have

)

1
. , (N (250) + Ooq i (%) if $<o9<1
Z Wy L(sym® f, s9) =
‘F .
TN log N + Oy (1) if 5o = 1

Proof. From Lemmas 2.1 and 2.4 we have

d“e
7T280L (sym 50 Z Lsym f,SO Z dQSo s <—>

fern (d, N) 1

3) +(7r_%N)17280 3 %WHO <d2 )+N‘551+N“‘2"“Sz

— dz(lfso N
(d,N)=1
where
d%e 1 d(e?) d%e
(4) 51 K Z e 1d2‘70 We, (W) + N2 ; ez We, (W)
(, N) 1 (4, Ny=1
and

()

d%e d(e?) d%e
52 < Z e(1—00)— 1d2(1 o‘o)W 00(N>+N dZ: el—oo0g2(1— aO)W (W

(d, N) 1 (d,N)=1

Applying Lemma 2.2 in (3) and Lemma 2.3 in (4) and (5) yield the result. O

3. MEAN SQUARE ESTIMATE

In [IMO1] Iwaniec and Michel found an upper bound for the mean square values
of L(sym? f,s) on the critical line Re(s) = % In this section we re-write the
arguments of [IM01] for a general point in the critical strip and as a result we
derive a similar estimate for the mean square values of L(sym? f, s) on the critical
strip 3 < Re(s) < 1. The following Theorem of [IM01] plays a fundamental role in
the arguments.

Theorem 3.1. Let sg be a point inside the critical strip. Let g be a smooth function
with support [1, 2| satisfying

g(j)(x) < |80|j
for any j > 0 (the implied constant depending on j only). For X > 1 we define the

partial sums
X) = Z ay(n?

and their mean square

S(X)= Y witlsp X))

fEFN

).
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Then we have
S(X) < |soPTYNX)(NTIX? + X)

for any € > 0. The implied constant depends only on €.
Proof. See [IMO01], Theorem 5.1. O

We also need to use an adjusted version of Lemma 2.1 in our proof.

—34
Lemma 3.2. Let N be square-free. Let A > 2 be an integer and let G(s) = cos (E) .

4A
For any so with 0 < Re(sg) < 1, we have

om0 -5 2800, (2) s 5250 (3)
n=1 n=1

where

Loo(sym?, 59 + 5) _.ds
W (y) = 250 + 25)y "
Vo(y) /(2) G(s) Lo (sym27 30) (N (280 + 2s)y S

and £(sg) = N'720 L (sym?, 1 — 50)/Loo (sym?, s0).
Proof. see Lemma 3.1 in [IMO1]. O

We have the following estimations for Vy,(y) and its j-th derivative Vs(oj )(y) (see
[IMO1] for proofs).

(©) Vi (y) < d(N) (1 + |Sé/|% > - log <2 + ;)
and
@) VO <y (1 L) Rt (2+})

where the implied constants are depending only on j, A and k.
We are now ready to prove the main result of this section.

Theorem 3.3. Let N be square-free. Let sg be a point in the strip % < Re(sg) < 1.
Then,

Z a);l\L(sym2 f.50)2 < |s0|3N°®

fEFN
for any € > 0. The implied constant depends only on € and k.

2
Proof. Let € be the reciprocal of a natural number bigger than 2 and let A =3 + —.
€

It is plain that

1 A+e
- — =1 .
AEN’O<E<2’A72 +e

Let o = |so|% and § =11 — so|%. Now by using Lemma 3.2, we write L(sym? f, sg) =
Li(f,50) + La(f, s0) + La(f, s0) + La(f, s0), where

naw= ¥ Uy ()

L= ¥y ()

n>aN1l+te
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o Loo(sym?,1 — sq) af(n?) n
L — N1-2s0 20 : ) (—)
3(f, 50) Lo (sym?2, sg) nl=so 1T \N)”
n<BN1+e

o Loo(sym?,1 — sq) ag(n?) n
L — Nl 2509 0 ) Vi (_) .
4(f7 50) Loo(Sme,So) Z 1—so 1—sg N
n>BN1+e

Our first goal is to estimate L;(f,s0)’s. We start with La(f, sg). By Deligne’s
bound (|as(n?)| < d(n?)) and (6),

n S %A
Lt < Y gLl s (24).

3
n>aN1l+e noo (|50|2 + %

A—_i—gzl—i—e,wehave

Since

A—2

n 1
n>aNt «— — >a 7 (n?N9)=%.
= N~ ( )

By using the inequality d(n) < n’ for any 6 > 0, we get

34 ne 1
La(f,80) < d(N)so|> Z noo (&)A
n>aN1ite
d(N) 1
(8) < ol =5 X e <lsof,
n>aN1lte

With a similar argument we attain

d(N)N1=200 | [ (sym?, 1 — sq)
Ne Lo (sym?, sg)

This is true, since by Stirling’s formula, the ratio of the L, -factors is bounded.

Now we consider a smooth partition of unity, which is a C*° function h with
support [1,2] such that for any = > 0,

> h(p) =1

k=—o0

La(f,50) < [1—=s0f? < |1 = s

To estimate Li(f, sp), we first re-write it as a new sum involving the function h.
For simplicity, we use X for 25. We have

g = 3 S () (%)

n<aNlte k

Note that the support of h is [1, 2], so, we can assume that X < n < 2X. Also,
since n > 1, k is in fact > —1. Therefore, by interchanging the order of the addition

we have
>y v ()0 ()

L1 (f7 50)
k>—1X<n<2X

5 d(N)log(%L%)A > af(nz)g(%) 7
k>=1| xso <1+ X > X<n<2X

3
N‘SD|2
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- ! oV, (S ) ho).
gm_dw)(1+ ) e ) (o

N|so|2

To be consistent with the notations of Theorem 3.1, we put

X)= Zaf(n2)g (%) .

(= 3 A5 @+ 5) 5,00
k>—1

A XSQ
( : >
N‘Solz

Loo(sym?,1 — s0) Z d(N)log (2 + %) Sp(X)
Loo(syrn27 50) (1 < A x1-s0
N|l—so|3

So,

In a similar fashion

LS(fa 50) = N172SO

By the Cauchy-Schwarz inequality

4
Z Ll(f? 80)
=1

2
|L(sym? f, s0)|”

4
<4 |Li(f,s0)|
i=1

So, we have

Z (,L)]Tl\L(Sym2 fy50)

fEFN

< Wi La(frs0)P4Y_wi e (f,s0) P4+ D wi tLs(fs0) P4y wt [La(f, o)l
! ! ! f

Now we estimate the above four sums. For the first sum, by applying the Cauchy-
Schwarz inequality, we deduce

(9)
2
LN
Sl = 3wt 3 AN log (4 %) 5,20
! k>—
( N502>
Nlog 2—|—

Z | X2<70

2A
<1+ X 3> k>—1
Nso|2

lo
< @ ¥ GO S g (el

k>—1 N|SO‘§ k>—1

< Zwl ;

By (6) and (7) it can be shown that the function g(z) satisfies the conditions of
Theorem 3.1. Moreover, note that the conditions n < aN'*¢ and X < n < 2X
imply that

—1 <k <2(logya+ (1+¢€)logy N).
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So, by applying the result of Theorem 3.1 in (9), we deduce
(10)
—1 2 2 € 1 3+e € —1 2
> witLi(fs0)? < d*(N)NC D |so*TE(NX) (N1 X2 + X)
f

X20’0
k>—1

< |SO|3+ed2(N)Ne(aN2+e)e N—l Z X2—200+ Z X1—20'0
k>—1 k>—1
94 3¢ nrTe
< |sp|2T2°N

Note that by Lemma 2.4 wfl =1+ O(N™1), so from (8) we have

(11) ZW]71|L2(f, s0)|? < |<’>’o|gz:u)]71 < Isol®.
f f

In a similar fashion we derive the following inequalities

(12) > Wi Ls(f,s0) 2 < 1= s PTEENTE,
!
and
(13) > o wilLa(fis0))? < |1 =s0f.
f

Considering (10), (11), (12) and (13), we arrive at
> wr IL(sym? £s0)? < Jso|*FENTE,
fEFN

The proof is now complete. O

4. PROOF OF THEOREM 1.1

Proof. Let % < 09 < 1. By the asymptotic formulae of Theorems 2.5 and 3.3
together with the upper bound % for w}l (see [GHL94]), and by Cauchy-Schwarz
inequality we can write (for large N)

IKn(250)] < Z w;lL(sme 1, s0)
fEFN

log N _
< #{feFy: Lisym? fis0) # 0} 2= >~ wp'|Llsym? f.s0)[?
feFn
9 logN g,
< #{fe]—‘N: L(sym f,so);éO}T|so| Ne©.

Thus,

[C(250)[* N' ™
[s0®  log N

The proof in case sg = % is similar. ([l

#{feFn: Lisym® f,s0) # 0} >



10 AKBARY AND SHAHABI

ACKNOWLEDGMENT
The first author would like to thank Kumar Murty for several helpful discussions
related to this work.

REFERENCES

[Akb00] A. Akbary, Average values of symmetric square L-functions at Re(s) = 2, C. R. Math.
Rep. Acad. Sci. Canada 22 (2000), 97-104.

[GHL94] D. Goldfeld, J. Hoffstein, and D. Lieman, An effective zero free region, Appendiz to:
Coefficients of Maass forms and the Sigel zero, Ann. Math 140 (1994), 177-181.

[IMO1] H. Iwaniec and P. Michel, The second moment of the symmetric square L-functions,
Ann. Acad. Sci. Fennicae 26 (2001), 465-482.

[KS00] W. Kohnen and J. Sengupta, Non-vanishing of symmetric square L-functions of cusp
forms inside the critical strip, Proc. Amer. Math. Soc. 128 (2000), 1641-1646.

[Lau02] Y. Lau, Non-vanishing of symmetric square L-functions, Proc. Amer. Math. Soc. 130
(2002), 3133-3139.

[Li96] X. Li, On the poles of Rankin-Selberg convolutions of modular forms, Trans. Amer.
Math. Soc. 348 (1996), 1213-1234.

[Luo99] W. Luo, Special L-values of Rankin-Selberg convolutions, Math. Ann. 314 (1999), 591—
600.

[Mur95] M. R. Murty, The analytic rank of Jo(N)(Q), CMS Conference Proceedings 15 (1995),
263-277.

[Shi75]  G. Shimura, On the holomorphy of certain Dirichlet series, Proc. London Math. Soc.
Ser. 3 31 (1975), 79-98.

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, UNIVERSITY OF LETHBRIDGE, 4401
UNIVERSITY DRIVE WEST, LETHBRIDGE, ALBERTA, T1K 3M4, CANADA
E-mail address: akbary@cs.uleth.ca

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, UNIVERSITY OF LETHBRIDGE, 4401
UNIVERSITY DRIVE WEST, LETHBRIDGE, ALBERTA, T1K 3M4, CANADA

Current address: Department of Mathematics and Statistics, McGill University, 805 Sherbrook
West, Montreal, Quebec, H3A 2K6, CANADA

E-mail address: shahabi@math.mcgill.ca



