SIMULTANEOUS NON-VANISHING OF TWISTS

AMIR AKBARY

ABSTRACT. Let f be a newform of even weight k, level M and character ¢
and let g be a newform of even weight [, level N and character n. We give a
generalization of a theorem of Elliott, regarding the average values of Dirichlet
L-functions, in the context of twisted modular L-functions associated to f and
g. Using this result, we find a lower bound in terms of @ for the number
of primitive Dirichlet characters modulo prime ¢ < @ whose twisted product
L-functions Ly y(s0)Lg,x(s0) are non-vanishing at a fixed point so = oo + ito
with % <og <1

1. INTRODUCTION
Let Ly (s) = >~ x(n)n~* be the Dirichlet L-function associated to a Dirichlet
character x. In [E], Elliott proved the following.

Theorem Let Q > 2 be a real number, and so = og + itg a complex number in the
half-plane oy > % Then we have

, @ @
D D Ialso)l? = 2108270 T ((logQ)z)

p<Q x#Xo

as QQ — oo. Here the inner sum is taken over all non-principal characters (mod p),
for each prime p, and the outer sum over all prime numbers not exceeding Q.

Our first goal in this paper is to give a generalization of this theorem in the con-
text of twisted modular L-functions. Let S (I'o(M), ) be the space of holomorphic
cusp forms of even weight k, level M and character ¢. For f € S(To(M), ), let

k

F(z) =" ag(n)n = e2min:
n=1

be the Fourier expansion of f at ico. Let x be a primitive Dirichlet character mod
q with (¢, M) = 1. Then the twisted L-function associated to f and x is defined
(for Re(s) > 1) by

o

Lia() = 3 2O
n=1
Let b1
Loo(s) = (2m) T (=5~ +5),
and

Mg (s) = (qV M) Lo i (s) L (5)-
Then it is known that Af,(s) is entire and if f is a newform (in Atkin-Lehner
sense) it satisfies the functional equation
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(1) Ap(s) =epxAf (1 —s)
2 4

where f is the conjugate newform in Si (o (M), ). Here ey, = €,9(q)x(M)7(x)"q
where |ef| =1 and 7(x) is the Gauss sum. Note that |ef,| = 1.

We recall that for f € Sp(To(M), ) and g € S;(To(N),n) the Rankin-Selberg
convolution L-function is defined (for Re(s) > 1) by

L(f®g,s)zz%§g(n).

The following can be considered as a modular analogue of the above theorem of
Elliott.

Theorem 1.1. Let f € Si(To(M),v) and g € Si(To(N),n) be newforms. Let
Q > 2 and sg = gg + ity be a complex number with oq > % Then we have

- ——— Q> ¢(MN) Q’
P X% | Lan(s0 a0 = g gy U © 0. 200)+0 (_(log Q)Q)

(¢, MN)=1

where the inner sum 1is taken over the primitive characters modulo prime q. The
implied constant depends on f, g and sg. Here, ¢ is the Euler function.

In proving Theorem 1.1, we first find an asymptotic formula for the values
Ly, (s0)Lg (s0) on average when x varies on the set of primitive characters modulo
fixed positive integer ¢ (see Proposition 2.5). This result generalizes a theorem of
Stefanicki ([S], Theorem 2(a)).

Theorem 1.1 has an interesting application in the problem of non-vanishing of
twisted L-functions inside the critical strip. In Proposition 3.1, by employing the
large sieve inequality for characters, we establish an upper bound for the mean
square of the values |Ls ,(s0)Lgy(s0)|. Together, Theorem 1.1 and Proposition 3.1
imply the following.

Theorem 1.2. Let f € Si(To(M),4) and g € Si(To(N),n) be newforms. Let
so = 0g + ity be a fized point in the strip % < o9 < 1. Then we have

Q2

#{x] conductor(x) & prime < Q and Ly.x(s0)Lo.x(s0) # 0} > G-

as QQ — oo. The implied constant depends on f, g and sg.

This theorem should be compared to some non-vanishing results in the theory of
automorphic forms. To explain the connection, let F' be a number field, S be a finite
set of places of F', and 7 be a unitary cuspidal automorphic representation of GL(n)
over F. Let so = og + it be a fixed point in the complex plane. Then Rohrlich [R]
proved that for n = 1 and 2 there are infinitely many primitive ray class characters
x of F such that y is unramified at the places in S and L(7r ® x, s9) # 0. For n > 3,
Barthel and Ramakrishnan [BR] proved that the same result remains true as long
as m is tempered (i.e. satisfies the Ramanujan conjecture) and o¢ > 1 — niﬂ (see
also [LRS] for a related result). For automorphic representations of GL(4) over Q
(the case that is related to this paper) the result of Barthel and Ramakrishnan
states that for og > g there are infinitely many primitive Dirichlet characters that
L(m ® x,50) # 0. Note that our non-vanishing result (Theorem 1.2) surpasses the
bound g This is due to the fact that we are dealing with the product of two
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twisted GL(2) L-functions (Ly (s)Lg y(s)) and thus the Gauss sums associated to
the functional equations of these two L-functions cancel each other (see Lemma
2.2). Therefore the contributions from the sums corresponding to 1 — s¢ in Lemma
2.2 can be dealt with in ways similar to the sums corresponding to sg. This enables
us to prove a non-vanishing result in the half plane oy > % In fact a similar result
should be true on the line o9 = %, however establishing such a result needs a more
elaborate treatment of the error terms in Proposition 2.5.

In the next two sections we prove the above theorems.

2. THEOREM 1.1

Let kK > 1 and sqg = 09 + itg. We set
Py (s0) = Ly (s0)Lg,x(s0)-

We first derive an asymptotic formula for ZPX (so) as x varies over the primitive

X
characters mod q. Here we do not assume that ¢ is a prime. Let

1 _.ds

Zs,(z) = 3 /(1) Loo (s + 50)Loo,i(s + 50)x <

Writing the integral representations of the I" functions in the expression for Z;, ()
and interchanging the order of integration we arrive at

2 o kol ygo—1 t o =1ig,—1 t
ZSO(x) = (2’/T)7 70 A tl 2 e " o t22 e zdtg dtl.
tlz

Note that this representation for Z,(x) shows that |Z,(z)| < Zy, (), moreover
by integration by parts we can find an expression for Z, (x) in terms of K-Bessel
functions. Applying the standard bounds for K-Bessel functions yields

1 r<1
©) Zeo@ < { phtroostpoins o a1

(see [A], Lemmas 6.2 and 6.3 for details).
We next represent P, (so) as a sum of two rapidly convergent series.

Lemma 2.1. Let f € Si(To(M),v) and g € Si(To(N),n) be new forms. Suppose
that x is a primitive Dirichlet character modulo q with (¢, MN) = 1. Then

oy N ito R
Locr(so) Lo G (s0) = S7(s0) + epneanl@VATN) 2 (1) 8701 = s0)
where

Sra(s0)= Y M(ﬁ)mz&)(&

m,n>1 (mn)ﬂo m
and
a1 =)= 33 I (T)" Al g Kemxdo)

m,n>1
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Proof. We have
1 sds
Sr.9(s0) = 5~ / Lo (5 +50) Ly (s+ 50)Loo,i (s + 50) Lg 3 (s + 50) (¢° VM N) -
(1)

Moving the line of integration to the left of zero and calculating the residue at
s =0, and an application of (1) result in

e N 1to
S£.9(50) = Loo k(50) Loo,i(50) Py (50) + €5.x€5.5(¢*VMN)' 270 <M)

1 —-sd
g | Leca(l=s=s0)Ly 5 (1=5=50) Loc.t(1=5=50) Ly, (1-5—50) (¢* VM) f
(-1
Now changing s to —s yields the result. O

From now on for simplicity we let Lo (S0) = Loo,k(50)Loo,i(50). Next we average
P, (s0) over all primitive Dirichlet characters modulo q. We have
Lemma 2.2. Let ¢ #2 (mod 4 ) and (¢, MN) = 1. Then

*

Lao(s0) Y2 Pulso) = Y u(dota) (sﬁ,g<50>+efegwﬁ<q><quN>12°° (37) Os*?,gus()))

x(mod q) dlq

where p is the Mobius function, ¢ is the Euler function,

st )= Y M(ﬁ)%z&o(#%

o s (M) Am >VMN
m=n(mod d)
" (m)ag(n) /
N ar(m)ag(n) rmy o mn
Gd (1 _g) = arlm)ag(n) (_) Zi . _
=)= 2 T () A

m,n, (mn,q)=1
Nm=Mn(mod d)

Proof. From Lemma 2.1 we have

*

(o) Y Plso)= Y (Sf,g<sO>+efegwmq)x(M)x(quz¢MN>12”0(]\]2) Sl

x(mod q) Xx(mod q)

Note that es €55 = €7e5¢7(q)x(M)X(N). To simplify the above expression, we
need to evaluate Z x(m)x(n) and Z X(Mn)x(Nm). Let

x(mod q) X (mod q)
*
x(mod q)
We have
B ~ [ ¢(¢) if m=n (mod q)
th,n(d) = Z x(m)x(n) = { 0 otherwise.
dlq x(mod q)

Now applying the M&bius inversion formula ([M], Section 1.1) on the above identity
yields

*

> XXM) =ha(@) = Y u(3)6(d).

x(mod q) d|(g;m—n)

S())) .
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*
Applying this and a similar identity for Z X(Mn)x(Nm) in the expression for
x(mod q)

Loo(s0) Z P, (s0) at the beginning of the proof imply the result. a
x(mod q)

Next we find an asymptotic for the terms in Sj{ 9 (so) corresponding to m = n. To
explain our result we need to introduce a notation. We know that for any prime p,

af(p) = ayp1(p)+ay2(p) and ag(p) = ag1(p)+ay2(p), where a1 (p)ay,2(p) = ¥ (p)
and ag,1(p)ag,2(p) = n(p). Let

ro =T (1-“52) HH( 200)00,0)).

plg b i=1j=1
Lemma 2.3. Let f, g and sg be as Theorem 1.1. Then

as(magn) , 0
m(%_l n27o ZSO(qzm) Loo(s0)L(f ® g,200)Rq(200)

as q — oo.

Proof. From the definition of Z,, (), we have
2

aswayn) ,
2 e )

n,(n,q)=1
1 sds
=5 Lo 1(8 4 50) Loo,1(5 + 30) L(f ® g, 25 + 200) Ry (25 + 200)(¢*VMN) -
1)
Moving the line of integration to the left of zero implies the result. O

The next lemma gives an estimation for the off-diagonal terms in S;l’ 4(50).
Lemma 2.4. Let € > 0 be arbitrary, then
q ar (m)dg (n) ( n )ito mn 2—200+¢€
2)p(d =) Zs(5F7—==)=0 o).
Suhot@) S () 2 )= O(g2+)

d m,n, (mn,q)=1
la m=n(mod d),m#n

The implied constant depends on f, g, so and €.

Proof. We closely follow Section 3.2 of [S]. First of all we recall Rankin-Shiu’s
estimate for the sum of Fourier coefficients of modular forms. Let d # 1 and
(n,d) =1, then for a newform g we have

> lagw] < 5o (loga) ™

n<x
n=m(mod d)

as x — 00, where x > d® for 1 < a < 2. Here, 0 < €1 < § ~ 0.06... is arbitrary
and the bound is uniform in m, d and « (see [S], page 5 for details). We use this
together with Rankin’s estimate [RA1]

Z|af )| < z(logz)~°
m<x

to bound the inner sum in the statement of the lemma. Let 1 < o < 1 be a fixed
number. We only need to find estimates for the following ranges of m and n.
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(i) n > d*.

(ii) dse <n<m<d~.

(i) n < d5* and d < m < d°.

Now we estimate the inner sum in the statement of the lemma in each case.

(i) We assume n > d®. By employing Rankin-Shiu’s and Rankin’s estimates,
bounds for Z,,(z) and partial summation we have

las(m)] o], w1
> oo ma;q):l o ZUO(QQ\/W) < ¢(d)(q VMN)=o,

n=m(mod d)

2
>4 \d/J\lN

(m,q)=1

and
1
Z |af(;n)| Z |ag£.n)|Zoo( mn ) < (QQ\/W)l_UO (log(d‘aq2\/m))l‘5.
w0 el =1 ’ ¢*VMN ¢(d)
m?mq)Tul n=m(mod d)

(ii) Next we consider the range ds® < n < m < d® We recall from the Ranking-
Selberg theory [RA2] the asymptotic formula

> Jag(n)]? = cgz + O(a?)
n<x

where ¢, is a constant depending only on g. By employing Cauchy-Schwarz in-
equality and above asymptotic we have

S Jag(n + dtyay(n)] <

n<x

uniformly for z > (dt)%. Now by writing m = n 4+ dt for 1 < t < d*!, and
applying partial summation, we get the following estimation of the inner sum.
(n + dt)oono " 2VMN

1<t<d>—1 ;4 2VMN
== d5 % <n< =

2VMN)'=o0 1
< Y u<<g(q2\/MN)1—001ogd.

dt
1<t<do—1

2
A similar estimation is true for the range % <n <de.

(iii) Finally we consider m and n’s in the range n < d3* and d < m < d*. Note
that since 1 < a < % and ¢ > 3, we have § — (1 — 09) > 0. We choose an €
such that 0 < e < % — 19—004(1 — 0¢). By Deligne’s bound for the Fourier coefficients
of newforms we have

Jay (m)ay(n)] <. d.

By applying this bound we have

Z |af(m)ag(n)\Z mmn ) < d8e(l—o0)—l+e o g—c.

rmyeo 2\ E AT

n<db ¥, d<m<do
m=n (mod d)

Applying estimates of (i), (i) and (iii) to the inner sum in the statement of the
lemma implies the result. U

Combining the results of Lemma 2.2, Lemma 2.3 and Lemma 2.4 we have the
following.
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Proposition 2.5. Let f, g and sq be as Theorem 1.1 and let € > 0 be arbitrary.
Let ¢ # 2 (mod 4) and (¢, MN) =1. We have

Z Px(so) = L(f ® g, QUO)Rq(ZJO) Z/L(%)ﬁb(d) + O(q272a0+e).

x(mod q) dlq
The implied constant depends on f, g, so and €.

Proof. First of all note that a result similar to Lemma 2.4 is also true for the off-
diagonal terms in S}i g(l —80), and in this case the corresponding sum is bounded by
g%?°F¢. For the diagonal terms in S’?’ 4(1—s0) (ones corresponding to Nm = Mn),
by applying Deligne’s bound for Fourier coeflicients of new forms we have

lag(m)ag(n)| mn ne Mn?
lafim)ag\nt (™M1 _ N g
Z (mn)1*00 1 0(q2m> <<]\/[,N Z n2(170’0) 1 O(QQN\/W)

’NL,’VLN,/V(T’;H,:";V,IQ/VZ=1 nw(”)Q):l

< q20071+e.
Applying these estimates together with Lemmas 2.3 and 2.4 in Lemma 2.2 will
imply the desired result. ([l

Proof of Theorem 1.1. We sum the asymptotic formula given in Lemma 2.5 over
primes ¢ < Q where (¢, MN) = 1. Note that for ¢ prime, R,(200) = 1 + O(g~2°)

and Zu(%)qﬁ(d) = ¢ — 2. Now the result follows from the prime number theorem.

dlg
O

3. THEOREM 1.2

First of all in Lemma 2.1 let
B B n ito
bu= Y ag(m)a,(m)x(m)x(n) (=) .
u=mn
Note that by Deligne’s bound for Fourier coefficients of newforms we have
|b| < ut.

So by Lemma 2.1 for given X we have

u<X u>X

Loo(s0)Py(s0) = Y %%Jﬁ) +> %Zso(wﬁ)

u

by,
7 (e
Z ul—oo 1 (q2 /A[N)

u<X

B N ito
+ ernegx(@VMN)T20 (M)

oy N ito i)u u
+ €f7X€§7>’<(q2 v MN)l 200 (M) Z ul—o0 Zl_sO(q2,/MN)

= Li(so) + La(so) + La(so) + L4(80)7-

From here we have

(3)
| Lo (s50) 2 Z ﬁ 3 |Px<so>|2<<|Loo<80>|2ZZ$ |Li(50)]%-

(@A %) x(mod q) i=1q<@Q
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Now let X = VM NQ@?(log@Q)?. Then by employing bound (2) for Z,(z), we have

(4) Z(b @ Z [Li(s0)* < Q7"

q<Q x(mod q)

for i = 2, 4. We know that by the large sieve inequality for characters we have

S S S

<@ x(mod q)
(see [D], page 160, Theorem 4). Let

2 X

< (X +3Q)Y Jauf?

u=1

o = " g () > ap(m)a, (mx(n?) (=) .

(n,q)=1

By Deligne’s bound and (2) we have
lay| <eu70".
This bound together with the large sieve inequality imply that for i =1

DY Y P Y Y [

a<Q x(mod q) 9<Q x(mod q) lu=1

2

< Q*(logQ)*.

The same bound is valid for i = 3. Now applying (4) and (5) in (3) implies the
following.

Proposition 3.1. Let f, g and sg be as Theorem 1.1. We have

*

3 % 3 [Py(s0)P < Q%(log Q)%
Y s (mod q)

q<
(¢,MN)=1

The implied constant depends on f, g and sg.
Proof of Theorem 1.2. By Cauchy-Schwarz inequality we have

ORI

g<Q,q prime X(mod q)

#{x| conductor(x) a prime < Q and P,(so) # 0} > (7! — .
> s X IPdsoP
I o x(mod q)
The result follows from this inequality, Theorem 1.1 and Proposition 3.1. (]
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