Uniform Distribution of Zeros of Dirichlet Series
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Abstract

We consider a class of Dirichlet series which is more general than the Selberg
class. Dirichlet series in this class, have meromorphic continuation to the whole
plane and satisfy a certain functional equation. We prove, under the assumption
of a certain hypothesis concerning the density of zeros on average, that the
sequence formed by the imaginary parts of the zeros of a Dirichlet series in this
class is uniformly distributed mod 1. We also give estimations for the discrepancy

of this sequence.

1 Introduction

Let {x} be the fractional part of z. The sequence (7,) of real numbers is said to be
uniformly distributed mod 1 if for any pair a and b of real numbers with 0 <a <b <1

we have

< N; a<
o BN a<{} <}
N—o0 N
To determine whether a sequence of real numbers is uniformly distributed we have the

b—

following widely applicable criterion.

Weyl’s Criterion (Weyl, 1914) The sequence (v,), n = 1,2,---, is uniformly dis-
tributed mod 1 if and only if

N
1 mimny :
TUMYn, f .
]\}lm N E_l e =0, for all integers m # 0
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For a proof see [8], Theorem 2.1.

Here we are interested in studying the uniform distribution mod 1 of the sequence
formed by the imaginary parts of the zeros of an arithmetic or geometric L-series. In
the case of the Riemann zeta function, Rademacher observed in [16] that under the
assumption of the Riemann Hypothesis the sequence (a+y,) is uniformly distributed
in the interval [0, 1), where « is a fixed non-zero real number and =, runs over the

imaginary parts of zeros of ((s). Later Hlawka [6] proved this assertion unconditionally.

log x
2w 7

the set {{ay,}: 0 <, <T}is O(1/logT) , under the assumption of the Riemann

Hypothesis, and that it is O(1/loglog T') unconditionally. We emphasize that Hlawka’s
27

Moreover, for a = where z is an integer, Hlawka proved that the discrepancy of

result does not cover the case corresponding to o = 1, since in this case © = e is a
transcendental number by a classical theorem of Gelfond. Finally in [3], Fujii proved
that the discrepancy is O(loglogT'/log T') unconditionally for any non-zero «.

In this paper, we consider generalization of these results to a large class of Dirichlet
series which includes the Selberg class. In Section 2 we define and study some ele-
mentary properties of the elements of this class. Dirichlet series in this class, have
multiplicative coefficients, have meromorphic continuation to the whole plane and sat-
isfy a certain functional equation. Let S denote this class, and let 3+ 17y denote a zero
of an element F' of this class. Let Ng(T') be the number of zeros of F' with 0 < 5 <1

and 0 < v <T. We introduce the following.

Average Density Hypothesis We say that F € S satisfies the Average Density
Hypothesis if

S (5 — 2) = o(Ni(T)),
2

0<~y<T
8>3

as T — o0.

Let Np(o,T) be the number of zeros of F' with 0 < v < T and > o. The
Riemann Hypothesis for F' states that Np(o,T) = 0, for o > 5. A Density Hypothesis
for F', which is weaker than the Riemann Hypothesis, usually refers to a desired upper

bound for Ng(o,T) which holds uniformly for % < o < 1. Several formulations of such



hypothesis have been given in the literature. One can easily show that

1 1
> 0-y)= [ Moo

0<A<T
B>3
(see Section 4). This explain why we call the above statement an Average Density
Hypothesis.
Let (7), 7» = 0, be the sequence formed by imaginary parts of the zeros of F
(ordered increasingly). In Section 3, by employing Weyl’s criterion for uniform distri-

bution, we prove the following.

Theorem 6 Let F € S. Suppose that I satisfies the Average Density Hypothesis, then
for a #£ 0, (ay,) is uniformly distributed mod 1.

Consequently under the analogue of the Riemann Hypothesis for this class, the
imaginary parts of zeros of elements of this class are uniformly distributed mod 1.
However, proving these facts unconditionally is a new and a difficult problem in analytic
number theory.

To establish some unconditional results, in Section 4 we prove that if there is a
real k£ > 0 such that the k-th moment of F satisfies a certain bound then the Average
Density Hypothesis is true for F. Such moment bound is known (unconditionally) for
several important group of Dirichlet series. As a consequence of this observation, in
Section 5 we prove that Theorem 6 is true (unconditionally) for the classical Dirichlet L-
series, L-series attached to modular forms and L-series attached to Maass wave forms.
To extend these results further seems to be difficult. For example, can one show such
a result for zeros of Dedekind zeta function attached to an arbitrary number field K7
In the case that K is abelian over Q, we are able to do this. If the field is not abelian
over Q, the results can be extended in extremely special cases (for example in the case
that K is a dihedral extension of Q). The problem is intimately related to proving the
Average Density Hypothesis for these Dirichlet series.

Finally we derive estimations for the discrepancy of the sequence in Theorem 6. Our
main result here (Theorem 17) can be considered as an extension of Hlawka’s result
6] for the Riemann zeta function to the elements of S. Unlike Hlawka’s, our result
covers the case @ = 1 too. The main ingredients of the proof are a uniform version of

an explicit formula of Landau (Proposition 15), and the Erdés-Turan inequality.
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2 A Class of Dirichlet Series

o0
a
Let F(s) = E —Z, a; = 1, be a Dirichlet series with multiplicative coefficients which
n

n=1

is absolutely convergent for R(s) > 1. Then F'(s) has an absolutely convergent Euler
product on R(s) > 1. More precisely,

F(s) = 2 i—" =11 (Z ;ﬁ) =[[F(s), for R(s)>1. (1)

D k=0

We also assume that

F,(s) #0 on R(s)>1, for any p. (2)

.
Since E — is absolutely convergent for R(s) > 1, then for any € > 0, we have
nS
n=1

X
" < " “\1+e . 1+e€
S laal < 3l ()0 <t

n<lx n<x
and so
an e ntte (3)

This implies that log F,(s) has a Dirichlet series representation in the form

b
log F,(s) = Z pL:S, for R(s) > ¢, (4)
k=1

where ¢, is a positive number which depends on p.

Lemma 1 by is giwen by the recursion

where b, = a,.

Proof Note that by differentiating (4), we have

i Ay log p* B (i aik> (i by logpk>
ks - ks ks )
= P o P = P

for %(s) > ¢, + 1. Now the result follows by equating the p*-th coefficient of two sides
of the above identity. 0



Lemma 2 Let € > 0. Then by <, ()

Proof It is enough to prove that

2k — 1
k

bp’“ <e (pk)Hﬁa

which easily can be derived by employing the recursion of Lemma 1 for by, bound (3),

and induction on k. O

Notation Let
. byr if n = p*
" 0 otherwise

In light of (3) and Lemma 2, we can assume that a, <, n", for some 7 < %, and
b, <y n’, for some ¥ < % Also it is clear that in (2), we can assume ¢, = 9 for any p.

From now on we fix a 0 < 0 < g such that b,, < n?=¢ for some ¢ > 0. So

log F(s) = 3 U2

n=1

is absolutely convergent for $(s) > 6 + 1. By differentiating this identity, we get

F/ . > AF(TL)
—7(3)—2 T

n=1
for R(s) > 1+ 0, where

k

Ar(n) bylogn ifn=p
n) = )
F 0 otherwise

Definition Let S be the class of Dirichlet series

> a
F — n =1
(S) ot nsv ai )

which satisfy (1) and (2), and moreover, they satisfy the following.
(Analytic continuation) For some integer m > 0, (s — 1)™F(s) extends to an entire

function of finite order.



(Functional equation) There are numbers () > 0, o; > 0, r; € C such that

d(s) = Q° H U(ajs + 1) F(s)

satisfies the functional equation
P(s) = ed(1 — s)
where € is a complex number with |e] = 1 and ®(s) = ®(3).

This class is larger than the Selberg class S (see [17], and [9] for more information
regarding the Selberg class). There are two main differences between S and S. First
of all in § we assume that the Ramanujan Hypothesis holds. More precisely, for an
element in S, we have a,, < n" where ) > 0 is any fixed positive number, and $(r;) > 0.
Secondly, for an element of Selberg class, we have b, < n’, for some ¥ < % For an
element of 5’, we do not have these restrictions on a,, b, and r;. Note that since
F(s) # 0 on R(s) > 1, we have R(r;) > —a;.

From now on we assume that F' € S. We recall some facts regarding the zeros of
F. We call a zero of I, a trivial zero, if it is located at the poles of the gamma factor
of the functional equation of F'. They can be denoted by p = —k;r—:j with k=0, 1,---
and j = 1,--- ,r. The zeros of F(s) in the strip 0 < o < 1 are called non-trivial. By
employing the functional equation we see that if p is a non-trivial zero of F' then 1 — p
is also a non-trivial zero of F. In other words the non-trivial zeros of F' are symmetric
with respect to the line 0 = 1/2. The Riemann Hypothesis for F' is the assertion that
all the non-trivial zeros of F' are located on the line 0 = % From now on p = (§ + i,
denotes a non-trivial zero of F.

Let

Np(T)=#{p=B+iv: F(p)=0,0<p<1, 0<y<T}
It is known that
Np(T) = ;l—:;TlogT + crT + Op(logT)

with suitable constants dr and cp (see [9], formula (2.4)). We also recall a generalization
of an explicit formula of Landau, due to M. R. Murty and V. K. Murty, which states
that for x > 1 and T — o0,

> = o Aple) + Ora(logT), (5)



where

bylogz if z =p"

0 otherwise

Landau proved the above formula for the Riemann zeta function. For a proof in the
case of functions in the Selberg class (and similarly for the functions in S) see [12].
Also with a simple observation regarding the symmetry of the non-trivial zeros of F
respect to o = %, for 0 < x < 1, we have

I

0<H<T 0<y<T 0<H<T
= eAr() + Oa(losT). (6)
We also need the following three lemmas.
Lemma 3 Let F € S. We have
Np(T'+1) — Np(T) = O(log T).
The implied constant depends only on F'.

Proof This is the analogue of Lemma 4 of [14]. O

Lemma 4 Let F € S. Let s = o + iT denote a point in the complex plane and
p = [+ iy denote a non-trivial zero of F. Then there is Ty > 0, such that for

—g <o< % and T > Ty, where T does not coincide with the ordinate of a zero of F,

we have o )
= (s) = > il O(log T).

[v—T|<1

The implied constant depends only on F'.

Proof This is the analogue of Lemma 5 of [14]. O



Lemma 5 Let F' € S. Let 0y < 0 be fized. For o > 1 set F(s) = 307, 2. Then
there is Ty > 0 such that for t > Ty, we have

/

: F . , 1
F(UO +it) = —F(l — oo —it) —2log Q + ch log(d; + iejt) + O (;) :
j

Here c; and e; are real constants which depend only on F' and d; is a complex constant.

d; and the implied constant depend on F' and oy.

Proof Thisis a consequence of logarithmically differentiating the functional equation

of F and applying the asymptotic
I 1
() logs+0<| |)

which holds as |s| — oo in the sector —7 + 1 < args < m — n for any fixed n > 0 (see
[11], Exercise 6.3.17). O

3 Uniform Distribution
We are ready to state and prove our main result.

Theorem 6 Let F € S. Suppose that F satisfies the Average Density Hypothesis, then
for a #0, (ay,) is uniformly distributed mod 1.

Proof By the Weyl criterion, to prove the uniform distribution of (-, ), for nonzero

integer m, we should consider the exponential sum

E 27rzmoc7 E .I‘

0<~<T 0<~<T

where x = €™, We have the identity

NFl(T) Z g TE (Z 2B 4 Z (:v?*w ﬁ+m>>‘ (7)

0<~<T 0<~<T




We assume that © > 1. So by the mean value theorem, and the fact that the non-trivial

zeros of F' are symmetric respect to o = %, we have

1

E <x%+ry__x6+h> < E x% —'x6‘<<.r10g17 E :(ﬁ'—'§)- (8)
0<H<T 0<y<T 0<y<T
B>5

Now by applying (5) and (8) in (7), we have

1 , 1 1
Y . T _
M 22 < W |7 2
0<~<LT OE;%T
2

From here since Np(T) ~ c¢oT'logT, for some fixed constant ¢y, and F' satisfies the

Average Density Hypothesis, we have

> 2" = o(Np(T)).

0<H<T

The same result is also true if x < 1, we basically repeat the same argument and apply
(6) instead of (5).
So, by Weyl’s criterion, (ay,) is uniformly distributed mod 1. O

Corollary 7 Under the analogue of the Riemann Hypothesis for F, (ay,), o # 0, is
uniformly distributed mod 1 where o # 0.

4 Moment Hypothesis — Average Density Hypoth-
esis

We introduce the following hypothesis.

Moment Hypothesis We say that F € S satisfies the Moment Hypothesis if there
exists a real k > 0 such that

1

Mp(k,T) = / (5 + 0 dt = O (exp(w(T))

for some Y(T'), where (T is a positive real function such that (T) = o(logT).

9



Our goal in this section is to prove that this hypothesis implies the Average Density
Hypothesis. Using this in the next section we give several examples of Dirichlet series
that satisfy the Moment Hypothesis and so by Theorem 6, the imaginary parts of their
zeros are uniformly distributed mod 1.

Let

Np(o,T)=#{p=0+iv: F(p)=0, 8=0, 0<y<T}

We note that since the non-trivial zeros of F' are symmetric respect to o = %, we have

16}
S G-y = Z/ do

0<~<T 2

1 1
B>% B>5

1
= /NF(U,T) do.
3

Next let R be the rectangle bounded by the linest =0,t =T, 0 =0, and c =1+ 0
(% <0 <1446, and @ is defined in Section 2). Then by an application of the residue
theorem (and the usual halving convention regarding the number of zeros or poles on

the boundary), we have

me 1 [ F'(s)
Np(o,T) - F = =
ro D) =5 =55 | Fe ™

(9)

where mp is the order of pole of F' at s = 1. Now let Ry be the part of R traversed
in the positive direction from ¢ to o + i1 and let Ry be the part of R traversed in
the positive direction from ¢ + 4T to o. Then by integrating (9) from % to 1+ 6 with

respect to o and splitting the integral over R we have

omi / v (NF(U, T) - %) do = / e /R 1 ];((j)) ds + / s /R 2 ];((;) ds. (10)

We choose Ty < 1 and T'—1 < Ty < T + 1 such that T and 77 are not equal to an
ordinate of a zero of F'. Let R} be the part of the rectangle bounded by ¢t = Ty, t = T},

o =0 and 0 = 14 6, traversed from o + i1y to o + ¢T;. Then since, by Lemma 3, the

number of zeros of F' with ordinate between T'— 1 and T'+ 1 is < log T, we have

F(s) = ls) s o
/R1 F(s)ds = /R/1 F(s)d + O(log T')

= log F(o +iTy) — log F(o + iTy) + O(log T). (11)

10



We also have

/ da/ (S)ds = / dt/ (o Flotit) do
1 R, F(5) (o + @t

= /0 (log F(2 +it) —log F(1 —i—H—l—zt)) idt.  (12)

Applying (11) and (12) in (10) and considering only the imaginary part of the resulting
identity yields

1+6 m 1+6 146
27?/ (NF(U, T) - 7F) do = / arg F(o +iT) do — / arg F(o +iTy) do
1 1 1

T 1 T
+/ log |F(= +zt)|dt—/ log |[F(1+ 0 +it)| dt
0 0

+O(log T). (13)
We note that
T o0 b nfiT -1
log |[F'(1 40 +it)| dt = L ] =0(1).
/0 og [F(1+0+it)] §R(;nlw —ilogn o)

Also we know that
arg F(o +iTy) = O(logT), and arg F(o +iTy) = O(1),

(see [9], formula (2.4)). By applying these estimations in (13) we arrive at the following

lemma.

Lemma 8 As T — oo, we have

! 1 (T 1
/ Np(0,T) do = —/ log |F(X & it)] dt + Olog T).
% 27T 0 2

The implied constant depends on F'.

In the sequel we need a special case of Jensen’s inequality, which states that for any

non-negative continuous function f(¢)

ﬁ/blogf(t) dt < log{ﬁ/b f(t)dt}.

11



Proposition 9 Let F € S. If F satisfies the Moment Hypothesis, then F satisfies the
Average Density Hypothesis.

Proof From Lemma 8, Jensen’s inequality and the Moment Hypothesis, we have

! I 1

/NF(U,T) do = —/ log | F(~ + it)| dt + O(log T)

% 27T 0 2
= ! Tlo |F(1 +it)|* dt + O(log T)
 dwk sIF T &

T IR |

< —log{ — F(=+it)|** at log T
< pplos{g [ RGP a4 oosm
L, r TY(T),

and so

Z(ﬁ—%) = ﬁNF(J,T)da

0<~<T
>3

L r TY(T).

O

Note: From the proof of the previous proposition it is clear that the desired bound on

Il N r(0,T) do can be achieved under the assumption of a non-trivial upper bound for
2

the mean value of log |F'|. This weaker assumption can be deduced from a non-trivial

upper bound on any positive moment of F'.

5 Examples

Let {(s) be the Riemann zeta function. For a primitive Dirichlet character mod ¢, we
denote its associated Dirichlet L-series by L(s, x). Let L(s, f) be the L-series associated
to a holomorphic cusp newform of weight k£ and level N with nebentypus ¢, and L(s, g)
be the L-series associated to an even Maass cusp newform of weight zero and level N

with nenentypus ¢.

Proposition 10 The moment Hypothesis is true for ((s), L(s,x), L(s, f), and L(s, g).

12



Proof For k=1, it is known that
M(,T) < TlogT

for these L-series. In fact, in all cases more precise asymptotic formulae are known.
See [7] for ((s), [10] for L(s,x), [18] for L(s, f), and [19] for L(s, g). O

Corollary 11 The sequences (a7y,), o # 0, for ((s), L(s,x), L(s, f), and L(s,g) are
uniformly distributed mod 1.

Proof One can show that these L-series are in S. Now the result follows from
Proposition 10, Proposition 9, and Theorem 6. 0

Remark If y; is an imprimitive character mod /¢, the assertion of the previous corollary

remains true for L(s, x1). To see this, note that

X\Pp
250 = [T (1= 22 26500 = Plsn 2G5, 0

ply
where x is a primitive Dirichlet character mod ¢ (¢ | £). Since the zeros of 1 — x(p)/p*
are in the form v, = i(to + 2mm/logp) for fixed t, and m € N, then the total number
of zeros of P(s, x) up to height T"is < T'. Therefore » o, 7 e « T Now the

uniform distribution assertion follows by Weyl’s criterion.

The following simple observation will be useful in constructing examples of Dedekind

zeta functions whose zeros are uniformly distributed.

Proposition 12 (i) Let (a,) and (b,) be two increasing (resp. decreasing) sequences
of real numbers, and let (c,) be the union of these two sequences ordered increasingly
(resp. decreasingly). If (a,) and (b,) are uniformly distributed mod 1, then (c,) is also
uniformly distributed mod 1.

(i) For F, G € S, if the sequences (ayp,) and (ayg,), a # 0, formed from
imaginary parts of zeros of F' and G, are uniformly distributed, then the same is true

for the sequence (ayre,n) formed from imaginary parts of zeros of FG.

13



Proof (i) Without loss of generality, we assume that (a,) and (b,) are increasing.
For t > 0, let n.(t) be the number of elements of (¢,) not exceeding ¢t. So n.(t) =
na(t) + ny(t). We denote a general term of (¢,,) by c¢. We have

|cht 627rimc| B | Zagt 627Tima + Zbgt 6271"L'mb|
ne(t) nq(t) + ny(t)
| Zagt 627Tima| | Zbgt 627Timb|
Na(t) m(t)

Now the result follows from Weyl’s criterion.
(ii) This is clear from (i), since the set of zeros of F'G is a union of the zeros of F
and the zeros of G. O

Corollary 13 Let K be an abelian number field. Then (ay,), a # 0, for the Dedekind

zeta function (x(s) is uniformly distributed mod 1.

Proof Since K is abelian, (x(s) can be written as a product of Dirichlet L-series
associated to some primitive Dirichlet characters ([15], Theorem 8.6). So the result

follows from Corollary 11 and Proposition 12. U

Corollary 14 Let K be a finite abelian extension of a quadratic number field k. Then
(ayn), a # 0, for the Dedekind zeta function (x(s) is uniformly distributed mod 1.

Proof Since Gal(K/k) is abelian, we can write
Cre(s) = [ [ Lis,0),
(]

where by Artin’s reciprocity, ¢’s denote the Hecke characters associated to certain
grossencharacters of k ([5], Theorems 9-2-2 and 12-3-1). We know that correspond-
ing to 1 there is a cuspidal automorphic representation m of GLi(Ay) such that
L(s,1)) = L(s,m) (see [4], Section 6.A). On the other hand since k/Q is quadratic,
the automorphic induction map exists [1]. In other words, there is a cuspidal automor-
phic representation I(m) of GLy(Ag) such that L(s, ) = L(s, I(7)). So

Cils) = [ Ls, 7).
I(m)

However it is known that the cuspidal automorphic representations of GLy(Ag) corre-
spond to holomorphic or Maass forms (see [4], Section 5.C), so the result follows from

Corollary 11 and Proposition 12. O
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6 Discrepancy

We define the discrepancy of the sequence (ary,) by

Dy (T) = sup #0<~<T; 0<A{ay} <} )

Sup NeD) °

In this section we employ the Erdos-Turan inequality to establish an upper bound
in terms of a and T' for Dy ,(T). The main tool needed is a uniform (in terms of z)

version of (5). The following proposition gives a uniform version of Landau’s formula.

Proposition 15 Let F € S. Let x > 2 and ny be the closest integer to x. (If x is a
half-integer, we set n, = [x] + 1.) Then we have

Z 2” = 6,7+ O(x' P log T),

0<<T

where T
5x,T = ——AF(.I) if ze€ N,
21
and

dpr < Ap(n,) min{T, }oif x ¢ N.

| log - |
The implied constants depend only on F'. Recall that 0 < 6 < % is such that b, < nf=¢

for some € > 0.

Proof We follow Proposition 1 of [13] closely. We choose T" and Tj such that

S(ry)

@

T > 1Ty > max
1<j<d

Y

moreover we assume that Tj is large enough such that the assertions of Lemmas 4 and
5 are satisfied. Also we assume that Tj and T are not the ordinate of a zero of F'.

Next we consider the rectangle R = Ry U (—R2) U (—R3) U Ry (oriented counter-
clockwise), where

Ry: (1+6)+it, Th<t<T,

Ry: o+iT, —0<oc<1+6,

Ry: —0+it, Th<t<T,

15



Ry: o+ily, —0<o0<1+48.

By the residue theorem, we have

1 F’
27TZ R

Jr'ds = > at. (14)

To<~y<T

Here p runs over the zeros of F(s) inside the rectangle R (considered with multiplici-
ties). Let I; = ﬁ fR,. We have

_iw/TngAF(m)
_ _%AF(HI) (%)He /TOT (n%)“ dt+0 <x1+9 > lAniH@ | '/ D

m#ng
l+9 | 1
= Lr+0 Z m1+9

m#£ng | lOg m ’

1 146 ,T it
2m Ny 7o \ Nz
Next we note that

140 Ar 1 146 |Ar 1
<Lz .

2\ 10+t
) dt

where

We split this series into ranges m < %, % < m < 2n,, and m > 2n,, denoting them
as y ., ».o and Y .. Now it is easy to see that

Z+Z<<x1+9
1 3

For the second sum, we note that if |z| < 1, then
1
| ~log(1— ) 2 5z

By employing this inequality in ) ,, we have

S X eml|

BE <m<2ng

m#“ng

< ZE1+6
m

16



Next from Lemma 4, we have

1 —0+:iT F/ —0+:T s
L= — ~(s)z'ds = / -

ds + Oz log T)). 15
27 g F s+O0(z " logT) (15)

y—T|<1” 1H0+T S—=p

Let Cp be the circle with center % + ¢T" and radius % + 6. We denote the upper
(respectively lower) semi-circle of Cr by Cf (respectively C). We assume that v < T,

then oir
/ z ds = / * ds,
(14+0)+iT S — P cfS— P

where we consider Cf in clockwise direction. Now since |s — p| > 6, the integral over

Ci is O(2'9). A similar result is true for v > T, in this case we consider the lower
semi-circle C;.. Finally we note that by Lemma 3, the number of terms in Z| y—T|<1 18

O(logT'). So applying these estimations in (15) yields
I, < 21 og T.

Next we estimate 5. From Lemma 5 we have

1 [T log Q
Iy = — 140 —it)z™"+"dt
’ 2m F FUF i) R T Jn

+ Zc]/ ~0itlog(d; + dejt)dt + O(x % log T)

79+’Ltdt

= I3+ Isp + Is3 + O(z 7% log T)). (16)

We have

T
_ —9 E it —6 § : |AF< )| -0
]31 - 7’Ll+9 (_L (xn) dt) Lz Wg() Lz 7,

and . ,
lo -

132 = gQ.fie tht < l

T T ogr

Also an application of integration by parts results in

lgT
log x

I3 = — ch/ 0+t Jog (d, + iet)dt <

17



Applying these bounds in (16) yields

]3 < log T.

Finally since %(s) is bounded on Ry, we have

1+60
]4 < / 2°do <K J}1+9.
0

Now applying the estimations for I, I, I3, and I, in (14) yield

Z 2 = Ip+ O logT).

To<y<T

The result follows from this, together with the facts that the number of zeros of F' with

0 < v <Tj is finite and
VRN
f, ()
To nl’

< min{T,

isT — 1Ty if x =n, and it is

1
—f——;—}-
\ogn—z|

O

Next we consider the following hypothesis. We say that F' € S satisfies the Refined
Average Density Hypothesis if

S (8- 2) = o(Tw(T)),
2

0<A<T
B>3

for some t(T'), where ¢ (T) is a positive real function such that ¥(T") = o(log T').

Corollary 16 In Proposition 15 under the assumption of the Refined Average Density
Hypothesis for F', we have

d a7 = .1 + O(22max{log T, TY(T)}).

X
1
0<~<T Lz

Moreover, under the assumption of the Riemann Hypothesis for F', we have

Z T = 51’1T + O(x%w log T').

0<<T Lz
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Proof This is evident from (7), (8), and Proposition 15. O
We are ready to state and prove the main result of this section.

Theorem 17 Let F € S. Assume that o > lgff, and let © = e*™.

(1) If F satisfies the Refined Average Density Hypothesis with 1¥(T) > 1 then

Dpo(T) <p —F—=-
’ log (M)
»(T)
(13) Assume that 0 < 6 < %, then under the assumption of the Riemann Hypothesis
for F,
Dy o(T) <p

«
logT"
(1i1) Let x be an algebraic number that is not a k-th root of a natural number for

any k, then under the assumption of the Riemann Hypothesis for F,

Dy (T « ——.
F,a( )<<F, IOgT

0 can be > 3 in (iii).

Proof (i) From the Erdés-Turén inequality, for any integer K, we have

K
1 3 1 A
D5 (T < - 2mikory .
FalT) < K+1+NF(T)’;I<: O;Te
So by applying Corollary 16, we have
DL (T) < 1.0 il >
’ K  Ng(T) p k ot
K K 1
1 1 Ap(ngr) ok +3)
< —=+ T + TyY(T)
R N ( 2t 27
1 1 2#0=2) Jog 2 K k(0+3)
<L =+ T — 4+ TY(T
w (TR T S
1Y) ket
— 2 log K
S K i’ o8



Now the result follows by choosing

log T
log (w(T)>
(20 +1)logx’
(ii) By the Erdoés-Turan inequality and Corollary 16, we have

K

. 1 1 1 Z.
Dia(T) < 2+ o ZE >
FAS) =1 ™ losy<r
K K 1
1 1 log xk0+3)
< ?jLNF(T) TZ k(%79)+10gTZ ?
k=1 k=1
1 log L kotdy
L =+ ——"F"""+ =7 2 log K.
K g30 logT T &
Now the result follows by choosing
B logT
@+ 1)logz’
(iii) We have
1 1 =1
Dn, (T) < —+ (Z — Z il )
K Ng(T) — k et
K K 1
1 1 Ap(ngr) 2F0+3)
< =+ +logT
K Ngp(T) (k:l kxﬂklogm — log nx| ; k
< 1 n Ke&
YK T
We choose oo T
K=-2
c+1

to get the result. Here, we use Baker’s theorem to get a lower bound for a linear form

in logarithms of algebraic numbers. More precisely by Baker’s theorem [2], we have

ak

)

|klog x — logn,.| > e~
where a is a constant which depends on . 0
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