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Abstract

We investigate a variety of questions in the theory of Shimura varieties
of orthogonal type. Firstly we provide a general introduction in the theory of
these spaces. Secondly, motivated by the problem of understanding the special
points on Shimura varieties of orthogonal type we give a characterization of
the maximal algebraic tori contained in orthogonal groups over an arbitrary
number field. Finally, motivated by the problem of computing dimension for-
mulas for spaces of modular forms, we compute local representation densities of

lattices focusing specifically on those arising from Hermitian forms by transfer.



Resumé

Le but de cette these est I’exploration d’une variété de questions sur les
variétés de Shimura de type orthogonal. On commence par une introduction a
la théorie de ces espaces. Apres, dans le but de caractériser les points spéciaux
sur les variétés de Shimura de type orthogonal, on décrit les tores algébriques
maximaux dans les groupes orthogonaux. Finalement, dans le but d’obtenir
des formules explicites pour la dimension des espaces de formes modulaires sur
les variétés de Shimura de type orthogonal, on trouve des formules pour les
densités locales des réseaux. On se concentre sur les réseaux qui proviennent

de la restriction de formes Hermitiennes.
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CHAPTER 1
Introduction

The primary motivation for this thesis has been to understand various
aspects of orthogonal Shimura varieties. The study of these orthogonal sym-
metric spaces and their modular forms fits into the larger picture of automor-
phic forms on Shimura varieties. This topic has connections to the study of
Galois representations and the Langlands conjectures. There are connections
to explicit class field theory via the values of modular forms at special points.
Moreover, the Gross-Zagier theorem [GZ86], which allows for the construction
of non-torsion points on elliptic curves, has natural conjectural generalizations
in this context, see for example the work of [BY06]. Understanding this phe-
nomenon remains an important open question.

Modular forms have been both a successful tool and object of study in
number theory for some time. As a result various generalizations also became
objects of interest. An axiomatic treatment of many of these generalizations
was given by Deligne in [Del71]. In his article he defines the notions of Shimura
varieties. These Shimura varieties are highly related to Hermitian symmetric
spaces, and are classified into families in much the same way. Although many
of these families have already been well studied, those we will investigate have
received less attention. The orthogonal Shimura varieties are precisely the
generalizations that come from replacing the classical upper half plane by an
orthogonal symmetric spaces associated to a quadratic form of signature (2,n).
Though these spaces have been known for some time, many aspects of them
have yet to be studied extensively and at present remain mysterious. It is

only recently that results coming out of the Fields Medal work of Borcherds,



in particular his work in [Bor95], have renewed interest in the structure of
these spaces. Borcherds’ contribution to the theory was to define a lift of
classical modular forms on the upper half plane to modular forms on these
orthogonal spaces. This lifting allows for the construction of special divisors
together with Green functions that are objects of great interest in Arakelov
theory. The work of various people, especially Brunier, Kudla, Rapoport and
Yang (see [BKY12, Kud04, KR99]) have led to strong conjectures about the
intersection theory of divisors on these spaces.

The bulk of the original results contained in this thesis are contained in
two papers:

1. The Characterization of Special Points on Orthogonal Symmetric Spaces
and
2. Representation Densities for Hermitian Lattices.
These appear in this thesis as Chapters 3 and 4 respectively. The first paper
was published, in a format similar to what appears here, in [Fiol2]. The second
has not yet been submitted, and it may be restructured into shorter papers
before being submitted.

Though the results of both of these chapters have applications outside the
realm of orthogonal Shimura varieties, they are both motivated by the study
of particular aspects of these spaces. The concrete relation of these chapters
to orthogonal Shimura varieties is discussed in more detail in Chapter 2.

The first of the two papers characterizes which number fields can be asso-
ciated to the algebraic tori in orthogonal groups. The application of this result
in the study of orthogonal Shimura varieties is that it gives a characterization
of the fields that are associated to the special points of these Shimura varieties.

The results of this paper motivate our interest in a certain class of quadratic



forms, that we call Hermitian and it is these Hermitian forms on lattices that
are the motivation for our second paper.

Our second paper focuses on computing the arithmetic volume of the
orthogonal groups associated to Hermitian lattices. These volumes, which are
computed by way of representation densities, determine the lead term in a
Riemann-Roch formula for dimensions of spaces of modular forms, but are
also of independent interest. Though the primary motivation of the paper is
the study of Hermitian lattices over the rational numbers, along the way we
produce general formulas for computing representation densities over arbitrary
number fields, as well as proving several structure theorems for the transfer
of lattices. These latter results are of interest outside the study of Shimura
varieties.

Aside from Chapters 3 and 4 which contain these papers, Chapter 2 is
also fairly substantial. It can be viewed as either the background material
necessary to understand the relation of the aforementioned chapters to the
appropriate problem in the theory of orthogonal Shimura varieties, or a survey
of the general theory of modular forms on Hermitian symmetric domains with
an emphasis on the orthogonal case. Though most of the content of this
background chapter is not new, the details of at least some aspects of the
discussion are not known to appear in the literature.

A discussion of some further avenues of research are discussed in our

conclusion (Chapter 5).



CHAPTER 2
Background And Motivation

The main purpose of this chapter is to explain the connection between
the later chapters of this thesis and questions concerning orthogonal Shimura
varieties. The connection for the content of Chapter 3 is made apparent in
Section 2.7.3, whereas the connection for the content of Chapter 4 is made
apparent in Section 2.5.4. The main purpose of the other sections in this
chapter is to provide sufficient background on orthogonal Shimura varieties
to properly explain these connections. Strictly speaking we provide far more
background than is needed.

The primary object of interest in this document are Shimura varieties of
orthogonal type. In order to give a satisfactory definition of these one needs the
terminology and notation of the theory of Hermitian symmetric spaces [Hel01],
quadratic spaces and orthogonal groups [O’M00, LamO05, Ser73]. Note that
Chapter 4 contains information about lattices, while Chapter 3 gives a basic
overview of Clifford algebras. To put it in the right context one should perhaps
also have access to the basic notions of Shimura varieties [Mil05, Del71].

It is our intent in this chapter to give a survey of the basic theory of
orthogonal symmetric spaces. Other references include [Fio09, Bru08]. The
sections of this chapter are organized as follows.

(2.1) Introduces key notations and results for orthogonal groups.
(2.2) Covers the key notions of Hermitian symmetric domains.

(2.3) Provides a basic definition of modular forms.
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(2.4) Surveys the construction of toroidal compactifications explaining the rel-
evant structures for the orthogonal group. We do not however give any
explicit compactifications for this case.

(2.5) Surveys the problem of computing dimension formulas for spaces of mod-
ular forms via the Hirzebruch-Mumford proportionality theorem (see
[Mum?77]).

(2.6) Discusses the ramification structures between different levels introducing
two interesting classes of cycles on orthogonal Shimura varieties.

(2.7) Introduces the notions of Shimura varieties, special points and special
fields.

One can view Sections (2.1) - (2.4) as an overview of the construction of

toroidal compactifications (see [AMRT10]). Whereas sections (2.1)-(2.6) can

be put together to form a survey article on an approach to the problem of
finding dimension formulas for spaces of modular forms.

2.1 Basics of Orthogonal Groups

It is natural to assume that the reader has a basic understanding of
quadratic spaces. Thus, the main purpose of this section is to introduce our
notation.

Definition 2.1.1. Let R be an integral domain, and K be its field of fractions.

Given a finitely generated R-module V', a quadratic form on V' is a mapping

q : V — K such that:

1. q(r@) = r*q(Z) for all r € K and Z € V, and
2. B(Z,Y) == q(Z+ 9) — q(¥) — q(¢) is a bilinear form.

Given such a pair (V] ¢), we call V a quadratic module over R. The quadratic

module V' is said to be regular or non-degenerate if for all ¥ € V' there exists

y € V such that B(Z,¥) # 0.

11



Remark. Given an R module V and a bilinear form b : V x V — K we have
an associated quadratic form ¢(Z) = b(Z, Z). Note that B(Z,¥) = 2b(Z, 7).
Definition 2.1.2. We define the Clifford algebra and the even Clifford

algebra to be respectively:
C, =V /(T@ T —q(¥)) and C) := ®VE*/(T® 7 — ¢(7)).
k k

They are isomorphic to matrix algebras over quaternion algebras. We denote
the standard involution ¥} ®- - - QR v, + U, ®- - -®v] by v — v*. To a quadratic

form ¢ we will associate the following algebraic groups:
O,(R) ={9€ GL(V®rR) | q(Z) = q(g(Z)) for all z € V @ R’}
SO,(R) = {g € O,(R) | det(g) = 1}
GSpin, (R') = {g € (C, ®rR)* | gVg' C V}
Spin,(R') = {g € GSpin,(R') | g- 9" = 1}.

Proposition 2.1.3. Given a quadratic form q we have a short exact sequence

of algebraic groups:
0 — Z/27Z — Spin, — SO, — 0.

Over a number field k, with T' = Gal(k/k), this becomes the long exact se-

quence:
0 — Z/2Z — Spin, (k) — SO,(k) % H'(U,Z/2Z) — . ...

The map 6 is called the spinor norm.
Notation 2.1.4. We have the following standard invariants of (V] q):
e Whenever V is free over R we shall denote by D(q) the discriminant

of ¢, that is, D(q) = det(b(t;, U;); ;) for some choice of basis {1, ..., Uy}
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e We shall denote by H(q) (or Hgr(q), Hy(q)) the Hasse invariant of g,
that is, if over the field of fractions K of R we may express ¢(Z) = Y, ;27
then H(q) = [[,;(ai,a;)r. Here (a,b)x denotes the Hilbert symbol (see
[Ser73, Ch. III] and [Ser79, Ch. XIV]).

e We shall denote by W(q) the Witt invariant of ¢, that is, the class in
Br(K) of C, when dim(V') is odd or of C)) when dim(V) is even.

e For a real place, p : R — R, we shall denote by (r,,s,), the signature
of g at p. Here r, denotes the dimension of the maximal positive-definite
subspace of V®,R and s, denotes the dimension of the maximal negative-
definite subspace of V ®, R.

2.2 Hermitian Symmetric Spaces

In this section we briefly recall some key results about Hermitian sym-
metric spaces. A good reference on this topic is [Hel01]. Most of what we will
use can also be found in [BJ06, Sec 1.5], or [AMRT10, Sec. 3.2].
Definition 2.2.1. A symmetric space is a Riemannian manifold D such
that for each € D there exists an isometric involution s, of D for which
x is locally the unique fixed point. We say that D is Hermitian if D has a
complex structure making D Hermitian.

Example. The standard example of this is the upper half plane:
H={z+iyeC|y>0}

It is a consequence of the definition that we have:
Theorem 2.2.2. Fiz x € D, G = Isom(D)°, K = Stabg(z) and let s, act on
G by conjugation then D ~ G/K and (G**)° C K C G*. Moreover, given
any real Lie group G, an inner automorphism s : G — G of order 2, and K
such that (G*)° C K C G, then the manifold D = G/K is a symmetric space.

See [Hel01, Thm. 1V.3.3].

13



Theorem 2.2.3. A symmetric space D = G /K is Hermitian if and only if the
centre Z(K) of K has positive dimension. Moreover, if D is irreducible then
Z(K)® = SO, (R).

See [Hel01, Thm. VIIL.6.1].

There are three main types of symmetric spaces:

1. Compact Type: In general these come from compact Lie groups G.

2. Non-Compact Type: In general these arise when K is the maximal com-
pact connected Lie subgroup of GG, or equivalently when s, is a Cartan
involution.

3. Euclidean Type: These generally arise as quotients of Euclidean space
by discrete subgroups.

The definitions of these types can be made precise by looking at the associated
Lie algebras.
Claim. Fvery symmetric space decomposes into a product of the three types
listed above.

See [Hel01, Ch. V Thm. 1.1].

For D a Hermitian symmetric space of the non-compact type, one often
considers the following objects (see [Hel01] for details):

e The Lie algebra g of G.

e The Lie sub-algebra ¢ C g of K.

e The Killing form B(X,Y) = Tr(Ad(X) o Ad(Y)) on g.

e The orthogonal complement p of € under B is identified with the tangent
space of D.

e The centre Z(K) of K and its Lie algebra u.

e A map hg:S50y - Z(K) C K C G such that K is the centralizer of hy.

e The element s = Ad(ho(e'™?)) induces the Cartan involution whereas

the element J = Ad(hg(e"™*)) induces the complex structure.
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Through these one can construct:

e A G-invariant metric on D (via B and the identification of the tangent
space of D with p).

e The dual Lie algebra g* = ¢®p. This is the Lie algebra of G the compact
real form of G.

e The ideals p,,p_ C pc which are the eigenspaces of u.

e The parabolic subgroups P, associated respectively to p.

e The embeddings D = G/K < G¢/KcP_ ~ G/K ~D.

There exists a duality between the compact and non-compact types, that
is, if D is of the compact type, there exists a dual symmetric space D such
that D < D. The following theorem makes this more precise.

Theorem 2.2.4. The subgroups Py and K defined above satisfy the following:
o The natural map P, x K¢ X P_ — G s injective, and the image contains
G.

e There exists holomorphic mappings

exp

P,

G/K — Py x K¢ X P_/(K¢cP-) ——» Py

|

P+ 4>->P+ X K(C X P,/(K(CP,) 4»G(C/(K(Cp,)

D¢ P+

e These embed D into the complex projective variety D ~ G¢/(KcP-).
Moreover, the inclusion D in p realizes the space as a bounded domain.
See [AMRT10, Thm. 1 Sec. 3.2] or [Hel01, Sec. VIIL7].
We wish to describe the image of D in p,. To this end we have the
following result.
Theorem 2.2.5. With the notation as above, where r is the R-rank of G,

there exists a morphism ¢ : SUy x SL; — G such that:
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1. @(u, hg®(u)") = ho(u), and
2. ¢ induces a map H" — D.
Moreover, every symmetric space map H — D factors through .
See [AMRT10, Thm. 2 Sec. 3.2] and [AMRT10, Prop 2 Sec. 3.2].

Let 7 denote complex conjugation with respect to g then:
BT(U7 U) = —B(U, T(U))

is a positive-definite Hermitian form on g¢c. For each X € p, we have a map
[, X] : p— — tc. Denote by [-, X]* : ¢ — p_ the adjoint with respect to this
Hermitian pairing. We may now state the following.

Theorem 2.2.6. The image of D € p is:
Ad(K) - im(p) = {X | [, X]" o [, X] < 21d,_},

where the inequality implies a comparison of operator norms.

See [AMRT10, Thm. 3 Sec. 3.2].

Corollary 2.2.7. Every Hermitian symmetric domain D of the non-compact
type can be realized as a bounded domain.

See [Hel01, Thm. VIIL.7.1].

2.2.1 The O(2,n) Case

We now discuss the example of the Hermitian symmetric spaces in which
we are most interested. That is those associated to quadratic spaces of signa-
ture (2,n). Other references on this topic include [Fio09, Bru08, Bru02].

Let (V, q) be a quadratic space over Q. Then V(R) := V ®R has signature
(r,s) for some choice of r,s. The maximal compact subgroup of O,(R) is
K ~ O,(R) x O4(R) C O4(R) and O4(R)/K is a symmetric space. These
only have complex structures (and thus are Hermitian) if one of r or s is 2.

Since interchanging r and s does not change the orthogonal group (it amounts

16



to replacing ¢ by —¢q) we will assume that » = 2. We wish to construct the
associated symmetric spaces along with its complex structure in this case.
Remark. For much of the following discussion only the R-structure will mat-
ter, and as such, the only invariants of significance are the values r and s.
However, when we must consider locally symmetric spaces and their com-
pactifications the Q-structure, and potentially the Z-structure, will become
relevant.

The Grassmannian

Let (V,q) be of signature (2,n). We consider the Grassmannian of 2-
dimensional subspaces of V(R) on which the quadratic form ¢ restricts to a

positive-definite form, namely:
Gr(V) :={v CcV |dim(v) = 2,q|, > 0}.

By Witt’s extension theorem (see [Ser73, Thm. IV.3]), the group G =
O4(R) will act transitively on Gr(V'). If we fix vy € Gr(V') then its stabilizer
K,, will be a maximal compact subgroup. Indeed, since this group must pre-
serve both the plane and its orthogonal complement we have K,, >~ Oy x O,,.
Thus Gr(V) = G/K,, realizes a symmetric space.

Remark. Though this is a simple and useful realization of the space, it is not
clear from this construction what the complex structure should be.

The Projective Model

We consider the complexification V(C) of the space V' and the projec-

tivization P(V(C)). We then consider the zero quadric:
N :=A{[v] € P(V(C)) | b(7,7) = 0}.
It is a closed algebraic subvariety of projective space. We now define:

k= {[7] € P(V(C)) | b(@,7) = 0,b(7,7) > 0}.

17



This is a complex manifold of dimension n consisting of 2 connected compo-
nents.

Remark. One must check that these spaces are in fact well defined, that is,
that the conditions do not depend on a representative ¢. Indeed b(cv,cv) =
¢b(v, %) and b(cT, cv) = ceb(v, V).

Remark. The orthogonal group O,(R) acts transitively on . In order to see
this we reformulate the condition that 7 = X + Y € V(C) satisfies [0] € k as

follows. We observe that:

b(X +iY, X +iY) =b(X, X) = b(Y,Y) + 2ib(X,Y) and

b(X +iY, X —iY) = b(X, X) +b(Y,Y).

It follows from the conditions b(X +:Y, X +iY) = 0 and b(X +iY, X —iY) > 0
that:

0] € k< b(X, X) =b(Y,Y) > 0 and b(X,Y) = 0.

We thus have that O,(R) acts on . To show that it acts transitively we appeal
to Witt’s extension theorem to find g € O,(R) taking X +— X’ and ¥V — Y.
This isometry g then maps [¢] — [0].

Consider the subgroup O;’(R) of elements whose spinor norm equals the
determinant. This consists of those elements which preserve the orientation
of any, and hence all, positive-definite planes. The group O;“(]R) preserves
the 2 components of x whereas O,\ O; (R) interchanges them. Pick either
component of x and denote it K.

Proposition 2.2.8. The assignment [v] — v(¥) := RX + RY gives a real
analytic isomorphism kt — Gr(V).

This is a straightforward check (see [Fio09, Lem. 2.3.38]).

18



The Tube Domain Model
Pick e; an isotropic vector in V(R) and pick es such that b(e,eq) = 1.
Define U := V Nes Nei. We then may express elements of V(C) as (a, b, ),

where a,b € C and v € U. Thus
V=Qe &Qes®U

and U is a quadratic space of type (1,n — 1).

Definition 2.2.9. We define the tube domain

where (%) is the imaginary part of the complex vector 3. We also define the

open cone:

Q={yecUR)][q() >0},

as well as, the map ® from U(C) — U(R) given by ®(y) = J(y) so that
H, = o~ 1(Q).
Proposition 2.2.10. The map ¢ : Hy, — & gien by ¥(§) — [—3(q¢(¥) +
q(e2)), 1,4)] is biholomorphic.

This is a straight forward check (see [Fio09, Lem. 2.3.40]).
Remark. The space H, has 2 components. To see this suppose ¢ has the
form q(z1,...,7,) = a1z — agwd — ... — a,z? with @; > 0. The condition
imposed by ¢(3(Z)) > 0 gives us two components corresponding to z; > 0
and z; < 0. Under the map 1 one of these corresponds to k™. We shall label
that component H;.

Via the isomorphism with x, we see that we have a transitive action of
O;“(]R) on H,. One advantage to viewing the symmetric space under this

interpretation is that it corresponds far more directly to some of the more

classically constructed symmetric spaces such as the upper half plane.
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Conjugacy Classes of Morphisms S — O,,

We now give the interpretation of the space as a Shimura variety (see
Section 2.7).

We may (loosely) think of Shimura varieties as elements of a certain con-

jugacy classes of morphisms:
h: (S = RQS(C/R<Gm)) — GOQm

satisfying additional axioms. In particular, we are interested in those mor-

phisms where the centralizer:

We get a bijection between such maps and our space as follows:

Given an element (7, §/) € Gr(V) we consider the morphism h(re®) defined

r2 cos(20) r?sin(20)

2 ain(20) 12 COS(%)) on the span(Z, ) and trivially

by specifying that it acts as <
on its orthogonal complement.

Conversely, given h in the conjugacy class of such a morphism we may
take [U] € kT to be the eigenspace of 72(cos(26) + i sin(26)).

The following claim is a straightforward check.
Claim. These two maps are inverses.

Note that the two components correspond to swapping the (non-trivial)

eigenspaces of h.

20



Realization as a Bounded Domain

For this section we will assume that:

SN
I
—
ja=)
=)
=)

A

is the matrix for our quadratic form. This is not in general possible over Q if
n < 4. For the purpose of most of this discussion we work over R and this fact
is not a problem. However, it must be accounted for if ever rational structures
are to be used. In order to compute the bounded domain, we must work with

the Lie algebra, and this is slightly easier if we change the basis using the

matrix:
1o 1 0
01 0 1
10 -1 0
01 0 -1
L2
so that the matrix for the quadratic form is:
20 0 O
02 0 O 2 0
A=foo0 -2 o =10 2
00 0 =2 A

21



wz

We compute that the Lie algebra so; is , where W € My 5 is skew-
Z Y
symmetric, Y € M,,,, is in s04/, Z € My, and Z' = —Z'A’/2. We conclude
0 7

that the eigenspaces for the action of the centre of € on p¢ are p. are ,
Z 0

where Z = (g’t ;ig‘t) and 7' = —Z'A'/2.
In order to compute the exponential of the Lie algebra we observe that
the square of this matrix is equal to
1| Z2tAZ 0 FAZ

2

0 0

and that its cube is the zero matrix. We thus have that Py is
1y — }LZtA’Z —%ZtA’

A 1,

where Z = (g‘t ¢Z‘g¢).

After undoing the change of basis P, becomes:

0 —iz1—zo 221 —iz1+29 —23A’ 1 —i 1 —i
1 121422 0 —iz1—T2 2—izy iz3A’ AT Zi 1 i
1n+2 + — —2z1  iz1—22 0 —iz1+22 —z3A’ — 1 =i 1 —¢ ,
iz1—20 2ize —izi—z2 0 iz A 8 —i =1 —i —1
2t —izzt 3t —izzt 0 0
where 23 = (23,24, ..., 2n—2). The action of this matrix on ¥ takes [1:7:1:
i : 0] to:

U(2) = [(1,4,1,,0) + 2(21, 29, —21, — 20, %) — 7' A'Z(1, —i, 1, —i,0)] € N.

One may check that this is an injective map. We thus conclude that D is the
bounded domain:

{(#1, 22, 23) C Py| conditions }.
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The conditions are computed by pulling them back from P(V(C)). The re-

sulting conditions can be expressed as:
44 4ZAF +|ZA'Z)" > 0 and
4 — ]ZA/?\Q > 0.
We have the following maps between these models:
¥ : Bounded — Projective
U~ : Projective — Bounded

T : Bounded — Tube Domain

Y~!: Tube Domain — Bounded

The definition of the map W is implicit in the above computations.

Set (Z) =1 — 2z — 3ZA’Z" then T is defined by:

i+ 22y +1ZA'Z
Y1 = Jn )
s(%)
17— 222 + ZZA,?
Yo = and

s(?)

2z; .
Yi = —o¢ for i > 2.

s(?)

To define an inverse to T set:

J = (i +iyo + GA'T), Lyr — yo), —2(ivn + iy + GA'Y), —

Now set:
yA"

0= Gyagy

23

1
4

(Y1 — ¥2), 3)-



Notice that 7(T(2)) = 1 — 2z; — $ZA’Z". We can therefore define T~ via:

21 = () (GAT +i(y +y2)) + 1,
20 = 2r(9)(y1 — y2) and

zi = r(y)y; for i > 2.

2.2.2 Boundary Components and the Minimal Compactification
Locally symmetric spaces are often non-compact. It is thus often useful

while studying them to construct compactifications. We present here some of

the most basic notions of this very rich theory. For more details see [HelOl,

BJ06, AMRT10, Nam80].

Definition 2.2.11. Consider a Hermitian symmetric domain D realized as a

bounded domain in P,. We say z,y € D are in the same boundary compo-

nent if there exist maps:
©;j H—-D j=1,....m

with ¢;(H) N ;1 (H) # 0, and there exist o, y" € H such that ¢;(z’) = x and
em(y') =y
We say that two boundary components F, Fy are adjacent if Fy N F, # 0.

Theorem 2.2.12. The boundary components of the Hermitian symmetric do-
main D are the mazimal sub-Hermitian symmetric domains in D. Moreover,
they satisfy the following:

e The group G acts on boundary components preserving adjacency.

e The closure D can be decomposed as D = U, F,,, where the F,, are bound-

ary components.

e For each boundary component F,, there exists a map:

Yo 1 SLe(R) = G
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inducing a map

fo:H—=D

such that fo(i) = o (for the fized base point o = K ) and f,(ico) € F,.

See [AMRT10, Thm. 1,2 Sec 3.3].
Theorem 2.2.13. There is a bijective correspondence between the collection
{F.} of boundary components and the collection of real “mazximal” parabolic
subgroups P, of G = Aut(D). (By “mazximal” we mean that for each simple
factor G; of G the restriction to the factor is either maximal or equal to G;).

Eaplicitly we have P, = {g € G | gF,, = F,.}. Moreover, F,, C Fy if and
only if P, N Pg is a parabolic subgroup.

See [AMRT10, Prop. 1,2 Sec 3.3].
Definition 2.2.14. We say F, is a rational boundary component if P, is

defined over Q. We define the space:

D= U F,.

rational

Theorem 2.2.15. Let I' C G(Q) be an arithmetic subgroup. There exists a
topology on D* such that the quotient X = [\D* has the structure of a
normal analytic space.

We call X°% the minimal Sataké compactification of T\D.

See [BJ06, Sec. II1.3].
Remark. The topology one should assign may become more apparent once
we introduce other compactifications.
2.3 Modular Forms

We give now a simplified notion of modular forms. More general and

precise definitions can be found in any of [Bor66, Mum?77, BB66].
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Definition 2.3.1. Let Q be the image of D = G/K in the projective space
D = Gc/P~ and let Q be the cone over Q. A modular form f for I' of
weight k£ on D can be thought of as any of the equivalent notions:

1. A function on Q homogeneous of degree —k which is invariant under the

action of I'.
2. A section of I'\(Ox(—k)|p) on I'\D.
3. A function on Q which transforms with respect to the k' power of the
factor of automorphy under T'.
To be a meromorphic (resp. holomorphic) modular form we require that
f extends to the boundary and that it be meromorphic (resp. holomorphic).
One may also consider forms which are holomorphic on the space but are only
meromorphic on the boundary.
Remark. The condition at the boundary depends on understanding the topol-
ogy, a concept we have not yet defined. There is an alternative definition in
terms of Fourier series. Let U, be the centre of the unipotent radical of P, and
set U, = I'NU,. This group is isomorphic to Z™ for some m and the function
f is invariant under its action. The boundary condition can be expressed by
saying the non-trivial Fourier coefficients (which are indexed by elements of
UZ), are contained in a certain self-adjoint cone Q, C U.
The following is what is known as the Koecher principle (see for example
[Fre90]).
Claim. If the codimension of all of the boundary components is at least 2,
then every form which is holomorphic on D extends to the boundary as a
holomorphic modular form.
This result is a consequence of results about extending functions on normal

varieties.
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Theorem 2.3.2 (Baily-Borel). Let M(I',D) be the graded ring of modular

forms then

X7 .= Proj(M(T, D))

1s the Baily-Borel compactification of X. Moreover, this is isomorphic to the
minimal Sataké compactification as an analytic space
See [BB66] and [BJ06, I11.4].
2.3.1 The O(2,n) Case
Specializing the previous section to the orthogonal case we can use the
following definition for modular forms.
Definition 2.3.3. Let & = {7 € V(C) | [0] € k"} be the cone over x*.
Let k € Z, and x be a character of I'. A meromorphic function on K" is a
modular form of weight k and character x for the group I' if it satisfies the
following;:
1. F is homogeneous of degree —k, that is, F(c¥) = ¢ *F(¥) for c € C—{0}.
2. F is invariant under I', that is, F'(gv) = x(g)F (V) for any g € T".
3. F' is meromorphic on the boundary.
If I is holomorphic on &' and on the boundary then we call F' a holomorphic
modular form. In this case U, and €2, are precisely those introduced for the

tube domain model (see Section 2.2.1).

Remark. The Koecher principle implies condition (3) is automatic if the di-
mension of maximal isotropic subspace is less than n. Noting that for type
(2,n) the Witt rank is always at most 2, we see that the Koecher principle
often applies.

Remark. One of the best sources of examples of modular forms for these
orthogonal spaces is the Borcherds lift (see [Bor95, Bru04, Bru02] for more
details). The Borcherds lift, which may be defined via a regularized theta

integral, takes nearly holomorphic vector-valued modular forms for the upper
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half plane and constructs modular forms on an orthogonal space. The forms
constructed this way have well understood weights, levels, and divisors. One
can also consider other types of forms (for example Eisenstein series, Poincare
series and theta series).

2.4 Toroidal Compactifications

We will now introduce the notion of toroidal compactifications. Many
more detailed references exist (see for example [AMRT10, Pin90, FC90, Lan08,
Per11l, Nam80]). Toroidal compactifications play an important role in giving
geometric descriptions of modular forms, as well as in computing dimension
formulas (see Section 2.5).

The key idea of toroidal compactifications of locally symmetric space is
that locally in a neighbourhood of the cusps, the space looks like the product
of an algebraic torus and a compact space. We thus compactify locally at the
cusp by compactifying the torus. Doing this systematically allows us to glue
the parts together to get the compactification we seek.

2.4.1 Torus Embeddings

We give a very brief overview of toric varieties. For more details see

[Ful93, KKMSD73, Oda78, AMRT10]. For the purpose of this section we will
restrict our attention to complex tori though many results hold in greater
generality.
Definition 2.4.1. By a torus T" over C of rank n we mean an algebraic group
isomorphic to G, so that T'(C) = (C*)"™. We shall denote the characters and
cocharacters of T' by X*(T') and X, (7). There exists a pairing between X*(T")
and X, (T)

Hom(7',G,,) x Hom(G,,,T) — Hom(G,,,G,,) ~ Z

given by (f,g) — fog.
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We have the following basic results:
o X*T)~X.(T)=2"
o Lie(T) ~ C™ with the trivial bracket.

e We have an exact sequence:

0—— X.(T) —— Lie(T) T 0

0 7" cr —25 (C)——0

e As an algebraic variety T' = Spec(C[X*(T)]).
Example. Before proceeding let us give a few basic examples of compactifi-
cations of tori.
e Compactification of C*.
We have C* < P! via z — [z : 1]. The closure then contains [0 : 1] and
[1:0].
e Compactification of (C*)%. We may consider maps (C*)> — P? or

(C*)? — P! x P! given respectively by:
(,y) = [z :y: 1] and (z,y) = ([z: 1], [y : 1])

In the first case the boundary is 3 copies of P! ([0 :y: 1], [z : 0: 1],[1:
y : 0]) in the second it is 4 (([z : y],[0 : 1)), ([z : y],[1 : 0]), ([0 : 1], [ :
y]), ([1: 0], [z : y])). Notice that in both cases the copies of P! we have
added form a chain with intersections at 0, co.

We notice that in all these examples the torus T acts on its compactification

and we have a natural orbit decomposition.

Question. Can these types of embeddings be characterized systematically?

The answer is given by the following definition:
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Definition 2.4.2. A torus embedding consists of a torus 7" with a Zariski
open dense embedding into a variety X together with an action of 7" on X
which restricts to the group action on the image of 7" in X.

A morphism of torus embeddings (7', X') — (7", X”) consists of a surjective
morphism f : T — T" and an equivariant morphism f : X — X’ extending f.
Question. How can one describe an inclusion of 7" into another space?

The answer is given by the following claim.

Claim. A map from a torus T into an affine variety X can be constructed by
considering any submonoid M C X*(T) and the map T = Spec(C[X*(T)]) —
Spec(C[M]) = X induced by the inclusion of M — X*(T).

The above suggests an approach to the problem, we now proceed to make
it systematic.

Cones and Cone Decompositions

If one works with the idea it becomes apparent that a random submonoid
will lead to a poorly structured variety. As such we are interested in defining
‘nice’ submonoids that will lead to ‘nice’ varieties.

Definition 2.4.3. Let N be a real vector space, a cone 2 C Ny is a subset
such that R, - Q = Q.

() is said to be non-degenerate if Q) contains no straight lines.

() is polyhedral if there exists z1,...,xz, € Ng such that Q = {", a;z; |
a; € RTU{0}}.

Q2 is homogeneous if Aut(€2, Nr) acts transitively on 2.

The dual of Q is Q' = {v¥ e N | v¥(y) > 0 for all y € Q}. The dual of
Q is the interior of Q.

We say (2 is self-adjoint (with respect to (-,-)) if there exists a positive-

definite form on Ng whose induced isomorphism Ng ~ N takes €2 to V.
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Remark. Polyhedral cones are by definition closed, whereas homogeneous

cones are relatively open.

Example. The first 5 examples cover all the examples of simple open homo-

geneous self-adjoint cones.

In R™ the cone {(z1,...,z,) | 2§ — Y o, 27 > 0 and z; > 0}.

The cone of positive-definite matrices in M, (R).

The cone of positive-definite Hermitian matrices in M,,(C).

The cone of positive-definite quaternionic matrices in M, (H).

The cone of positive-definite octonionic matrices in M3(0).

A more general version of the first case which we shall use in the sequel
is the following. Consider the quadratic space whose bilinear form b is

(95) ® (—A) where A gives a positive-definite quadratic form. Set
Q:{’UE Nr ‘ b(ﬁ,ﬁ) >0, v >0}

The cone is open, non-degenerate and convex. It is also self adjoint with
respect to the inner product 3 + 23 + F3 A%, We claim QV is given by:
{(ay, as,a3) | 20129 > 03" AT = ay21 + agxy + ZaiAa:i > 0}.

>3

Indeed, by rescaling, suppose zo = 1. Then we have:

201 xe > T4 ATy = a1mq + as + Z a;Ax; > aléfgtAf—i- as + Z a;Ax;.

>3 >3
Now writing:
a1573 ASL’g + as + E aiA:cZ- = 7(333 + a—) A(l’3 + CL_> +ag — gag Aa3
1 1 1

i>3
we see that this is larger than zero provided that 2a;ay > a§Ads. In

particular if @ € €.
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Definition 2.4.4. Given a subset () of a real vector space Nrg we say a set
Y, = {o0;} is a convex polyhedral decomposition of € if:

e () =Uo;.

e The o; are convex polyhedral cones.

e 0;,Noj =0y, € X is a face of both o; and ;.
We may also refer to the decomposition as a partial convex polyhedral
decomposition of Ng.

We make partial convex polyhedral decompositions into a category by
requiring morphisms be of the following form. Given decompositions ¥y, ¥s
of Ng, Mg ,respectively, a morphism is a linear map f : Ng — Mp such that
for all oy € Xy there exists oy € Xy such that f(oy) C op.

Remark. Note that the definition requires that 0 € €2, thus 2 can not be
both open and non-degenerate. The space N in which we are interested will
almost always be either X*(T') x R or X,(T') x R. Typically the space Q2 we
consider are either all of Ny or the rational closure o (the convex hull of
the rational rays in €’) where Q' is an open homogeneous self adjoint cone.
Definition 2.4.5. Given a cone decomposition Y of {2 we define a space Ny
as follows:

Ny, ={y+ o000 |y € N/spano,c € ¥}.

We put a topology on this by specifying when limits converge. We say
limy,, + ocoo =z + oot

for o a face of 7 if
1. limy, + oot = x 4 ooT and
2. for any splitting span7 = spanf€), & L’ and for any z € o we have
p(yn) € o + 2 for all sufficiently large n.

We denote by )y the correspondingly enlarged object.
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Constructing Torus Embeddings from Cone Decompositions
Definition 2.4.6. Given a torus 7" and a convex polyhedral cone 0 C X, (T)®

R we define a variety X, as follows:
X, = Spec(k[X*(T) N a"]).

This variety comes equipped with a map T'— X arising from the inclusion:
K[ X*(T)NoV] — k[X*(T)].

Definition 2.4.7. Given a torus T, a cone 2 C X,(T) ® R, and a convex
polyhedral cone decomposition X of €2, we define a variety Xy, as follows. It

has an open cover by affines:
X, = Spec(k[X*(T)No"])

for each o, 7 € 3. We glue X, and X along their intersection X,NX, = X ..
Proposition 2.4.8. There is an action of T on Xx. Moreover, there is a
bijection between the orbits of T in Xx and X. We express this bijection by
writing O(o) for an orbit of T. Moreover, there is a continuous map ¥ :
Xcx — Qs. It maps the orbit O(c) to X, (T) ®r +o000.

See [Oda78, Thm. 4.2].

Properties of Torus Embeddings

We now summarize a number of geometric results concerning torus em-
beddings. For more details see [Oda78|.
Definition 2.4.9. We say a convex polyhedral cone o is rational (with respect
to an integral structure Nz in the ambient space) if there exists r1, ..., 7, € Ny
such that:

o=A{z| (ri,xz) >0 for all i}.
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For f to be a morphism of rational partial polyhedral cone decompositions we
require that f(Nz) C Mz and that Myz/f(Nz) be finite.
Theorem 2.4.10. There exists an equivalence of categories between normal
separated locally of finite type torus embeddings and rational partial polyhedral
decompositions. Moreover, the variety is finite type if and only if ¥ is finite
(as a set).

See [Oda78, Thm. 4.1].
Remark. One could obtain torus embeddings which are not normal by using
monoids which do not arise from cones, and which are not separated by us-
ing cones whose intersections contain open subsets of both. One can obtain
non-locally of finite type torus embeddings by removing the requirement of
rationality.

For the remainder of this section assume all torus embeddings are normal
separated and locally of finite type.
Theorem 2.4.11. A morphism of torus embeddings is proper if and only if
the associated morphism of cone decompositions is surjective and the preimage
of every cone is finite.

Consequently, a torus embedding is complete if and only if it is finite and
decomposes all of X.(T) @ R.

See [0Oda78, Thm 4.4].
Remark. In particular finite refinements are proper.
Definition 2.4.12. A rational convex cone o is said to be regular if it has a
generating set which is a basis for its span, that is, there exists x1, ..., x, such

that:
o= {Zaimi | a; € RT}

and z; form a basis for Nz Nspano.
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Proposition 2.4.13. A torus embedding is reqular if and only if all of its
cones are regular.
See [Oda78, Thm. 4.3]
Definition 2.4.14. A convex rational polyhedral cone decomposition ¥ is said
to be projective if there exists a continuous convex piecewise linear function
¢ : V — R such that the following properties hold:
1. ¢(z) > 0 for x # 0.
2. ¢ is integral on Ngz.
3. The top dimensional cones ¢ are the maximal polyhedral cones in 2 on
which ¢ is linear.
Theorem 2.4.15 (Projectivity). If ¥ is projective then the torus embedding
corresponding to ¥ is quasi-projective.
The statement of the result is [Nam80, Prop. 6.14]. For the proof see
[OdaT78, Sec. 6].
Theorem 2.4.16. Let X be a torus embedding of finite type, then there exists
a refinement X' of ¥ such that Xsy is non-singular and Xs is the normalization
of a blowup of Xs along an ideal sheaf.
See [KKMSD73, Thm. 10,11]. Concretely one may use iterated barycen-
tric subdivisions to find such a refinement.
2.4.2 Toroidal Compactifications
We now describe how to construct the toroidal compactification for a
general Hermitian symmetric domain of the non-compact type. The proofs
that the constructions we describe have the desired properties can be found
in [AMRT10]. In practice one is able to explicitly compute all the objects
involved. See for example [Nam80] for the Siegel case, or the following section
for the orthogonal case. What is in fact much harder is describing explicitly a

good choice of cone decomposition and the resulting space.
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The key objects involved in the construction are the following:

e A Hermitian locally symmetric domain of the non-compact type:
X =I\D="I\G/K.

e The maximal (real) parabolic subgroups P, <> F,, which correspond to

boundary components:
P,={9geG|gF,=F,}

e The unipotent radical W, of P,.

e The centre U, = Z(W,,) and the quotient V, = W, /U,

e An open self adjoint homogeneous cone €2, C U,. It is the orbit under
conjugation of P, acting on ¢((§1)) € U, where ¢ is the map of Theorem
2.2.12. (See [AMRT10, Sec 3.4.2]).

e The pieces of the Levi decomposition G, o, G¢,o of P,. They are charac-

terized by the fact that
Ghe = Aut(F,) and Gy, = Aut(Q,, Uy,).

These morphisms are realized by maps pp o, Pr.a-

e A decomposition Py D B, = U,D = F, x V, X Uyc. The inclusion
D — B, realizes D as a fibre bundle of cones and vector spaces. The
natural projections are equivariant for the actions of G, , on F, and Gy,
on U, ¢ through pp, o and py,. This map has an intrinsic description, see
[AMRT10, Sec. 3.3.4].

e A map ®, : B, — U, such that D = ®_ (). This map is equivari-
ant for the actions of Gy,. This map has an intrinsic description, see
[AMRT10, Sec. 3.4].

We make the following additional definitions:
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eI, =T'NP,.
o W, =ToNW,.
o U, =W,NU.
o V= Wyo/U..

In order to compactify the space we shall need to describe the space locally

using the following collection of open covers.

Qa C iUy, =iX,(T) ®R
‘f
U\D C U,\B, = Fo X Vo X Uy c/Uq
Z/{a,(C\BOz - Fa X Va

We define T,, = U, c/U,. It is an algebraic torus (over C).

Heuristically one may think of Q, as (R*)™ and
Ua\D = {(7-177—277—3) ‘ 0< |?3‘}

It thus seems natural to add points for 73 = 0. The Sataké compactification
effectively adds (71,79, 73) € F X (0) x (0). The collection of points added for
the toroidal compactifications we are considering shall typically be larger. In
order to functorially control the set of points added, we shall need the auxiliary
information of cone decompositions.
Definition 2.4.17. A p;,(I',)-admissible polyhedral decomposition of €,
is ¥, = {0, } (relative to the U, rational structure on U,,) such that:

1. ¥, is a rational convex polyhedral cone decomposition of Q_arat the ra-

tional closure of €2,
2. 3, is closed under the action of po(I's), and

3. only finitely many pyo(I's) orbits in X,.
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A T'-admissible family of polyhedral decompositions is ¥ = {¥,}4 Rational
where:
1. ¥, is a pro(I'a)-admissible polyhedral decomposition,
2. for y € T if vF, = Fp then vX,7' = X5, and
3. for F,, a boundary component of Fj then ¥53 = ¥, NUs.
The points being added
Now given such a py,(I',)-admissible polyhedral decomposition ¥, we

may construct:

(UOé\Ba)Ea = Fa X Va X (Ta)E

@

- l—'oGEa O(J)a

where O(0) = F, x V, x O'(0) and O'(0) is the points added with respect to
o to T,. The O(c) have the following properties:
1. O(o) a torus bundle over F,, x V,,
2. for o < 7 have that O(1) C O(o) (for 0 = {0} we have O(c) = U,\B,),
and

3. dim o+ dim O(c) = dim D.

There is a map S:

S Fy X Vo X Upc — Uy

(7—17 T2, 7—3) = %(7-3)

which projects onto the imaginary part of U,. It can be extended/descended
to a map

S (Ua\Ba)s, = Ua)s

@

in such a way so that:

S 0(0) = {y + coo}.
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Using the fact that &, is a translation of & we can then extend ®,, to:

O, : (U \Bo)s, — Us)s

With all this in hand, we make the following definitions:

(Us\D)sx,, = Interior of closure of U,\D in (U,\Ba)s,,, and

(Q)s,, = Interior of closure of £, in (Uy)s, .

By continuity if follows that ®~!((Q,)s, ) = (U, \D)s,,. This observation allows
one to check the following claim:
Claim. If 0 N Q, # @ then O(o) C (Uy\D)s,

As a consequence we define:

O(F,) == amslz_l;soO(J)'

We call these sets O(F,) the points added with respect to F,.

Note that the converse to the above claim does not hold. It is thus rea-
sonable to ask about the other O(c) which are not part of O(F,)? The answer
is that these relate to O(Fj) when F,, is a boundary component of Fj. Indeed,
having [, on the boundary of Fj3 implies:

o Us C U,,
e ()5 is on the rational boundary of €2,, and

] Zﬁzzaﬂu/g.
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We can thus construct maps as follows

Ug\Ua

Us\D U, \D

Us\Ua
U\D)s, % (U\D)s,

Ta,p

(Uﬂ\D)Eﬁ —_— (Ua\D)ga

o

(") —— Oalo)
where 0’ € 35 has image o € 3.

We define a projection map w, : (Uy\D)s, — F\_DSat using the natural
projection maps O(F,) — F,. We assert that this map is holomorphic, but
note that we have not defined the topology on the Sataké compactification.

Gluing

Having defined the points we wish to add, we must describe how these
points will all fit together. We first take a further quotients of the space we
have constructed. In order to get a reasonable space we need the following
proposition.

Proposition 2.4.18. The action of the group T, /U, on (U, \D)sx

15 properly

@

discontinuous .
See [AMRT10, Sec. 3.6.3 Prop. 2.

Theorem 2.4.19. The quotient

(Fa/Ua)\(Ua\D)Ea

has the structure of a normal analytic space. Moreover,
O(F,) == (I'a/U)\O(Fy)

1s an analytic subspace.
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We have

r\D I'\D

N

(Fa/U)\(Ua\D)s/— T\D)

1%

(Fa/Ua)\O(Fa) = Fa\Fa
We want the spaces (I'y/Us)\(Us\D)s

., to give us an “open covering” of
mg in the sense that the maps from them give an open covering.
We give two ways to think about it.
e Firstly we consider the collection of (I, /U, )\ (Us\D)s, modulo I, that
is, taking one representative for each cusp of X This is a finite col-
lection.

Now if F, N Fg O F,, then we glue along the image of mg,, ma,. of

(U,\D)sx, in each factor. The difficulty is that there is no map

(Fw/Uw)\(Uw\D)Ea - (Fa/Ua)\(Ua\D)Ea-

However, there is a neighbourhood of B, on which (U, \D)s,, injects so
that the map descends.
e Alternatively we construct the space as
VD), = [[Wa\D)s./ ~
Fa
where we define the equivalence relation as follows. For z, € (U,\D)s,
and zg € (U, \D)s, we say x, ~ x4 if there exists a boundary component

F,, an element v € I" and a point z,, € (U,\D)s, such that:

w

Tow(Tw) = o and

Tow(Tw) = Y25
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Using either interpretation we can define the map:

Fr. (Do /UI\(Ua\D)y, — T\D .

We note that T, is injective near O(F,). Consequently in a neighbourhood

of (I'y/Us)\O(F,) the space (F\D);Or looks like:

o

—————tor
(pa,h(r)\Fa) X V/ “VZ + TVZ” X (Ta)E

2.4.3 Properties of Toroidal Compactifications
We now discuss some of the properties of toroidal compactifications and
how they relate to the choice of ». The following results are more or less clear
from the construction. Details can be found in [AMRT10].
1. The boundary has codimension 1, (O(o,) for o, minimal).

Sat

2. There is a map (I\D)y. — (D\D) .

3. The space m;or is not a unique, but it is functorial in X, and is
compatible with the level structure.
4. The space is compact.
Smoothness
Definition 2.4.20. A subgroup I' € GL, is neat if for all G C GL,, and
algebraic maps ® : G — H the group ®(I' N G) is torsion-free.
A key property of neat subgroups is that they act without fixed points.
It is a theorem of Borel [Bor69, Prop. 17.4] that neat subgroups exist.
Claim. The singularities of I‘\_DW are all either:
1. finite quotient singularities from non-neat elements of ', or
2. toroidal singularities in g, (O(0)) for irreqular cones oy,.
This follows by observing which types of singularities can exist in the
quotients of F,, X V, X (Uac)s,-

Claim. There exist reqular I'-admissible refinements.
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See [FC90, p. 173] or [Loo88, Sec. 4].

Projectivity of mtor

For more details on this see [AMRT10, Sec. 4.2].

Definition 2.4.21. A I'-admissible decomposition ¥, is called projective if
there exists functions ¢, : €, — RT which are:
1. convex, piecewise linear, and I'-invariant functions for which ¢, (I's N
Q,) C Z, and
2. for all o € ¥, there exists a linear functional ¢, on U, such that:
(a) y > @4 on €, and
(b) o ={z el | lo(z) = pa(z)}
(equivalently ¢ the maximal subsets on which ¢, is linear).

Define ¢ (\) = rr;izn(f);(/\)) where 7; are vertices of 0 N {p = 1}.
Proposition 2.4.22. Every holomorphic function on msat has a Fourier
expansion of the form:

Z 6,(T1, 72)62“ip(T3).
PEQa MU
where (71, T2, T3) € Fo X Vo X Uy c.

See [Bai66, Sec. 3] for details. This is just the development of a Fourier
series with respect to U,. The positivity condition on Fourier coefficients is
equivalent to the growth conditions.

Definition 2.4.23. We define a sheaf J,,, on X by defining the stalks to be:

We define the locally free sheaf I, on (U,\D)y, to be the one generate by
emi%a(r2) We then define the sheaf I on (F\D)tor by:

LU, I) = {s € oT'(7,' (U), 1) | ‘glue on overlaps’}.
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We have that:
I = Tax(I™).

———to

Theorem 2.4.24. The toroidal compactification (D/F)Er is the normalization
of the blow up of Wsat along Jp,. Moreover, 7 (J,,) = I™.

See [AMRT10, Sec. 4.2.1].
2.4.4 Toroidal Compactification for the Orthogonal group

We now summarize all the objects we shall need for toroidal compactifi-

cations in the case of orthogonal groups.

We will assume that:

N
Il
—_
]
]
]

A

gives the matrix for our quadratic space over Q. Note that for n < 4 there
may be no such matrix over Q. The main difference in the theory if no such
matrix of this form exists is that certain classes of boundary components will
simply not exist. Though these cases are of interest, we will not treat them
here.

Boundary Components and Parabolics

We now compute the shape of the parabolics for the different boundary
components.

These parabolics P, = {g € G | gF, = F,} come from fixing a real
isotropic subspace a. The group P, is the stabilizer in G of this space. Up
to equivalence the options for « are {e;}, {e1,e2}. It is conceivable that there

may be no rational parabolics of one or both types. This can only happen if n
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is small, and cannot happen based on our assumption about the shape of the

quadratic form. We have that the corresponding P, have the following form:

o {e1}

a T ) T3 Ty a € Gm
0 b <3 @)

3 Ys 3 3 (*w) € SO1,1
0 0 at' 0 0 ) .

(1) (3) @ 2 = —alysyr + 52 Ay’)
0 % (R S ' , .

) . (3 i = —a(xy)yy + = ys + + D Agi') i # 2,
0 *, yi ¥y *
L {61762}

(a8) € GLa, (%) € SO4

c

, (4 %) =™

a b zy x3 T4
/ / _ 1 =24
c d w wy wy vy = cwr = —3547
00 d -V 0 = Vs + ad'wy = —37AF
00 = d 0 dzs — cwy — Vg + dw, = AT

dx;, — cw;, = —%;(i)Agf for i > 4
— b +dw; = —%;(i)Aft for ¢ > 4.

The unipotent radical W, of P, is:

o {e1}

Lot o T zy = —(y1ys + 302 AYL")
01 w3 0 0

T3 = —Ys3
0O 0 1 0 0

T =~
00 v 1 0

xi:_iAi—i— fOI'ZZ4
00 4! 0 1d Yislizsi=s
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o {e1,60}

1 0 2o 23 @y 2= —%gAy“t

0 1 w wy wy W2 = _%2‘4?

00 1 0 0 w3 +wy = —gAZ

00 0 1 O T = —YyiAi 33 fori >4
00w ' Id w; = —2;A;j_3,_s for i > 4.

We therefore find the centre U, of W, is:
[} {61}

Lo @2 % % s = — (Y193 + 592 A43")
01 y 0 0

T3 = —Ys
00 1 0 0

1= =W
00 % 1 0

T;i = — 'iAif i— for i > 4.
00 ¢' 0 Id Yirizsizs

When we need to denote this compactly, we write U, = {(y1,y3,91) }

o {e1,e}
10 0 23 O
01 wg 0 O
00 1 0 0 T3 = —w.
00 0 1 0
00 0 0 Id

When we need to denote this compactly, we write U, = {(w1)}.

We can now describe V,, = W, /U,.
o {e1}

This is trivial.

o {e1, e}

46



Coset representatives are given by (vi, 21). The identification with v} =
ya + 123 gives it a complex structure.
We now describe the realization of D as a Siegel domain of the third kind.

We have B, = U,c - D C Py and the diagram:

Ba :leC-D ~ Fa X Va Xum(c
Bo/Uac ~ F, xV,
Bo/ W, - Uac) ~ F,.

[} {61}
As V,, F, are trivial the identification B, = U,, is apparent. We describe
it in P(V(C)). We observe that:
Upc D=Uyc-[1:i:1:i:0]
= [1—iyr —iys — (yays + 503" Aga) i+ ys - 1:i4y - gal.

It is apparent from this that the map from P(V(C)) to U, ¢ is given by:

[(v07"'avn+1)] = (y17y3a"'7yn) = (%72_271]2:_;1)

Note the use of y;, y3 rather than y; + i, y3 + 7.

[ ) {61, 6’2}
It is more convenient to express the action inside the orbit above so

Ua,(c -D is:

Usc - [1—iyr —iys — (yrys + 592" Aya) i+ ys - L:i+ 1 2 i)
= [1— iy —i(ys + w1) — (ya(ys + wr) + 502" Aga) -

i+ (ys+wi): 1:i+yr gl
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We compose this with the inverse above and conclude we have the fol-
lowing;:

Y, ~ {[%vav} :0:1:0:03) €t}

in the sense that V, = (yi,21) — ya + 125 = v;. The map B, — U, ¢
given by:

[—(v1v5 + %UZtAvZ) cvg 1y vy e s,
Finally, we have the map B, — F, ~ H given by:
[—(v1v5 + %UZtAUZ) cvg 1y vy e .

We now describe the self-adjoint open cone €2, C U,.
o {e1}

Qo = {1, yn) €Ua | 113 + 39aAY: > 0 and y3 > 0}.

o {e1,60}

Q, = {(wl) eu, | wp > O}
It comes with a map:
q)a:Ba:Pa'ua,C/(PaﬁK) %Pa'ua,C/Pa:ua‘
e {e1}
CI)a : ?j'—> (%<y1)’ %(y3)7 %(yl))

[ ] {61, 62}

We may check that D = ®_'(Q,) in either case.
We now look at the Levi decomposition for P,. We have the subgroups
Gha, Goa, Mo C P,. These satisty P, >~ (G}, o - Gro - ma)W, with m, being

compact.
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e {e1}
G 1s trivial.
Gora is Gy X SOq 1.
m is trivial.
o {e1,69}
Gh,o = SLs.
Goo = Gy, viewed as the diagonal in the apparent GL, factor.
m = SO,,_s.
This decomposition is characterized by two maps. The map pyo : Py, —
Gha ~ Aut(F,).
o {e1}
This is the trivial map.

[} {61, 62}

This is the map g — (2Y) where we view this in PGLy = Aut(H) under
the action
(‘ég)o[lzvl]:H:%].
We see immediately that this map is equivariant for the action of P,.
The map pro : Py — Gro = Aut(Ua, Q) (the group Gy, acts on U, by
conjugation).
o {e1}
This is the map G,, SOy ,—1 = GOy ,,—1. (It is the connected component
of the identity which preserves the cone.)
o {e1,62}
This is the map g — det (¢ %) where we view det (%) € G,,.
In both cases we can check that the maps are equivariant.

We also have the following objects:
o I',=TNPF,.
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o I =T, NKer(pra)

T, = Peo(la) C Aut(Uy, Q).
e 1T, —»T,—T,—1
e U,=1NU, a lattice.
o W, =TNW,.
o W,/U, CV, a lattice.
Partial Quotient and Boundary Components
The open neighbourhoods of the cusps that we need to consider are the
spaces U, \B,. These are:
o {e}
Ud\Ba = Uy \Upc >~ (C)".

We shall add points “near the origin” of C*. These points will correspond

to the infinite limit points of €2,,.

o {er, 62}
U\Bo = Foy x Vo X (Uy\Uyc) = H x C*2 x C*.

We shall add the point “at the origin” of C* which corresponds to the
point at infinity of Rt = Q,.
We now consider the further quotient modulo T',,.

o {e1}
The group is Iy C SO1,-1(Z). We thus wish to consider T',\(C*)% .
The action on the interior of D is non-trivial. However, on the O(o)
components of the cusps it simply acts to identify them so that locally
near the cusps, everything looks the same.

o {e1,e2}
The group I, C {£1} acts trivially.

We next consider the quotient modulo I',.
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o {e1}
These groups are trivial, hence there is no action.

o {e1,e}
The group is I, C SLy(Z) x (Z*)"2. This acts trivially on the U, ¢
component of B,. we thus consider its action on F, x V, = H x C*2.

We see that the matrix:

a b = * ¥
c d * * ¥
00 d -V el

sends:
(k:Z:1:v 0y € Byl = [x:2":1: av=b_ . _cvl+d(y4+01Z4+Xv4)]

—cv1+d

Due to the equivariance of the action on U, we have Z' = 0 if and only
if Z = 0. Thus, in a small neighbourhood N of X = 0 in U, we have
that I/ \B, is of the form:

N x (I \(H x C"?%)).
Define £ to be the quotient:
EM=D .= \(H x C"?)
for the action described above. It comes with a map:

£ = pra(T)\H
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where the right hand side is the modular curve Y (pp,o(I',)). The fibres

of the morphism £"2 — Y (p;, o(T,)) satisfy:
gT(n—Q) _ (g‘r)n—2

where £ = FE. is the elliptic curve with level structure parametrized
by 7 € Y(pha(I)). Thus we see that £m2 = & xy --- xy & is the
(n — 2)-fold fibre product of the universal elliptic curve over the modular
curve.
Adjacent boundary components
We now describe the relations between adjacent boundary components.
As there are two types of boundary components, there are naturally two types
of adjacency to consider.
We shall first consider the case where F,, is 1-dimensional and Fjp is 0-
dimensional. We say these are adjacent if Fy C F,, in X
In this case F,, corresponds to a 2-dimensional isotropic subspace contain-
ing the 1-dimensional isotropic subspace corresponding to Fj. It follows that
the parabolics P, and Pj are simultaneously conjugate to our standard ones
above. We see that U, — Us and admissibility of the cone decomposition
implies that the image of €, (which is 1-dimensional) is a cone in ﬁ;at.
We may also view Fj as a boundary component of F,, ~ H. Thus Fjp
corresponds to a cusp of Y (p,o(I"))). Without loss of generality it is the cusp
100. We see that as 7 € H approaches Fj, the lattice we are taking a quotient

by to get £7~?) is degenerating to:
72 X iooZ 2 =7 C U,
We then see quite naturally that we have a map:
Fy x (Us N Vo) \Va) X U\Uac = Fp x (C*)"1 = (C*)" = Us\Us
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using the map H =% C*.

Looking at the cone €2, € U, we see that:
(Ua\Fo X Vo X Uy c)a, C Us\Us L O(Qy,)
where we are viewing O(f2,) relative to Bz. We have further that:
O() =~ (Uy NT)\H) x (V3N U,)\Vs x (0) — E™2).

We now wish to describe the closure of £"~2) in the compactification.
Given any other cone o € ¥3 we see that O(o) is in the closure of O(£2,)

in By if and only if {2, C 0. We thus consider the set:
(Z/j)a = {0' S Zﬁ | Q, C O'}.

We now consider the image of (X3), in Us /U, ~ RT xV,. This gives us a cone
decomposition for the cone associated to H xV3. This cone decomposition is
invariant under the action of I', N I'sz. Indeed (Us N V,)\Vs — Gy, must
stabilize the collection of cones adjacent to €2, and since Vs centralizes Up
this action descends to U,/Us. We likewise find that the stabilizer of ioco
in G p injects into W,, and thus also stabilizes ¥3,. Moreover, as V, =
UsNV, it is also rational for the appropriate rational structure. Consequently,
if we proceed as in the usual construction of toroidal compactification we can

construct:

E0 Dy, = (T x Va)\(H X (C)")s,0,).

This map is injective near the cusp Fj and realizes a compactification of £ (n+2)

near this point. Moreover, by functoriality we obtain a map:

tor —tor

5("—2)2[3’0‘ — Xy,

which lands in the fibre over Fj.
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We now consider the case where both F, and Fj are both 1-dimensional.
Both boundary components are characterized by 2-dimensional isotropic sub-
spaces. The curves F,, and E intersect in X if and only if the associated
2-dimensional spaces intersect in a 1-dimensional isotropic space. In this case,
there exists the boundary component F, corresponding to this 1-dimensional
isotropic space and F, = F, N Fg. It follows that F, is adjacent to both F,
and Fjp in the sense described above. However, there is in general no reason
for the closure of the fibres over F,, and Fj to intersect in Ytzor just because
the images intersect in X, From the discussion in the previous case, it is
apparent that the closures of the fibres will intersect in 7;‘” if and only if the
cones (), and g viewed in €}, are both contained in a common cone o € X,,.

In this case, the intersection of the closure of the fibres is precisely:

U O(o).

O'DQB,QQ

Remark. We remark that if 3 is regular then this intersection (provided it is
non-empty) has dimension n — 2.

Remark. Even though Oy (Q) will act transitively on the set of boundary
components it is not in general true that there exists a lattice L C V such
that Op(Z) will act transitively on either the 0-dimensional or 1-dimensional
boundary components.

However, if the Hasse invariant is trivial, then there exists a lattice L C V'
with square free discriminant. For such a lattice, the primitive representative
for every isotropic vector can be embedded into a hyperplane H which is a
direct factor of L. If Oy has Q rank 2, it follows that the isomorphism class
of H* is uniquely determined and thus Op(Z) will act transitively on the

0-dimensional boundary components.
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This argument fails for 1-dimensional boundary components as:
H®H®E;®Es~H®H® D

2.4.5 Constructing Rational Polyhedral Cone Decompositions
We now introduce a method for the construction projective rational poly-
hedral cone decomposition. This is largely a summary of the method outlined
in[AMRT10, Section 2.5, See also [Loo88|. Before proceeding we should note
that the resulting cone decompositions need not be regular.
We first introduce the notation we shall be using throughout.
e L a lattice with a positive-definite bilinear form (-, ).
e L# the dual of L with respect to (-, ).
e () is a convex open homogeneous cone in V = L ® R self-adjoint with
respect to (-, ).
e [ a subgroup of Auty (2, V).
Definition 2.4.25. A subset K is said to be a kernel of Q if: 0 ¢ K and
K+QCK.
We say two kernels are comparable if \K' ¢ K C A™1K'.

The semi-dual of a set A is:
AY ={h € Hom(V,R) | h(a) > 1 for all a € A}.

The extreme points of a convex set A are:

Y+ z

EA)={rcA|x= 5

=y=z=u}

We summarize a few key results of [AMRT10, Sec 2.5.1-2].
Proposition 2.4.26. For a kernel K we have the following:

e KV is a kernel

e K= U e+

e€E(K)
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Proposition 2.4.27. The closed convex hull of QN L is a kernel for Q2. More-
over, these are all comparable independently of L.
Definition 2.4.28. A kernel is called a core if K is comparable to the closed
convex hull of QN L. It is called a co-core if KV is a core.
Example. We have the following examples of cores:

e K .. the closed convex hull of 2N L is a core.

e K’ . the closed convex hull of QN L# is a core.

cent
o Kyt = (closed convex hull of QN L\ 0)V is a core.
Definition 2.4.29. A closed convex kernel is called locally rationally poly-

hedpral if for any rational polyhedral cone II whose vertices are in £ there exists

a finite collection of x; € Vg N Q such that:
INK={yell| (z;,y) > 1}.

It is said to be I'-polyhedral if it is moreover I'-invariant.

Notation 2.4.30. Let T C + LN\ 0 we define:
Kr={x€ Q| (z,y) > 1forally e T}.

Proposition 2.4.31. If T is stable under the action of Aut(L¥,Q), then Kr
is Aut(L, Q)-polyhedral. If K is Aut(L¥,Q)-polyhedral then K" is Aut(L,)-
polyhedral.

See [AMRT10, Sec. 2.5.2 Prop. 9,10].
Definition 2.4.32. For a convex set A C V, a hyperplane H is said to sup-
port A if A\ H is connected and AN H # @.

For y € Q denote by H, := {x € V | {z,y) = 1} the associated hyper-

plane. Given a kernel K define:

Vi ={y € Q| H, supports K, H, N E(K) spans V}.
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Fory ={y1,...,ym} C Vi let o, be the cone generated by N;H,, N E(K).

Proposition 2.4.33. Let K be a I'-polyhedral co-core for €2 and define:
Y:={oy, |y C Yk finite}.

The decomposition Y3 is I'-admissible and projective.

For the proof of the first statement see [AMRT10, Sec. 2.5.2 Prop. 8| for
the proof of projectivity see [AMRT10, Sec. 4.2].

What the above theorem does is it translates the abstract problem of
finding a I'-admissible cone decomposition into the concrete problem of un-
derstanding how the extreme points of a lattice intersect hyperplanes. This
should not be assumed to be a simple task.

Proposition 2.4.34. Taking iterated subdivisions of a I'-admissible and pro-
jective cone decomposition preserves I'-admissibility and projectivity. By this
process one may construct a projective reqular cone decomposition.

See [Loo88, Sec. 4].

2.5 Dimension Formulas for Spaces of Modular Forms

One very natural question which remains unanswered about modular
forms on orthogonal symmetric spaces is that of giving explicit formulas for
the dimensions of spaces of modular forms on these spaces. These types of
formulas have a wide variety of applications, both computational and theo-
retical. This problem has been extensively studied in lower dimensional cases
where exceptional isomorphisms exist between the orthogonal Shimura vari-
eties and other classical varieties. In particular, the (2,1)-case corresponds
to the classical modular and Shimura curves and the (2,2)-case corresponds
to Hilbert modular surfaces. Many results are known for these cases (see for
example [DS05, Ch. 3] and [Fre90, Ch. 2]). Additionally, the split (2,3)-case

corresponds to a Siegel space where the work of Tsushima (see [Tsu80]) gives
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us dimension formulas. The only work in the general case is that of [GHS08].
They are able to compute asymptotics for the dimensions as one changes the
weight for several higher dimension cases. The standard approach to this type
of problem and the one we intend to discuss is that which has been used
successfully in the above listed cases.

The first tool we shall discuss is the Riemann-Roch formula.
2.5.1 Hirzebruch-Riemann-Roch Theorem

Before discussing the theorem we shall quickly survey the objects involved
in the statement of this theorem. Most of what we say can be found in [Har77,
Appendix A]. More thorough treatments exist, both from a more topological
approach [Hir66] or algebraic approach [BS58].

What the Hirzebruch-Riemann-Roch theorem fundamentally is about is
a formula for the Euler characteristic in terms of the values of intersection
pairings between certain cycles and cocycles. We will say very little about
what this means. Two good references for this material are [Ful98, Ful84].

Chern Classes

The main cohomology classes involved in the Riemann-Roch theorem are
the Chern classes. There are many ways to introduce them; for an alternate
topological approach see [MS74]. We mostly introduce notation and key results
we shall use.
Notation 2.5.1. Let £ be a locally free sheaf of rank r» on a non-singular
projective variety X of dimension n. Let P(E) be the associated projective
space bundle (see [Har77, I1.7]). Denote by CH"(X) the Chow ring of X, that
is, the codimension r cycles up to equivalence. Let & € CH'(P(&)) be the class
of the divisor corresponding to Opg)(1). Let 7 : P(£) — X be the projection.

Denote by Tx the tangent sheaf of X and by Q) the cotangent sheaf of X.
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Definition 2.5.2. For i = 0,...,r we define the ith Chern class ¢;(£) €

CH'(X) by the conditions ¢y(£) = 1 and

Y ()iraE) - =0.

1=0

We define the total Chern class

and the Chern polynomial
(&) =co(&) + a1 (E)t+ -+ c.(E).

For a partition oo = (v, ..., o) of i = ), ap we shall write ¢*(€) =[], ca, (£).
Proposition 2.5.3. The following properties uniquely characterize the Chern
classes.
1. If £ = Ox(D), then ¢,(€) =1+ Dt.
2. If f: X' — X is a morphism, then for each i we have ¢;(f*E) = f*c¢;(E).
3. If0 =& =& —E" — 0 is exact, then ¢;(E) = ¢,(E') - c,(E").
The following principle allows simplified statements for the next set of
definitions.
Proposition 2.5.4 (Splitting Principle). Given € on X there ezists a mor-
phism f: X' — X such that f*: CH(X) — CH(X') is injective and &' = f*E
splits. Explicitly this means we may write &' =& 2 & C --- C & =0 so that
the successive quotients are invertible sheaves.
See [Ful98, Sec. 3.2 Thm. 3.2].
Definition 2.5.5. It follows from functoriality that if £ splits with quotients
Ly,...,L, then:

T T

a(E) =[] e(L) =]+ at).

i=1 =1
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We define the exponential Chern character to be:

ch(€) = 26% = Zl (Z %a?) :

n

We define the Tod class to be:

@ _q4l,. 1.2 1 4
where 7= =1+ 57 + 527 — =52" + .. ..

With this notation we can express certain functorialities in a simple man-
ner as follows:
o ch(& @ F) =ch(€) + ch(F),
e ch(€ ® F) = ch(€) ch(F), and
e ch(EY) =ch(&).
The Euler Characteristic
Theorem 2.5.6 (Serre). Let X be a projective scheme over a Noetherian ring
A and let Ox (1) be a very ample invertible sheaf on X over Spec(A). Let €
be a coherent sheaf on X. Then the following properties hold:
1. For each i > 0 the ith cohomology H'(X,E) is a finitely generated A-
module.
2. There exists an ng such that H'(X,E(n)) =0 for all i > 0 and n > ny.
See [Har77, 111.5.2].
Definition 2.5.7. Let X be a projective scheme over k and let £ be a coherent
sheaf on X we define the Euler characteristic of £ to be:
X(€) = (~1) dim; H'(X,£).
Proposition 2.5.8. Let X be a projective scheme over k, let Ox (1) be a very

ample invertible sheaf on X over k, and let £ be a coherent sheaf on X. There
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exists P(z) € Q[z] such that x(E(n)) = P(n) for alln. We call P the Hilbert
polynomaial of € relative to Ox(1).

See [Har77, Thm. 1.7.5 and Ex. 2.7.6].
Theorem 2.5.9 (Hirzebruch-Riemann-Roch). For a locally free sheaf &€ of
rank r on a mon-singular projective variety X of dimension n we have the

following formula for the Fuler characteristic:
X(€) = deg(ch(&).td(Tx))n-

The statement is from [Har77, A.4.1]. For the proof see [BS58].
Corollary 2.5.10. Consider a locally free sheaf £ of rank r on a smooth
projective variety X of dimension n. There exists a ‘universal polynomial’ ()

such that:

X(E) =Q(a(8),- ., er(€);ar(Qx), - -, ea(Qx))

=D D> wasc’(€) (),

i=0 |a|=i |8|=n—i
where o, 8 are partitions of i,n — i, and the anp are integers which depend

only on «, B, n.

Proof. This follows from the observation that the Tod and Chern characters

are universal polynomials in the Chern classes. [

2.5.2 Kodaira Vanishing

In order to effectively apply this theorem to computing dimensions of H',
one needs to know that, for the line bundle in question, the higher cohomology
vanishes. To this end we have the following results.
Theorem 2.5.11 (Kodaira). If X is a non-singular projective variety of di-

mension n and L is an ample line bundle on X then:
H(X,LPC™) =0 for allm > 0,i < n.
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The statement is [Har77, Rem. II1.7.15]. For the proof see [Kod53].
Corollary 2.5.12. If X is a non-singular projective variety of dimension n

and L is an ample line bundle on X then:
HY(X, L™ @ QL) =0 for allm > 0,i > 0.

This follows immediately from the previous result by Serre duality (see
[Har77, TI1.7 and I11.7.15]).
2.5.3 Hirzebruch-Proportionality

In order to effectively apply the Riemann-Roch theorem to the situation
of locally symmetric spaces there are a number of key issues that must be
overcome. The first is that one must be working with a line bundle on a
projective variety. It is not immediately apparent that modular forms should
be sections of such a bundle and this should not be assumed lightly. The
second is how to actually compute the various intersection pairings that make
up the Riemann-Roch formula. Both of these problems have at least partial
solutions coming out of the theory of toroidal compactifications (see [AMRT10,
Mum?77]).
Notation 2.5.13. Throughout this section we will be using the following
notation. Let D = G/ K be a Hermitian symmetric domain of the non-compact
type and let D= G°¢/K be its compact dual. Each of these has the induced
volume form coming from the identification of tangent spaces at a base point
with part of the Lie algebra pc C gc.

Let I' C Aut(D) be a neat arithmetic subgroup with finite covolume and
let X = I'\D be the corresponding locally symmetric space. We will denote by
X a choice of smooth toroidal compactification and by X7 the Baily-Borel

compactification.
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Definition 2.5.14. We then define the Hirzebruch-Mumford volume to

be:
Vol(D)

Proposition 2.5.15. Given a G-equivariant analytic vector bundle Ey on D

there exists:
e an analytic vector bundle E on D which agrees with Ey on D,
e an analytic vector bundle E on X with an induced Hermitian metric,
and
e a unique extension E to X such that the induced metric is a good singular
metric on X.
See [Mum?77, Thm 3.1].
Theorem 2.5.16. Using the notation of the previous proposition. For each
partition o of n = dim(X) the associated Chern numbers ¢®(E) and ¢*(E)

satisfy the following relation:
(B = (=) Vol (X) e (E).

See [Mum?77, Thm 3.2].

Geometric Modular Forms

We now give a definition of the spaces in which we are interested.
Definition 2.5.17. Given a representation p : K — GL, we define a bundle
E, on D via

E, = K\(G x,C").

We define a p-form on X to be a I'-equivariant section of £, such that the

induced map f : G — C" satisfies:

F(9)] < Cligll
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for some n > 1,C > 0. The norm ||g|| is defined as in [Bor66, Sec. 7] as
Tr(Ad(s(g))~' - Ad(g)), where s is a Cartan involution.

We say a p-form is holomorphic if it is a holomorphic section of:
Ep = K@P+\(GC Xp (Cn)

on the inclusion of E < F.

Proposition 2.5.18. The vector space of holomorphic p-forms is precisely:
HY(X, E,),

where X is a smooth toroidal compactification of X and Ep the unique exten-
sion of E, to X.
See [Mum77, Prop 3.3].

Proposition 2.5.19. Consider the case E = QY so that E = Qp,. In this case
E = % (log)

is the bundle whose sections near a boundary of k intersecting hyperplanes are

of the form:
k

Zai(z)dz—ii—l— Z a;(2)dz;.

i=1 i=k+1
See [Mum?77, Prop 3.4.al.

Proposition 2.5.20. Consider the case E = Q% so that E = (Xp s the

canonical bundle of D. In this case
E = [*(Ogos(1))

1s the pullback of an ample line bundle on the Baily-Borel compactification.
The sections of Oxsr(n) are the modular forms of weight n.

See [Mum77, Prop 3.4.b).
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Corollary 2.5.21. Suppose n’ = dim(yBB — X)), then for all k > n' the cycle

1 ko
[Q(log)]" is supported on X.

Proof. This is true for the ample line bundle on X7 for which Qly(log)k

the pull back. Hence the statement is true for Q% (log)*. O

Corollary 2.5.22. For X = I'\D a locally symmetric space, the modular
forms are:

M;,(T) = H*(X, Q% (log)")

15 the space of modular forms of weight k level T for G. Furthermore the cusp
forms are:

Sp(T) = H°(X, Q% (log)* " @ Q).

Computing Dimensions

We now describe how to compute dimensions for spaces of modular forms.
Proposition 2.5.23. Suppose D is a cycle on X supported entirely on X,
then

D-*(Qx(log)) = D - *(Ox).

This follows from the properties of the Chern classes.
Lemma 2.5.24. Suppose Q) is the universal polynomial of Corollary 2.5.10

then:

Ex(0) : = Qler(Qhc(10g)):cr (2 (10g)), .. n(Qc(l0g)))

= Qler(Qx(log)); c1(Q), - -, n(Qx))

,n/

= e (% (10g))] D balc(Q) — < (Q(log)))

1=0 |o|=n—1i

for constants b, which depend only on o and not on X.

Proof. This is a direct application of Corollary 2.5.21 and Proposition 2.5.23.
O
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Theorem 2.5.25. Consider (Q%)_l the ample line bundle on D and let
Pp(t) = Y _dim(H'(D, (23) "))

be the associated Hilbert polynomial. Suppose I' is a neat arithmetic subgroup
and X is a smooth toroidal compactification of X = I'\D withn' = dim(YBB—

X). Then for £ > 2 we have:
dim(S¢(I')) = Volgar (X) Py (¢ — 1) — Ex(£).

See [Mum?77, Prop 3.5].

Remark. A remark is in order on the issue of the weight of a modular form.
The weight ¢ in the above theorem is what is known as the geometric weight.
This differs from the arithmetic weight by a factor of dim(X).
Notation 2.5.26. Denote the boundary of X by A = X — X and write
[A] = > "[D;] as a decomposition into its irreducible components [D;]. Denote
by Ay the kth elementary symmetric polynomial in the [D;]. Moreover, for o
a partition denote by A* =[], A,,.
Proposition 2.5.27. Let X be an n dimensional complex manifold and sup-
pose A = X \ X is a reduced normal crossings divisor. Denoting by Qly(log)
the subsheaf of Q2 with log-growth near A. Then:

J

(%) = (1) " ai(Q(log)) A .

i=0

Proof. This is proven is similar to [Tsu80, Prop 1.2]. It follows from considering

the following two exact sequences:

0 0L QL (log) —— ®Op, — 0,

0 Op, Ox(—=D;) Ox 0.

k3
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Corollary 2.5.28. For a partition o of j we find:
oy
Q) =11 (Z(—l)”lCi(Qi(log))Aae—J
¢ \i=0

= dapc’ (Q(log)) A7,
Byy

where the d, g~ depend only on o, 3,7y and not on X.
Corollary 2.5.29. We have that:

Ex(0) =) Cla(@x(0g)] >, ba| D dapsc’(Qx(log))A7 |,
=0 lal=n—i 1B1<lad
Iy[=lel—18

where the coefficients b, and d. g, depend only on «, 3,y and n and not oth-
erwise on X.
Remark. We have the following remarks about the above:

e All of the intersections in the above formula take place in the boundary,

since |y| > 0 for every term appearing in the formula.
e There are only finitely many connected components of boundary com-

ponents and finitely many inequivalent orbits of boundary component.

e Boundary components are of the form:
Lp\F x (Z*™\C™) x O(0)

for the various boundary components F' and cones o.

e Intersections between adjacent F’s in X7 is understood by the spherical
Bruhat-Tits building of G over Q.

e The intersections of two cones in F' are either another cone of F' or a

cone of an adjacent boundary component F’ contained in the closure of

F.
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e The Chern classes generally ‘descend well’ to adjacent boundary compo-
nents, see [Tsu80, Lem. 5.1].

In general [Tsu80, Sections 3,4,5] provides guidelines for computing these in-
tersection numbers.

Remark. The above results combine to reduce the issue of computing dimen-
sion formulas to the following steps:

1. Computing the Hilbert polynomial Pys. These are known in all the basic
cases.

2. Computing the volume Voly,/(X). This depends on the choice of I', the
formulas typically involve special values of L-functions.

3. Computing the terms b,,dsp,. This is a formal, though unpleasant
calculation and in high dimensions it is probably best left to computer
algebra software.

4. Computing the intersection numbers of all the terms appearing (see the
previous remark).

2.5.4 The Orthogonal Case
The following discussion follows closely that of [GHS08, Section 2].
Theorem 2.5.30. Let D be the symmetric space for an orthogonal group of

signature (2,n), then:
X(Op(=n)") = X(Opnsr (=) = x(Opnsa (=l = 2)) = (") — (m=37m).

Proof. We have describe Dasa quartic in P"*! with canonical bundle Ox(—n).

The adjunction formula places it into the following exact sequence:

0 = Opns1(—nl — 2) = Opuri(—nl) — O — 0.
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This allows us to compute the Hilbert polynomial of O from that of Opn+1.
In particular using the fact that dim(H%(Opn+1(k))) = (7+1++) allows us to

check the result. O

The non-trivial volume forms on a Hermitian symmetric domain D are
induced by the Killing form and the identification of p with Tp,, where z is
any base point. Up to scaling this form is unique.

For the group Os,, it is shown in [HelO1, p. 239] that the tangent spaces

for D and D are respectively:

0 U 0 U
and

ut o -U" 0
in the Lie algebra of G. The killing form is Tr(M; M}) which induces the form
2 Tr(U,UY). Fix a lattice L in the underlying quadratic space. In [Sie67] Siegel

computed the volume of O(L)\D relative to Tr(U,U3) as

2000 (L, L) | D(L)| @/ (HW—WP k;/2> (ﬁw—mr(k/z)),

where a (L, L) is the real Tamagawa volume of O(L). The computations of
[Hua79] when combined with the above yield the formula:
n+2 2
Vol(D (H 20 (k/2)” > (H R k/2)) (H ﬂ_k/QF(k/2)> .
k=1
Combining these results we find:
Proposition 2.5.31. The Hirzebruch-Mumford volume for an orthogonal sym-
metric space 1s:
n+2
Vol (SO(L)\D) = aws(L, L) | D(L)|# /2 <H wk/2F(—k:/2)> .
k=1

In order to compute a..(L, L) we use several facts.
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Proposition 2.5.32. For an indefinite lattice of rank at least 3 the genus
equals the spinor genus.
This follows from [Kit93, Thm 6.3.2].
Proposition 2.5.33. The weight of a lattice depends only on its spinor genus.
This is discussed in [GHS08, p224]. See also [Shi99, Thm 5.10].
Now using the fact that the Tamagawa volume of SOy (Q)\ SOy (A) = 2
we may conclude:
Proposition 2.5.34. For an indefinite lattice of rank at least 3 the following

formula holds:
2
a,(L, L)
H ' ~ Jspnt (D))

or equivalently:

ao(L, L) = |Spn+ Hap (L,L)~

where spnt (L) is the proper spinor genus Of L.
Remark. It is known (see [Kit93, Cor 6.3.1]) that |spn™(L)| is a power of 2.
Moreover, by [Kit93, Cor 6.3.2] computing |spn™(L)| can be reduced to a finite
computation.

The local densities o, (L, L) can also be computed. These computations
are explained in Chapter 4. Note that «,, differs from g, by a factor of

qrank(L)V(Q) ]

2.5.5 Non-Neat Level Subgroups

An important aspect of the above discussion was the appearance of the
term ‘non-singular’. In order to obtain a non-singular variety from a locally
symmetric space one is forced to take blowups. This process is not (trivially)
well-behaved with respect to the existence or dimension of sections. The above
machinery only works directly, without the need for any modifications, when

the locally symmetric space is non-singular. Consequently, an important result
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is that every locally symmetric space has a non-singular finite cover. This result
follows from the following:
Theorem 2.5.35. Suppose p t ®,(1) and deg(Py) < n for all ¢, then I'(p) C
GL,(Z) is neat.

See [Bor69, Prop. 17.4].

Two natural questions now arise:
Question 1. What does it mean to have a modular form on a singular space?
Question 2. How can one compute the dimension of this space from the
corresponding dimension of the cover?
Remark. The reason the first question is important is that line bundles may
not descend to a desingularization of the quotient. Notice that the desingu-
larization of (SLy(Z)\ H) is P'. If the line bundle of modular forms of weight
2 descended, it would by necessity have global sections. Moreover, even if the
line bundle does descend, it is not clear that I'-invariant sections will descend
to holomorphic sections.
Notation 2.5.36. Suppose we have a normal subgroup IV C I with I neat.
Denote by Si(I") the space of weight k cusp forms on X (I"). Define Si(I') =
Sp(I")" to be the space of I-invariant cusp forms. Define S,(I') C Si(I)
to be the subspace of cusp forms which extend to holomorphic forms on a
desingularization X (T') of X (I') = I'\ X (I").
Proposition 2.5.37. With the notation as above we can compute:

dim(Sy(T)) = D tr(y[Sk(I")).
~veT /T

The proof is a standard argument. A generalization of the Riemann-Roch

theorem by Atiyah and Singer [AS68] allows this to be computed.

We first introduce the following notation:
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Notation 2.5.38. Suppose v € I', x is a character of I' and # € C*. Denote
by X7 ={x € X |z = y(x)} and by N, = Nx_ the normal bundle of X7 in X.

For a vector bundle € denote by &, (6) the f-eigenspace of v and by £(x) the x-

isotypic component. Suppose ¢;(€) = [](1 — z;t), then set U?(&) = [[(:5%)
and ch(€)(y) = >, x(7) ch(E(x))-
Theorem 2.5.39. Suppose k is sufficiently large so that H (X, Q% (log)*1) =

0 for v > 0 then:

eh(@Y(0g)*~! © QYIX7)(3) [T, U(N, () 1(X7) Y
a(a1u0) = § e by

This is a polynomial in the weight k of degree at most X7.

See [Tai82, Sec. 2] and [AS68, Thm. 3.9].

Remark. The contribution of the identity element of I' in this formula gives
us the Riemann-Roch theorem for Si(I"). To evaluate this formula one needs
a complete understanding of the ramification locus of the quotient map.

On the issue of the relation of S(I") to Si(I') we have the following result.
Proposition 2.5.40. Let X(T') be a non-singular model of X(I') and let
X((v,I")) be the non-singular model of X ((,T")) which covers it. A T’-
inwvariant form extends to X (I') if and only if it extends to X ({~,T")) for all
vyel.

See [Tai82, Prop. 3.1].

Definition 2.5.41. Let v act on X with a fixed point x € X. Suppose the
eigenvalues for the action of y on Ty, are e*™ for j =1,...,n. We say the
singularity at z is y-canonical if >, a; — [ay] > 1.

Proposition 2.5.42. Every invariant form extends to X ((,T)) if and only
if all the singularities are v*-canonical for all ~* # 1d.

See [Tai82, Prop. 3.2].
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Remark. Forms which have sufficiently high orders of vanishing along the
ramification divisor will still extend even if the singularities are not canonical.
Theorem 2.5.43. Let L be a lattice of signature (2,n) with n > 9 and let
[ C IV be as above. There exists a toroidal compactification of X (I') such that
all the singularities are ~y-canonical for all v € T".

See [GHS07, Thm 2].
Remark. The results of [GHS07] are slightly more refined. They show that for
n > 6 the only source of non-canonical singularities on the interior are reflec-
tions. For n > 7 the reflections no longer give non-canonical singularities. For
the boundary, they show the 0-dimensional cusps never present non-canonical
singularities (by a choice of toroidal compactification). They also show that
the 1-dimensional cusps may only have non-canonical singularities over the
usual points i,w € H and these points present no problems if n > 9. More-
over, from their proof one can compute lower bounds on ¢ such that I'(¢) would
only give canonical singularities.

The computations involved in obtaining these results use the structure of
singularities that we will discuss in the following section.
2.6 Ramification for Orthogonal Shimura Varieties

The purpose of this section is to describe the nature of the ramification
between different levels for the orthogonal group. The only other discussion of
this topic with which we are familiar is the work of [GHS07, Sec. 2]. Some of
the results here are motivated by their constructions.

Let L be a Z-lattice of signature (2,n). Recall that:
D =K ={[Z] e P(L®zC) | q(2) =0, b(Z, %) > 0}.
Denote by Oy, the orthogonal group of L. For I' a subgroup of O (Z) we set:
X, () := I\Dy.
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When I' is neat X (I') can be given the structure of a smooth quasi-projective
variety. We also wish to think about X (I') when IT' is not neat. It will be
a quotient of X (I") for some neat subgroup I' C T' by a finite group of
automorphisms. The quotient certainly exists as a stack (though we shall not
discuss this further). However, one often expects that one can make sense of
it as a scheme, in which case the cover 7p : X(I'") — X (I') will be a ramified
covering.

The first thing we shall do is describe the structure of some ‘explicit’ rami-
fication divisors. We will next explain why this captures all of the ramification.
2.6.1 Generalized Heegner Cycles

We now define a class of cycles on our spaces. This is essentially the same
definition as the cycles considered in [Kud04], see also [Kud97a).

Definition 2.6.1. Let S C L be a (primitive) sublattice of signature (2,n’).

Then S+ is a (primitive) negative-definite sublattice of L. Define:
Drs={[Z] € D | b(Z,7) =0 for all § € S*}.

This is a codimension rank S+ subspace of Dy, defined by algebraic conditions.
Moreover, we see that:

DS >~ DL,S C DL-

Let &g = {5 | 8" =~S for some v € I'}. Define:

Hys= U Dpg
S S'edg S

to be the generalized Heegner cycle associated to this set of (primitive)
embeddings of S into L. Its image in X (I') will be an analytic cycle. A more
careful analysis and a precise definition can result in obtaining an algebraic

cycle (see [Kud04]).
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Remark. In the definitions above we could just as well have taken S C L#,
the dual of L, or in fact any lattice in L ® Q. However, for our purposes, since
(SH)+ N L would give a primitive lattice generating the same D, g, there is no
real loss of generality in assuming this for our purposes.

We should remark that if S has corank 1 then Hy g = Hz, 4, is just a
usual Heegner divisor (see [Bru02, p. 80]). This justifies our choice of name. It
is not our intent to imply that there is (or is not) a relation to the generalized
Heegner cycles arising from certain Kuga-Sato varieties (see [BDP10]).

2.6.2 Ramification near Dj g

We introduce the following notation (for any non-degenerate 5):

Fs={yel'|yScS}
T's = {y € Og | 7 lifts to T'}, and

fs = {’)/ c FS ’ ’y‘sj_ IId}

Remark. It would be convenient if I'g ~ T'g, however, this is hard to guarantee
if L#£S®S+.

We return to the setting where S C L is a sublattice of signature (2,n’),
so that S* is a negative-definite lattice. It follows that T's., and hence Tgu,
are both finite groups. We find that I's x T'g. < Oy, while I'g X T'sx may not.

We have the following maps:

XS(fs)C—> (fs X fSL)\DL

l l

Xg(Tg) —— X, (I).

Remark. If we want the bottom map to be injective we would need that for

each o0 € Op, with z,0(x) € Dy, g1 then there exists 7 € Og with 7(z) = o(z).
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We wish to explain the local ramification near Dy, g. Fix e; and ey isotropic
vectors spanning a hyperplane in S ® K, where K is a totally real quadratic
extension of QQ. Note that we cannot always take e; and e, in .S. We may then
choose to express the spaces Dg and Dy, as tube domains relative to the same

pair ey, es. In particular we may write:
Dy ={icly = (e, e)" C L®C|q(S(w)) >0}
with Dy, ¢ in Dy, being precisely:
Drs={u €Us = (e, €2, SHL c L®C|q(S(@) > 0}.
Thus we see that in a neighbourhood of Dy, ¢ in D;, we can express
Dy =Drs® (St ®C).

Then f‘sm acts on the complementary space S+ ® C. We see that the cycle
Dy s is the generic ramification locus for this action. That is, Dy, ¢ is maximal
among cycles fixed by this action (with respect to inclusion among cycles).
Remark. We remark that for some points of Dy, g the group I's. = I'g may
also cause ramification in the quotient. This ramification will not in general
be generic, and it will typically restrict to some sub-cycle of Dy, g.

Indeed, a group element g fixes 7 € Dy, ¢ if and only if 7 is an eigenspace
of g. Thus g can only fix all of Dy, ¢ if S is an eigenspace. This would imply
that 7 acts as —1 on S. Such an element acts trivially on Dg as this is a
projective space. The effect of the quotient by ¢ is the same as by —g € Og..
2.6.3 Generalized Special Cycles

We will now introduce another type of cycle on the spaces X = I'\Dy,
which play a role in ramification. We will call these generalized special

cycles because of their relationship to special points (see Section 2.7). Some of
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the constructions we shall perform will become more natural with the material
in Chapter 3.

Let F/Q be a CM-field and consider the CM-algebra:
E=F'=FYx...x

Denote complex conjugation for both F' and E by ¢ . View E as an F-
algebra under the diagonal embedding of F' into E. Label the embeddings
Hom(F,C) as {p1,P1, - pm, Pm}. Pick A = (A, ... X)) € (E7)* such that
pr(AD) € R but p;(A\?) € R~ for all other combinations of 4,j. We now

consider the rational quadratic space (V, gg o) given by V = E and

ae.ox(z) = 1 Trgo(Azo(z)).

Notice that the signature of the quadratic form is of the shape (2, ¢). We define

also the F-quadratic space (V' ¢}, ) given by V' = E and

Opor(t) = 5 Trg/r(Azo ().

Notice that ¢g ,\(z) = TrF/Q(qu’U,/\(x)). We have the tori T , and T, defined
by:

Tpo(R)={r € (E®qR)" | zo(x) =1},

Tpo(R)={r € (F®qR)" | zo(x) =1},
as well as maps:

TF,O‘ £> TEJ — ResF/Q(O /

9, o,2

)= O

4E,0,\’

where the first map A is the diagonal embedding. Now suppose further that:

q=4qps)D ¢+ and consider the inclusion:



Definition 2.6.2. The generalized special cycle associated to the inclu-

. ¢ .
sions Try < -+ — O, as above is:

Dy ={[Z] € K, | g7 = po(g)Z for all g € Tr(R)}.

For any lattice L in the quadratic space of ¢ this gives us a cycle in Dy. Set

O ={y ¢y |~ €T} and define:

Hy,= UTD,.
¢ ¢ed>¢

The image of H, in X =T'\Dy, is a cycle on X of the form:
I"\Dy = I'"\ Resr/q(Oqy, ,  )(R)/ Ko,

where I'" = ' Respg(Oy,  )(Z) and Kp ) is a maximal compact subgroup
of Respg(Og, )(R). Note that:

Resp/o(Oy. )(R) = Og-o(R) x O, (R)41.

!
4 o2

Remark. If d = 1 then the special cycle will be a special point.

2.6.4 Ramification Near D,

Notation 2.6.3. Denote the group of N** roots of unity by uy and a choice
of generator by (y.

The group puy has a unique irreducible rational representation vy. The
representation ¢y is precisely the ¢(IV)-dimensional representation of py act-
ing on the rational vector space Q((y) by multiplication.

For each a € (Z/NZ)* the generator (y acts on:

Ta= Y (VOCG TEQUy)® Yy
beZ/NZ

by multiplication by (%. We shall denote this (a)-isotypic eigenspace by
Un(a) C Q) ® Y.
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Conversely, we recover the rational subspace QC% as being spanned by:

S A (),

where the sum is over v € Gal(Q((x)/Q). The vectors (% for a € (Z/NZ)*
form a rational basis for ¢y .

Now consider the special case of the previous section where F' = Q((y)
and E = Q(¢y)". Assume that ¢ = ¢g . Moreover, assume that the integral
structure on E = F'?is of the form L = @L;, where the L, are fractional ideals
of F_ This requirement is equivalent to saying the integral structure is such
that via uy C Tp C O, we find puy C O4(Z).

Proposition 2.6.4. The cycle Dy is the ramification divisor for uy under this
action. Moreover, locally near Dy we have that:
D.=Dyx [] Cla-1),
a€(Z/NZ)*\{1}

where the action of uy on C"(a) is via x*.

Proof. We identify the tangent space near 7 € D, with:
Tp,» =7/ = ®u(L ®C)(a)/T.

Without loss of generality (or rather by choice of () we may suppose 7 is in

the (n-eigenspace. The above then becomes:
TL/T — 75¢/T @1 (L®C)(a)/T).

We see that the action of uy on (L ® C)(a)/7 is by (% ', where the —1 comes
from the action on 7. We thus see that in a neighbourhood of 7 around D,

the group py acts non-trivially, whereas it clearly acts trivially on Dj. O]
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Remark. As with the previous case, points 7 € Dy may have other sources
of ramification.
2.6.5 Ramification at 7

We will now explain why the situations described above are in fact the

only source of ramification. Fix 7 € Dy. We define a lattice S C L by setting:
S = ({R(r). (1)}

Note that the lattice S* is a potentially 0-dimensional negative-definite lattice.
We observe that 7 € C ® S. We wish to consider the stabilizer of 7 € Dy,

This is precisely:
I'; = {y € I' | there exists A\, € C* with y(7) = A\, 7}.

We immediately obtain a homomorphism y, : I'; = C* given by x,(7) = A,.
We have the following key results from [GHS07, Sec. 2.1].
Proposition 2.6.5. With the above notation we see the following:
e There is an inclusion I'; C I'g.
o The kernel ker(x,) equals Tg. .

e The 1mage of ]._‘T/fsi is a cyclic subgroup of T'g.

Proof. The first point follows immediately from the definition of S and I'g.
To see the second point, notice that the inclusion I'gr C ker(x,) is ap-
parent from the discussion of Section 2.6.2. Now for the reverse inclusion, if

g € ker(x,) and z € S we see:

(1,2) = (97, 9x) = (7, gx).

This implies that:

(1,2 —g2) = (T,z — gz) = 0,
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and thus, z — gz € S*+. However, S+ is negative-definite and thus:
SNSt=(sHtnst=o.
For the final point notice that:
I, /Ter ~x,(T;) = p.. € C*.

Thus the natural map:
FS — Fs
takes I';/ [g: to a cyclic subgroup of T's. O

It follows from the proposition that the group I';/ [ gives an action of
iy, on S.
Proposition 2.6.6. There are no trivial eigenvectors for the action of u,. on

S.

Proof. Suppose ¥ is a nontrivial eigenvector and that g € p,_ is a nontrival

element. Then we write:

(1,2) = (97, 97) = x+(9)(7, ®).

Likewise since T is also an eigenvector we find:

(T, 2) = (97, 97) = x-(9) (T, 7).
Therefore, x € St N S = {0}. O

It follows from this proposition that S = gbffT as a representation of ..
Proposition 2.6.7. We can decompose S = ¢§T i such a way that q is non-
degenerate on each factor and this is an orthogonal decomposition with respect

to q.
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Proof. First we observe that we can proceed by induction provided there exists
at least one non-degenerate factor. Indeed, if ¢4, is non-degenerate it follows
that uy stabilizes (¢,.)*. We may thus proceed inductively on d.

Next we observe that the restriction of ¢ is non-degenerate if and only if
it is non-trivial. This follows from two key facts:

1. Gal(Q(¢,.)/Q) acts transitively on eigenspaces, and

2. b(zg, 1) =0if a # b1
It follows that if ¢(r;) > 2, then ¢|y4, is non-degenerate since there are no
isotropic spaces of size larger than 2.

For the case of ¢(r;) = 2 it is not possible to have d = 1. It follows that
there exists a pair of ¢, such that the restriction of ¢ to ¢7(~1) @@3) is nontrivial.
If g restricts trivially to each factor, set ylgl) = :131(1) + a:?) and ?/1(2) = %(1) — xZ(Q).
The restriction of ¢ is then nontrivial on span(ygj )) ~ ¢,_. This completes the
argument. O

Proposition 2.6.8. If x,(I';) ¢ {£1} then T is on a special cycle Dy of Dsg,

where F' = Q(x(I';)). Hence, T is on a generalized special cycle of Dy.

Proof. Because the Q-span of ¢, (u,,) C End(¢,,) is equal to Q(¢,,) we may
extend the action of p, to one of Tr on each factor. This implies by way of
the results of Chapter 3 that we are in the setting of the previous section. In
particular, there exists a unique factor which is not negative-definite, and for

it there exists a unique R-factor which is positive-definite. n

Claim. If x,(I';) = {£1} then the image of T'; acting on Dy s acts trivially

on all of Dy, 5.
Proof. This follows since the entire space is the (—1)-eigenspace. O

Remark. From Propositions 2.6.5 and 2.6.8 it follows immediately that the

ramification of Dy, consists entirely of the ramification along Dy, ¢ coming from
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[s., and the ramification along D, C Dy, g coming from the action of pn on
Dy.

Note though that if I'g: # T'g then the quotient action by py does not
act trivially on the St ® C component of the tangent space to Dy g. This
phenomenon can only arise if L # S & S+.

2.7 Explicit Class Field theory (and Canonical Models)
2.7.1 Shimura Varieties and Hermitian Symmetric Spaces

There is an important relation between Shimura varieties (or at least their
points over C) and Hermitian symmetric spaces. More details of this relation
are found in the notes of Milne [Mil05] or the work of Deligne [Del71]. The
following section illustrates this connection.

Notation 2.7.1. We shall denote by S = Resc/r(Gy,) and S' C S the subtorus

consisting of the norm 1 elements. Concretely this means:
S(R) ~{(4?%) ] a,be R} and SH(R) ~ {( %) |a,b€ R, a®+b*=1}.

For a reductive group G denote its centre by Z(G) and let G*4 = G/Z(G)

be the associated semi-simple group.
Definition 2.7.2. A connected Shimura datum is (G, X), a semi-simple
algebraic group G defined over Q and a G*(R)* conjugacy class of maps
p: Sk — G satisfying the following axioms:

1. The only eigenvalues that appear in the representation of S* on Lie(G?%)¢

induced by p are a + bi,a — bi and 1.

2. Conjugation by p (( o0 )) is a Cartan involution of G4,

3. G* has no Q-simple factors G; such that G;(IR) is compact.
A Shimura datum is (G, X), a reductive algebraic group G defined over Q

and a G(R) conjugacy class of maps p : Sg — G satisfying the same axioms.
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As per the introduction on Hermitian symmetric spaces (Section 2.2) such
a conjugacy class is equivalent to a Hermitian symmetric space. One must be
careful about the normalizations of h versus p to obtain the above conditions.
Definition 2.7.3. We shall denote the finite adéles of Q by A/ .

Let (G, X) be a connected Shimura datum and K be the maximal com-
pact subgroup associated to the Cartan involution coming from p € X. The
connected Shimura variety associated to (G, X) is the inverse system:

Mc(G,p)(€) = lim T\G*(B)/K = lim G*(Q\G*(4)/K x K7,
r Kf
where the ' run over all ‘congruence’ subgroups of G(Q) and the K/ run over
compact open subgroups of G(A7).

For (G, X) a Shimura datum the Shimura variety associated to (G, X)

is:

Me(G.p)(C) = lim GE\X x GlA)/K,

where K/ run over compact open subgroups of G(A/).

Given (G1, X1) and (Ga, X3) together with a map f : G; — G such that
f(X7) C Xy, one obtains a morphism of Shimura varieties.
Remark. What we have just defined is the ‘complex points’ of the Shimura
variety. The Shimura variety should be viewed as the associated complex
scheme, or inverse system of complex schemes associated to this system. Such
schemes exist by the theorem of Baily-Borel (see [BB66]).

The adelic description makes it clear that there exists an action of the
finite adéles on a Shimura variety.
2.7.2 Shimura Reciprocity

In order to explain the context of our results concerning special fields we

must first introduce the notions of special points and Shimura reciprocity. We
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give here a very terse description of the ideas at work. We will follow fairly
closely the format of [Del71] where you may find a more thorough exposition.
Definition 2.7.4. Let 7 : E — C be a number field with a complex embedding
and let Mc(G, p) the complex model of the Shimura variety associated to G.
A model over E of Mc(G, p) consists of:
1. a scheme Mg(G, p) over E, endowed with a continuous action of G(A7),
and
2. an isomorphism Mg(G, p)®g,C ~ Mc(G, p) compatible with the action
of G(AT).
To give a scheme M over E together with a continuous action of G(AY)
amounts to giving:
1. a scheme x M over E for every open compact subgroup K of G(A7), and
2. a homomorphism Jp x(x) : kM — M for every pair K and L of com-
pact open subgroups of G(A') and for each z € G(A/) with s Kx=* C L.
These homomorphisms must satisfy:
(@) Jarr(y)Jo k(@) = I (yo).
(b) Jxkk(z)=Idif z € K.
(c¢) For K a normal subgroup of L, the map Jk x defines an action of
L/K on M, and moreover, J, x(e) defines (L/K)\xM — M.
Let F' be a finite extension of F, together with a complex embedding
extending that of E. If Mg(G, p) is a model of Mc(G, p) over E, we denote
by Mr(G, p) = Mg(G, p) ®g F the model of M¢(G, p) over F.
Given a model My(G,p) there is an action of Gal(E/E) on Mz(G, p),

and thus on the profinite system:

7T0<ME<G7 p)) = lliﬂ WO(KMF(G7 p)) = 71—0(]\4(C<C7Y7 p))
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Likewise the group G(A7) acts on m(M%(G, p)). The action factors through:
m(G) = m(G(A)/G(Q))

and again through its quotient 7(G)/mo(K ). This makes mo(Mz(G, p)) into
a principal homogeneous space under the commutative group 7(G)/m(K)

(see [Del71, 3.4]). As these two actions commute this induces a map:
My Gal(E/E) — 7n(G) /mo(Ko).-

For a number field F, class field theory identifies the largest abelian quotient of
E/E with the group m(Tg(A)/TE(Q)) and the above map can be interpreted
as:

At Gal(E/E)® = m0(Ti(A)/Tr(Q)) — 7(G) /10(Ko).

We shall call this morphism the reciprocity map.
Remark. It would be a very desirable property of models that morphisms
should descend to them.

Given a pair of Shimura data (G4, p1) and (Ga, p2) together with models
Mg, (G, p1) and Mg, (Gs, p2) over Ey and Es, respectively. Suppose there is a

morphism f : (G, p1) — (G2, p2) that descends to the models:

e Mg, (G1, p1) = Mg, (G2, p2).

The immediate implication is that Fy C E;. It also follows immediately that
the Galois action on Mg, (Gs, p2) must induce reciprocity on Mg, (G1, p1).

Example. The simplest example of a Shimura datum comes from taking the
group G = T a rational torus such that 7'(R) is compact. In this case the
varieties g Mc (G, p) are finite sets. Thus to give a model over any field F

which splits T is equivalent to giving a Galois action on this set.
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Definition 2.7.5. The canonical model for the Shimura variety of a ratio-
nal torus Tg is the unique model for which the reciprocity morphism is the
reciprocity morphism of class field theory. There exists a minimal field E (T, p)
over which this model can be defined. It is often called the reflex field or
special field of the point. We shall say that a field F is a special field for
a Shimura variety if it is the special field for a special point on that variety.
Definition 2.7.6. A point h € M¢(G, p) is called a special point if & is in
the image of some Mg(T, p').

Definition 2.7.7. For a Shimura variety Mc(G, p) a model Mg(G, p) over E
is said to be weakly canonical if for every special point h that is associated
to Mc(T,p') the inclusion from the canonical model Mg (T, p') is defined
over the composite field E (T, p')E.

The model is said to be canonical if the field F is the field of definition
of an associated Hodge filtration (see [Del71, 3.13]).

Theorem 2.7.8. Given any Shimura variety a canonical model exists and is
unique.

For many types of Shimura varieties this theorem follows from an explicit
construction for a canonical model for the Siegel spaces (see [Del79, Sec. 2.3]).
More generally see [Mil83].

2.7.3 Special Fields for the Orthogonal Group

From the concrete descriptions of the structure of the Hermitian symmet-
ric spaces associated to orthogonal groups (see Section 2.2) and the structure
of tori in orthogonal groups we shall describe later (see Chapter 3), we easily
obtain the following characterization:

Proposition 2.7.9. A CM-field L with totally real subfield K is a special
field for the Shimura variety associated to Oy if there exists a CM-algebra E

containing L as a direct factor, ie. E = E' & L, for which the associated
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algebraic torus Ty, embeds into Oy in such a way that the trivial eigenspace
of Tt C Tg o is negative-definite.

Remark. It is not immediately clear to what extent the condition “the trivial
eigenspace of 17, is negative-definite”, which does not appear in the general
conditions for embedding tori, places any new restrictions. This condition
might appear to present an obstruction to the local-global principle for the
embedding of algebras. As such a remark is in order on the obstruction to the
local-global principal (for a more detailed discussion see [PR10] and [BF13]).
The source of the local-global conditions is precisely the requirement (see proof
of Corollary 3.5.4):

We can divide the Hasse-Witt conditions between the factors in such a way
that each factor can control the ones it is given and each factor is given an
even number.

This is not an obstruction if:

For each pair i,j there exists a non-split quaternion algebra A which is split
by E? and Efj for all CM-types ¢; of E; and ¢; of Ej;.

or equivalently:

For each pair i, j there exists p a prime of Q and p;, p;|p primes of E;, E; such
that both p;,p; do not split respectively over E7, EY .

For each factor E; of E the Chebotarov density theorem tells us that the
density of primes of Q that have a factor in EY that is inert in E; should be at
least 1/[E; : Q]. If E; were Galois, this ratio can be more explicitly computed
as:

{7 € Gal(E;/Q) | 0 = a~ 'y« for some o, 7}| / |Gal(E;/Q)|.

The formula is looking for elements where a power of Frobenius is a conjugate
of 0. If C, is the largest cyclic 2-group in Gal(FE;/Q) containing o and I'y is

a Sylow 2-subgroup, then this ratio is at least |C‘;‘2T1 It follows that if the E;
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are chosen at random then we expect infinitely many primes to prevent any
local-global obstructions. Moreover, given an extension E; the conditions one
needs to impose on E, to make E; @& Es not satisfy the local-global principle
places many restrictions on F,. It is not at all apparent that such an F, can
even exist. Nonetheless, examples do exist where the local-global conditions
will fail when E) is degree 4 and Ej is degree 2 (see [PR10, Ex. 7.5]).
Claim. Let E = E,E, be the normal closure of the composite field. If there
exists op € Gal(E/k) such that og|g, = o for i = 1,2 then Ey @ Es satisfies
the local-global principle.

For a more precise statement about CM-algebras see [BF13, Cor 4.1.1].
The key point here is that when Frob, = o it must also restrict to both og|g,,
and consequently, the associated primes over p in each factor are inert.
Theorem 2.7.10. Suppose (V, q) is a quadratic space over Q of signature (2, ()
with ¢ even. Suppose that (E,0) is a CM-field with complex conjugation o and
that [E : Q] =24 (. Then Tg, — Oy if and only if:

1. E? splits the even Clifford algebra Cg for all CM-types ¢ of E, and
2. D(q) = (~1)0/25,55,
If this occurs then E is a special field.

See Theorem 3.1.2.

Theorem 2.7.11. Suppose (V, q) is a quadratic space over Q of signature (2, ()
with € odd. Suppose that (E, o) is a CM-field with complex conjugation o and
that [E: Q] =1+ (. Then Tg, — O, if and only if:

1. E? splits the even Clifford algebra Cg for all CM-types ¢ of E.
If this occurs then E is a special field.

See Theorem 3.1.2.
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Theorem 2.7.12. Suppose (V, q) is a quadratic space over Q of signature (2, ()
with ¢ even. Suppose that (E, o) is a CM-field with complex conjugation o and
that [E: Q] = (. Set d = (—1)"2D(q)dg/g. Then Tp, — O, if and only if:

1. B¢ splits Q(v/d) ®q CY for all CM-types ¢ of E.

The field E can always be made a special field.

Proof. 1t is apparent that the condition to have E embed into O, is that
Treowdye = O4. From this the only conditions that remain then are the
splitting conditions and the local-global conditions.

The local-global conditions here are automatic because complex conju-
gation on each factor is induced by an element of the Galois group of the
composite field. Note that E is not always a special field but it is for certain

embeddings Tk , — O,. []

Theorem 2.7.13. Suppose (V,q) is a quadratic space over Q of signature
(2,0). Suppose that (E,0) is a CM-field with complex conjugation o and that
[E:Q] <! Then Tg, — O, in such a way that E is the special field for the

corresponding special point.

Proof. Picking A € E? with precisely 1 positive embedding we claim that we

may write:
4~ qeonr®q.
Indeed, such a space ¢’ would have dimension at least 3. Quadratic forms of
dimension 3 are universal for discriminants, Hasse invariants and signatures.
That is the form:
Dqx} + Hay + —qHaz;
has discriminant —D, and Hasse invariant (D, —1)(q, DH). We can thus easily

satisfy any imposed discriminant, Hasse invariant and signature conditions by
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picking H, q, D appropriately and noting that the sign of D must be compatible

with the signature conditions that we are imposing. O]

Example. The special fields for Shimura curves attached to quaternion alge-
bras over Q are precisely the quadratic CM-fields which split the quaternion
algebra. In this case the quadratic form is the one coming from the reduced
norm restricted to the trace 0 elements.

The special fields for Hilbert modular surfaces are either degree 2 or 4. The
degree 4 CM-fields are precisely those which satisfy the discriminant condition.

In this case we use the quadratic form:
2 2 2 2

The even Clifford algebra is trivial, and hence there is no splitting condition.

To investigate degree 2 extensions notice that the form is isomorphic to:
x} + Dya3 — Dywi — D},

Hench, any quadratic extension Q(1/D;) can be made a special field.
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CHAPTER 3
Characterization of Special Points of Orthogonal Symmetric Spaces

The main content of this chapter has been published in [Fiol2].

It is available at http://dx.doi.org/10.1016/j.jalgebra.2012.08.030.

The version here contains some minor corrections and changes.
3.1 Introduction

Given an algebraic group G defined over Q and its associated symmetric
space G(R)/K, where K is a maximal compact subgroup, one is interested in
the special points (see [Del71, 3.15]). They correspond to those algebraic tori
T C G which are maximal, defined over Q and for which T'(R) is compact.
To such a torus T one can associate a field F' which is the special field for the
corresponding point. This special field appears as part of an étale algebra E
which is naturally associated to the torus. We wish to answer the following:
Question. Given a quadratic form ¢ with its corresponding orthogonal group
O,4, what are the conditions on an étale algebra £ such that E is associated
to a maximal torus 7" of O,7

This problem is taken up, to some extent, by Shimura in [Shi80]. Some
work on the problem also appears in my masters thesis [Fio09] as well as sev-
eral other papers. This work is in fact complementary to my masters thesis
where an abstract classification in terms of group cohomology is given. The
relationship between those results and these will be the subject of future work
(see Chapter 5 for further details). The most useful description for our cur-

rent purposes is the work of Brusamarello, Chuard-Koulmann and Morales
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[BCKMO3], from which one can extract various necessary and sufficient con-
ditions on the algebra F. In this paper we rephrase the conditions which can
be derived from [BCKMO03].

The primary goal of this work is thus to prove the following:

Theorem 3.1.1. Let (V,q) be a quadratic space over a number field k of
dimension 2n or 2n + 1 and discriminant D(q), and let (E,0) be a degree 2n
field extension E of k of discriminant 0, together with an involution o. Then
O, contains a torus of type (E, o) if and only if the following three conditions
are satisfied:

1. E? splits the even Clifford algebra Cg for all o-types ¢ of E.

2. If dim(V') is even then op/, = (—1)"D(q).

3. Let v be a real infinite place of k and let s be the number of homomor-
phisms from E to C over v for which o corresponds to complex con-
jugation. The signature of q is of the form (n — 5 + 2i,n + 5 — 2i),
if the dimension is even and either (n — 5 + 2i + 1,n + 5 — 2i), or
(n—35+2i,n+35—2i+1), if v((—=1)"D(q)0g/) is respectively positive
or negatiwe when the dimension is odd, where 0 <1 < 3.

Moreover, for any E satisfying condition (2) we have that \/W € E? for
every o-type ¢ of E.

The notion of a o-type will be introduced in Definition 3.2.2.

We remark that the conditions in the theorem above are independent of
the choice of similarity class representative for the quadratic form that defines
O,. We also note that one can replace the first condition of Theorem 3.1.1
by the condition that for all primes p of k where the even Clifford algebra is
not split, there exists a prime p|p of E? such that p does not split in £. The
equivalence of these conditions is the content of Lemma 3.5.9 and comes up in

the proof of the main theorem.
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We would also like to point out that the theorem above, which holds
for fields with involutions, does not extend to arbitrary étale algebras with
involution. It follows from our proof that the conditions in the theorem are
sufficient to ensure that there exist local embeddings for all of the places of k.
Thus, the only obstacle to generalizing to étale algebras is the existence of a
local-global principle. We would like to thank Prof. Eva Bayer, for pointing
out the recent work of Prasad and Rapinchuk [PR10] on this problem. In
their paper they provide both a counterexample to the local-global principle
for étale algebras as well as giving a sufficient condition for when a local-global
principle still holds. We also refer the reader to the forthcoming work of Eva
Bayer [BF13] which gives a complete description of the obstructions to the

local-global principle.

The original motivation for this work came from the problem of deter-
mining which CM-fields could be associated to the special points of a given a
orthogonal group. The following corollary answers this question.

Corollary 3.1.2. Suppose in the theorem that k = Q, the signature of q is
(2,0) and (E,0) is a CM-field with complex conjugation o. Then O, contains
a torus of type (E, o) if and only if:
1. For each prime p of Q with local Witt invariant W (q), = —1 there exists
a prime p|p of E° that does not split in E.
2. If € is even, then D(q) = (—1)*t9/255,4. (No further conditions if { is
odd.)
Corollary 3.1.3. Suppose that k = Q and the signature of q is (2,¢). Let F
be a totally real field. Then there exists a CM-field E with E° = F, such that
the orthogonal group O, contains a torus of type (E, o) if and only if:
1. No condition if ¢ odd.
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2. If € is even, then (up to squares) D(q) = Npi(0) for an element 6 € F
which satisfies the condition that for all primes p of k with W(q), = —1
there is at least one prime p|p of F' such that 0 is not a square in F,.
As a final application, we have the following which recovers classical re-
sults concerning the classification of CM-points, and answers the more recently
raised question of classifying almost totally real cycles on the Hilbert modular
surfaces associated to real quadratic fields (see [DLO03]).
Corollary 3.1.4. Let d € Q be a squarefree positive integer. Consider the
quadratic form:

2_ .2, .3 2
qq = v] — 5 + x5 — dxy.

This implies Spin, (R) ~ SLy(R)? is associated to the Hilbert modular surface
for Q(v/d). Let (E,o) be an algebra of dimension 4 with involution o. Then
O, has a torus of type (E, o) if and only if the o-reflex fields of E all contain
Q(\/a) In particular, the algebras associated to tori in Spin,, all contain
Q(Vd).
3.2 Preliminaries

We begin by recalling a few of the basic notions relevant to the statement
of the theorem.

For this section let £ be a field of characteristic 0, fix an algebraic closure
k and let T' = Gal(k/k) be the absolute Galois group.
3.2.1 Etale Algebras

By an étale algebra FE over k of dimension n we mean a product of finite
(separable) field extensions F;/k where the dimension of E as a k-module is
n. The discriminant §(E/k) or g is the product of the field discriminants
0g,/k- We have that E Quk ~ x pEep, where the e, are orthogonal idempotents
indexed by p € Homy,_ 4, (E, k). The isomorphism is given by the map z®@a

>_,ap(x)e,. The Galois group I' acts on the collection {e,} by Te, = €.
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This action, together with the natural action on coefficients, corresponds to
having I' act on F ®; k via the second factor so that (E R E)F ~ F. Thus,
the descent data needed to fully specify the k-isomorphism class of an n-
dimensional étale algebra is the Galois action on the collection {e,}. For a
more detailed discussion of the theory of Galois descent, in particular how it
applies to this setting see [KMRT98, Ch. 18]. The key result is:
Proposition 3.2.1. There exists a bijective correspondence between isomor-
phism classes of étale algebras over k of dimension n and isomorphism classes
of I'-sets of size n. The correspondences being E +— Homk_alg(E,E) and
Q= (Xpeake,) .

We will often use this result to construct étale algebras by specifying a
['-set.

By an étale algebra with involution (F, o) over k we shall mean an
étale algebra E over k together with o € Auty_q,(E) of exact order 2. We will
denote by E7 = {x € E|o(z) = «} the fixed étale subalgebra of o. The action
of o on £ induces an action on idempotents given by o : e, — €,0,. We see
immediately that this action commutes with the Galois action. Now, consider
the disjoint collection of sets Homy,_a,(E, k) = L{p, po o}. Since the actions
of o and I on Homy_,(E ,E) commute we find that I' acts on the collection
of sets {p, poc}. We can thus consider the étale algebra whose idempotents
come with this action. It is the subalgebra E? of E under the inclusion map
€{p,poo} "7 €p T €pog-

Convention. For the remainder of this paper we restrict our attention to the
case where dimg(E7) = {%(E)W . For the most part we shall also assume that
dimg(E) is even. Unless it is otherwise specified, all algebras with involution

satisfy these additional properties.
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We will now introduce the notions of o-types and o-reflex algebras. These
generalize the notion of CM-types and CM-reflex algebras which are important
in the theory of complex multiplication and have been extensively studied. We
shall only mention the notions which will be of use to us. For a more detailed
exposition of CM-types and CM-reflex fields see either [Lan83, 1.2 and 1.5] or
[Mil06, 1.1, pp.12-19].

Definition 3.2.2. Let (F,0) be an algebra with involution. A subset ¢ C
Homy, 14 (F, k) is said to be a o-type of E if pLi¢o = Homy_,,(F, k). Denote

the set of o-types:
® = {¢ C Homy_y(E, k)¢ U g0 = Homy_ay(E, k)}.

Then both I' and ¢ act on ® and these actions commute. For a o-type ¢ € ®
denote its orbit in ® under I' by I'¢ C ® and denote the stabilizer by I'y, =
{veTlo =0}

We define the o-reflex algebra of ¢ to be (E?,0), where E? is the étale
algebra whose idempotents are indexed by I'¢p U I'po with the induced action
of I' and o.

We define the complete o-reflex algebra to be (E®, o), which is the
étale algebra whose idempotents are indexed by ® with the natural action of
['and o.

Proposition 3.2.3 (Alternate definition of reflex field). Let ¢ be a o-type
of E and define B =F° IfT¢ = I'po then E? is a field and E? ~ E9.
Otherwise, if ['p # T'¢o then B¢ = E% x E9.

Proof. We claim that B9 naturally has idempotents corresponding to I'¢. In-
deed, the idempotents of Eé = F°¢ correspond to Homk(EFd’,E), which is
naturally identified with I'/T'; as I-sets. The map sends 7I'y to v o Id where

Id: % * — & is the identity inclusion. Likewise we can identify I'/T'y and
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I'¢ as I'-sets via the map vI'y — v¢. By the correspondence between I'-sets
and étale algebras we conclude B9 is isomorphic to the étale algebra whose
idempotents are I'¢. If ['¢p = I'¢o this gives us the result. Otherwise, £ has
idempotents I'¢ LI 'po. As the action of I' is from the left on I'¢o it follows

that as ['-sets ['¢o is isomorphic to I'¢. Thus we conclude E? = Eéx E%. [

Definition 3.2.4. Let (E,0) be an étale algebra with involution over k& and
let ¢ be a o-type of E. There is a natural map N, : F — E? which is defined
by:

Ny (Z apep> = Z (H ap) €, -
P b €(LpUT o) \pEd;

This map is called the o-reflex norm of the o-type ¢.

We want to show that this map, which a priori maps E ®j, k to E® @, k,
actually maps E to E? = (E? @, k)''. Since E = (E ®; k)’ we have that for
vyeland 3 ase, € E the formula:

Z ape, =y (Z ap€p> = ZV(%)GWO/)

p P

implies that v(a,) = ayo,. Using this we check that:

g (H) ~TI @) = [Tawr= IT an

pED; pPEDi PED; pEY(di)

Finally we may check that:

Y <N¢> (Z apep)) = Z v (H ap) Ey;
P $:€(TpUlpo) pED;
= Z H ap | €v¢;
$:€(T¢Ul'¢o) \ pE7(¢i)
= Ny (Z apep> .
P

Hence we conclude that N, <Zp apep> € (E* @y k) = E9.
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Proposition 3.2.5 (Computing o-reflex algebras). We summarize some re-
sults which allow for the computation of o-reflex algebras.
1. Let E be a field with o an involution of E and let ¢ be a o-type of E.
Then E® = E® as above.
2. Let F be an étale algebra and let (E,0) = (F x F,0), where o inter-
changes the factors F'. Then there are a number of different o-types of
E:
(a) Let = Hom(F, k) C Hom(F x F, k) correspond to maps on the first
factor. Then E?® =k x k where o acts by interchanging factors.
(b) Fiz one element p € Hom(F, k) and set ¢ = (Hom(F, k)\{p})U{po
o}. Then E® = p(F) x p(F) where o acts by interchanging factors.
(c) More generally one any choice of S C Hom(F,k) one can take
¢ = (Hom(F,k)\ S) USo. Then E® = L x L where o acts by
interchanging factors and where L = o C pLGJS im(p).
3. Let (Ey,01) and (E2,02) be algebras with involutions. A o-type for
(E,0) = (E1 X Ey,01 X 09) is of the form ¢ = ¢ U ¢o, where the ¢;
are o;-types for E;. Then E% ~ /E\{’g@; and so the factors of E? are the

composite of those of the Efz

Proof. In each case the proof amounts to a direct application of Proposition
3.2.3 together with a computation of I';. For case (1), where E is a field,
Proposition 3.2.3 is the complete result. For case (2) where F = F' x I and the
factors are interchanged by o, we note that the orbits of I' on Homy,_ 4, (E, E)
can be decomposed into those factoring through the first F' factor and those
factoring through the second. Thus T'y is just {y € I' | vS = S} where
S C Hom(F, k) is the set describing ¢ as in each of the subcases of (2). It is

then clear that T'y contains M,cs Gal(k/im(p)). From this one concludes the
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result in the special cases of S = @ or S = {p}. In case (3) where £ = E; X E,

it is clear that I'y = I'y, N I'y, which implies the result. [

Corollary 3.2.6. Write (E,0) = X;(E;,0;) as a direct product where each
E7 is a field. Then E* is a product of even degree field extensions if and only

if E; is a field for at least one 1.

Proof. If every factor E; is of the form EY x EY with o, interchanging factors
then £ = F x F for F' ~ x;FE? with o interchanging factors. Then by the
proposition above there exists ¢ with £ = k x k and thus one of the direct
factors of E? is k.

Conversely, by the computations above every factor of E? is formed as a
composite extension of /E\f/ If there exists a factor E; which is a field then for
all ¢; the field 27? is even degree. It follows that every factor of E® contains

an even degree subextension of the form EY and so E® is a product of even

degree field extensions. O

Proposition 3.2.7 (Localization of Reflex Algebras). Suppose k is a number
field, p be a prime of k (finite or infinite) and let k, be the completion of
k at p. By the localization of (E,o) and (E®,0) at p we mean the algebras
(E, = E ®y ky,0,) and (E?), = E? @} k,,0,). Let G = Gal(k,/k,)\I'/T,

then:

where g is any representative of the coset g. In particular, (E®), = (E,)®%".

Proof. The idempotents of E, and (E?), are in natural bijection with those of
E and E?, respectively. That is, by fixing a single map k — k_p we obtain a
Galois equivariant bijection Homk_alg(E,E) ~ Homkp_alg(Ep,k_p) with respect
to the associated inclusion T, = Gal(k,/k,) < Gal(k/k). This naturally

induces a bijection between the set of o-types for (E,0) and o,-types for
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(E,,0,). However, because I, is only a subgroup of I', the Galois orbit of ¢,
in ®, under I', may be strictly smaller than the Galois orbit of ¢ in ® under
. Hence, it may happen that (E,)? # (E?),. In order to capture all of the

orbits recall G =I',\I'/T';, so that:

L6 = U Ty(90)

where ¢ is any representative of the coset g. It follows that:

3.2.2 Algebraic Tori
We now recall some basic properties of algebraic tori in linear algebraic
groups.
Definition 3.2.8. A k-algebraic group is an algebraic torus 7' if it satisfies
any of the following equivalent properties (see [Bor91, 8.4 and 8.5] for a proof
of the equivalence):
1. T is connected and diagonalizable over k.
2. T is connected, abelian and all its elements are semisimple.
3. k[T is spanned by X*(T) = Homg(T,G,,).
4. T; ~ G, for some n.
Given any k-rational representation of 7" into GL,, there exists a collection
) C X*(T) of characters that appear once the representation is diagonalized

over k. We may consider the map:
Iy — H G, t = (X(?))xe

where the natural Galois action of I' on T is by permuting the x as per the

action of I on X*(7T). The descent data needed to recover the isomorphism
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class of a k-torus of rank n from its k-isomorphism with G is the specification
of the Galois action on X*(7T") ~ Z". See [PR94, 2.2.4] for a discussion of Galois
descent as it relates to the classification of tori. The key result is:
Proposition 3.2.9. There exists a contravariant equivalence of categories
between k-isomorphism classes of algebraic tori of rank n and Z[I']-modules
which as Z-modules are torsion free and of rank n. The equivalence takes
T — X*(T).

Specifying a Galois action on X*(T) is equivalent to specifying the Ga-

lois action on any Galois stable spanning set 2 C X*(7'), in particular those
spanning sets arising from faithful representations. Moreover, for a fixed re-
ductive group G of rank n and for any two k-conjugate tori 71,7, C G, the
sets Qr,, 0, can be identified (non-canonically). In particular, to classify the
k-isomorphism classes of maximal tori contained in G, it suffices to consider a
single such spanning set 2 C Z". Then any k-torus in G gives a Galois action
on  which in turn gives rise to a representation I' = GL,,(Z). One may then
study the tori knowing only that they arise from a I'-set 2 which spans Z".
One should note that the condition 7" C G’ may impose further conditions on
which I'-actions on €2 are possible.
Proposition 3.2.10. Let Q2 be a finite I'-invariant set of generators of X*(T').
Let E = Eq be the étale algebra whose idempotents are the I'-set ). Consider
the torus Tg := Resg/i(Gy), that is, the torus such that for any k-algebra R
we have Tg(R) = (E® R)*. Then T — Tg.

Proof. First we note that X*(Tg) = Z. We thus obtain a natural Z-linear
map from X*(Tg) — X*(T) by taking 2, the basis of X*(Tg), to  as a
spanning set of X*(7"). This map is surjective and ['-equivariant thus inducing

a surjective map k[Tg| — k[T] which corresponds to an injective map 7" —

Tg. [l
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Definition 3.2.11. If E is an étale algebra over k£ we say a k-torus S is of
type E if S — Tg and F contains no proper subalgebras with this property.
Note that any embedding of S < Tx (where S is of type E) arises as
above. To see this consider the representation of S arising from the regular
representation of T on E. Note also that the Galois closure of the composition
of fields which comprise E is a minimal splitting field for the torus S.
Example. Let L C E be étale algebras over k and consider x € Homy (Tx, T7.)
corresponding to x = Ng/z, then Ker(x)" C Tg is a torus of type E.
Definition 3.2.12. Let (F, o) be an étale algebra with involution over k£ and

put x = Ng/g-. Then we define:
Tpo = Ker(x)? = {t € Tylto(t) = 1}.

We remark that under the natural action of T on E as a k-vector space, Tg ,

preserves the bilinear forms defined by:

BE,U,)\<I7 y) = TI'E/k()\«IU(y>),

where A € E?. Moreover, Ty, is a maximal torus in the orthogonal group
attached to this bilinear form.

In the case where E is of dimension 2n+1 but £ has dimension n, we find
that £ = E' x k, where o acts trivially on the & summand. The only difference
with the even case is that one must then take the connected component of the
identity to ensure the resulting group is connected.

Proposition 3.2.13. Let q be a quadratic form over k and let O, be the associ-
ated orthogonal group. Let T C O, be a mazimal k-torus. Then there exists an
étale algebra with involution (E, o) over k such that T = Tg . Moreover, sup-
pose Tg, C Og is a mazimal torus. Then q(z) = qp(x) = 3 Trgp(Azo(x))

for some choice of A € (E7)*.
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Proof. We shall give a sketch of the construction that all tori are of this form,
for details see [ BCKMO03, Prop. 3.3]. Asin the discussion relating descent data
of tori to étale algebras we observe that for any 7' C O, the set of characters

Qr which appear in the representation is of the form:

Qr = {X1,- - Xns X1 s X'}

(including also the trivial character with multiplicity one if dim(q) is odd) with
the x; forming a basis of X*(T"). One checks easily that on the étale algebra
E which has idempotents indexed by {2y one can construct an involution o
by interchanging x; and x; ' for each i. It is straightforward to check that
T =Tg,, and o restricts to the adjoint involution with respect to g.

The statement concerning the structure of quadratic forms preserved by
such tori is the content of any of [Shi80, Prop. 5.4],[BCKMO03, Prop. 3.9] and
[Fio09, Thm. 4.4.1]. We present the argument of [BCKMO03]. By interpreting
the quadratic space as a rank one F-module, we may consider the adjoint maps
for the two quadratic forms (that is, ¢ and gg 1), both of which are preserved
by T, as being isomorphisms from £ to its linear dual. Hence, composing
one with the inverse of the other, a = ad(qg1)™' o ad(q) : E — F gives an
E-automorphism of F which must correspond to multiplication by a unit .

We may then conclude that ¢ = gg . O]

3.2.3 Clifford Algebras
Definition 3.2.14. Let (V,q) be a quadratic space over k. We define the

associated Clifford algebra to be:

Co=aV¥/(z@x—q2)).
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The involution v — —wv on V induces an involution of C,. We define the
even and odd parts of the Clifford algebra to be respectively the +1 and —1
eigenspaces for this involution and denote them Cg and C;.
The structure of the Clifford algebra as a graded algebra is well known;
in particular we have:
Theorem 3.2.15. If m = dim(V) is odd then:
1. Z(C,) ~ k(Vd), where d = (—1)"=Y/2D(q) and D(q) is the discrimi-
nant of q,
2. Cg is a central simple algebra over k and C, ~ Cg ®Z(C,) (where ® is
the graded tensor product), and
3. Cy is a central simple algebra over Z(C,) (if the centre is not a field we
mean Cy ~ Cg X 02).
If m = dim(V') is even then:
1. G, 1s a central simple algebra over k,
2. Z(Cy) = k(v/d), where d = (—1)™/?D(q) and D(q) is the discriminant
of q, and
3. if Cy = My(A) (where A is a division algebra) then Cg o~ Mt/g(A®Z(C2)).

Proof. The above theorem is essentially the content of [Lam05, V.2.4-5]. The
final statement in the even case is not explicitly stated in [Lam05] but follows

from the proof of [Lam05, IV.3.8]. O

Definition 3.2.16. Let (V. ¢) be a non-degenerate quadratic space over k of
dimension m with an orthogonal basis {e;}, where we write ¢(e;) = a;. We
then define the following invariants:
e The discriminant D(q) = []; a; viewed as an element of k*/(k*)?.
e The Hasse invariant H(q) = ]](a:,a;), where (a;,a;) is the Hilbert
symbol (see [Ser73, Ch. III] and [ZS<ér79, Ch. XIV]), viewed as an element
of Br(k) = H*(T, £1).
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[C], m=1 mod 2,
e The Witt invariant W(q) = , where [B] de-

[Cy], m=0 mod 2
notes the Brauer class of B, viewed as an element of Br(k) = H?*(T', £+1).

e The signature (r,,s,), at each real infinite place p of k.
e The orthogonal discriminant D"(¢q) = §(Z(C))/k) viewed as an
element of k*/(k*)2.
e The orthogonal Witt invariant W' (¢q) = [C?] viewed as an element
of Br(Z(CY)).
Remark. The first four invariants are properly invariants of ¢, indeed when
k is a number field they entirely determine q. The latter three are invariants
of the orthogonal group associated to ¢g. That is, O, determines ¢ only up to
similarity (rescaling by k*). Likewise, the signature, orthogonal discriminant
and orthogonal Witt invariant determine ¢ up to similarity.
The last two invariants are not standard.
Proposition 3.2.17. Let m = dim(V). We have the following relations

among the above invariants:

(-=1)m=V725(Z(C,)), m=1 mod 2,
1. D(q) =

(—1)™2 5(Z(CY)), m =0 mod 2,
2. H(q) = W(q)- (=1,D(q)) "~ Dm=2/2. (=1, —1){mH0mm=Dn=2)/8 “yhere

the product is in the Brauer group,
3. Weh(q) = [W(q) ® Z(Cy)].
These properties are the content of [Lam05, V.2.5, V.3.20 and V.2.4-5],
respectively.
Theorem 3.2.18. Let (E,0) be an étale algebra with involution over k such
that T, — Oy as a maximal subtorus. Then E® embeds into Cg as a max-
imal étale algebra stable under the canonical involution of C,. Moreover, the

canonical involution restricts to o on E®.
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Proof. We claim that it is sufficient to consider the case of dim(V') even. In-
deed, if dim(V) is odd then we can decompose V' = V' @ span,,(¥) where Tg ,
acts trivially on v. With ¢’ = ¢|v» and Tk, — O, and using that C, — C,
we obtain the result.

We may identify the space V with E. Thus V ®j k is identified with
E ®; k. Suppose under the isomorphism of V with £ we have that q(z) =

s Trp(Azo(z)). We use {e,} ) as the generators for the Clifford

p€Homy_q14(E K
algebra after base change to k. We note that we recover both C2 and V as the
Galois invariants of Cg ®ik and V @k, respectively. Moreover, as the inclusion
V' — C, is k-rational, the Galois actions on the {e,} viewed as elements of
V @y, k or as elements of Cyq Rk is the same.
For each p € Homk_alg(E,E) set 9, = ﬁep ® €pos € CS. These elements

satisfy the following properties:

1. The action of o on d, agrees with the canonical involution of C,,

2. 67 =10,,

3. 0,0(6,) =0and d,+0(d,) =1,

4. the 0, all commute, and

5. the Galois action on {d,} is the same as that on {e,}.

Now for each o-type ¢ € ® of E set 65 = [[,.,6,. These elements then satisfy

pEP

the following properties:

182 =0,

2. 5¢16¢2 =0 for le 7’é ng,

3. qu (5¢ = Hp<5P + 5poo’) - ]-, and

4. the Galois action on {J,}esece is the same as that on {¢}seq.
Thus the , are Galois stable orthogonal idempotents and hence by taking
Galois invariants give an étale subalgebra of Cg. As the Galois action on

idempotents matches that of E®, this gives an embedding of E® into Cg.
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Moreover, this algebra is preserved by the canonical involution of C,, and the
involution restricts to o on it.

The algebra is maximal as an étale subalgebra for dimension reasons. [

Remark. We have the map ¢ : £ — Cg given by:

¥ (Z xﬂ%) = Z <H xﬂ) 0p = H (Zp0p + TpooOpos)

ped \p€o peP
where ¢’ is any o-reflex type of E. It is a multiplicative map (it is the reflex
norm followed by the inclusion). Moreover, the image of Tg, lies in the spin
group, with ¢ being a section of the natural covering map ¢ : Spin, — O,.

Indeed, we have 0(p(3°, wpe,))(15) = >, 7p7 0p¢,. Note that Tg, consists of

-1

o and hence 0 o ¢ = 22 on Tg .

those elements where z, = x
3.3 Computing Invariants
In this section we will compute the invariants of the forms Trg/,(Azo(x)).
Recall that for L/F a finite extension of fields and O an order of L, the
discriminant dp /0, of O is that of the F-quadratic form Q(z) = Try/r(z?) on
0.
Lemma 3.3.1. Let F' be a number field or a p-adic field and let L = F(z) be
an algebraic extension of degree m with f,(X) € Op[X] the minimal (monic)

polynomial of z. Let d1,/p(2) be the discriminant of the order Op[z] C L. Let

A € L* and consider the quadratic form Q(z) = Try p(Az?). Then:
D(Q) = Niyp(Ndoplz)/0p ()
2
— Nye () (sz) - m(z)))
i<j

= Npyp(A\) (=)™ D2N o (f1(2),

where p; are the m embeddings L — F.
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Proof. These are well-known equalities. To compute det (Tr L/ r(A2t27 )) ¢ fac-

tor the matrix as:

(TrL/F(AZEZj))ej - (pi()\zg))&. : (pi(zj))ij = diag(pi(A)) - (pi(z)g)éi : (pz(z)])w

By applying the Vandermonde determinant formula and a comparing the result

to Np/r(f.(2)) yields the result. O

Lemma 3.3.2. Let L/F be an extension of either number fields or local fields.

The corestriction (or transfer map) Cory,p : Br(L)[2] — Br(F)[2] satisfies:
Coryr((a,b)L) = (a, Npyp(b))r

for all a € F*,b € L*.

This is [Ser79, Ex. XIV.3.4].

The second part of the following result is the main theorem of the paper of
Brusamarello-Chuard-Koulmann—Morales and will be important in the sequel.
Theorem 3.3.3. Let (E,0) be an étale algebra with involution over k of di-
mension 2n and let X € E°*. Then the invariants of qp\(x) =  Trgk(Azo(z))
are:

1. D(ggx) = (—=1)" g/,

2. H(QE,/\) = H(QEJ) : COI"EU/k()\, (5E/E<’);

3. W(gen) = W(ge,a) - Corge k(N 0p/57).
Proof. The first statement is well known, though we include a proof for the
convenience of the reader. By writing E = E?(V/d) := E°[y]/(y? — d) we may
write 7 € E as = s + tv/d. Then we observe that gp(7) = Trgo,(As?) +
Trge k(= Adt?). Set Qx(s) = Trge/i(As?) and Q_xa(t) = Trpe /x(—Adt?) so that
qex >~ Qr® Q_gr. We thus have D(gg ) = D(Q))D(Q-x4). By Lemma 3.3.1
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this gives:

D(ge) = Ngo k() - 0ok - Npoji(—Ad) - dpo i

= Newji(—d) = (~1)"Npoje(d)  (mod (°)?).

By observing that dg/, = NEa/k(cSE/Ea)é%a/k (see [SerT9, Prop. II1.4.8]) and
that 0o (/g/ge = d (mod (k*)?) we conclude the result.

The second statement is the content of [BCKMO03, Thm. 4.3]. The final
statement follows from the first two statements by using Proposition 3.2.17.
The proposition states that the Hasse and Witt invariants differ by a constant
depending only on the discriminant. As D(gg) = D(gg,1) the second and

third statement are thus equivalent. O

The above theorem, together with some easy special cases, is largely suf-
ficient for the proof of our main result (see the proof of Lemma 3.5.5 for how
it comes into play). However, we would like to give more precise formulas for
the Hasse and Witt invariants that can be directly computed from the data
describing the fields. This has the advantage of giving the information we need
in the special cases, as well as being of interest in its own right. The first step
is a lemma which is useful for explicitly calculating traces.

Lemma 3.3.4 (Euler). Let L = F(z) be a finite separable extension of F of

degree m with f,(z) € Oplx] the minimal (monic) polynomial of z. We then

o 1, =m-—1
Trr/r <,—) =
fi(2) 0, 0<l<m—1.

have:

This is [Ser79, II1.6, Lem. 2].
The next step is to show that the fields in which we are interested are

always primitively generated in a simple way.
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Proposition 3.3.5. Let F)/k be any finite separable extension of infinite fields
of characteristic not 2, and let E/F be a quadratic extension. Then there ezists

a € E such that E = k() and F = k(a?).

Proof. Suppose E = F(y/B) with 8 € F and F = k(). We claim it suffices

to show that there exists an ¢ € k such that F' = k((¢ + 7)?3). Indeed, if

F = k((t +7)*B) then F' C k((¢ +~)v/B) and so v € k(({ + v)v/B). Hence
VB € k(¢ +~)v/B) and thus F(v/B) = k(({ +v)+/B). Consequently, taking
a = (£ + )/ gives the result.

Now let 1, fo, (3 € k be distinct values such that k((¢; + v)?3) are all the
same field, say L. Since all these values are in the same field, so are their linear

combinations. We compute that:

(6 +7)°B (62 +7)%8 (b5 +7)%3

(ls—0) (s — 1) (6 —l)(ls —La) (6 —Lo)(la — ) &

This shows that 8 € L. We then observe that:
— ((/ 2 (v D)ty — 0, = 2.
(52_51)((2+7) (1+’7)) 2 — b v

This proves that v € L, and hence L = F = k(({; + )?3). O

The following lemma combines the above two results to show that for a
particular choice of A € E the invariants of gz » can be computed explicitly.
Lemma 3.3.6. Let F//k be an extension of number fields of degree m. Suppose
F = k(z2). Let E = F(\/2) = k(y/z) and o be the non-trivial element of
Gal(E/F). Let f. be the minimal (monic) polynomial for z over k. View E
as a 2m-dimensional k-vector space equipped with the quadratic form Q(z +
YVz) = qp—p -1 (x + /zy). Then:

1 HQ) = (=1, =) 2 (Npyi(2), ~ 1)L, and
2. W(Q) = 1.
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Proof. Let E = F(\/—z) = k(v/—2) and notice that fy=(X) = f(—=X?) is the
minimal polynomials of v/—z. Hence f/, —(X) = —2X f/(—X?), in particular
f\’/_—z(\/—_z) = —2y/—zfl(z). Therefore under the identification of F'x F', using
its natural basis, with E under the basis 1,v/—z and writing w = x + y/—2

we compute:

—1
4B, pr (-1 (2 +Vzy) = Trep (w(ﬁz - 292))

Now, by Lemma 3.3.4, for any extension k(«)/k of degree n, the matrix

for the quadratic form

Q) = Trp(an (%ﬁ)

in the basis {1, qa,...,a" '} has the shape:

0 I
1 a1 as
)
1
1 ap
a1 Qg Qp,

for some values a; € k. Note that the form is non-degenerate on the span

of {1,a,...,a™ 2} and let B be a generator for the orthogonal complement.
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Then {1,q,...,a" 2 B} is a basis and the matrix for @ with respect to it is:

0 1 0
1 a O
A= ,
1
1 o
0 0 Y

for some Y € k.

Lemma 3.3.7. The matrices:

0 1 0 1
1 1 0
and
1 : 1
1 e a, 1 0 )
represent the same quadratic form. In particular, denoting by (yi,...,y,) the

diagonal form with diagonals y;, the quadratic form associated to either matriz

s 1somorphic to one of:
(L-1"F @) or (L-1)%

depending on the parity of n.
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Proof. This is a simple inductive argument using the similarity-transform de-

fined by:
1 0 - 0
—a; 1
—ay 0
—a, 1
—%an 0 1

It follows from the lemma that @ is isomorphic to one of:
(1,-1)"z & (1,Y) or (1,-1)"z @ (V).
Next, by Lemma 3.3.1 we know that the discriminant of @ is:

Nis(a)/1(0) Nita /i (F2,(0) ™ )0k = Nigay (@) (=1)"" 772,

We conclude that Y = Nya)k(e)(—=1)""" up to squares. In particular, in
the case @ = /—2z, we can immediately see that the Hasse invariant of the

quadratic form is:

H(Q) = (=1, =) V2 (N oy e (V—2), 1)

m(m—1)/2 m—
:(—1,—1)k( )/ '(Nk(z)/k(z>7_1>k g

Moreover, since the quadratic form has discriminant (—1)™Ny(.)/x(2) we com-

pute using Proposition 3.2.17 that the Witt invariant is:

W(Q) = ((—1)"Nieyu(2), =17 (—1, _1);”(7”—1)/2,

m(m—1)/2 m—
(=1, =12 (N pu(2), 1)
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[]

Combining the above two results, we may now give a general formula for
the Hasse and Witt invariants for the forms g¢g ».
Theorem 3.3.8. Let F' = k(z) be an extension of degree m, let E = k(1/z),
and let X\ € F. Consider the quadratic form qga(z) = 5 Trgm(ANg/p(2)).
Then:
1. H(qpa) = Cormp((=Af1(2), 2)r) - (Nuayu(z), =it (=1, =177,
and

2. W(gen) = Corp((=Af(2), 2)F).

Proof. From Theorem 3.3.3 we have the following two equations:

H(QE,A) = H(QE,1) : COTF/k(()\» Z)F)a and

H(qp,—f(-)-1) = H(qe,1) - Corpp((—f1(2), 2)F).

Solving for H(qg 1) and substituting the results of Lemma 3.3.6 yields:

H(qp) = H(qp,—j(2)-1) - Corpyr(AfL(2))

= (=1, =) Y2 (Npyi(2), =17 - Corpy((—Afo(2), 2)r)-

The Witt invariant computation follows similarly. O]

3.4 Local Invariant Computations for Tr(\z?)

The above gives us a global cohomological description of the invariants of
the quadratic forms in which we are interested. However, the quadratic forms
Tr(Az?), which were studied extensively by Serre (see [Ser84]) and others, are
not in general covered by the previous section. Moreover, we have further
interest in a detailed local description of these forms as this has applications
to computing local densities and discriminant groups. Similar calculations can

be found in the work of Epkenhans (see [Epk89, Lem. 1]). The current section
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gives a description of these quadratic forms in terms of basic combinatorial
data regarding the ramification structure of the field extensions involved.

Lemma 3.4.1. Let F/k be an unramified extension of non-Archimedean local
fields of degree f, with residue characteristic different from 2. Let m be a
uniformizer of k. Let Qg be any quadratic form on a vector space V' over F of
dimension n. View V' as a k-vector space via restriction of scalars. The form

Qr(x) = Trp/(Qr(x)) on V' has invariants:

D(Qr) = Npji(D(QF))0r/,, and

H(@Q) = H(Qr) [(5o. Ne(DIQe)) (. by, ~ )07 774,

(By abuse of notation we identify the 2-torsion in the Brauer groups of F' and

k via the natural isomorphism.)

Proof. 1t suffices to check the formula for a member of each isomorphism class
of quadratic space over V. If n > 3 by checking the Hasse invariants and dis-
criminants one finds that every isomorphism class of non-degenerate quadratic

space over V' is represented by one of:
()" 3 @ (b, Ty, abmy,) or (1) 2@ (b, abmy),

for some a,b € OF. We refer to these as the first and second cases. In either
case by decomposing the form into the diagonal pieces with trivial and non-

trivial valuations we may write:
TrF/k(QF) = Ml @ 7TkM2.

In the first case, M; has discriminant 5}7,3]\7 #/k(b) and dimension f - (n — 2),

whereas M, has discriminant Np/,(ab) and dimension 2f. One then computes
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in the first case that:

H(Qk) = (m, —1)f - (N(ab), 7)1
= (7Tk, _1)F . (CLbﬂTk)F

= H(Qr).

In the second case, M; has discriminant (5;‘77le #/k(b) and M, has discriminant

0p/kNrp/e(ab). Thus we have:

H(Qr) = (7 Npyw(0)) - (kaNF/k(a))g_l ) (Wk,éF/k)gn_l - (7, _1)£(f71)/2
= (m, Npge(@))] "+ (7 Opp)ie - (i, —1) IV

= H(Qr) [(m, Nepe(D(Qr) )k - (T Sy )i - (o, —1)II D2

Here we have used the fact that 5;; 0 is a square in k for an unramified exten-
sion.
For the cases n = 1,2 we must check that similar formulas hold for:

(bry, abmy), (1,a), (a), (am). We omit these calculations. O

The results on the structure of trace forms for ramified extensions will
rely on the following lemma.
Lemma 3.4.2. Let L/F be a totally ramified extension of local fields. Let
z = 7, be a uniformizer of O and f,(x) be the minimal (monic) polynomial
of z. Then f. is an Fisenstein polynomial and the collection 1,z,2%, ..., z™1
is an Op-basis of Or, and Ny p(2) is a uniformizer of F.

See [Ser79, Prop. 1.6.18] for a proof.

Before proceeding with the next two lemmas we will introduce some no-
tation. Let L/F be a totally ramified extension of local fields of degree m.

Let 7, be a uniformizer of L and set mp = Ny p(7r) to be a uniformizer of

F. Let f = fz, be the minimal monic polynomial of 7 over F. Suppose
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uGOE,vGO},OSESm,kEZandset)\:Wl‘j},(m. We remark
that if the residue characteristic is not 2, then for any given A\ € L* there
exists corresponding u, v, £, k. Now denote by Q(z) the F-quadratic form on L
given by Q(x) = Try,p(Az?) and consider M; = span{uvz’,...,uvz™"'} and
My = span{v, ..., vz} as quadratic subspaces of L.
Lemma 3.4.3. With the notation as above, we have the following properties
of Q, My, My:

1. The discriminant of Q is D(Q) = (—1)™m=1/2y=mgmk=t,

2. The decomposition L = My & My s orthogonal with respect to Q.

3. The discriminants of éQ’Ml and ?QWQ are respectively:

1
F

1 b —
D(FQM@) (_1)£(£+1)/2 Z’LL E_

F
Hence these forms are unimodular.

4. The Hasse invariant 1s:

H(Q) _ (7TF, u)(m—e)z . (7TF, _1)k(m2(m—l)/2+€2(l—m))—f(m—f)(m—ﬁ—l)/Z'

Proof. The formula for the discriminant of @) is Lemma 3.3.1. The orthogonal
decomposition is an elementary calculation which follows from Lemma 3.3.4
and Lemma 3.4.2.

Next, noticing that v € F we can use Lemma 3.3.4 to compute that

the matrix representations of %Q| , and #Cﬂ M,- We see that they are
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respectively:

0 01 * * a
0 1 = a 0

: . *

U and — ,
0 ' : u
01 = * a 0
1 x * a 0 0
where a = % = (—1)™. One can explicitly calculate the % terms from the

coefficients of f, but what is of particular importance is that in both cases one
finds that a;; = a;, whenever ¢ + 7 = [ + k. As a consequence of this using

Lemma 3.3.7 we can explicitly find a change of basis matrix so that the result

is of form:

0 0 1 X 0 0
0 1 0 0 01
: . 0 10

U and —

0 ' : u

01 0 0 1

10 0 o1 0 --- 0

The determinants of the matrices are then:

(_1)(m—€)(m—l—1)/2um—é and (_1)(€—1)(Z—2)/2u—€X’

respectively. Thus knowing D(Q) we have that up to squares X is:

X = (_1)(Z—l)(6—2)/2+€(€+1)/2—m€u—é—m—€+m _ (_1)mé+1.

The computation of the discriminants of the M; and then the Hasse invariant

of Q) are direct calculations. O
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Remark. If the residue characteristic is not 2 the above gives us a method to
calculate the invariants of forms Tryp(Az?) for an arbitrary .

We now restrict ourselves to the case that the residue characteristic is
not 2. In addition to the above notation, suppose that E/L is a quadratic
extension with involution o. Fix w a non-square element of OF. Writing

xr = x1 + T24/0p /o consider the quadratic form on E
qepp(x) = %TrE/F(AxO(J:)) ~ TrEo/F()\xf) - TrEa/F()\éE/Ea:L‘;).

Then set \' = Adg/p-, k' = k and choose ', ', ' so that X' = W}k},(m Let
Q', M] be defined similarly to @, M; using X" instead of A so that qg/pa(x) =
Q(x1) — Q'(x3). Now define N; = M; ® —M] and N, = %Nl and N, = ?Ng
their unimodular rescalings.

Lemma 3.4.4. With the notation as above we have the following:

1. If dg/ge = w then V' = € and v’ = wu. Then:

D(N,) = (=1)"™w"™™ and D(Ny) = (—1)"‘w™".

It follows that:
D(qp/pa(r)) = (—l)mwmﬂiﬂ(mk_@, and

H(qg/pa(2)) = (7P, w)"™ "

2. If 0p/ge = 7o then ' =0 —1 and v = u. Then:
D(N;) = (=1)u and D(Ns) = (—1)"""w.

It follows that:

D(QE/R)\(I)) — (_1)mﬂ_12:‘(mk—z)+17 und

H(QE/F,)\(«T)) _ <7TF7 u) . (7TF; _1)k(£—m—1)+m+€(i+1)/2'

3. If dp/pe = wrpe then {' =0 —1 and v’ = wu. Then:
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D(Ny) = (=D)uw™™" and D(Ny) = (—=1)™ ‘uw' ",

It follows that:

D(QE/F,,\(:B)) = (_1>mwm7r;(mk7e)+1’ and

(ml—m—£2-1) ( )k(ﬁfmfl)+m+€(€+1)/2'

H(qE/F)\(.CL’)) = (ﬂ'F,u) . (7TF,’LU) TF, —1

4. If E°/F is still an extension of fields but E = E7 x E?, 6g/pe = 1, then
(' =" and u' = u. Then:

It follows that:

Proof. The proof is a direct, although tedious, calculation based on Lemma

3.4.3. 0

Remark. By combining the results above for totally ramified extensions with
those of Lemma 3.4.1 one obtains results for arbitrary extensions.

In the formulas above the parameter m is determined by the ramification
degree of E?. The parameters k and ¢ are controlled together by both the
higher ramification degrees of E? and the valuation of A. Finally the square
class of u is controlled by the square class of .

The following two lemmas are direct computations.

Lemma 3.4.5. Let F'/k be an extension of local fields of residue characteristic
2. Then when viewed as a quadratic form on F x F the Witt invariant of

Trp/k(2? —y?) is 1.
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Lemma 3.4.6. Let F = R or F' = C, then as a quadratic form on F' x F
the Witt invariants of Trpr(x* + y*) and Trp/r(z® — y®) are 1, and the Witt
invariant of Trp/r(—2? — y?) is —1.

3.5 The Main Results

We recall the main result:

Theorem 3.5.1. Let O, be an orthogonal group over a number field k defined
by a quadratic form q of dimension 2n or 2n + 1, and let (E,0) be a field
extension of k with an involution and of dimension 2n. Then O, contains a
torus of type (E, o) if and only if the following three conditions are satisfied:

1. E? splits the even Clifford algebra W™ (q) for all o-types ¢ of E.

2. If dim(q) is even then 0g/ = (—1)"D(q).

3. Let v be a real infinite place of k and let s be the number of homomor-
phisms from E to C over v for which o corresponds to complex con-
jugation. The signature of q is of the form (n — 5 + 2i,n + 5 — 2i),
if the dimension is even and either (n — 5 + 2i + 1,n + 5 — 2i), or
(n—35+2i,n+35—2i+1), if v((—=1)"D(q)0g/) is respectively positive
or negative when the dimension is odd, where 0 <1i < 3.

Moreover, for any E satisfying condition (2) we have that \/W € E? for
every o-type ¢ of E.

By Proposition 3.2.13 the entire theorem is reduced to showing that the
conditions are equivalent to the existence of A € (E?)* such that the quadratic
form gg\ = %TrE/k()\a:a(x)) has the same invariants as ¢q. We now proceed
with a series of lemmas which will conclude with the result.

Lemma 3.5.2. Let (F, o) be an étale algebra over k with involution and let A €
E?. For a real infinite place v of k the quadratic form qg ) = %TrE/k()\xa(x))

has signature (n + 5 — 3,n — 5 + 3), where s (respectively r) is the number
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of real embeddings p € Homy_,(E?,R) of E° which are ramified in E with

p(A) > 0 (respectively p(A) < 0).
Proof. This is an immediate check. O]

Lemma 3.5.3. Let F' be a number field, let e, = £1 be a collection of numbers
indexed by the places of F, and let 6 € F. Then there erist A\ € F with
(X, 9), = e, if and only if the following three conditions are satisfied:

1. All but finitely many e, are 1.

2. An even number of the e, are —1.

3. For each v there exists A\, € F,, with (A\,,0)r, = e,.

Proof. This is well known. For the result over Q see [Ser73, Thm. 2.2.4], for
the result over an algebraic number field see [O’M00, 71:19a).

]

Corollary 3.5.4. Let (E,0) be an extension of a number field k of degree 2n
together with an involution. For each place v of k let e, € {£1}, and for each
infinite place let (s,,r,), be such that s,,r, € N and s, +r, = 2n. Then there
exists A\ € E7 with qg x having signatures (s,,1,), and Hasse invariants e, if
and only if the following three conditions are satisfied:

1. All but finitely many e, are 1.

2. An even number of the e, are —1.

3. For each v there exists A\, € ES such that H(qg, ,) = e, and moreover,

the signature of qg, x, s (Su,7,), if v is an infinite place of k.

Proof. Supposing there exists a A, then conditions (1), (2) and (3) are imme-
diate.
Let us prove the converse. For p € (E7)* denote by Qg/pou(v) =

+ Trgpo (pao(x)) the E7-quadratic form on E. First we recall Theorem 3.3.3
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tells us that:

H(QE"LL)V = H(QE,I)V H H(QE/E”,M)U?

ulv

where the u run over places of £ over v. Now for each place u of E? define
fu € {£1} as follows:
e If u|v is an infinite place, set f, = H(Qg/Eo 2, )u-
o If u|v is a finite place and H(gg1),e, = 1, set f, = 1.
o If u|v is a finite place and H(gg1)ve, = —1, set f, = H(Qgr/Eo 2, )u-
We now notice that for each place v of k we have:
114 =1T1HQe. e50)u = H(a1)vH(ge, x,) = Hlgei)ves
ulv ulv
and moreover, that only finitely many f, # 1. It follows that [], f. =
[1, H(¢g,1)ve, = 1. Finally we have that if f, # 1 then f, = H(Qg/p- 2, )u
(Av,0g/E)u. The values f, thus satisfy the conditions of Lemma 3.5.3 and we
conclude that there exists A € £ with (X, dg/g-)u = fu. By the choices of the
fu we find:

H(qpa)v = H(gea)o | [ HQrpga)e = Hgea)o [ [ fu = e

ulv uly
Finally, by Lemma 3.5.2 the signature of ¢g » at a real infinite place v is given

by:

Zmu (QE,/Bg A )u+1), 5 Zmu (Qe, Bz, ~2)u+1) ],

ulv

where m, = 1if £, = R xR and m, = 2 if £, = C. Since H(Qg, 5z )\)u =
H(QEV/E,‘,’,/\U)u for all u it follows that the signature of g\ at v is the same as

that of ¢g, »,, which is to say it is precisely (s,,7,),. O

Lemma 3.5.5. Let (E,0) be an étale algebra with involution. Let B, = x;E,,

be a decomposition into a product of fields. Then there exists values Ay, \_ €
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E° such that the p-adic part of the Hasse invariant for i Trg(Aizo(x)) is
respectively +1,—1 if and only if the involution o restricts to an automorphism
of Ey; for one of the constituent fields E,; of the étale algebra E,. Moreover,

if W(qe.), is independent of X then W (qg.x)p, =1 for all \.

Proof. From Theorem 3.3.3 recall that we have:

W(gex) = Cg - Corgeji((A, 0p/po ) Ee),

for some constant C'r which does not depend on A. Thus, both A. exist if
and only if Corgg i, (A, 0g,/mg)Eg) is not constant as a function of A. Writing
EY = x;E]; let p; be the projection of Ey onto the jth factor. Using the fact

that the cohomology and the corestriction maps factor as products we have:
Corgg iy, (A, 05y ¢) ) = | [ Cormg, iy (03N, 0301 1)) )
J

We thus conclude that both A\ exist if and only if for at least one j the
function Corgg /i, ((05(A), p;(0E,/Eg))E7,) Is MOt constant with respect to A.
The corestriction map being injective for local fields, this is equivalent to
(Aj, pj(0B, 7)) By, being non-constant. This last assertion is the same as saying
that p;(0g,/Eg) is a non-square or that o acts as the non-trivial field automor-
phism on the factor Ey; of F, that is over EJ..

For the second part, we need to show that whenever W (gg ), is indepen-
dent of A then W(gg ), = 1. Indeed if W(gg ), does not depend on A, then
by the first part of the lemma FE,/E7 has no factors which are field extensions.
Thus the element 2z appearing in the formula in Theorem 3.3.8 is a square and

this implies W (gg,»)y = Corgg kg, (=Af1(2), 2)pg) = 1. —~

Corollary 3.5.6. Let E/k be an extension of number fields. Let q be a
quadratic form of dimension 2n. Then O, has a torus of type (E, o) if and

only if the following three conditions are satisfied:
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1. For all primes p of k where none of the factors of E, are proper field
extensions of factors of EY, we have W(q), = 1.
2. We have (=1)"0g/ = D(q) (equivalently (=1)"0g, /x, = D(qy) for all p).

3. The signature conditions of Theorem 3.5.1.

Proof. By Proposition 3.2.13 we have that O, has a torus of type (E,0)
if and only if there exists A € (E?)* such that the quadratic form ¢g, =
2 Trgi(Azo(z)) has the same invariants as ¢. Thus we must show that the
existence of such a A is equivalent to the conditions of the corollary.

For each place v of k set e, = H(q), and for each infinite places set
(sy,7), to be the signature of q. Then the e,,(s,,r,), satisfy (1) and (2)
of Corollary 3.5.4 as they arise from the quadratic form ¢. We thus have by
Corollary 3.5.4 that the question of existence is local.

We now check that conditions (1), (2) and (3) are equivalent to the local
conditions on the existence of A\, for all places v of k. For a finite place v of k a
A\, exists with ¢g, \, =~ ¢ if and only if a A, exists with both D(gg, »,) = D(q)
and H(qg, r,) = H(q),. Theorem 3.3.3 tells us that (2) (at v) is equivalent
to the discriminant condition and Lemma 3.5.5 tells us that (1) (at v) is
equivalent to the Hasse invariant condition. For an infinite place v we have by
Lemma 3.5.2 that the existence of a ), is equivalent to (3) at v. Note that for
infinite places (3) implies (1) and (2). We have thus shown that the existence
of a global A is equivalent to (1), (2) and (3) for all v, which completes the

result. O

Corollary 3.5.7. Let E/k be an extension of number fields. Let q be a
quadratic form of dimension 2n + 1. Then O, has a torus of type (E,o) if
and only if the following two conditions are satisfied:

1. For all primes p of k where none of the factors of E, are proper field

extensions of factors of E, we have W(q), = 1.
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2. The signature conditions of Theorem 3.5.1.

Proof. We proceed as in the previous corollary, except we now have the added
flexibility of choosing what the orthogonal complement of the sub-quadratic
space ¢g, looks like. In particular, O, has a torus of type (E, o) if and only if
q >~ qp ® (a) for some A € (E7)*. In order for ¢ and gg \ @ (a) to have equal
discriminants it is necessary that a = (=1)"D(q)/dg/k. As this can always
be done there is no discriminant condition in this case. Again as above, by
Corollary 3.5.4 the question of the existence of A is local.

We must find the local condition on Witt invariants. Knowing the dis-
criminants of gg ) and (a) we see that H(gg @ (a)), depends on A if and
only if H(gg ), does. Hence this also holds for the Witt invariants. Fur-
thermore, the obstructions to changing Witt invariants arise at the same
places as in Corollary 3.5.6. Now, we compute that W(q), = W(—agg ), =
W((=1)"*'D(q)0g/kqe)p (see [Lam05, V.2.9]). Next, by Theorem 3.3.8 we
know that if the Witt invariant of ¢p ) is independent of A then W(gg ), =1
independently of A, and consequently independently of rescaling. In particu-
lar it follows that W(q), = W((—1)""'D(q)dg/kqe ), = 1. This gives us the
condition on Witt invariants (1).

Finally, the signature conditions (2) are precisely those of Lemma 3.5.2
together with the sign contribution that is dictated by the (a) piece at each
. [

Remark. The condition “F, contains no field extensions of factors of Ey,”
can be rephrased as “for all constituent fields F; of E and all the primes p;
above p in EY, there exists at least one p; which does not split in E;.”

This condition thus says that for some computable collection of primes
which divide the discriminant of the quaternion algebra, none are totally split

between E? and E. We point out that there is no condition on the behaviour
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of these primes between k and E?. We also point out that primes which
divide the discriminant of £ to odd degree ramify for at least one place, and
so automatically satisfy this condition.

Lemma 3.5.8. Let (E,0) be an étale algebra with involution. Then every

reflex algebra of (E,c) contains an element y such that y* = 0.

Proof. Suppose E = E?(y/x) with x chosen so that dg/p- = . Then we have
dp/k = (—1)"N(z). Let ¢ be a o-type of E. Then let:
y=[]r(Vz) € E?,
pEP
and moreover, we see that o(y) = (—1)"y and yo(y) = N(x) = (=1)"0g/.

The result follows. O

Lemma 3.5.9. Let (E,0) be an étale algebra over k with involution, and let
A be a quaternion algebra over k. Then E? splits A for all o-types ¢ of E if
and only if we have [Ay] = 1 for every place p where E, contains no factors

which are quadratic extensions of factors of Ey.

Proof. We first state some facts concerning the splitting of quaternion algebras.
A quaternion algebra is split by an étale algebra FE if it is split by each factor.
A quaternion algebra is split by a field L if it is split locally everywhere, that
is, for each prime py in L. A local field L splits a nonsplit quaternion algebra
if and only if L contains a quadratic subextension.

Thus, every reflex algebra E? splits a quaternion algebra A if and only
if E® does. This happens if and only if E;I’ splits A for every prime p of k.
Consequently E? splits a quaternion algebra A if and only if for each p we
have that A, nonsplit implies (E,)? has even degree for all ¢.

It follows from Corollary 3.2.6 that (E,)? has even degree for all ¢ if

and only if at least one factor of E,/Ey is a field extension. Thus, the only
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condition for E® to split A is that if A, is not already split, then E,/ EJ must

contain a field extension. O

Proof of Theorem 8.5.1. What remains to show is that the conditions of Corol-
laries 3.5.6 and 3.5.7 in the even and odd cases, respectively, are equivalent to
those of Theorem 3.5.1. We see immediately that the conditions on signatures
and discriminants are the same and that the additional data about discrimi-
nants in the even case is provided by Lemma 3.5.8. What remains to show is
that the Witt invariant conditions agree.

Lemma 3.5.9 tells us precisely that the condition of the corollaries (for all
primes p of & where none of the factors of E, are proper field extensions of
factors of £, we have W (q), = 1) is equivalent to the statement that all the
o-reflex fields of E split W (q). Thus we want to show that we can replace W (q)
by Weth(g) in the condition of the previous sentence. In the odd dimensional
case there is nothing to show as these are equal. For the even case, since

Worth(q) = W(q) @, Z(CY) and Z(CY) C E? it follows that:
W (q) @ B2 = W (q) @i Z(C)) @i E? = (W(q) @1 E?) ® (W (q) @k E?).

It follows that E? splits W (q) if and only if it splits W8 (g). This gives us the
equivalence of the final condition of the theorem with those of the corollaries

and thus completes the proof. O

3.6 Applications

One of the primary motivations for this work is to understand the possible
special fields associated to the special points on Shimura varieties of orthogonal
type (see [Del71]). We now give some applications in this direction.
Corollary 3.6.1. Suppose in Theorem 3.5.1 that k = Q, the signature of q is
(2,0) and (E,0) is a CM-field with complex conjugation o. Then O, contains

a torus of type (E, o) if and only if:
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1. For each prime p of Q with local Witt invariant W(q), = —1 there exists
a prime p|p of E° that does not split in E.

2. If £ is even, then D(q) = (—1)*T9/265,q. (No further conditions if £ is
odd.)

Proof. We have put ourselves in a situation in which the signature condition is
automatic. We thus must check only the remaining conditions. The discrimi-
nant condition remains the same, and the Witt invariant condition is precisely

that of Corollary 3.5.6. m

Corollary 3.6.2. Suppose that k = Q and the signature of q is (2,¢). Let F
be a totally real field. Then there exists a CM-field E with E° = F, and the
orthogonal group O, containing a torus of type (E, o) if and only if:
1. No condition if £ odd.
2. If € is even, then (up to squares) D(q) = Npi(0) for an element 6 € F
which satisfies the condition that for all primes p of k with W(q), = —1

there is at least one prime p|p of F' such that 0 is not a square in F,.

Proof. In this case we are now looking for any CM-field extension.

The norm condition in the even dimension is precisely the condition re-
quired so that we have a quadratic extension of the desired discriminant and
the desired primes are not totally split. To eliminate entirely the Witt invari-
ant conditions in the odd case we note that we can simply force these to be

ramified in the quadratic extension. O

Remark. In order to satisfy the condition that the primes where W(q), = —1
will not split in the quadratic extension for ¢ one is looking to modify ¢ by
an element of square norm which is not a square modulo some prime p over
p. Elements of square norm tend to be contained in quadratic subextensions.

Let L C F be a degree 2 subextension. We claim that L contains an element
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which is not a square in Op,. Indeed, if p is ramified or inert over L one may
take any representative of a nonsquare in O /(p N Op). If p is split take any
representative of a uniformizer of Oppno,).

Corollary 3.6.3. Let d € Q be a squarefree positive integer. Consider the
quadratic form:

2_ .2 .3 2
qq = ] — x5 + x5 — dy.

This implies Spin, (R) ~ SLy(R)? is associated to the Hilbert modular space
for Q(\/d). Let (E,0) be a field of dimension 4 with involution o. Then O,
has a torus of type (E,0) if and only if the o-reflex fields of E all contain

Q(vVd).

Proof. Firstly, a computation using Proposition 3.2.17 together with the fact
that H(qq) = (—1,—d) shows W(gg) = 1. Thus all the o-reflex fields E?
automatically split the even Clifford algebra. Since Theorem 3.5.1 already
states that if O, has a torus of type (E, o) then v/d € E? for all ¢. Tt thus
remains only to show, that under the present conditions, vVd € E? for all ¢
implies both the discriminant and signature conditions of Theorem 3.5.1 hold.
To this end, we introduce some further notation.

Let m € Q be such that E7 = Q(y/m), let 7 be the non-trivial automor-
phism of E” and let § = a + by/m € E be such that E = E°(v/§). Let N be
the normal closure of E over Q, then one checks that N = Q(y/m, \/m V)
has degree 4 or 8 over Q. Set M = Q(1/67(5), V3 ++/7(3)) € N. Notice that
o extends to N and that on its restriction to M we have M7 = Q(\/W)

We now must divide the argument into two cases depending on Gal(N/Q).
In the first case suppose Gal(N/Q) = (Z/2Z)*. Then we may assume ¢ € Q
and so the two o-reflex fields of E are M = Q(v/4) and Q(v'md) with their
intersection being Q. It follows that Vd € E? for all ¢ implies d is a square.

Moreover, as £ is biquadratic, dg/q is a square and E is either CM or totally
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real. Thus Vd € E? for all ¢ is equivalent to d = dg /o mod squares. (Notice
that the case of d a square is technically excluded from the statement of the
corollary.)

Now in the second case suppose Gal(N/Q) # (Z/2Z)*. Then Gal(N/Q) is
either Z /47 or Ds. In either case a check shows that M is (up to isomorphism)
the unique o-reflex field for £ and M7 is the only quadratic subextension of
M. Moreover, the discriminant of E is 0g/g = 07(6) and M7 = Q(/67(9))
hence vd € E? for all ¢ is equivalent to d = 67(8) = dp/p mod squares.
Finally, since b*m = (a® — 67(0)) it follows that § = a + \/a® — 67(5). Thus
using that §7(8) = 7?d > 0 we find that E is either totally complex or totally
real.

We have thus shown that in all cases, v/d € E? for all ¢ implies that
d = 0p/@ and that £ is either totally complex or totally real. One now observes
that E being totally complex or totally real implies the signature condition

and this concludes the proof. O

Remark. It follows that the tori in Spin, are all associated to algebras which
are two dimensional over Q(v/d). This is well known for the tori associated
to CM-points, but we have shown the analogous fact also holds for those
associated to so-called almost totally real cycles (for the definition see the
discussion following [DL03, Prop. 2.4]). It is worth noting that these E can
never be ATR extensions, that is extensions with only one complex place. It

is the reflex fields of these F which may be ATR extensions.
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CHAPTER 4
Representation Densities for Hermitian Lattices

4.1 Introduction

The issue of computing local densities goes back decades to when they
were first introduced by Siegel [Sie35]. These types of computations have
many applications beyond those originally envisioned (see for example [GK93,
Kud97b, SP04, GHS08, GV12] among others) and formulas for them have been
worked out to cover many cases (see for example [Pal65, Wat76, Kit93, CS88,
Shi99, Kat99, SH00, GY00, Yan04, Chol2]).

The primary application we have in mind in the present work is for
computing the arithmetic volumes of the orthogonal groups that arise from
Hermitian lattices. These lattices arise in the study of special points on or-
thogonal Shimura varieties and these arithmetic volumes relate, by way of
the Hirzebruch-proportionality principle and the Riemann-Roch theorem (see
[Mum77, GHS08]), to the dimensions of spaces of modular forms on the asso-
ciated Shimura varieties.

Another important application is their use, by way of the Siegel mass
formula, as part of a stopping condition when enumerating the genus of a
lattice. This has important applications in the theory of algebraic automorphic
forms on orthogonal groups (see [Gro99] and [GV12]). The sections of this
paper are organized as follows:

(4.2) We introduce the general theory of lattices so far as it is needed in the
sequel.

(4.3) We discuss specifically lattices over p-adic rings.
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(4.4) We introduce representation densities and develop formulas for comput-
ing them.

(4.5) We obtain results about the structure of lattices under transfer.

(4.6) We develop formulas for the representation densities of Hermitian lattices
in terms of the invariants of the fields involved.

(4.7) We discuss the concrete example of Q(u,,).

Almost none of the introductory content (Sections 2 and 3) is new, how-
ever, we present it in the format we intend to use in the sequel. Many results
on representation densities are known:

e The work of Pall, Watson and the book of Kitaoka [Pal65, Wat76, Kit93]
give formulas for 5,(L, L) over Z, for arbitrary L and p.

e The work of Conway and Sloane [CS88] corrected minor errors in the
above work verifying their formulas by checking many cases.

e Katsurada [Kat99] computes 3,(L, M) over Z,.

e Shimura [Shi99] computes formulas for 3,(L, L) when L is maximal, over
O, any finite extension of Z,,.

e Hironaka and Sato [SHOO| computes S,(L, M) over Z, when p # 2.

e The work of Gan and Yu [GY00] gives a high level machinery for com-
puting f3,(L, L) when p # 2 the recent work of Cho [Chol2] extends this
to work to cover unramified extensions of Zs.

However, formulas for all cases do not yet exist. Our results (Section 4) cover
the case of computing f,(L, L) where L is unimodular over any finite extension
of Z,, (including especially p = 2). This is the content of Theorems 4.4.11 and
4.4.18. We also give clean reduction formulas to compute (3, (L, L) for arbitrary
L in terms of the collection of all of its Jordan decompositions. This is the

content of Theorem 4.4.28.
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By a Hermitian form we mean a quadratic form of the shape:

qe () = Trpp(Azo(x)),

where F is an étale k-algebra with involution ¢ and A is a unit of £?, the sub-
algebra of elements fixed by ¢. By a Hermitian lattice we mean a fractional
ideal A of O in E. In order to study the representation density problem
specifically for Hermitian lattices we must first obtain structure theorems for
lattices that arise from transfer. That is, we compute properties of the Jordan
decomposition for lattices whose quadratic forms arise as Trg, /g, (qr,). This is
the content of Section 5. Having done this, we can convert the usual formulas
for representation densities, which are expressed in terms of combinatorial data
about Jordan decompositions, to formulas that express the density in terms of
properties of the fields involved. This is done in Section 6.
4.2 General Notions of Lattices

In this section we introduce the general theory of lattices. Many good
references exist which treat this topic in a varying degree of generality. See for
example [Kit93] and [O’MO00]. We shall initially work quite generally, adding
more structure as it is required. We shall eventually be most interested in the
theory of lattices over Oy, the maximal order in a number field k. Note that
these are not always PIDs, however, their localizations always are.
Definition 4.2.1. Let R be an integral domain and K be its field of fractions.
By a lattice A over R we mean a projective R-module of finite rank, together

with a symmetric R-bilinear pairing;:
bA A XA — K,

which induces a duality Hompg(A, K) = A ®p K. We shall sometimes denote

ba(z,y) = (z,y) when the pairing by is understood. A lattice is said to be
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integral if (z,y) € R, even if (z,z) € 2R and unimodular if the pairing
induces an isomorphism Hompg(A, R) = A, or more generally a-modular if
the pairing induces an isomorphism Hompg(A, R) = a~'A (for a a projective
R-module of rank 1, that is, an invertible fractional ideal of R). Notice that

a-modular is equivalent to having Homg(A, a) = A by noting that:
Homp(A, a) = a®z Homg(A, R) 2 a®a 'A A,

We will refer to a lattice as modular if there exists some a for which it is
a-modular. Note that not all lattices are modular.

We shall sometimes denote the bilinear form as ba(+,-) when we need to
specify the underlying lattice.
Remark. By requiring Homg(A, K) = A ®g K we are explicitly requiring
that all lattices be non-degenerate with respect to the bilinear form by. If the
pairing on the ‘lattice’ might not induce an isomorphism the ‘lattice’ shall be
referred to as a module or submodule.

We will at times consider symmetric bilinear forms on an R-module M

valued in another R-module M’, that is,
(,): M xM— M.

We may even consider such pairings when R is not an integral domain. These
do not fit into our definition of lattices though many notions remain valid.
The most common examples of this would be either taking M’ = R/I, for any
ideal I of R, or reducing all of R, M, M’ by 1.

We will also need the following notion in order to deal with certain com-
plexities in characteristic 2.
Definition 4.2.2. Let R be a ring and let M’ be an R-module. We define a

quadratic module M over R (or more precisely an M’-valued quadratic
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module) to be a module M over R together with a function ¢ : M — M’

satisfying ¢(Az) = A%q(z) for all z € M and X\ € R and such that

Bu(z,y) = q(z +y) —q(z) — q(y)
is a bilinear pairing. For a quadratic module M we define:

M+ :={x € M| By(z,y) =0 for all y € M} and

Rad(M) := {z € M* | q(z) = 0}.

A quadratic module is said to be regular or non-degenerate if B); induces
a duality with the dual module.

Remark. In the above, one typically takes M’ = R or M' = K, the total ring
of fractions or M' = R/I.

Notation 4.2.3. Given a lattice A, by gp or simply ¢ we shall always mean:
qr(z) = by (z, ) .

To a lattice we may also associate another bilinear pairing:

By(z,y) == qa(z +y) — qa(z) — qa(y).

Note well that By(z,y) = 2ba(x,y) and that ga(x) = by(z,z) as these con-
ventions vary by author. Notice also that in characteristic 2 one may not
recover by from ¢, as this would involve dividing by 2 whereas if 2 € K* then
non-degenerate quadratic modules and lattices are equivalent.
Remark. For both lattices and quadratic modules L & M shall always mean
an orthogonal direct sum.

This level of generality is too much for many of our purposes. Having the
following additional constraints gives major simplifications to the theory:

1. If A is free we may express (+,-) by a matrix.
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2. If R is a principal ideal domain, the theory of modules simplifies. In par-
ticular, every lattice is free. We may often replace R by its (completed)
localizations to attain this.

3. The theory is simpler if 2 is not a zero divisor in R.

Note that some of the results which follow are true without some (or all) of the
above constraints, however, for simplicity of presentation we may sometimes
assume them. Note that these assumptions hold when we work over Z, Q,
Z, for all p, F, where p # 2, or the many finite ring extensions of these. These
assumptions may fail for Dedekind domains; however as our study of these is
done almost entirely with their localizations this will not be an issue. We will
occasionally still need to work in characteristic 2 and it will be apparent when
this is happening.
Definition 4.2.4. Assume that A is free and let X = {z1,...,z,} be a basis
for A. We write:

A= Ax = (i, 25))

i7j
for the matrix corresponding to this lattice and choice of basis.

Definition 4.2.5. Given a lattice A we define the dual lattice to be:
M ={z e AR K| (r,y) € R forally € A}

together with the induced pairing.

Definition 4.2.6. A submodule L C A is said to be primitive if K LNA = L.
A collection of elements {z1,...,z,} is said to be primitive in A if the

collection can be extended to a basis for A.

Proposition 4.2.7. Suppose R is a PID, then a collection {z,...,xy} is

primitive if and only if (x1,...,xm)r C A is primitive.
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Proof. The forward direction is clear. For the converse we set:
L={(x1,....,em)R
and consider the exact sequence:

l1-L—-AN—>A/L—1.

Since L is primitive, A/L is torsion free, hence free. We may thus split the

sequence and write:

A=La (A/L).
A choice of basis for A/L gives us the desired extension of the basis for L. [

Definition 4.2.8. A submodule L C A is said to be isotropic if (-,-) | = 0.
It is said to be anisotropic if it has no isotropic submodules. A projective
submodule is said to be pseudo-hyperbolic or if it has an isotropic submodule
of half its rank. A projective submodule is said to be hyperbolic if it is
generated by two isotropic submodules.
Definition 4.2.9. Lattices A have the following invariants:
e For A projective, the rank 7, of A as an R module.
e For A integral, the discriminant group D, = A% /A together with the
induced pairing mapping into K/R.
e For A free, the discriminant 6, = det(Ax) € K/(R*)? for a choice of
basis X.
If A is not free we have at our disposal the discriminant D(q) of A ® K
which is an element of K/(K*)? and the discriminant ideal which
is the R ideal generated by det(Ax) running over all maximal linearly
independent subsets X of A. Alternatively, for a projective module over a
Dedekind domain, one may take the discriminant ideal to be the product

of the local discriminant ideals.
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e For A integral, the level or stuffe of A is V), the annihilator ideal of

Dy. More precisely:
Ny ={N€ R| v €A forall z € A*}.

Over a PID this is the ‘minimal’ N such that NAy' is integral.
e Supposing A ® K is isomorphic to the diagonal form (a;); and denoting
the Hilbert symbol by (-, )k, the Hasse invariant is
H(A) = H(q) = [ [(ai,a))x € HX (K, {£1}).
i<j
(See [Ser73, Ch. III] and [Ser79, Ch. XIV].)

e The Witt invariant, W(A) = W(q) is the class in H*(K,{%1}) of
either the Clifford algebra or the even Clifford algebra of A when the
parity of ry is, respectively, even or odd.

e For each embedding R <— R we have an associated signature (the di-
mension of any maximal isotropic R-submodule of A @z R).

e The norm ideal 1, is the R-ideal generated by {(z,z) | x € A}.

e The scale ideal G, is the R-ideal generated by {(z,v) | z,y € A}.
Note that 9Ty, C G4 and 26, C NM,.

e The norm group n, is the group: {(z,z) | z € A} + 26,, it is an
additive subgroup of K.

e If R is Noetherian consider my C n, the largest R-ideal contained in
ny. Then for m an ideal of R, define the m-weight ideal to be the ideal
Wy = mmp + 26,. When we are working over a local ring we shall
denote this by to, as 7 is understood to be the unique maximal ideal.

Remark. It is clear that the above are all invariants as they are defined

naturally. The extent to which these determine a lattice depends largely on
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the setting. They are typically insufficient to characterize a lattice in the
context in which we are working.
Proposition 4.2.10. If X = {xy,...,x,} is a basis for A then X# = AY'X =
{a¥, .. 2#} is a basis for A* with bA(xi,x;’%) =0y and Axy = A

This is a straight forward check.
Proposition 4.2.11. If L C A is isotropic then L' = K - L N A is isotropic
and primitive.

This is clear.
Proposition 4.2.12. Suppose R is a PID. If L C A is pseudo-hyperbolic, then
(—1)rank(L)/2§, s a square.

If L C A s isotropic, then there exists L C L' C A with L' pseudo-
hyperbolic and primitive (L' need not be an orthogonal direct factor of A).

Moreover, 01/|0,.

Proof. Suppose L C A is isotropic and without loss of generality primitive.

We wish to find a basis for A with respect to which the matrix for the bilinear

0 A0
At X Y ).
0YtZ

To do this, first select an arbitrary basis {yi,...,9,} for L and an extension

form is of the shape:

{91,.--,Ye, 21, ... 2Zm} to a basis for A. Next, perform an invariant factor de-

composition (see [Jac85, Thm. 3.8]) of the matrix:
(Ox (9, é:?))zg :

This corresponds to an elementary change of basis of both the span of
{t1,...,0¢} and the span of {71,...,2,}. The new bases {yi,...,y,} and
{z1,...,2m} combine to provide one in which the bilinear form has the desired

shape.
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We now take L as the span of {y1,...,ve, 21,...,2¢}. The assertion about
discriminants is now a consequence of elementary fact that the determinant of
0 A0

the block matrix (A(x)t X 1Z/> is (—1)"det(A)?det(Z), where Aisn by n. O

Remark. The above proof gives us slightly more information about what
assumptions can be made about the shape of the matrix for the bilinear form.
In some circumstances one may be able to obtain even more refined struc-
ture theorems. We have for example the following claim:
Proposition 4.2.13. Quver Z there exist two isomorphism classes of integral
pseudo-hyperbolic lattices of dimension 2n with square free discriminants. Let-
ting H be the hyperbolic quadratic module whose matriz is given by (94) and
H' be the pseudo-hyperbolic quadratic module whose matriz is given by (1),
then the isomorphism classes are precisely H™ and H" ' & H'.
This is a straight forward check.
Proposition 4.2.14. Every unimodular sublattice L C A of an integral lattice
s an orthogonal direct summand. More generally, if &y = a then every a-

modular sublattice L C A is an orthogonal direct summand.

Proof. We first give a concrete proof assuming R is a PID. In this case the
second statement reduces to the first by rescaling the form. We remark that
L is primitive.

Let X = {xy,...,2;} beabasisof L, and Y = {xy,...,2,41,...,yx} be

Ax V
an extension of X to a basis for A. Write Ay = . Since A}lv is a

vt U
matrix with entries in R we may use the change of basis matrix:
Id, —AY'V
0 Idy
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This corresponds to a basis {z1,...,2;,91,...,0k} and we find A = L L
(Y15 k)

Working more generally, that is without assuming the lattice is free, given
any z € A the assumption that &, = a implies by(z,-) € Hompg(A, a). It then
follows that ba(z,-)|. € Homg(L,a). Now, by the a-modularity of L we have
Hompg(L,a) ~ L and thus by(z, )|, € Homg(L,a) ~ L. We may therefore
conclude that there exists © € L with by(z — x,)|p = 0. It follows that

z—x € L* and hence z = x + (2 — z) is a decomposition of A into LS L. O

4.3 Lattices over p-adic Rings

Here we enter into the improved setting of having R a (complete) local
ring whose maximal ideal is principal, generated by w. More specifically we
intend to work with a p-adic ring, by which we mean the maximal order of
a p-adic field (a finite extension of QQ,). We shall denote by v = v, the m-adic
valuation.

In this context we have the following important result to recall:
Theorem 4.3.1. A quadratic module over a p-adic field K is entirely deter-
maned by its rank, its discriminant and its Hasse invariant.

See [O’M00, Thm 63:20].

Notation 4.3.2. For a,b € R, with ab # 1, we shall denote by L, ; the binary
lattice whose bilinear form has matrix (¢ }).

For 0 # ¢ € R we shall denote by U, the unary lattice whose bilinear form
has matrix (c).

For a lattice L and an element r € R we shall denote by rL the lattice
whose underlying module is L but whose bilinear form is r times that of L,

that is, b,.;, = rby.

Lemma 4.3.3.

1. Loy = U., ® U, if and only if one of a, b or 2 is in R*.
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2. The discriminant of Lay is —(1 — ab).
3. The Hasse invariant of L,y is (a,1 — ab), = (b,1 — ab),.
4. Let M be any integral lattice, suppose 5 = by(x,x) for some x € M and

u € R*, if Loy 05 unimodular then:
ULa,b o M= uLaJ’,u—lﬁ’b @D M

for some lattice M'. In the case b= 0 then uL,y,~15p is unimodular and

moreover M' ~ M.

Proof. For the first point, in the forward direction use the fact that every
unimodular sublattice is a direct summand, together with the determinant of
the matrix. For the other direction, use the fact that if none of a,b or 2 is a
unit, then 91z, , # R and is unimodular whereas if U, @ U,, is unimodular
then Ny, v, = R.

The second point is a direct calculation. For the third, notice that over

K we have the change of basis:

1 0 a 1 1 —a ! a 0
—a ' 1 1 b 0 1 0 b—at

Thus the Hasse invariant is (a, b—a™'), = (a, 1—ab), (using that (a, —a), = 1).

The argument for the forth point is [O’MO00, 93:12]. If z, y is the basis for
ulyyp and z € M satisfies by (2, z) = 3, then the lattice spanned by z + z,y is
isomorphic to uL,,-154, and as it is unimodular we have by Proposition 4.2.14
that it is a direct factor of uL,;, @ M. For the special case of b = 0, consider
¢: M — uLgiy-15p ® M given by ¢(u) = u — (u, 2)y. One checks easily that
this is an isometry, and that the image of M is in M’. The existence of an
inverse map ¢'(u) = u + (u, z)y mapping M’ to M implies ¢ is an isometry

between M and M. 0
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Lemma 4.3.4. FEvery lattice A over a p-adic ring R can be expressed as:
A=LaoN,

where L has rank 1 or 2. Moreover, L can be taken to be a-modular for some a.

Note that neither L nor A’ are unique.

Proof. Pick either x € A such that gz(z)R = S, or x,y in A such that
(x,y) R = &,. This is possible since as we are working over a discrete valuation
ring, and &, has generators {by(z;,y;)}, the principle of domination tells us
that there exists a single pair (z;,y;) with by (x;, ;)R = &,. If for such a pair
qr(z;) R = &, work only with z;, otherwise, work with the pair (x;,y;).

In the first case, the lattice spanned by z is an & -modular direct factor.
In the second case, the lattice spanned by x,y is an G -modular direct factor.

Here we are using that in the respective cases the matrix is of the form:
(x")  or :

where &y = 7" R and a, b € R and that these matrices give 7"-modular lattices.

The sublattice then splits as a direct factor by Proposition 4.2.14. O

Theorem 4.3.5 (Existence of Jordan decompositions). Every lattice A over

a p-adic ring R can be expressed as:
A~ @Lu
(]

where the L; are a;-modular, with the a; distinct. Such a decomposition is
called a Jordan decomposition. Note that such decompositions are not in

general unique, but see Theorem 4.5.14.

Proof. This follows immediately by induction from the lemma above, and by

grouping the factors which have the same modularity. O]
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Example. As an example, the above results and some straight forward com-
putations allow one to check that every lattice over Zsy is a direct sum of
lattices of the form 2*U,. and 2*L,, for k € Z, ¢ € Z5 and a,b € {2,4,6,8}.

See Theorem 4.3.12 for a more thorough classification.

It should be remarked that in spite of the following “Witt type theorem,”

a decomposition A = L1 K, = LyP Ky with Ly ~ Ly does not imply K7 ~ K.
Theorem 4.3.6 (Kneser). Let R be a local ring with unique mazximal ideal p.
Let Ly, Ly C A be submodules of A and F' C A be a subset satisfying:

1. 2qa(F) and by (F,A) are both subsets of R,

2. Hom(Lq, R),Hom(Ly, R) C {bx(z,-) | * € F}, where by(z,-) is viewed

as a map from A to R, and

3. 0: L1 — Ly an isometry such that o(x) —x € F for all x € L.
Then o can be extended to an isometry of A which acts trivially on F*-. More-
over, if F' contains an element z such that:

1. qp(z) € 2R* and,

2. if the residue field is Fy, then also (F,z) C p,

then o is induced by products of reflections in elements of F'.

Proof. See [Kit93, Thm 1.2.2] or [Kne02, Satz 4.3].

We may reduce to the case where we have the ‘moreover’ assumption as
follows: adjoin a hyperplane H, spanned by z,y, to A and R(x +y) C H to
F, Rx to both L; and L, and extend o by setting o(x) = z. As (z + y)*
would include x — y, the isometry which the theorem guarantees exists must
be trivial on both x and x — y and hence y and thus on H. Hence ¢ has a
restriction to the original A , though no longer coming from reflections in F.

Now we suppose we satisfy the ‘moreover’ assumptions. First we claim
that for all £ € L, there exists f € F such that 3q(f), (f,?),(f,0(()) € R*.

Indeed, let z; be the element from the moreover statement, zo be such that
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(¢, 2) € R* and z3 be such that (0(¢),23) € R*, and if |R/7| # 2 suppose

a’# 1 (mod ) then one of:
(0(0)—0), 21, 29, 23, 21+ 22, 21+ 23, 22+ 23, 21+ 22+ 23, 421+ 22, az1 + 23, a2, + 20+ 23

satisfies the condition. One uses the fact that if a does not exist we have
(x,F) C .

For an element y € A with %q(y) € R* define the reflection in y as
7y (0) = € = 2(y, O)q(y)~'r-

We proceed by induction on the rank of L;. Suppose the rank of L, is 1
and that it is generated by ¢. There are two cases. If we may take f = o(¢) — /¢

to be the element above, then we find:

7€) = o (£).

Otherwise, let f be the element from above and set g = o(¢) — 74(¢). One then

computes that $¢(g) € R* and

7y(74(0)) = o (£).

This completes the rank 1 case.

Suppose L has rank r. Let ¢ € L; be a primitive element, and suppose f
is the element guaranteed to exist as above. Set L} = {y € Ly | (y, f) = 0}.
Since (f,¢) € R* then L] is primitive of rank » — 1. By induction there exists
7 generated by reflections in F' such that 7|, = o[r,. Now, taking instead
7o for o, F'N L’lL for F and L; = R{, we find that we again satisfy the
conditions of the theorem. Hence there exists 7/ with 7/(¢) = 7'o(¢). Since

L' C F* we have 7'|; = Id. It follows that 7o 7'|,, = 0. -
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Corollary 4.3.7. Suppose R is a p-adic ring. Let My, My be integral R lattices
and N1 = Ny unimodular lattices with Ny, C (2). Then Ny & My ~ Ny & My

implies that My ~ M.

Proof. Identify A := N; & M; with Ny & M, via any isomorphism. In the
notation of the above theorem, take L1 = Ny, Ly = No, and F' = A. The map
which identifies N; and N, thus extends to an isometry of A which necessarily

maps M; = Ni* to Ni- = M. O

Lemma 4.3.8. For p # 2 every unimodular lattice A over a p-adic ring R

with rank at least 3 has a hyperbolic sublattice.

Proof. Using Hensel’s lemma and the existence of an isotropic vector mod
m we conclude there exists an isotropic vector in A. By Propositions 4.2.12
and 4.2.14 and the unimodularity of A we conclude that A has a pseudo-
hyperbolic direct factor. An easy calculation shows that since 2 is invertible

all unimodular pseudo-hyperbolic lattices are hyperbolic. O]

Corollary 4.3.9. For p # 2 and a p-adic ring R, the isomorphism classes of

unimodular lattices A over R are classified by their rank and discriminant.

Proof. See [O’MO00, 92:1].
By induction, we may show A = H" & L, where L is unimodular and has
rank 0,1 or 2. It then suffices to observe that the discriminant classifies binary

and unary unimodular forms when p # 2. O]

Lemma 4.3.10. Suppose p = 2, then the isomorphism classes of unimodular
lattices A over R are determined by their rank, discriminant, Hasse invariant

and norm groups.

Proof. See [O’MO00, 93:16].
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We assume that L and K have the same rank, discriminant, Hasse invari-
ant and norm groups. By Corollary 4.3.7 we may replace L and K by L& H and
K & H, respectively, so that we may also assume that ¢r(L) = qx(K) = ng.

We will show that:
LEBHrankL:LEB_LEBL:KEB_LEBL:KEBHrankL

and hence hyperbolic cancellation (Corollary 4.3.7) on H™*I will allow us
to conclude K = L. Indeed, both K @ —L (respectively, L & —L) is pseudo-
hyperbolic. Now using that ¢(K@&—L) C q(L) (respectively, ¢(L®—L) C q(L)
and ¢(L @ —L) C ¢(K)) we may change the bases for K & —L @ L, by Lemma
4.3.3 (4), so that K & —L® L = H™*L g [ . In the respective cases the same
argument shows L @& —L & L = H**' o Land K® -L® L = H*™ L p K.

This concludes the result. O

Lemma 4.3.11. For a lattice L over a 2-adic ring letting arw® be an element

of minimal valuation in ny we find: ny = an'R? + wy,.

Proof. See [O’MO00, 93:3].

Certainly we have an’R? C ny, and by definition w; C ny, hence:
t 2
amR* + toy, C np.

Conversely, any element z € ny of valuation at least ¢ has an expression

of the form:

z = ar'z? + ar'y?  (mod 27%).

Since arn'x?, 27t € ny, we have ar'*ly? € ny.

t+1,2 2

We claim 7tt1y?z € ng for all 2 € R. Indeed, write 7'™1y?z = arlu® +

am'™y?v? (mod 27') with u,v € R. By the subgroup structure of ny we find

2

itz e ny.
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We now claim ar'y?z € ny, for all z. By solving the equation:

2 t+1)

ar'y?z = ar'v?  (mod 7

we see that as arv? € ny, by the subgroup structure of ny, we find wty?z € ny,.
It follows that w'y?> C my . Therefore 7*'y?z € w;. This concludes the

result. O

Theorem 4.3.12. Let L be a unimodular lattice over a 2-adic ring R with
uniformizer w. Fiz o € R* such that 6;, = —(14+an™) modulo (R*)?, such that
furthermore either v is odd orr = v(4). Fiz also a € R* such that an' € qr(L)
is an element of minimal valuation represented by L. Then vy = (7°), where
r—t>s>tands+t is odd or s =v(2). Let p € R/7R be such that x> +x+p
15 1rreducible mod .

Then L is isomorphic to precisely one of:

| art 1
1. H*® @D ,
1 0 1 —atar™?
s 1 amt 1
2. H @ S5, ,
1 dpr—* 1 —ala—4p)r
w1
3. H"O® @ (=dr),
1 0
° 1
1 4pr~*°
amt 1
5 or
1 —atlar™?
6. (—(1—an")).

Proof. This is essentially the content of [O’MO00, 93:18].
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This is a consequence of Lemma 4.3.10. One only needs to observe that
these examples cover all possible combinations of ranks, discriminants, Hasse
invariants and norm groups. Lemma 4.3.11 allows one to check we have all of
the possible norm groups. The observation that (1 4 4p, 7), = —1 allows one

to check we have all possible Hasse invariants. O

Corollary 4.3.13. Every unimodular lattice A over a 2-adic ring R with rank
at least 5 has a hyperbolic sublattice.

See also [O’MO00, 93:18v].

It should be emphasized before stating the following result that Jordan
decompositions over 2-adic rings are not typically unique.
Theorem 4.3.14 (Uniqueness of Jordan decompositions). Let A = ié_élLi =
é% K; be two Jordan decomposition of a lattice over a p-adic ring with L; being

j=1
a;-modular and K; being bj-modular, a;,|a;, fori; <y, and bj,|b;, for j; < ja.

Then:
1. 1y =19,
2. a;=b;,
3. rank L; = rank K,
4. N, = a; if and only if Nk, = a;, and
5. if p# 2 then L; ~ K;.

Proof. See [O’MO00, 91:9].

Let @ € R. Consider A® = {z € A | (z,A) C (a)} = aA# N A. Observe
that forming (* commutes with orthogonal direct sums, and that for a modular
lattice L@ = L if and only if L is a-modular. Otherwise L(® C 7 L.

It follows that the sublattices L; and K; which are the (7")-modular in
the Jordan decomposition are characterized modulo 7"*! by the reduction

modulo 7 of #(L(”T)). In particular, the rank, discriminant, and whether or
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not the diagonal contains a unit modulo 7 are determined. This completes the

proof. O

4.4 Local Densities

We now move from general theory to a more particular problem, that is,
we now focus our attention on what are called interchangeably representation
densities, local densities or arithmetic volumes. Throughout this section we
shall continue to assume that R is a p-adic ring, with maximal ideal p. We
shall denote by 7 a uniformizer and g = |R/pR| the size of the residue field,
which is finite by assumption. We shall fix an additive Haar measure on R,
normalized so that the volume of R is 1. In this context we continue to have
that all lattices are free.
4.4.1 Notion of Local Densities

Fundamentally the notion of representation density has to do with assign-

ing a volume to sets of the form:

ISOHI(Al,AQ) = {¢ € HOIHR(Al, AQ) | b/\2 (¢(x)v ¢<y>) - bAl (ZL’, y)}’

the isometric embeddings from A; to As. Such sets are typically infinite, so
simply counting elements is insufficient.

This problem can be approached both locally and globally and there are
a number of different ways to formulate the notion. The various definitions
are typically, up to constants, equivalent. We take the following definition of
local density; for some the « definition is more natural.
Definition 4.4.1. Let L and M be lattices over a p-adic ring R, with bilinear
forms by, by;. Consider the map Fy, : Homp(M, L) — Sym?(M") which takes
the maps from M to L to the space of symmetric bilinear forms on M given

by (Fo, (0))(z,y) = br(¢d(z), #(y)). Some references define the local density
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at R to be:

1 . f]—'b_Ll(U) dx
ar(ba,br) = ar(M,L) = 3 UIE?M fT
U

Here dX = [[;;dz;; and dT' = [],_;dt;; are the standard measures when

1<j
viewing the spaces as matrix spaces with respect to some chosen basis. The
limit is being taken over the directed family of open subset U of Sym?*(M")
containing by;. By [Han05, Lemma 2.2] this does not depend on the choice of

integral basis.

We define the local density to be:
Br(M, L) = (g~ M=o (M, L).

When R = O, one often denotes the local densities by 3, rather than .
The above definition may seem quite unwieldy and difficult to compute.
The following proposition gives a more concrete interpretation of these values.
Proposition 4.4.2. Let R be a p-adic ring with residue field F, and uni-
formizer w. Let M and N be two quadratic modules over R of ranks m and
n, respectively. Fiz h € 7 sufficiently large so that 7" *qy (M%) € (2) and
7" lqn(N) € (2), and let r,7' € Z be such that r,v" — v(2) > h. Denote

& = ()"0 2=mn ghen define Br(M, N, ) to be:

& [{¢ € Homp(M, N/7"N) | bn(d(2), ¢(x)) = bar(z,2)  (mod 277)}
and define Ag(M, N,v’) to be:

& - {6 € Homp(M, N/z" N) [ by(6(x), 6(y)) = bar(w,y)  (mod 77)}|.

These values are independent respectively of v and r'. Moreover,

Br(M,N) = Br(M,N,r) and ar(M,N) = Ar(M, N,r").
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Proof. These results are reasonably well known, and can be deduced from
[Han05, Lemma 3.2] and [Kit93, Lemmas 5.6.1 and 5.6.5] or from [Kne02,
15.3-5 and 33.5] or alternatively from the proof of [Kit88, Prop 1].

We first claim that our choice h is such that the isomorphism class of
M is determined by the reduction modulo " of the bilinear form. To this
end, it suffices to show that this holds for any expression of M = @ L;, where
the L; are binary and unary modular lattices. Notice that if there exists a
unary factor (an') (with v(a) = 0) then by definition ' > 2v(2) + ¢ + 1.
Hence, for unary lattices we can determine a modulo 47, and hence we can
determine the isomorphism class. Next, notice that if there exists a binary
factor 7 (o7, L) (with v(a),v(b) = 0, and s,u > 1) then now by definition
r’ > 2v(2) — min(s,u) + ¢+ 1 and hence we can determine the discriminant of
(o7 L) modulo 47, the Hasse invariant and the norm group, and hence the
isomorphism class.

We now show that Ar(M, N,r’) is independent of 7". Let bys; be a set of
bilinear forms on M whose reductions modulo 7' %! forms a complete set of
representatives of bilinear forms modulo 77’ *+! (up to equality) whose reduction
modulo 7" equals by;. There are precisely ¢"(™*1/2 such by;;. Let M; denote
the lattice M with quadratic form by ;.

We claim Ag(M;, N, + 1) is independent of 7. It suffices to show that
GL(M /7" +1M) acts transitively on the bys;, or equivalently that M; and M
are isomorphic as lattices. This follows since the isomorphism class of M

is determined by its reduction modulo 7. The value Ag(M;, N,r' + 1) is
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therefore independent of 7. It follows from the fact that the map:

{0 € Homp(Ms, N/x"*N) | by(9(), 6(9) = bas () (mod 1)}
{

{¢ € Homp(M, N/7"N) | by (¢(x), (y)) = bar(,y) (mod 7"}

is ¢™" to 1 we may now conclude that Ag(M, N,r") = Ar(M, N, +1) and is
thus independent of 7.

A similar argument covers the case of Br(M, N, 7).

Next, we cover the claim that ag(M, N) = Ag(M, N,r"). For the integral
definition one may take for U those sets of the form by, +7"" Sym?(M") as these
form a fundamental neighbourhood system. For such U the collection Fy L(U)
becomes precisely the maps which reduce modulo 7" to those contributing in
the definition of Ar(M, N,r’). The volume of U is then ¢"™ whereas the
volume of F, ' (U) is precisely Agr(M, N,7')g"™™+1/2 From this we conclude
the result.

The difference between the definition of Ag(M,N,r’) and Br(M,N,r’)
is entirely captured in a slight change in flexibility on the diagonal. This

—rank(M)vx(2) hetween the two terms. This

leads to a difference of a factor of ¢
allows us to conclude that Sr(M, N) = Bgr(M, N,r). Notice in particular that
an element of the set defining Br(M, N,r) determines an element of the set

defining Ar(M, N,r — v(2)) and that this mapping is ¢**<(M)v=(2) o 1. O

Remark. It can be useful to think of the local density as counting the number
of elements of Isom(M, N), or of it as being the probability that a linear map
is in Isom(M, N) (even though it is not literally either of those things, it is a

rescaling of these numbers when one thinks of L/x" for large ).
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Proposition 4.4.3. Suppose that L = Ly & Ly and the following hypothesis is

satisfied:
L@ Ly >~ My & My and Ly ~ M, tmplies Ly >~ M.
Then for any lattice L3 we have the following formula:

Br(L1 ® L3, L) = Br(L1, L)Br(Ls, La).

Proof. This follows immediately from the description in terms of counting

isometries and book-keeping the rescaling constants. O

Remark. This type of ‘cancellation law’ does not hold in general, nonetheless,
one can use cases where it does hold (see for example Corollary 4.3.7) as a way
to inductively prove formulas for representation densities.
4.4.2 Computing Local Densities

Computing local densities is in general considered to be highly technical.
The resulting formulas become quite complicated in the general case. In spite
of this, in this section we will compute the local densities 8,(L, L) for an arbi-
trary lattice over an arbitrary p-adic ring. The combinatorics behind actually
carrying out the computation in any given case will require detailed under-
standing of the isomorphism class of the given lattice. In particular one needs
to be able to compute the set of all possible Jordan decompositions. We will
thus not present complete formulas for this in the most general cases. Instead,
we give a reduction formula in terms of these combinatorics and formulas for
all the terms that can appear.

The general structure of this section is as follows:

1. Reduce the problem for (7*)-modular lattices to unimodular lattices. See

in particular Proposition 4.4.4.
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2. Reduce the problem for unimodular lattices to the special case of certain
lattices of rank at most 4, see Theorem 4.4.11.

3. Compute the representation density for these special cases. This is done
in a series of lemmas culminating in Theorem 4.4.18.

4. Reduce the general problem for an arbitrary lattice to the combinatorial
problem of understanding all the Jordan decompositions together with

the problem for modular lattices. See Theorem 4.4.28.

¢ Rescaling

Our first step is an elementary lemma which allows us to compute the
local density of rescaled lattices.
Proposition 4.4.4. Let R be a p-adic ring with field of fractions K. Let M

and L be lattices over R and ¢ € K*. The following formula holds:
Br(M, L) = || /2 gp(eM, cL),

where m = rank(M).
Proof. This is an elementary computation, see [Han05, Lemma 3.1]. O

As a consequence of the above proposition, it is possible to compute
Br(L, L) in the case of a-modular lattices simply by treating the case of uni-
modular lattices.

Remark. There is no reasonable formula for Sr(cM, L) or Sr(M,cL) in terms
of Br(M, L) unless we make further assumptions. In particular some of these

could be 0 while the others are not.

¢ Unimodular Lattices
We now discuss the problem of computing the local density Sgr(L, L) for

a unimodular lattice.

157



Lemma 4.4.5. Suppose L is any unimodular lattice and L(e) is any even

unimodular lattice. The following formula holds:
Br(L(e)® L, L(e) ® L) = Br(L(e), L(e) ® L) - Br(L, L).

Proof. This follows immediately from Corollary 4.3.7 and Proposition 4.4.3.
O

Lemma 4.4.6. Suppose L is a unimodular lattice and L(e) is any even uni-

modular lattice of rank 2n. Set A = L & L(e) then define:
L® .={zxeL|(z,x) € 2R} and A® = {z € A | (z,z) € 2R}.
Then L® and A? are lattices, A® = L(e) ® L, and:
Br(L(e),A) = [L : L&) Br(L(e), A®).

Proof. Denote by & = (¢")"2"°~2¢_ Now pick r sufficiently large so that

7L C L@, Tt follows that Sr(L(e),A) is given by:
& - [{¢ € Hompg(L(e), A/m"A) | q(2) = q(¢(x))  (mod 27")}],
and Br(L(e), A®) is given by:
& - [{¢ € Homp(L(e), A® /7" (A®)) | g(2) = g(¢(2)) (mod 27")}|.
Then because L(e) is even, it is clear that Sz(L(e), A) can be computed as:
& - {6 € Homp(L(e), A® /z"A) | q(2) = q(¢(x))  (mod 277)}|.

For each element ¢ € Hompg(L(e), A® /7"A), there are precisely [L : L))"
many extensions of ¢ to a map in Hompg(L(e), A® /a"A®) all of which au-
tomatically satisfy ¢(x) = ¢(¢(x)) (mod 27") as that condition was already

well-defined. Comparing formulas completes the proof. O
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Lemma 4.4.7. Suppose L is a unimodular lattice of rank ¢ and L(e) is any
even unimodular lattice of rank 2n. Define A, L'® and A®) as above. Consider
the wvector spaces Vi = L(e)/mL(e) and Vo = A® /7A@ together with the
quadratic form Q;(z) = %(x, x) (mod 7) for their respective pairings valued in

R/mR. Then the local density Br(L(e), A®)) is:

n—2n2—2nt

{0: Vi = Vs | Ov(z) = Qa(0(2)) for all x}‘ .
Proof. Firstly we observe by Proposition 4.4.2 that Bz(L(e), A?) is:

" o Le) = AP /mA® | g(z) = g(o(x)) (mod 2m)}|.
Secondly, we observe that:

{02 L(e) = A? 7A® | g(x) = q(o(x)) (mod 27)}| =

{o: V1= V2| Qi) = Qa(o(2))}] -
The result then follows immediately. m

Remark. The space V5, may not be a regular quadratic module.
Definition 4.4.8. For a regular quadratic module V' of dimension 2n we de-

fine:

1 V~H"and n >0
x(V) =

—1 otherwise.
Lemma 4.4.9. FEvery quadratic module W over a field of characteristic 2

decomposes as:

Wo & W' & Rad(W)

with Wy a maximal regular sublattice and W+ = W’ & Rad(W). Note that the
isomorphism class of Wy is unique if and only if W+ = Rad(W).
See [Kit93, Thm 1.2.1 and Ex. 1.2.2].
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Lemma 4.4.10. Suppose V is a (non-trivial) regqular quadratic module rep-
resented by W, that is, for which there exists at least one isometry from V
into W. Write W = Wy @ W+ as in Lemma 4.4.9 and set v = dim(V') and
w = dim(Wy). The number of isometries from V into W is:

w/2—1

quim(W)fv(v+1)/2 H (1 . q72e) (1 - X(W(])qfw/Q)f’

e=(w—v)/2+1

where & is given by:

L+ x(V e -Wy)g»—/2 Wt =Rad(W)
1+ x(Wo)g—/? W+ # Rad(W).

See [Kit93, Prop 1.3.3].
Remark. Notice that the above formula, which appears to depend on a choice
of Wy in W, does so only when W+ = Rad(W).
Theorem 4.4.11. Consider a unimodular lattice A. Then A has a decom-
position A = L(e) ® L, where L(e) is a mazimal even dimensional even uni-
modular sublattice of A and L has rank at most 4. Let ¢ = rank(L) and

2n = rank(L(e)). Then:

Br(A,A) = [L: L®)"¢Br(L, L) (1 = ¢7*)
e=1
where:
2(1+ x(L(e))g™)™t  L(e) non-trivial and independent of choices
5 pum

1 otherwise.

Proof. Such a decomposition exists by Theorem 4.3.12. Lemma 4.4.5 gives us

the formula:

Br(L(e) ® L,L(e) ® L) = Br(L(e), L(e) ® L) - Br(L, L).
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Lemma 4.4.6 allows us to evaluate:
Br(L(e), L(e) ® L) = [L : L®]7>"Br(L(e), L(e) & L?).

Lemma 4.4.7 then reduces the computation of Sr(L(e), L(e) @ L) to a com-
putation over the residue field. Finally, Lemma 4.4.10 gives the precise formula
for this computation. Combining the results allows us to conclude the theo-

rem. O

Remark. If L(e) is as above, then one has y(L(e)) = (m, (=1)"2D(L(e))),.
Corollary 4.4.12. Suppose p # 2 and maintain the notation of Theorem
4.4.11, then:

Br(AA) =2]J(1—q)

Proof. When p # 2 all lattices are even and hence we have that L is either 0 or
1-dimensional. The result now follows immediately from the theorem and the

observation that for a 1-dimensional lattice the representation density is 2. [l

¢ Unimodular Lattices of Rank at Most 4

We are now left only to consider the case where the residue characteristic
is 2. Theorem 4.4.11 reduces this case to that of computing Sr(L, L) and
of understanding L(®, in the case of L unimodular of rank at most 4 with
no even unimodular factors. Such low rank unimodular lattices with no even
unimodular factors are precisely those appearing as L in Theorem 4.4.11. We
first discuss the problems of understanding L.
Proposition 4.4.13. Consider L a unimodular lattice of rank at most 4 over
a 2-adic ring with no nontrivial even unimodular factors. Denote by W =
L® /7 L® with the induced form Q(z) = 3(x,x) (mod 7). Then we have the

following cases:
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o Casen =4. Wrz’teL:(‘”t Lt)@(’f%;_s) witht <s<r—t,t+s

1 crm

is odd, and either v odd or r = v(4). Then Rad(W) # W=. Moreover,
log,([L: L®)) =v(2) — (s +t—1)/2.

e Casen=3. Write L= (7, .ly-. ) ® (d) with v(2) > s >0 and s odd.

1 b4

Then Rad(W) # W, Moreover,
log,([L : LW]) = v(2) — (s — 1)/2.

e Case n = 2, Write L with matriz (“’ft ml,t) with either r > t odd or

r=wv(4). Then Rad(W) = W+ unless r —t < v(2) or v(2) —t is even.

Moreover,

1/(22)715-‘ r—t> V(2)7

logq([L : L(2)]) = [
v(2) — (r—1)/2 otherwise.

e Case n =1 Then Rad(W) = W+ unless v(2) is even. Moreover,
log, ([L : L®)]) = [%} .

Proof. In each case we will denote the basis with respect to which the matrix
is given by {#1,...,Z,}.
The argument shall use the following observation. If x,y € L are such

that v,(q(x)) is odd and v,(q(y)) is even, then since:

q(nz + 0y) = n*q(z) + 6°q(y) (mod 2),

the only way to have v, (q(nx+0y)) > v-(2) is to have both 2v,(n)+v.(¢(x)) >

vr(2) and 2v,(0) + v (q(y)) > v-(2).
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The observation allows us to easily compute bases for the following three

cases. In the case of n = 1 it is clear that a basis for L® is:
{W[uﬂ@)/ﬂ 7}
In the case of n = 2 a basis for L®? is:

(0= Q=072 3 max(O.[we()~(r—0)/21) 2,1

In the case of n = 3 a basis for L®? is:

{rlt=@=)/21 7 7, plv=@/2 g

For the case of n = 4, we can eliminate some of the conditions by using

that t,s < r —t. We do this by fixing n and 6 so that:
nar’ + 6*7° = et (mod 2).
Now a basis for L% is:
{Wf('/w@)—t)/ﬂ T1,nT1 + Ty + 075, 7l (vn(2)=s)/2] T3, T4}

It is now an easy calculation to determine [L : L®]. Moreover, it is
apparent that W+ = W and thus Rad(W) = W' if and only if @ is trivial.

This is easily checked on the bases we have given. O

We now discuss the problem of computing Sr(L, L) for unimodular lattices
L of rank at most 4 with no even unimodular factors. The general strategy is
as follows:
1. Describe a constructive process for enumerating and counting all choices
of basis that give a bilinear form that ‘looks like’ the original.
2. Show that the number of ways of obtaining each possible form that ‘looks

like’ the original is the same.
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3. Count the number of possible forms that ‘look like’ the original.
4. Obtain the result.
The above is made more precise in the following proofs.

Lemma 4.4.14. Suppose L s a unimodular lattice of rank 1. Then:

ﬁR(Lv L) = 2.

This case is a simple check.

Lemma 4.4.15. Suppose L is the unimodular lattice of rank 2 over a 2-adic

amt

1
ring represented by with a,c € R*, 2t < r and either r < v(4)
1 cent

odd orr =v(4). Then:

4q(r=D12=v@) < v(2)
/BR(La L) =
2~ T@=0/21 p(2) < r —t.

Proof. By Proposition 4.4.2 we need to count the elements in the set:
®={¢:L— L/m""" L] qu(¢(z)) = qu(x) (mod 7@},
Consider the following sets:

X ={FeL/n"@ L] q#) =ar’ (mod 7},
YVe={j€L/m &L (7,5) =1 (mod x"®~*1)u(g(7)) = —t}, and

Y ={q() (mod w™W)|7e Yy, &€ X}

We claim that |Yz| is independent of the choice of ¥ € X. Indeed, letting

Zop and gy be the original basis it is clear that:

Yo = {(Z (Z,9)7"Y) | = (an 070212, + )},
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where  runs over elements of R/m*2)~t+1=10=20/21 R " If follows that:

‘Yf‘ _ qy(2)+17|'7"/2] ]

We next compute ‘}7) The values of ¢ () that can appear are precisely

those such that:
1 —aq(f)7" =1 —acr” (mod (R*)?)

as these are the values that give isomorphic quadratic forms. This is precisely
the same as the number of elements modulo 7/**! that are squares, and

congruent to 1 modulo 7". We thus have:

1

_ L M@=
54

)f/

We now compute | X|. We are counting solutions for z,y (mod 7*?)~t+1)
of:

am'z? 4 2zy + en"ty? = an'  (mod VW),

We make the substitution x = 1 + 2 and this becomes:
am'z® + 2amtz + 2y + 2zy + en’' P =0 (mod mvW~HY),

By inspecting the valuations of monomials that result from such a switch (of
x = x + 1), in particular the parity of their valuations, it is apparent that we

have:

=0 (mod 7™¢@-C-D/2[¢®-0/2)y 4nq

y = 0 (mod 7_(_ma,x(u(Q)—‘,—t—’r,u(?)—‘rt))

9
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where the first terms are maximal if and only if v(2) > r —¢t. If we perform

the substitutions:

max(v(2)+t—r,0), /

7 = w20/ and gy = y

the equation becomes:

ar’@02% 4 2y 4+ 21 P(2,y) =0 r—t>wv(2), or

2y + 2cy? + 21 P(x,y) =0 r—t<wv(2)

for some polynomial P and § € {0,1}. (Notice the only way we could have
had both an z? and y? term was if r —t = ¢ = v(2) but we have excluded that
case from consideration.) We observe that by dividing by 2 we may solve for
y in terms of x. As the equation is non-singular, we may use Hensel’s lemma
to find solutions and the total number of solutions is equal to the number of
solutions modulo 7. There are precisely 2 solutions modulo 7 if v(2) > r —¢

and 1 solution otherwise. We thus find:
2q(r7t7t71)/2+1 l/<2) > —t
| X =
glv@-0721+1  Gtherwise.
The set ® corresponds precisely to the fibre of

{(Z,9) | Te X, 7Yz}

over en’~' € Y. The automorphism group of L/m*®~*1L acts simply tran-

sitively on this fibre. However, noting that the original choice of ¢t is

arbitrary, the automorphism group acts simply transitively on each fibre of:
{(Z,9) | 7€ X,y €Yz}

over Y.
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It thus follows that:

XYz
o = XLIYE
7]

Thus we find:

4q(’f—t—t—1)/2+1 r—t S 7/(2)

@] =

2glU@-D/241 (9) <y 1.

Combining terms completes the result. m

Lemma 4.4.16. Suppose L = L+ vw- ©U_g is a unimodular lattice of rank

3 over a 2-adic ring with t < v(2) odd and b,d € R*, then:
Br(L, L) = 4¢00/2.
Proof. By Proposition 4.4.2 we need to count elements in the set:
O ={p: L— L/ PNL | gp(6(x) = qu(z) (mod 71},
As in the previous lemma consider the following sets:

X = {f c L/?TV(4)+1L | QL(f) _ 7_[_t (mod 7TV(4)+1)}’
Ye={jeL/m"PL| (&7 =1 (mod 7)) v(q () =v(4)},
Y ={q.(§) (mod 7/ |je Yz, &€ X},

ng = {ZG <f7g’>l_/7ru(2)+l ’ (]L(z) — —d (mod 71_1/(4)-‘,—1)}'

We claim that |Yz| is independent of Z € X. Indeed, letting &y, %o, 2o be

the original basis it is clear for parity reasons that:
Yz = {(%, (Z, J)J) | y = 2" P 7 + g + z7r”(2)_(t_1)/250},
where z € R/m'R and z € R/7*V/>*1 R We thus find:

fo| _ qt+(t71)/2+2.
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Next we compute ‘f/‘ = %q. The argument is identical to the previous
lemma, except we note that the discriminant of this block is well-defined mod-
ulo squares because it controls the Hasse invariant of the form.

Now |Zz 7| = 2 independently of Z, . This follows as the orthogonal com-
plement is isomorphic to U_, by necessity (again because the Hasse invariant
controls the discriminant).

We now compute | X|. We are counting solutions for z,y, z (mod 7*®+1)
of:

rta? 4 2oy + 1D L ez =t (mod w7,
It is clear that we may replace z by w7212 and get:
2 Oty prr @22 4 DR -2 1 (od @),

We now replace z by 1+ 7/@2=8/2l3 and the expression modulo *®~t+1

becomes:
2rlC@=0/21y | r2(0@)=0/212 L ety |
ABW@=0/2 gy | prv@=202 L 2@/t 2 ()
This reduces to:
o2m0x + m0a? 4y + 0Oy 4 @2 4o er' 022 =0 (mod 7T”(2)+1),

0 v(2) odd
where § =

1 otherwise.

As in the previous case, this equation is non-singular in ¥, hence, for all values

of z, x we may find a unique solution for y. It follows that:

IX| = g2 @ -0/2) 42 _ (D)= (t+1)/2-t+2
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As in the previous lemma it follows that:

@] = 2¢" VX |Va] | Zz 41

7]
We may thus conclude that |®| = 4¢3 (2)=3-(=1)/2+3  Combining terms
completes the result. O

Lemma 4.4.17. Suppose L = L . jv)-s @ Logt crr—t 18 @ unimodular lattice
of dimension 4 over a 2-adic ring with t < s < v(2), a,b,c € R*, s —t odd,

and r < v(4) odd or r =v(4). In this situation:

13V (2)+2t—2—(r—t—s)/2 gl t<v(2)
/BR(L, L) — q_ v TemrTiTs
qL(V(Q)*t)/%JFl V(:Z) < pr—t.

Proof. We make the following definitions:

® = {g € GL(L/n" W L) | g'Ag = (7 - ) @ (7 20 ) )

X ={zfe L/m"P L | q(z) =7 (modv(4)—t+1)},

Ye={ge L/mP" L (@9 =1 (mod 7"®"") v(qr(§) = v(4) - s},
Y ={q(¥) € R/7"W ™R | je Yy T e X},

g={Ed) e (@ gt /mP M (Zd) =1 (mod 777, w(qr(2)) = t},
w5 = {(a0(2), ar(@)) € (R/m"D7IR)? | (2,40) € Za g},

Zg = {A a lattice modulo 7*Y~"*! up to isomorphism | L3 @ A ~ L}.

In the above we are taking § € Y.
Our first claim is that |Yz| = ¢?@~33+s+(+=1/2 and that this is inde-

pendent of ¥ € X. Indeed, we can compute its value as follows:
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Thus its size is the number of solutions to:
22 + 22 4 an'2® + 22w+ en"fw? =0 (mod 779,

where x, z,w are taken in R/7"?)~**1R. In the event that r —t > v(4) — s

then for parity reasons we must have:
=0 (mod7"® %) and z=0 (mod 7"H~(+-D/2)

One finds then that there are no further conditions and thus counting solutions

we find:

V| = @@ —3t48+st(s+-1)/2,

Otherwise we suppose r —t < v(4) — s. Next we may choose 7, € such that:

n’c + tam = 1.
For parity reasons we again find:
£=0 (mod 7" "% and 2 =0 (mod 7("T1/2t)
We may thus substitute:
r=n"""92g" and w = na’ + w' and z = 7TV 2 e 4 2).
The whole expression modulo 7*)~* then becomes:
o =t=s)/2p | qr—thl,2 | pr=ty2 | H—t=9)/2H1 Py ) = ()
for some polynomial P. It is now apparent that:

v(2)—s—(r—t—s

and that x is determined modulo 7 )/2 by the other parameters. One

finds then that there are no further conditions and thus counting solutions we
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find:

| Yf| — qV(Q) —3t+34s+(s+t—1)/2 '

Next we compute ‘f/‘ Indeed, so long as there exist values o,y € R*
such that:

L~ L7|-S757rl'(4)—8 D Laﬂ't,'yﬂr—t

then 8 € Y. The two conditions:

ny, = aR?* + 7%, and

H(L) = (a, 6p) (7", 01) (75T, 1 — 6%”(4))

can be solved for all g if r — ¢ < v(4) — s. If however, r —t > v(4) — s then,
since (a, 07,) cannot depend on «, only half of the potential values for g will

work. The other condition:
6 = (1 — aya")(1 — @) (mod R?)
can always be solved by 7. It follows that:

r—t>v(4)—s

')
|
o~
+
—
N =

1 otherwise.

We now claim that Zj"g is independent of ¥ € X and y € Yz Indeed

there are three conditions for (a,~) € ng The first condition is:
H(L) = (e, 61) (", 62) (5T, 1 — (i) 7).

This condition cannot be unsatisfiable. Hence, it is either imposing a condition
(independently of ¥), or is not imposing a condition (independently of ). The
second condition is:

n, = aR?+ 7’
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This condition is independent of y. The final condition is:
6p = (1 —ayn")(1 — qp(@)7*@)  (mod R?).

For each « satisfying the first two conditions we are imposing a condition on the
variable . The number of values for « satisfying the condition is independent
of ¥.

Now, we claim that | Zz ;| is independent of ¥ € X and ¢ € Yz. Indeed, the

value of |Zz | is precisely |Aut((Z, g)* /=11 ‘Zf,g . Our computations in

Lemma 4.4.15 show this depends only on t and r. Explicitly, the value is:

4q(7“—t—t—1)/2+1 r—t S V(2)
|Aut((Z, 7)* /77O~ =

2qLV@=D2H+ (2) < — ¢

A

7~

5| 1s independent of § € Y. Equivalence classes

Next, we claim that

of lattices A € Zy have representatives of the form L, . where (o, ) € Zzg
for some # € X, ¥ € Yz. We may thus represent A by m. Now, as the
Hasse invariant and discriminant of A € Zg are determined by y and L, the
only freedom to modify A is picking its norm generator. In terms of m
this amount to fixing the square class of & module 7"~2. The first constraint
on the square class of « is that it must give the norm generator of L module

t

7°. This determines the square class of & modulo 7#*~*. This leaves us with

precisely:

q(r—t—s)/2

many options for such square classes. The only other constraint on « is that it

must give the correct Hasse invariant. As above, the Hasse invariant depends
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on « through (a, ). Thus, it follows that:

D=

r—t<v(4)-—s

1 otherwise.

We now compute | X|. We are solving for z,y, z,w € R/m"@1R in the

following equation modulo 7”9 —t+1
72?4 2xy + brv Wy + ant2® + 22w + en” tw? = 7.

Pick 7, € such that 7% +mae? = ¢ (mod 7*®). We may then make the following

substitutions:
z=14nrl==92ly 4 ¢ and z = ex! D2~y 4 5.
The equation then becomes:
5% 4 2y + an'2? + 22w + PP (2, y, 2, w) = 0
for some polynomial P. For parity reasons we now see that:
z=0 (modz/"@=/2lyand 2 =0 (mod 7=/,

This equation is now solvable in y, and determines y modulo 7*®~*+1. Count-

ing solutions, we find that there are:

1X| = qu(4)73t+3+(s+t71)/2.

We now observe that:

~ -1 -1 4
] = |X1 1Yl | Zz || Z;

zy

To see this, consider the map:

!

{(#,7,2,%) | 7€ X, § €Yz, (£,9) € Zgz} — (R/n*WIR)?
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given by (2,9, Z,W) — (qr(¥), qr(2), qr(W)) and observe that |®| is precisely

the size of each fibre. We thus must show that the size of the image is:

Moreover, the size of the fibre over (7, («, 7)) is precisely Zf,y“ where 7 € X

and y € Yz are any vectors such that («, ) € Zz 5. From this the claim about
|®| follows immediately.
We, therefore, have that:

q(r—t—t—l)/2+1 r—t < u(2)
|Aut(L/7r”(4)_t+1L)’ _ 4q3u(2)—4t+4—(r—t—s)/2

glv@=0721+1 0y < — ¢
Combining terms gives the desired result. O]

The above lemmas cover the final few cases we needed to completely solve
the problem of computing local densities for unimodular lattices over 2-adic
rings. By combining the results we get the following theorem:

Theorem 4.4.18. Consider a unimodular lattice L of rank at most 4 over a
2-adic ring R with no even unimodular factors. Let ™ be a uniformizer of R
and ¢ = |R/7R|. Recall that L'®) = {x € L | (z,x) € 2R}. Denote by W the
quadratic module L® /7 L® with the induced form Q(z) = +(z,z) (mod 7).

Then:
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o Casen =4. Wrz’teL:(‘”t Lt)@(’f%;_s) witht <s<r—t,t+s

1 crm
is odd, and either r odd or r = v(4).
Then Rad(W) # W+, Moreover, [L : L®] = ¢#=(+=1/2 gnd the local
density is:
q(T—t—t—l)/2+1 r—t S V(Q)

Br(L,L) = 4 @22 (rt=s) /2
gD y(2) <7 -t

o Casen=3. Write L= (", .(y_.) ® (d) with v(2) > s> 0 and s odd.

Then Rad(W) # WL, Moreover, [L : L®] = ¢"®®=6=Y/2 gnd the local
density is:

Br(L,L) = 4¢q*~9/2,

o Casen = 2. Write L with matrix (af cﬂl_t) with either r > t odd or

r=wv(4).
Then Rad(W) = W unless r — t < v(2) or v(2) —t is even.

V(Q)—ﬂ
q 2 r—t>v(2)
Moreover, [L : L®] = and the local density

¢"A==D/2  otherwise
18:
4qr=02=v@) ot < p(2)
BR(La L) =
2¢710V@=0/21 (2) < p — 1.

e Case n=1. Then Rad(W) = W unless v(2) is even.

v
Moreover, [L : L1?)] = q[ 2 l and the local density is:

Br(L, L) = 2.

¢ The Case of Z,
Of course things are much simpler over Z,, or any p-adic ring except
for 2-adic rings which are ramified over Z,. In such cases there are in fact

only a small number of possibilities for unimodular lattices L with no even
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unimodular factors. In this context one can recover the results in Kitaoka’s
book which give formulas for the local densities of unimodular lattices over Z,,.
Theorem 4.4.19. Let L be a unimodular Z,-lattice. Let L(e) be any maz-
imal unimodular (even dimensional) even sublattice of L. We then have a

decomposition L = L(e) @ L(o). Let n = rank(L) and n(e) = rank(L(e)) and

set:
)
0 L is even
t=
n—2 L is odd,
?
(14 x(L(e))p~™e/2)  x(L(e)) is independent of choice of L(e),
E = and
1 otherwise;

Ve

S

!
P= J] a-p™)

j=1

Note that for p = 2 the isomorphism class of lattice L(e), and hence x(L(e)),
depends on a choice if and only if rank(L(0)) = 2 and the discriminant satisfies
dr) = 1 (mod 4), whereas for p # 2 one has L(e) depends on a choice if and
only if the rank of L is odd.

Then the local density is:
Bo(L, L) =2p ' PE~".

Proof. This is the effect of carrying out the computations of [Kit93, Thm 5.6.3]
for a single unimodular Jordan block. Notice that we have renormalized F and
that this is accounted for by ¢.

We now compare to our results. For the case p # 2 we are comparing to
Corollary 4.4.12 and it suffices to observe the equivalence between the condition

X(L(e)) is independent of choice of L(e) and the statement that the rank of L
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is odd. Indeed, any quadratic form in 3 variables over Z, with p # 2 represents
both a hyperplane, and a two dimensional unimodular lattice which is not a
hyperplane. Hence when the rank of L is odd, when picking L(e) we may make
either of these choices so that L(e) depends on choice. When the rank L is
even L = L(e) and there is no choice.

For the case p = 2 we must apply Theorem 4.4.11 and Theorem 4.4.18.
Theorem 4.4.11 gives us the formula:

By(L, L) = [L : LP]¢Br(L(0), L(o)) [ (1 — ¢7)
e=1

where:

2(1+ x(L(e))g™)~' L(e) non-trivial and independent of choices
1 otherwise.

The first thing to observe is that over Zs the classification of unimodular
lattices (Theorem 4.3.12) implies that L(o0) has rank 0, 1 or 2. In the case of
rank 0 the result is immediate as L = L) and there are no choices. In the
case of rank 1 Theorem 4.4.18 gives us that [L : L®] = 2, Bz(L(0), L(0)) = 2
and x(L(e)) is always independent of choices. The factors then combine to
give the desired formula.

Finally , in the case of rank 2, we first observe that in Theorem 4.4.18 the
constant 7 is 1 if §; = 1 (mod 4) and 2 otherwise whereas the constant ¢ must
be 0. Consequently the theorem gives us that [L : L(Q)] =2,

2 6,=1 (mod4)
Br(L(0), L(0)) =
1 0,=3 (mod4).
and finally x(L(e)) is independent of choices unless §, = 1 (mod 4). It is now

an easy check to compare the resulting formulas. O]
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Corollary 4.4.20. The local density of a unimodular lattice for a non-dyadic
p-adic ring is determined entirely by its rank and discriminant mod 7.

The local density of a unimodular lattice for a dyadic p-adic ring is de-

termined entirely by its rank, discriminant mod 4, Hasse invariant and norm
group.
Proof. Over Z, this is apparent from the formulas above, though the result
holds more generally. Indeed, for the non-dyadic case this information de-
termines the lattice. In the dyadic case, this follows by inspection of the
computation we performed.

Concretely over Zs one can compute that y = 0 when n — n(e) =
2 and D = (—1)"9/2 (mod 4) otherwise y is given by:

(=1, —1)emle)=2/8 f n = n(e)
X =
(=1)™e/2 (—1)MI2D) (1, —1)™))=2/8 [ otherwise.
This is based on the observation that in the first case the isomorphism class is
not well defined, and in the latter two cases the Hasse invariant of the odd part
is trivial, hence we can easily compute the Hasse invariant of L(e). Noting that
(94) and (2 1) have different Hasse invariants allows us to distinguish them

in this way. O]

¢ General Lattices - Jordan Decompositions

Computing local densities is equivalent to computing |Aut(L /7" L)| which
can be done indirectly by computing the probability that a randomly chosen
element of GL(L/n" L) preserves the quadratic form on L. Once one is working
in the realm of probabilities, it is natural to use conditional probabilities that
are easier to compute to arrive at a solution. This is the approach we shall
take.

We shall use the following notation.
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Notation 4.4.21. Let R be a p-adic ring, with uniformizer 7 and |R/7| = q.
Suppose L is a lattice over R.

By a Jordan decomposition I of L we mean a decomposition:
L=aL],

where the L! are modular and ordered by valuations of their scale ideals. Two
Jordan decompositions, I and J, are considered isomorphic if L! ~ L for all
1. We will denote by JDj the set of all Jordan decompositions of L up to
isomorphism.

We fix r sufficiently large so that the isomorphism classes of all of the L
are determined by their reductions modulo 7".

We shall say a matrix A which represents the quadratic form on L is in
the Jordan form [ € JD, (modulo 7") if A has a block diagonal decomposi-
tion @A;, where the A; represent modular lattices in ascending order and A;
represents L! for some choice of basis for each i.

Lemma 4.4.22. Let A be any matrixz representation for L. Then the proba-
bility that for g € GL(L/7"L) the matriz g' Ag is in Jordan form (modulo ")

18:

(2

Py = [GL(L/ L) (H |GL<L£/M§>1) "

where w =Y _(2r —i)n;y_n;.

i j>i
Proof. The proof is an inductive exercise in book keeping. We first count the
number of ways of finding a minimal modular block. In order to pick a set
of vectors which will span a minimally modular block one needs to select a
GL(L!/x"L!) combination of the vectors that were in the original minimally
modular block. One can then give an arbitrary contribution from the vectors

which were complementary to the minimal modular block. This arbitrary

choice contributes a factor of ¢"™ X"
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We then must proceed inductively on the space which is orthogonally com-
plementary. The degree of freedom in picking an orthogonally complementary
space (modulo 7") is precisely ¢" = 2i>im

Taking products of number of choices at each inductive steps gives us the

result. O

Definition 4.4.23. Let [ € JDy. Suppose that ¢ € GL(L/7"L) is chosen
at random. Suppose g'Ag is in Jordan form (modulo 7"). Denote the con-
ditional probability that the Jordan form J of g*Ag is equal to I as Jordan
decompositions (modulo 7") as given that g'Ag is in Jordan form (modulo 7")

as:

PI:J,?"-

Lemma 4.4.24. Let A be any matriz representation for L. Let [ € JDy,. Fix
a matriz Ar representing the Jordan form I. Define P, to be the condi-
tional probability that an element g € GL(L/7"L), for which the matriz g'Ag
is in Jordan form I (modulo 7" ), will have g'Ag = A; mod #n". Then the

conditional probability P.,r, can be computed as:

}Aut LI/WTLI)|
FPegrr = H \GL(L! /= LT[~

Proof. The set of possible values of g'Ag is acted upon by [], GL(L!/#"L!)
with the size of the stabilizer being |[]; Aut(L!/L!z")|. In particular, then

|Aut(L!/LIx")]|
the probability that we get any given representative is [], O]

|GL(L!/zmL])|
Lemma 4.4.25. Let A be any matriz representation for L. Let I € JDy,. Fix
a matriz A; representing the Jordan form I. The absolute probability that an

element g € GL(L/7"L) gives gt Ag = A; mod 7" is:

PAut,L,r = PJD,TPI:J,TPGQ,I,T"
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Proof. This is a trivial statement in conditional probabilities. ]

Remark. Notice that Pay ., and Pjp, are independent of the choice of
while Pr—;, and Py, depend on the choice.

Lemma 4.4.26. With all the notation as above, we have the formula:

—1
PAut,L,T’ = PJD,T < E quJ») .

IeJDy,

Proof. By observing that Py, # 0 for all / we may write:

PAutLrPeq[T PJDTPI Jyre

By summing over I € JD we obtain:
PAuter qur PJDWZPI:«LT'
IeJD IeJD

Since > Pj_;, = 1 we obtain the result. O
I€JD

Lemma 4.4.27. Suppose L is a lattice of rank € then:
Br(L, L) = ¢"=&+r =02 \GL(L /7" L)| PausL.-

Proof. This is immediate from Proposition 4.4.2 and the definition of the prob-
ability. O

Combining the above lemmas we arrive at the following very general the-
orem.

Theorem 4.4.28. With the notation as above we have:

Br(L, L) = (ZHﬂRLfo ) (ZH/BRLILI )

IeJD i IeJD i
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where f}f is the unimodular rescaling of L and w,w are given by:
w = Zml(z n;) and
i §>i

W= w+ Z(ni(ni +1)/2).

Proof. This is a direct calculation. The only tricky part is the book-keeping

on the exponents of q. O

Remark. In order to use this theorem to derive specific formulas for a given
lattice one must understand the set JD,. For a non-dyadic ring there is a
unique Jordan decomposition. The problem is thus fully solved in this case.

For the dyadic case it is worth remembering that most of the factors in-
volved in the formula of local density for a unimodular lattice do not depend
on the isomorphism class. Hence there are many terms which can be factored
out of the sum appearing in the formula above. Moreover, whenever there is
dependence on the isomorphism class through y(L;(e)) it is typically symmet-
ric and cancels out. Both of these phenomena can be seen in the structure of
the formulas over Z, in the next theorem.

We now state the formulas from Kitaoka’s book for Z, explicitly as they
will be of use.
Theorem 4.4.29 (Kitaoka). Let L be a Z,-lattice. Let L = @;L;, where
the L; are non-trivial p%-modular lattices with distinct a;. Let L;(e) be any

mazximal even dimensional unimodular even sublattice such that we may write
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L; = Li(e) ® L;(0). Define the following values:

n; = rank(L;),

n;(e) = rank(L;(e)),

and set
(o
0
x(1) =40
0
X(Li(e))

\

s=|{i | ni # 0},

w:Zami (
i

a;>a;

p # 2 and n; odd

p =2 and one of a; — 1,a; + 1 blocks is odd

p=2,L; odd ,n; even and D(L;) # (—1)"/?

otherwise.

Forp#2sett=0andu=0, if p=2 set:

;

and

0

—1 L;=0, oneofa; —1,a; + 1 blocks is odd

0

0

L; =0 and a; — 1,a; + 1 blocks are even

L; # 0 is even
L; is odd a; + 1 block is even

L; is odd a; + 1 block is odd,

n; L; is odd

3

i 0 otherwise.
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Finally set:

m

E, =1+ X(i)}f"i(e)/2 and P(m) = H(l —p ).

j=1

Then we have the following formula for the local density:

Byl L) =2~y ] P (|242]) &

Proof. This is only a slight modification of [Kit93, Thm 5.6.3], we have ad-
justed the definition of F, introduced the value u and modified t accord-

ingly. O]

Remark. The proof of Kitaoka is not in the spirit of the probabilistic argument
we gave above. We will not fully derive this result from our previous result;
we will, however, explain why the formula is in the shape one should expect.

The first thing to notice is that the only way to have multiple Jordan
decompositions is to have Jordan blocks which are odd. This explains why
conditions on the presence of odd Jordan blocks appear in the theorem.

The next thing to notice is that having a different isomorphism class
for one Jordan block does not change which formulas can appear for other
Jordan blocks, even though it may change which precise isomorphism classes
can occur. The effect of this is that the sum over Jordan decompositions can
be factored as a product of sums over the formulas that appear for each Jordan
block. The observation that (1+¢~¢) 4 (1—¢ ¢) = 2 then accounts for some of
the factors of 2 which appear in the formulas. The conditions in the definition
of t account mostly for these extra powers of 2, as well as the number of Jordan
decompositions. The parameter u accounts mostly for [L; : LZ@)]*”%’.

The following corollaries are useful for computing explicitly local densities

in special cases. They eliminate the need to explicitly find all the invariants

of the Jordan blocks.
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Corollary 4.4.30. Suppose p # 2 and L, is a Z,-lattice with exactly 2 Jordan
blocks which are p’, p'™* modular and of dimension n;,nji1, respectively. Then
the Local density of L, is determined entirely by the ranks of the blocks, and
the discriminant D and Hasse invariant H of L,,.

In particular the local density is:

ln; /2] [rj4+1/2]
4qj(nj+"j+1)(m'+”j+1+1)/2+nj+1(nj+1+1)/2 H (1— q—%) H (1— q—%)g’
=1 i=1

where:
)
(L4 x()g™?) A+ x(G + 1)g+/2)"1 nj,nj even
¢ (1+x(j)g™/*) ™" n; even and njiy odd
(14 x(j + Dgri/?)~! n; odd and nji, even
1 otherwise.
L

One can compute x(i) as:

7

0 n; odd
x(@) = 9 (p, —1)§)i+1)("j+nj+l)/2(p,D);“H both blocks even

otherwise.

(p’ . l)éi+1)(nj+nj+171)/2H
\

Proof. One only needs to check that the computations for x(i) are accurate,
otherwise this is simply evaluating the Theorem 4.4.29 in this case. Checking
X is simply a matter of computing the Hasse invariant for a diagonal form and

its rescaling by p. Then by observing the dependence on the discriminant of

each block in the various cases we may conclude the result. O]

Corollary 4.4.31. Suppose p = 2 and L, is a Z,-lattice with exactly 2 Jordan
blocks which are p’, p’™* modular and of dimension n;,nji1, respectively. Then

the Local density of L, is determined entirely by the ranks and parities of the
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blocks and the discriminant and Hasse invariants of L,. Note that a method

for computing the local densities is made explicit in the proof.

Proof. We shall denote by D and H the discriminant and Hasse invariant of
L, and by D; and H; the discriminant and Hasse invariants of the 7th modular
block. We shall, as necessary, compute these in order to make implicit use of

Corollary 4.4.20. Set:
w = j(nj + ’fljJrl)(nj + n; + 1)/2 + nj+1(nj+1 + 1)/2

There are 4 cases to consider depending on the parities of the blocks.
1. Both the p/ and p’*! blocks are odd.
There are at least 4 and potentially more Jordan decompositions. Im-
portantly, each ‘formula’ appears equally often so that the sums resolve
cleanly and are independent of the isomorphism classes of blocks.
One can check that Kitaoka’s formula (Theorem 4.4.29) is independent
of the isomorphism class of the blocks and depends only on dimension.

In particular the local density is:

nj(e)/2 ()2 .
gutn+5 (1 _ prz) H (1 . p721)'
=1 i=1

2. The p’ block is odd and the p/*! block is even.
In this case there are 2 Jordan decompositions. The formula for exactly
one of the two blocks changes, cancelling its contribution. We only need
to know the contribution of the other block.
Without loss of generality the p/*! block is hyperbolic. Thus the p/**
block has determinant (—1)"+/2 and Hasse invariant (—1, —1)%“+2)/8,

We can thus determine both the determinant and Hasse invariant of the
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p’ block. The determinant is (—1)"+/2D and the Hasse invariant is:

(—1, _1)"j+1(nj+1+2)/8+nj+1/2(_1’ D)”j+1/2.

Consequently, Corollary 4.4.20 tells us that x(j) = 0 if n; — nj(e) = 2

and D = (—1)(&+n+1)/2 (mod 4), and that otherwise x(j) is give by:

(2, D) J(nj+njp1— 1)(_17 _1)(nj+1+”j(5))(”j+1+nj(e)+2)/8(D’ _1)§"j+1+n1(6))/2H_

Therefore, the local density can be explicitly computed as:

nj(e)/2 nj+1(e)/2 ‘
2w+n]+3<1 + X P e)/2 -1 H —22 H (1 —p_QZ).
i=1 =1

3. The p’ block is even and the p’*! block is odd.
In this case there are 2 Jordan decompositions. The formula for exactly
one of the two blocks changes cancelling its contribution. We only need
to know the contribution of the other block.
Without loss of generality the p’ block is hyperbolic. Thus this block has

/2 We can thus determine

determinant (—1)* and Hasse invariant (—1)
both the determinant and Hasse invariant of the p’*! block. Conse-
quently, Corollary 4.4.20 tells us that x(j + 1) =0 if nj11 — nj41(e) =2

and D = (—1)"+1(&+m)/2 (mod 4), otherwise x(j + 1) is

(2, D)(jﬂ)(”ﬁ”ﬁl—l)(_l, _1)(nfrnjﬂ(e))(7’bj'+7lj'+1(e)+2)/8(D7 —1)§nj+n”1(e))/2]{.

Therefore, the local density can be explicitly computed as:

”1(6)/2 njt1(e)/2
2w+n]+1+3<1 + X(] + 1 nj41(e) /2 H 721 721
i=1 i=1

4. Both the p’ and p’*! blocks are even.
In this case there is a unique Jordan decomposition and the discriminants

of the unimodular blocks are (—1)"/2 mod 4. As x(i) = (2, D;)s, the
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goal is to solve for (2, D;)s. We have that:
1= (Dj, Dj+1), and Hz = (2, Dl)(—l, _1>n1(m+2)/8
It follows that:

H = H;H;1(Dj, Dj11)2(2, Dj)5(2, Djy1))

= (-1, -1, D)3 (2. Dy
Thus we may solve:
x(i) = (=1,=1);""27(2, D) H.

Therefore the local density can be explicitly computed as:

ng(e)/2 nj+1(e)/
2 (Lbx (e ) L (1O T p) T ™).
i=1 =1

]

4.5 Transfer of Lattices

Let Ry C R, be a finite extension of rings. Given a quadratic module
(Lg,,qr,) over Ry, one can construct a quadratic module (Lg,,qr,) over R;
by viewing Lg, as a module over R, and taking qg, () = Trg, /g, (qr,(z)). We
shall refer to this as transfer.

The purpose of this section is to study properties of this process over p-
adic rings. We are particularly interested in the transfer of Hermitian lattices,

that is, quadratic forms of the form:

Gry(x) = 3 Trpy/r, (1o (2)) = Azo (),

where x € R3 a quadratic extension of Ry, o the nontrivial automorphism of
R3/ Ry, and A is a unit in the fraction field of Ry. The subsection of this section

are organized as follows:
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(4.5.1) We give some basic results about trace forms for local fields.
(4.5.2) We compute invariants for the forms g, .
(4.5.3) We describe Jordan decompositions when p # 2 for both unary and
binary forms.
(4.5.4) We describe Jordan decompositions when p = 2 for both unary and
binary forms.
In the following section we shall use these results to compute local densities
for Hermitian lattices over Q.
4.5.1 Trace Forms for Local Fields
The next few lemmas are important for various computations.
Lemma 4.5.1 (Euler). Let L = F(2) be a finite separable extension of F of
degree m with f,(z) € Oplx] the minimal (monic) polynomial of z. We then
have:
T ( s ) 1 =m-—1
T ) =
TG) 0 0<l<m—1.
See [Ser79, I11.6 Lemma 2.
Lemma 4.5.2. Let L/F be a totally ramified extension of local fields of degree
m. Let z = 7w be a uniformizer of O and f.(x) be the minimal (monic)
polynomial of z. Then f, is an Fisenstein polynomial and the collection
1,z,2%, ..., 2"  is an Op-basis of O, and Npr(z) is a uniformizer of F.
See [Ser79, Prop 1.6.18].
Lemma 4.5.3. Let L/F be a totally ramified extension of local fields of degree
m. Let z = 7w be a uniformizer of O and f.(x) be the minimal (monic)

polynomial of z. Then for 0 < ¢ < m — 1 and k any integer, we have:

Zk:m+€
oo (e () ) =+

Moreover, this is an equality if £ =m — 1.
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Proof. As mp = N p(2) is a uniformizer of F' we write 2™ = unp.

that:

s (575) o (35

As uFzt € Of write:

with a; € Op. Then:

k.

Tl"L/F (;L/(Z)> = apm_1 € Op.

The result follows immediately.

To show we have an equality if £ = m — 1 write:

Then we compute that:

m 1+7

TrL/F( ) Za,TrL/F( 70 ) =ao (mod 7p).

As vy (u) = 0 it follows that vp(ag) = 0, which concludes the result.

We see

O

Example. We have the following special cases of the above. Write the minimal

monic polynomial f, of z as f,(X) = >, a;X". Then:

— Q1 {=m

S ) az | —amo (=m+1

TrL/F ( ;
f( ) 1/@0 (=—1

ai/ad (= -2

\

The results for other powers can also be computed directly from the coeffi-

cients.
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4.5.2 Invariants of ¢p,

The most basic of questions is to understand the standard invariants of
the quadratic modules which result from transfer.

The following Lemma is immediate.

Lemma 4.5.4. Transfer commutes with orthogonal direct sums.

¢ Discriminants and Hasse Invariants
Proposition 4.5.5 (Discriminants). Let Ry/ Ry be an extension of p-adic rings
or orders in number fields. Suppose L is an Ry-lattice (and hence also an Ry -
lattice) which is free over Ry with quadratic form qr,. Suppose that Ry is free
over Ry. Consider the form qr,(y) = Trr,/r,(qr.(y)) as a quadratic form on

L viewed as an R;-lattice. Then:

5‘1R1 = NRQ/R1(5QR2) %Q/Rl’

where Og,/r, 5 the usual discriminant relative to the trace form.

Proof. It qg, is diagonalizable then by multiplicitivity of determinants and
norms we may reduce the problem to studying the unary case. In this setting
we have the usual argument (see Lemma 3.3.1). The argument works integrally.
Note that in the argument cited one can use {z;}, any basis for the ring of
integers, and this basis need not be a power basis {z‘}.

More generally we need to work with lattices which may not be diago-
nalizable. Consider L' C L a free diagonalizable lattice in the same quadratic
module. There exists a basis for L and a matrix M = diag(ay, ..., a,)U, where
a; € RS and U is an upper triangular unipotent matrix with respect to which
L' = M L. The discriminant of L’ differs from that of L by [ a?.

Fix a basis for Ry over Ry. For z € Ry let (z) denote the matrix for x

acting on Ry as an R;-module in this basis.
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Passing to R; the matrix which realizes L’ as a submodule can be taken
to have a block decomposition M' = diag((ay),...,(a,))U’, where U’ is the
matrix whose blocks are (U;;). The determinant of (a;) = Ng,/g, (a;), and
hence the determinant of this change of basis becomes the norm of the original

change of basis. We thus relate 014, , 0r,qp,s 01/,gp, and 01/ g, by

5L:‘1R1 = NRQ/Rl (H ai) 5L/:‘1R1
= Nry/r, (H az‘) Nryry (00gn,) Ofta /iy

i

= NRz/Rl (5L7QR2) 6?22/1%1‘

The formula thus holds for L. O

Theorem 4.5.6 (Hasse Invariants). Let Ro/Ry be an extension of p-adic
rings. Let L be an Ry-lattice of rank n with quadratic form qgr,. Denote
by Qry i (2) = Trg,/r, (Az?) and by d = Np, g, (D(qr,)). We will consider
the form qr, = Trp,/r,(qr,). Continue to denote (-,-)g, the Hilbert symbol.
We have the following results:

1. The form qr, has Hasse invariant:

HR1 (qR1) = HRl (QRQ/Rl,l)n+1HR1 (QRz/RhD(fIRQ)) (5R2/R1 ) d)yll%—rlHRQ (QRQ)'

We view these all as being in the same cohomology group H?*(Ky,{+1})
by identifying the different groups with {£1} or equivalently via core-
striction, which is injective for local fields.

2. If p # 2 and the extension Ry/ Ry is unramified, then:

n(n— VR, (D
HR1 (QRl) = HR2<QR2)(7TR17 <_1) ( 1)/25R2/R1d)R?2( (qRQ))‘

3. Consider the case p # 2, w € Ry and Ry/R; is totally ramified. Let

A= uf’(:%)w" where [ s the minimal polynomial of wr,. The form
2)T Ry
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QRry R\ has Hasse invariant:

n(n—~)

k(n?(n—1)/2402(1—n))—€(n—0)(n—¢—1)/2
HRl (QR2/R1,>\) = (ﬂ-RUu)Rl (T‘-R17 _1) =D/ (=)=t =0 )/ :

Ry

4. Suppose p = 2 and the extension is Galois. The form Q(x) = Trg, /g, (x*)

has Hasse invariant:

.

(-1, —1)(n2_1)/8 n=1 (mod 2)
(5R2/R17 (—1)(n+2)/4)31 n=2 (mod4)

1 n=0 (mod4) and —1¢€ R2
HR1(Q)

(*1, *1)31(2,53‘2/}31)31 n=4 (mod 8), —1¢€ NR2/R1(R2)

_(_1?_1)R1(276R2/R1)R1 n:4 (mod 8),—1¢NR2/R1(R2)

L (2, ORy /R, )R,y otherwise.

The first and fourth statements are [Epk89, Lemma 1 and Theorem 1],
respectively; the second and third are Lemmas 3.4.1 and 3.4.3 , respectively.
Remark. The above theorem fails to provide a complete description of how to
compute Hasse invariants for certain dyadic fields. This is remedied for binary
forms of the following special type.

Theorem 4.5.7. Suppose R3 is a p-adic ring with an involution o. Let
z € Ry = RY be such that \/z generates Rg[%] as a Rl[%]—algebm (note that
by Proposition 3.3.5 such a z exists). View Rs as a binary Rs-lattice with

quadratic form:

Ir, (T +yv2) = M(z + yv/2)o(z + yv/2)) = Aa* — 2)\9°

so that D(qr,) = —z and H(qr,) = (N, 2). Let f be the minimal monic

polynomial for z over Ry and m = [Ry : Ry]. Then:

H(QRl) = CorRz/R1<<Z7 _)‘f,;(z))}b) : (NRQ/Rl (Z)7 _1)7{11_1 : <_1v _1)211(7%—1)/2‘
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See Theorem 3.3.8.

¢ Modularity
Proposition 4.5.8. Suppose that Ry/R; is an unramified extension of p-adic
rings and that L is a m"-modular Rs-lattice with quadratic form qr,. Then L
15 also " -modular as an Ry-lattice. Moreover, the valuation of the norm ideal
Ny and scale ideal S, are unchanged. In particular, Jordan decompositions

are taken to Jordan decompositions.

Proof. 1t is clear that we have:

snL/Rl = TI"RQ/RI (mL/RQ) and 6L/Rl = TTRQ/RI(SL/RQ)-

Indeed, picking an element = € L, where v(qg,(x)) is minimal write gg,(z) =
un' with 7 a uniformizer of Ry and u a unit. Then ¢g, (az) = 7' Trp, /g, (ua?).
For p # 2 the unimodularity Trg, /g, (ua®) implies that there exists a € Ry for
which this is a unit. For p = 2 notice that a — Trg, g, (ua?®) is surjective on
the residue field. The claim for 9N/, follows immediately, the proof for & /g,
is similar.

The question of 7" modularity now follows from the observation that L is

n"-modular if and only if &, = (7") and &4 = (7 "). O

With the above result in hand, we shall for the time being restrict to
the case of totally ramified extensions. We introduce some notation before
proceeding.

Let Rs/R; be a totally ramified extension of p-adic rings of degree m. Let
TR, be a uniformizer of Ry and set mr, = Np,/g, (Tr,) to be a uniformizer of
Ry. Let f(X) = frg, (X) be the minimal monic polynomial of 7g, over R;.
Suppose u; € R, us € Ry, v € Ry, 0< ¢ <m, k €Z, set u=ujus and set:

k

TR
= 7 ! )
U1U2U27TR2f/(7TR2)
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We remark that if the residue characteristic is not 2, then for any given A in the
fraction field of Ry there exists (non-unique) corresponding values for uy, v, ¢, k
with uy = 1. Now denote by ¢g, () the Ro-quadratic form on Ry given by \x?,
and by qg, (x) the R;-quadratic form on R, given by gg, (z) = Trg, g, (A2?).

Consider:
_ £—1 _ 4 m—1
My = span{v, ..., vrp "} and My = span{uvmy,, ..., uvry, "}

as quadratic submodules of Ry. These submodules will play important roles
in the construction of Jordan decompositions.
4.5.3 Transfer Over Non-Dyadic p-adic Rings

The case of p # 2 is simpler for both unary and Hermitian forms. We thus
present the results for this case separately. We assume in this section that the
constant us, as introduced above, is 1. The important feature we will show is
that in both the unary and binary cases we know that there are at most two
Jordan blocks and that their modularity differs by a power of mg,. We may
thus completely recover the invariants of the blocks as in Corollary 4.4.30.
Theorem 4.5.9. Suppose Ry/ Ry is a totally ramified extension of p-adic fields
forp# 2. Let A\, qr,, My and Ms be as above. Then Ry = My ® M, is a Jordan

1

decomposition with M, and My being, respectively, Wf{ and 7'('21 modular.

™

Moreover, the discriminants of FqRJM1 and

L qr, |, are, respectively:
Rq Ry

1
D <WQR1|M1> _ (_1)€(€+1)/2—m€u—€ and

ﬂ—Rl

1 —L0)(m—L— m—
D (TQR1|M2) = (_1)(m Om—t 1)/2u E.
ﬂ—Rl

See Lemma 3.4.3.
In addition to the above notation, suppose that R3/Rs is a quadratic

extension with involution ¢. Fix w a non-square element of R}. Writing
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x = x1 + T24/0R, R, consider the quadratic form on Rj3 given by:

ARy /R () = 3 Trpyyr, (Azo (@) ~ Trpy r, (A7) — Trry/r, (AR, Ry 3)-

Then set X' = Adp,/r,, ¥ = k, uy = 1 and choose u},v",¢' so that \' =

k
7I'R1

Wy ()

A so that gr,/g, () = qgr,(21) — ¢k, (v2). Now define N; = M; & —M; and

. Let ¢, , M] be defined similarly to gg,, M; using A instead of

j\fvl = ?Nl and ]/—\\/Y; = %NQ their unimodular rescalings.
Theore;n 4.5.10. The o;thogonal decomposition Ry = N1 ® Ny is a Jordan
decomposition for Rs with the form qp,/r,. The sublattices Ny and N are,
respectively, W;:l and ﬂ%l—modular. Moreover:
1. If 6/, = w then D(Ny) = (=1)~w™" and D(Ny) = (—1)*"mwt=™,
2. If 0g/r, = TR, then D(N;) = (=1)™"u and D(Ns) = —u.
3. If 6/, = wrg, then D(Ny) = (—=1)™ Yuw'" and D(N,) = —uw'~™+!,
4. If 6gry = 1, then D(Ny) = (—1)~* and D(Ny) = (1)t~
See Lemma 3.4.4.
4.5.4 Transfer Over Dyadic Rings
The case of p = 2 is more complex for a variety of reasons, the failure
of diagonalizability being the most prominent. The goal of this section is
to attain results on Jordan decompositions similar to those of the previous
section keeping track of the additional information about norm ideals. In
order to account for non-diagonalizability, we must consider both unary and
binary lattices.
As before we set A\ = ngithul € R, us,v € Ry, 0< ¢ <m,

u1u2v2f’(wR2)7rR2

k € Z and let f(X) be the minimal monic polynomial of 7g,. Consider:

_ -1 _ l m—1
My = span{v, ..., vmg "} and My = span{uvny,, ..., uwng |,
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as quadratic submodules of R;. Note that we may no longer assume that
Uy = 1.

Proposition 4.5.11 (Unary Forms). Let qg,(z) = \x? and set:

qr, = TrRz/R1 (QR2)'

Then Ry = M, & My is a Jordan decomposition with My and My being, respec-
tively, Wf{l and ng—modular. They differ in modularity by a multiple of g,,

hence their discriminants may depend on the choice of Jordan decomposition.

Set ]\Z = M, and ]\//72 = L M,. We can in general only say if Ny is Ry.
ﬂ-Rl 7TR1 i

We have the following cases:

o Ny C (7g,) if £ is even and ug = % (mod R37f,). Otherwise Ny =

R;.
m—~{

o Ny C (wr,) if m — € is even and uy = 1 (mod R*mp*). Otherwise

‘ﬁ :Rl.

My
Proof. One easily checks by Lemma 4.5.1 that M; 1L M,.
Moreover, the matrix for M is of the form (aij)i,j7 where the a;; satisfy:

1. a;j, = 4,5, Whenever ¢y + j; = i + Jo.

2. vg, (@) =k —1.

3. vg,(a;;) > k — 1 whenever i+ j > (.

4. If £ is even and up = % (mod R3mh, ), then vg, (a;) > k — 1 for all 4.

Otherwise there exists ¢ with v(a;) =k — 1.

The first statement is immediate, the second and third follow from Lemma
4.5.3. The last statement is seen as follows. Firstly, the statement depends only

on the square class of us. This is true even though modifying us changes the

basis as the conclusion about the norm groups we are making is independent
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of choice of Jordan decomposition. We may thus choose to write:

Uy =141, + c3mh, + -+ (mod 7))

with ¢; € Ry. Now by taking z = W%Q_i)/z and setting Trg,/p, (Az*) = 0

(mod 7§, ) we can solve for ¢; mod 7g, in terms of ¢; with j < i (the equations
involve the coefficients of f but these are constant). Explicitly we are solving:
¢; = TR, (Trpy p, (7777 + Z ¢; Trpy/py (77771))  (mod 7g,).

j<i
Lemma 4.5.3 tells us that the right hand side makes sense. As this is solvable
we conclude that up to squares there is a unique value of us modulo W%Q which
makes all values of the quadratic form be contained in 7g, R;. Observing that
uy = TR, /7, does this allows us to conclude the result.
The matrix for My is of the form (b;;), ;, where the b; satisfy:

1. bij, = biyj, Whenever iy + ji = iz + Jo.

2. vg,(bim—r—i) = k.

3. v, (b;;) > k whenever i +j > m — /.

4. If m — ¢ is even and uy = % (mod RQ’/T}%_E), then vg, (b;) > k for all i.

Otherwise there exists ¢ with vg, (b;) = k.

The arguments are identical to those for M; except that 1 is the necessary

congruemnce. ]

Taking A as above, we will now consider binary forms. Since we are not
interested in those that decompose as direct sums of unary forms we consider

L over Ry of the form:

u 7Ta 1 k / 3 l—a / 1 l
)\ 3 _ ﬂ-Rl f (ﬂ-RQ )7TR2 f (WRQ )ﬂ'RQ
- 2
a+b U1 UV 1 ug
1 Uy T l—a—>b

T (mry)my  Flmmy)me,

with a > 0 and b > 0.
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We use the basis:

{v,.. .mrf{?l}el U {UUW%Q, o ,Uu%%;l}el,

{v,.. .mrf{zl}eQ U {vwrfb, . ,UU’]T?;I}SQ,

where e, e5 denote respectively the first and second coordinates of L.

Define the following quadratic submodules with the given basis:

o V4 m—1 I V4 m—1
My = {vury,,...,vury ~ter, My = {vurg,,...,vury, = }er.

Also define Ny = M; + M7 and Ny = M, + M. Note these are not orthogonal
decompositions. We are considering the span of both in the ambient space.
Moreover, N; and N, also need not be orthogonal complements.

Proposition 4.5.12 (Binary Forms). Let a > 0,b > 0, u3 € R} and us € R;.

Let qgr, be the form associated to the matriz A (““Ta ! ) Then the form:

1 wugmatd
qr, = TrR2/R1 (QRz)

has 2 Jordan blocks, Ny and N of modularities W%:l and 7'('5%1, respectively.
They differ in modularity by a multiple of Tr,. We can only in general deter-
mane if the norm ideals are Ry.
o Ny C (7r,) if and only if max(¢ —a,0) and max({ —a —b,0) are even,
and upuz = 7, /7%, (mod 75 %) and uguy = Tg, /7, (mod Rimy,*")
e Ny C (7r,) if and only if max(m — £ —a,0) and max(m — ¢ —a —10,0)

are even, and uguz = 1 (mod Wg;f*a) and uyus = 1 (mod R%ﬂ.g;ﬁfafb)’
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Proof. Viewing the underlying space under the basis My, M7, My, M., as above

the matrix for qg, is of the form:

A B D' 0

B C 0 E
D 0 F G
0O E G H

The blocks (that is the submatrices A, ..., H) have the following properties:
1. A, B,C are ¢ by ¢ matrices and, F',G, H are m — ¢ by m — ¢ matrices.
2. For all the blocks we have *; ; = *;,;, whenever i; + j; = iy + j2. In
particular, the square blocks are symmetric.

3. v(x;;) > k — 1 for all blocks and all 4, j. Furthermore,

v(Aijj) >k—1fori+j>{—a,
v(Byj) >k —1fori+j>¢,

v(Bij) =k—1fori+j=1¢,

v(Ciyj) >k—1fori+j>0—a—b,
v(Di;),v(E;j) > k — 1 for all 4, j,
v(F;)>kfori+j>m—/{—a,
v(Gij) > kfori+j>m—{,

v(Gi;) =k fori+j=m—{, and
v(H;j) >kfori+j>m—{—a—0.

4. The discriminant of — (4 #) and the discriminant of —= (£ §) are

Ry TRy

units mod 7g,.
5. There are changes of basis which realize both Ny and Ns as Jordan blocks

(though not simultaneously).
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Hence the questions of whether the norm ideals of the rescaled Jordan

blocks are contained in R; are determined by ng,l (45) and é (E%).

6. The lattice V7 is odd unless max(¢ —a, 0) and m’;x(ﬁ —a—>b,0) are even,
and upuz = g, /7 (mod %) and uouy = g, /7, (mod RixTe7?)

7. The lattice Nj is odd unless max(m — ¢ — a,0) and max(m —{ —a —b,0)

are even, and upuz 2 1 (mod 7™ ) and uguy 2 1 (mod RZxm—ta-b),

Points (1) and (2) are direct checks. Point (3) uses Lemma 4.5.3. Point (4)

is elementary yet tedious to check. First observe that since modulo 7g, the

matrix ﬂk%l (4 B) is of the form:

Ry

(G48).

where X is a 2¢ — 2 by 2¢ — 2 block, it has determinant —u? det(X). We may

S % %

O ¥
oo

iterate this procedure on X until X is of the form:

A B

osfl
()

with 4, B, C being ¢ — a — b by £ — a — b blocks. We may iterate until X has
additional non-zero entries on the bottom row and rightmost column. Now

use the fact that:

det (A B) = det(C) det(A — BC'B),

BC
combined with the observation that:

~ -~ o~ TR, 1 t+j>0—a—0>
A—(BC™'B); €
R i+j=(—a—b

to conclude the result. We may perform an analogous argument for (£ ¢).
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For point (5) notice that the change of bases needed are, respectively:

Id —(#2)7 (2 9%) Id 0
0 Id ~(E5) 7 (R 1

The matrices (£ 9) (4 8) " and (2 9) (£ )" are integral by points (3) and
(4). One sees that orthogonal complements of Ny and N; are preserved, re-
spectively, modulo Wf{l and W%l. Hence they are modular and we indeed have
a Jordan decomposition.

The arguments for (6) and (7) are analogous to that of the previous lemma.
Indeed, one has norm ideal R; if and only if the diagonal contains a unit.
Hence the problem reduces to considering the blocks on the diagonal, and we
are reduced to the situation of the previous lemma, (except that we have now

two different subblocks to check for each Jordan decomposition). ]

Remark. Note that though N; and Ny are Jordan blocks for some Jordan
decompositions, it is not necessarily true that the space for gg, is isomorphic
to N1 @ Ny as Ny and Ny may not be Jordan blocks in the same decomposition.
In the above theorem one can take either ]\71 = N or ]\72 = N,, though not
necissarily both at the same time.

We now move to the special case of forms which arise from Hermitian
forms. We quickly review the possible quadratic extensions R3/Rs of a 2-adic
ring. On the level of their fields of fractions they are of the form K(y/z). We
therefore look at the various cases for z.

e z = ump, for u € R}.
Then the extension is ramified, has uniformizer /umg,, 0r,/r, = 4uTg,,

and the ring of integers has integral basis: 1, ,/umg,.
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In this basis the Hermitian form gp, = 3 Trg, /g, (Azo(z)) has matrix:

1 0
A

0 —umg,

2m

In this case k = {MW and ¢ = — (v, (\f'(mr,)) — mk).
z=1+arp " for0<r< Urp, (2) and @ € R*.

- , T & VA A
Then the extension is ramified, has uniformizer ———"—, 0r,/r, =
Ro

: : : Ly ylrerg
—=(1+an2t"), and the ring of integers has integral basis: 1, —Y——"2—.
’7'I'R2 2 T

Ry

In this basis the Hermitian form qg, = 3 Trg,(r,/r, (Azo(x)) has matrix:

,
TRy 1

—
R
*\ 1 —anf!

In this case k = {ww and { = —(vr,(Af'(7R,)) — 1 — mk).

m

z=14br* for r = v, (2) and 2* + —2 7z — b irreducible mod g, .
Ro

Then the extension is unramified, has uniformizer 7g,, 6g,/r, = (1 +

14, /1+bm2r
br?"), and the ring of integers has integral basis 1, TRQ

Ry

In this basis the Hermitian form gp, = 5 Trg,/r,(Azo(z)) has matrix:

s
TRy 1

R
*\ 1 —bry,

In this case k = {MW and { = —(vgr,(Af'(7R,)) — 7 — mk).

We already have from the above that the quadratic forms which result

from these cases will have 2 Jordan blocks. We thus proceed to summarize the

results we can conclude about these cases.

Proposition 4.5.13. Let R3 is the maximal order of Ro(v/z), Re and Ry being

7rk
as above. Let \ = —————— withu; € R, up,v € Ry, 0<(<m, keZ

u1u2v2f/(7rR2 )7TR2

and let f(X) be the minimal monic polynomial of Tg,. Consider the Hermitian
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form gy (£) = & Tepy e, (V00 (2)), and () = Tray , (ary(2)). The form g,
has two Jordan blocks N1 and N, they are WZ:I and 7T§2— modular, respectively.
Moreover, we have:
1. If z = amg, then the blocks are of dimension 20 — 1 and 2(m — £) + 1,
respectively. Both blocks are always odd (ie = Ry ).
2. If z = (1 + ary, ") then the blocks are of dimension 2¢ and 2(m — (),
respectively. The block Ny is odd if r < { whereas Ny is odd if r < m—1{.
3. If 2 = (1 + br?") then the blocks are of dimension 2¢ and 2(m — (),

respectively. Neither block is ever odd.

Proof. The result follows immediately from the above discussion and Proposi-

tion 4.5.12. ]

Remark. As in Proposition 4.5.12 we do not give an explicit Jordan decom-
position, we only prove one exists with the given properties. The blocks Ny
and N, that Proposition 4.5.12 gives us in this case are again both Jordan
blocks in some decomposition, but not necessarily in the same decomposition.
4.6 Computing Local Densities For Hermitian Forms over QQ

The problem of computing the main terms in the dimension formulas
for spaces of modular forms on orthogonal Shimura varieties is reduced by
Theorem 2.5.25 to the computation of Volg (SO(L)\D). Proposition 2.5.31
reduces this to computing a. (L, L). By Proposition 2.5.34 and the remark
following, the main computational issue is computing o, (L, L), or equivalently
Bp(L, L). We now have all the tools in hand to carry out the task of computing
the local densities for Hermitian lattices over Q. This is what we shall do in
this section.

The idea is as follows: given the ring of integers O of some étale algebra
E over Q, we wish to understand the local densities for the form ¢(z) =

1 Trgjg(Azo(z)), where A € E*. For each prime p of Q we may write E, =
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®ppLy, where the sum is over maximal ideals p for the maximal order of £°.
The first step is thus to understand the Jordan decompositions of the forms
@ () = 3 Tr B, /Q,(Apzoy(x)). Having done this we may then understand the
Jordan decomposition of the orthogonal direct sum ¢, = ®,q, with sufficient
precision to compute the local density from the formulas we have. In particular
we need strictly more information to compute results for £, than for F, as the
latter only has 2 Jordan blocks and so can be handled more simply.

Before we proceed we point out that this does not actually require that
we understand all the invariants of all of the blocks of all of the ¢,. Indeed the
formulas for Jordan decompositions do not always depend on all the details of
the isomorphism class.

Fix p|p a maximal ideal dividing p in the maximal order of E?. Set Rj
be the maximal order of E,, Ry the maximal order of Eg and Ry = Z,. Let
ep and f, be, respectively, the ramification and inertial degrees of Ry over ;.
Let n, = 2m, = [R3 : Ry]. We shall denote by Dg, /g, the different ideal of R;
over IR;.

We now proceed to define a variety of constants which allow us to describe

the Jordan blocks. We have:
613 = (_1)[R2:R1]NRQ/R1(41;)‘22)12‘22/]%151%3/32)‘

This is the discriminant of the quadratic form ¢ (see Proposition 4.5.5.) Set:

Hp = COI"RQ/Rl((Z7 —/\f;(z))RQ)(NRQ/Rl (Z)7 _1)7;;:*1(_1’ _1)z1p(mp*1)/2,

where /2 primitively generates the fraction field of Rz over that of R;. This

is the Hasse invariant (see Theorem 4.5.7.)
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Set k, = PR}L—?")-‘ . The k, and k, — 1-modular blocks are those which may

be non-trivial. The value of £, is clear by considering the discriminant. Set:

;

ny — VR, (0p) (mod mny,)* i=k—1

Mpi = Y vR, (0p) (mod ny)* i=k

0 otherwise.
\

Note that we mean that n,; is a value between 0 and n,. Moreover, for
the ¢ = k, case use n, as the representative for 0, for the ¢ = £, — 1 case use 0
(so that if there is only one non-trivial block it is the ky,-modular block). This
represents the dimension of the ith modular block. Again, the computation is
clear in consideration of the discriminant.

Set €, = VR, (A) + VR, (Dry/r,) + VR, (ORrs/R,)/2 (mod e,) (a representative

between 0 and e,). Then define:

(

0 p=2,i=k,— 1k, and vg,(0pr,/r,) is odd

0 p= 2’ Z:kp — 1 and ép <UR2(5R3/R2)/2
Xp,i(o) =
0 p:2, Z:kp and ep_gp <UR2<5R3/R2)/2

1 otherwise.
\

This value is 1 if 9M; C 26;, and 0 otherwise. This follows immediately from

the criterion for evenness of the previous section.

206



Set ny;(e) =2 {MJ This represents the dimension of the maxi-

mal even dimensional unimodular sublattice with 91 C (2). Then:

(

(p, —1)@Hme (5, p)y+i(p, —1)™i/2H,  ny,,; # 0 even, p # 2

(p7 _1)ZTTLp (5Pap)2(pa _1)(np+2)/2Hp Ny i 7£ 0 Odd7p 7£ 2
Xp,i(€) = :
(85, 2)1(—1, —1)m—=2m)/8 npi(e) =np; #0,p=2

1 otherwise.
\

The above is an intermediate calculation for the discriminant of the ith Jordan
block. For p # 2, it amounts to checking if (—1)"()/2 times the discriminant
of the block is a square based on the Hasse invariant. For p = 2, it computes
this when this block is even. The computation assumes the other block is also
even, for if it were not we would have the freedom to modify the discriminant
of this block.

Let u be a non-square in R;. For p = 2 set uw = 3. Define:

(

1 (Xp,i(0) = 0 and n,; odd) or n,; =0

Opi = (—1)”*"”"*'/25,g Xp,i(0) = 0,ny; even

(—1) e/ 2 (00 ()=1)/2 otherwise.
\

This represents a valid discriminant for the ith modular Jordan block. For
p = 2 the value is typically accurate mod 8. If p = 2,n,,; = 1, m, = 1 it is only
accurate mod 4 but this case does not impact the following computations. The
first two cases compute the discriminant when this block is odd. It does so
assuming the complementary block is hyperbolic, since if this block were odd,

we would be able to assume the hyperbolicity of the complementary block. We
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now set:

(=1, =1)e=mpd) (e =mpi=2)/8(5 . —1)yme=mw.i/2(5, 2)'H, otherwise.

\

This represents a valid Hasse invariant for the ¢th modular block. We compute
it assuming the complementary block is even. If it is not, then the Hasse
invariant of the ith block depends on a choice. Hence the result is still valid.
Now we set x,; = 0 if n; is odd or if p = 2 and either x,;_1(0)xp,i+1(0) = 0 or

Xp.i(0) = 0 and 6,; = (—1)"™71/2 (mod 4) otherwise define y,, by:

((=1)"/%6,,p) p#2,

(—1, _1)”n,i(np,i*2)/8Hp7i p=2.

Xp,i =

This value is 0 if the isomorphism class of the maximal even unimodular sub-
lattice is not well-defined. The value is 1 if it is hyperbolic and it is —1 if it is
not hyperbolic. The computation is based on those in the proof of Corollary

4.4.20.
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We now proceed to introduce the remaining terms which appear in the
formulas:

ty = Z(l = Xp,i(0))mp + (1 = xp,i(0)) (1 = Xp,i1(0)) =

)

Z Oy i,0(1 = Xp,i-1(0) Xp,i+1(0)),

sp = [{i [ mps # 0},

nyp,i(e)
2

Py = H (1-q7%),

j=1

Epi = (1+ xpaq )7,
Pp - H Pp7i7
B, =]]E.}

Theorem 4.6.1. Let Ry = 7Z, and R3 be the ring of integers of a p-adic field

with involution o and mazimal ideal p. Suppose X € (R3)*. Consider the

lattice L = R3 with the bilinear form:

(2,9) = § Trry/m, (Azo(y)).
Using all the notation as above, we have:

By(L, L) = 2% "¢ B, E,.

Proof. The result follows immediately from Theorem 4.4.29 and the above

computations of the relevant terms. O

We now combine what we know about the quadratic forms g, to get suffi-

cient information about the form g, to compute its local densities. We define
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the relevant constants in terms of the decomposed ones:

np’l = : :In'P:Z?

plp
Spi = | [ 00
plp
Xpi(0) = [ [ xwi(0),
plp

npﬂ‘(e) — 2 \‘nl + 2 Xp,Z(O)J , and

Hyi =[] Hos [ [ (G0s- 00.)-

plp p<q

The above formulas are all direct computations. Now we set x,; = 0 if n;
is odd or if p = 2 and either x,i-1(0)Xpit+1(0) = 0 or x,;(0) = 0 and 6,,; =
(—=1)m»+=1/2 (mod 4) otherwise define x,; by:

((=1)"/26,,, p) p#2

(—1, _1)”p,i(”p,i—2)/8[-[p7i p=2.

Xpi =

As above, this formula is based on the computations of Corollary 4.4.20. We
may now introduce the terms which will appear in the formulas:
ty = > (1= Xpi(0)) 1 + (1 = X3 (0)) (1 = Xpi1(0)) =

i

> 0n,0(1 = Xpi-1(0)Xpis1(0)),

sp = [{i | np: # 0}/,
wy =Y inyi(nps +1)/24 > np;),

7 7>

np,i(e)

Pp,i = H (1 - q_2j)7
j=1

E,i=(1+ Xp’iq—np,i(e)ﬂ).
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Finally, define:
P,=[[P: and E,=]]E.}
Theorem 4.6.2. Let Op be the ring of integers of a number field with in-

volution. Using all the notation above the p-adic local density of the form

I Trgg(Aza(y)) on O is:
Bp(L, L) = 2"'rq"? P, E,.

Proof. Again, the result follows immediately from Theorem 4.4.29 and the

above computations of the relevant terms. O

The above formula is complicated. This is largely by virtue of the fact
that each p|p could contribute to different Jordan blocks, and hence we must
independently compute the invariants for each. One can thus in general expect
no reasonable cancellation in the above formulas as there are cases where none
occurs. The advantage of this formula over those of the previous section is that
the formula is expressed entirely in terms of the invariants of the rings involved
(and A) and thus given a ring which one understands, one can compute this
formula.

We now present a restricted case, that is, we shall suppose that A, has
small valuation for all p so that £ = 1 and the final lattice has at most 2 Jordan
blocks at each p. In particular assume that 0 < v,(A/2) + v,(00, /040 )/2 +
Vy(Do,. 12) < €, for all primes p of £7.

Under these assumptions we have:

e The dimension of the space is n = 2m = [E : Q].

e The dimensions of the Jordan blocks are:
Npo =N — vp(N()\/2)25E/Qp) and n,; = vp(N(/\/2)25E/@p).
e The conditions for the blocks to be odd are:
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Xp,0(0) = 0 if and only if either v,(dg/p-) odd or e, > vy(A) 4+ vp(Dpog)
for some p.
Xp,1(0) = 0if and only if either v,(dg/p-) odd or vy (0p/Er) > 2e,—v,(N) —

Vp(Dpo jg) for some p.

ni+1_Xp,i(O)J

e As before one computes n,;(e) = 2 { 5

e We have the following formula for x, ;:

(

0 n; = 0 or n; odd
0 P =2, Xp,i—1Xp,i+1 = 0
Xpi =0 p=2,6,=(—1)""1 (mod 4)

Corgg g, (2, (1P AfU())5g) p # 2.y even

Corgg g, (2, (=1)™2°Af1(2)) 5g) otherwise,
\

where /z primitively generates the E over Q,.
Remark. Notice that for all primes which are unramified in £ and for which
Up(N(A)) = 0 (or for p = 2 take A = 2) the above formula for y,; reduces to
((=1)™D, p). The lack of symmetry at 2 is a consequence of our normalization
of the form. The normalization we have chosen makes the Witt invariant
formula cleaner, but breaks the symmetry in this formula.

Now set:
(1 = Xp0(0))(np0 — 1) + (1 = Xp,1(0)) (np1 — 1)+
tp = (1 = xp0(0))(1 = xp1(0))

(1 —xp0(0))(npo—2) + (1 —xp1(0))(np1 — 2) otherwise,

nponp1 7# 0

sp = [{i [ nps # 03], and

Wy = np’l(an + 1)/2
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Theorem 4.6.3. Let E/Q be a finite extension with involution o, supposing

E is primitively generated by /= over Q with z € E°. Let A\ € (E?)* with:

0< Up(/\/Q) + Up(5OE/OEo)/2 + UP(CSOEU/Z) < e,

for all primes p of E°. Then with notation as above the local density of the

form % Trgg(Azo(x)) is:

np,0(€) np,1(€)
2 2
250~ tp g H (1—q_2j) H (1_q—2j>(1_’_Xp?0q—np’0(e)/2)—1(1+Xp71q—np,1(e)/2)—l'
j=1 j=1

Proof. Once again this is an immediate application of Theorem 4.4.29 together

with the above computations of the relevant terms. O

4.7 Example of Q(u,)
Fix a prime p of Z. In this section we shall compute the local densities
for the form

qex = %TTE/Q(ASUU(UU)%

where £ = Q(p,) is the cyclotomic field of pth roots of unity, o is complex con-
jugation, and A is restricted in valuation so that 0 < vq(A/2) +v4(00, /0,0 )/2+
Vq(Doy. 12) < €4 for all g.
We shall use the following ‘elementary’ facts.
e The ring of integers of E is Op = Z[(}] for each a € (Z/pZ)*.

e The ring of integers of F':= E7 is:

Op =26+ ¢ T =Z[(6 — ) = ZI(¢ — ¢, %))

for each a € (Z/pZ)*.
Denote by z, = ({4 — (,*)* then z, is totally negative and E = Q(,/Za).

Denote by f. the minimal polynomial of z, (this does not depend on a).
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e There is a unique prime in each of O and O over p. Denote by p the
prime over p in Op.

e The discriminant of E/Q is 6p/g = (—1)P~D/2pp=2,

e Since Cg # 1 (mod q) for all q { p it follows that (; — (¢ and hence
(¢ — ¢, *)? is a unit away from 2 and p.

e Since the different ideal is Dp/q = (f.(24)) it follows that fI(z,) is a unit
at all places away from p.

e The elements (¥ — ¢, * and ({4 — ¢, *)* are uniformizing elements in the
respective cases.
This follows from the observation that the order Z[\/z,] = Op[\/za4] is
maximal away from 2.

p—1 t=p
e The ramification degrees are e, =

1 otherwise

In the formulas of the previous section we have the following:
e The dimension of the space is [E: Q] =p — 1.

e The dimensions of the Jordan blocks are for ¢ # p are:
neo =p — 1 = 20y(Npjg(A/2)) and ng1 = 2v¢(Npjg(A/2))
and for ¢ = p they are:
neo =1 —20,(Npjg(A)) and ngy = p — 2 4 20p(Npjg(N)).
Thus we set:

Wy = ng’1<ng’1 + 1)/2 and

1 £ # p,v(Npig(A) =0,£(p —1)/2

Sy =
2  otherwise.
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e The parity of the Jordan blocks at 2 are:

X2,i(0) =1

so long as the blocks are non-trivial. This is true because the extension
is unramified at 2. Consequently, ¢, = 0 for all /.

e The character for the blocks are computed as follows:

/

0 {=p

Xei = § Corgejq ((2a, (~1)P"V/22INf1(2,))), £ =2

Corge /g ((za, (—1)(p_l)/zf”l)\f;(za)))e C#2p.
We are thus interested in computing:
Corryg (24, N) Corryg (20, (1) V2 fL(z4))) -

For all ¢ # 2, p we have that z, and f/(z,) are units and thus:
Corryg ((zar (~1)" V2 11(=)), = 1.
For ¢ = 2 we have that:
Corr/g ((Za, (_1)(17—1)/2]0;(%)))2 (1) DE=3)/8

computes the Hasse invariant of the form (for A = 1). Since this Hasse
invariant is 1 for all places (including infinite) other than p we can con-

clude that:

Corryg((za,(=1)P 2 f1(2)))2

= (_1)(p71)(p73)/8 Corp/@ ((Za, <_1)(p71)/2f;(2a)))

p
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We are thus reduced to computing Cor /g ((za, (—1)(”_1)/2]”;(2@))}7. Ob-

serve that:

(Za7 (_1>(p—1)/2f;(za))p _ (Za, _Za—1)l(3pf3)/2 (Zm (_1)(p—1)/2f;(za))p
— (Za7 _1)p (Za, Z*(P*?»)/Qf;(za))p

= (G-, ] (za, 1 _b)p

a#be(Z/pZ)* /£1

Now, we may use that z, is a uniformizer and that:

2

2 . a

z_b &~ =) (mod z,).
a

It follows that the terms we wish to evaluate are actually:

(za, — j—:)p = (za, 1-— Z—z)p = (za,l — g)p (za, 1+ g)p.

The resulting expression now becomes:

(7 (D" fz)), = G =D [] (1=,
+a£be(Z/pZ)*

= (24, —2), -

Applying the Corestriction map we have:

Corryg (2, =2)p) = (Nrja(za), —2), = ((=1)*"Vp, =2) = (p,~2),.

p

From this we can conclude that:

Corryg (20, (1) V2 fl(z0))), = (=) VEIB(p, ~2), = 1.

Now, for all £ # p we find:

Corge g ((24,4)), = (%) - (1%) '
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Thus we can conclude that:

(

0 t=p

Corgo /g ((2a, A)), 0=21=0
Xti = § Corge g (20, ), (ﬁ) (=2i=1

Corge /g ((2a: A)), C#pi=1

| Corgera (2 M), (£) (#pii=0.

¢ Examples
Combining all of the above we can easily compute the product over all
local densities for the following cases:

e Case A = 2, the arithmetic volume is:

(p=1)/2
2pP2e 021 — T (1 n (}e_;) g(ﬁ—l)/Q) [T -2
L i=1

e Case A = 2u, where p € O has a unique negative embedding and

(24, )y = —1, the arithmetic volume is:
(r—1)/2 ‘
opP=2P=1/2(1 _ pp=1) H (1 + (ﬁ) g(p—l)/Q) H (1— 721
¢ i=1

e Case A = 2u, where p € OF has a unique negative embedding and

(24, pt)p = 1, the arithmetic volume is:

1— (2) 2(p—1)/2
,1) p

1+ (%) 9(p-1)/2

2p(p72)(p71)/2(1 —pP

1;[ (1 + (f;) g<p—1>/2> (pﬁ/2<1 — 2

217



Case A = 2q, where (q)|¢ # p is prime and (¢,p), = —1, set n, =
vq(Nr/o(q)) and suppose (q) # (¢) and q is totally positive, the arith-

metic volume is:

Q2= =D/2 uana=/2 (1 _ g} (1 4 qr=1)/2="e) H (1= )"
=1
pin, o 1)/ |
H (1 . q27,) H (1 + <§> g(p—l)/?) H (1 _ 6—22)—1
i=1 tq i=1

Case A = 2q, where q|l¢ # p,2 is prime and (¢,p), = 1, set n, =
vq(Npsg(q)) and suppose (q) # (¢) and q is totally positive, the arith-

metic volume is:

22pP=2p=1)/2nqg(ng—1)/2 (1+q™) (1 + q(pfl)/%nq) H (1 — q2i)*1
i=1

p—1—ng 1 — (2) 2(p—1)/2

H (1 . qu)—l p

pi 14 <§> 2(0-1)/2

(p—1)/2 ‘

I1 <1 + (f;) g(p—1>/2> IT -2
l#q i=1

Other more complicated combinations can be handled similarly.
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CHAPTER 5
Conclusion

The topic of Shimura varieties of orthogonal type provides for many av-
enues of research. The main results of this thesis resolves only a few. Even
these results aren’t the end of the road as further questions can still be asked.

In terms of the results of Chapter 3, concerning the characterization of spe-
cial points (or more accurately algebraic tori) associated to orthogonal groups,
the following generalizations remain open:

1. A characterization of the non-maximal tori which do not appear as direct

factors. Specifically we can consider embeddings
Tp, — GL(F")

and ask when such a torus preserves a quadratic form on F™. Or equiv-
alently when does there exist an extension (F,o) of (F,o) such that
¢ ~ qpon. This question relates to a characterization of ‘generalized
special cycles’ (see Section 2.6.3).

2. A characterization of the algebraic tori in other reductive groups, in-
cluding the outer forms of orthogonal groups and Spin groups. For Spin
groups, our results shed a fair bit of light on the problem, but in this
setting some questions remain open. One may still ask, for example,
which algebras are complete reflex algebras? For classical groups arising
from involutions one expects many similar phenomena to arise.

3. Even more generally one may ask for a characterization of inclusions of

algebraic groups G — O, or more ambitiously G; < G5 or G; — Ga. A
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necessary condition is certainly that for all 7' — G; there exists a map

T — (5. This motivates looking at the case of tori first.
Besides these generalizations, another problem which the present work does
not discuss is that of relating the characterization of tori given in Chapter 3
with that given in my masters thesis [Fio09]. The characterization there is in
terms of certain cohomology classes in H'(Gal(k/k), No(T)) and it would be
interesting to relate this to the characterization given here in terms of étale
algebras with involution. One expects the correspondence to be quite natural
and this is something I intend to look at in a more general context in upcoming

work.

As for the results of Chapter 4 a number of natural questions remain open:

4. Obtaining more general formulas for ,(L, M) for primes p over 2. Some

of the results of Chapter 4 are easily extended to this context, in particu-

lar Theorem 4.4.11. Other results would require performing a significant

number of new computations, specifically Theorem 4.4.18. Finally, some

of the results may simply not extend in any natural way and thus require
entirely new ideas, for example Theorem 4.4.28.

5. Computing more explicitly the contribution of the structure of distinct
Jordan decompositions to ,(L, L). Specifically, over Qy, the formula
simplifies greatly, and one should expect a similar result for other explicit
(especially unramified) extensions of Qs.

6. More refined computation of invariants for transfer of lattices over 2-adic

rings. In particular a complete description of the norm group.

A major theme of Chapter 2 is computing dimension formulas. The work

here suggests several areas needing more work.
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7. An explicit description of a smooth projective toroidal compactification
for the O(2,n) Shimura varieties. In particular a detailed understanding
of the cone decomposition for the relevant cone (2.
8. Computations of the intersection numbers for Chern classes and bound-
ary components relevant for the Riemann-Roch theorem.
9. Explicit formulas for the numbers of cusps of a compactification.
10. More refined results on the vanishing of cohomology.

Another topic of great interest, alluded to in Chapter 2, is that of studying
the many types of cycles which appear in orthogonal Shimura varieties. Many
of the questions one may ask about these cycles naturally generalize those one
asks about special points. In particular, one can ask about the field of definition
of a cycle and its irreducible components, and consequently, about the precise
role the various cycles may play in explicit class field theory. Moreover, these
cycles have an important role in Arakelov theory and an understanding of
the relationship between their intersection theory and the special values of
L-functions is a topic of great interest.

I hope that the above provides an indication at the breadth of the field

which remains to be explored.
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95
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32
30
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36
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36
180
179
15
36

12
137
103
188

137
13, 106

65, 71
32
140
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37
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Index of Definitions

algebraic torus
type E

a-modular

anisotropic

boundary component
rational

canonical

canonical model
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Chern polynomial

Clifford algebra

co-core

comparable

cone
dual
homogeneous
non-degenerate
polyhedral
regular
self-adjoint

cone decomposition
[-admissible family
pe.a(Ly)-admissible
convex polyhedral
partial convex polyhedral
projective
rational

connected Shimura datum

connected Shimura variety

convex polyhedral
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discriminant
discriminant group
discriminant ideal

dual

étale algebra
étale algebra with involution
discriminant

Euler characteristic

101
103
see lattice
see lattice

see symmetric space, 24
25
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see model
59

59

12, 104, see quadratic form
see kernel
see kernel
30

30

30

30

30

34

30

38

37

32
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see Shimura datum

see Shimura variety
see cone decomposition
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see lattice, 139

see lattice, 139
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Hasse invariant
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holomorphic
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hyperbolic

integral
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Jordan decomposition
Jordan form
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see cone decomposition
see singularity

see kernel

74
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see symmetric space
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63

see modular form
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138
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139

140
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136
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140, see lattice
see lattice
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see modular form

see Shimura variety, 85
87

87

87
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26, 27

63

26, 64

26

see quadratic module

42

see quadratic module, see cone
140, see lattice

140, see lattice

see quadratic form
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143

see cone decomposition
140, see lattice
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quadratic form
Clifford algebra
discriminant
Hasse invariant
orthogonal discriminant
orthogonal Witt invariant
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Witt invariant

quadratic module
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non-degenerate
regular

rank

rational

reciprocity map
reflex field
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model
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12, 104
12, 105
13, 105
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13, 106
13, 106
11, 136

137
11, 137
11, 137

see lattice, 139

see boundary component, see cone decomposition

86

see special point
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see modular form, 63
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83
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87

87

97
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see Shimura variety, see special point
see Shimura variety, 87
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symmetric space
boundary component
Hermitian

Tod class

torus embedding
total Chern class
transfer

type E

unimodular
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Witt invariant

13
24
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30
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228



[AMRT10]

[AS68]

[Bai66]

[BB66]

[BCKMO3]

[BDP10]

[BF13]

[BJOG]

[BKY12]

[Bor66]

REFERENCES

Avner Ash, David Mumford, Michael Rapoport, and Yung-Sheng
Tai, Smooth compactifications of locally symmetric varieties, sec-
ond ed., Cambridge Mathematical Library, Cambridge University
Press, Cambridge, 2010, With the collaboration of Peter Scholze.

M. F. Atiyah and I. M. Singer, The index of elliptic operators.
III, Ann. of Math. (2) 87 (1968), 546-604.

Walter L. Baily, Jr., Fourier-Jacobi series, Algebraic Groups and
Discontinuous Subgroups (Proc. Sympos. Pure Math., Boulder,
Colo., 1965), Amer. Math. Soc., Providence, R.I., 1966, pp. 296—
300.

W. L. Baily, Jr. and A. Borel, Compactification of arithmetic
quotients of bounded symmetric domains, Ann. of Math. (2) 84
(1966), 442 528.

Rosali Brusamarello, Pascale Chuard-Koulmann, and Jorge

Morales, Orthogonal groups containing a given mazimal torus,
J. Algebra 266 (2003), no. 1, 87-101.

Massimo Bertolini, Henri Darmon, and Kartik Prasanna, Chow-
Heegner points on CM elliptic curves and values of p-adic L-
series, 2010.

E. Bayer-Fluckiger, Embeddings of maximal tori in orthogonal
groups, Ann. Inst. Fourier (Grenoble) (2013), (To Appear).

Armand Borel and Lizhen Ji, Compactifications of symmetric and
locally symmetric spaces, Mathematics: Theory & Applications,
Birkhauser Boston Inc., Boston, MA, 2006.

Jan Hendrik Bruinier, Stephen S. Kudla, and Tonghai Yang, Spe-
cial values of Green functions at big CM points, Int. Math. Res.
Not. IMRN (2012), no. 9, 1917-1967.

Armand Borel, Introduction to automorphic forms, Algebraic
Groups and Discontinuous Subgroups (Proc. Sympos. Pure
Math., Boulder, Colo., 1965), Amer. Math. Soc., Providence,
R.I, 1966, pp. 199-210.

229



[Bor69]

[Bor91]

[Bor95]

[Bru02]

[Bru04]

[Bru08]

[BS58]

[BY06]

[Chol2]

(CS8g]

[Del71]

[Del79]

230

, Introduction auz groupes arithmétiques, Publications de
I'Institut de Mathématique de 1’Université de Strasbourg, XV.
Actualités Scientifiques et Industrielles, No. 1341, Hermann,
Paris, 1969.

, Linear algebraic groups, second ed., Graduate Texts in
Mathematics, vol. 126, Springer-Verlag, New York, 1991.

Richard E. Borcherds, Automorphic forms on Ogi22(R) and in-
finite products, Invent. Math. 120 (1995), no. 1, 161-213.

Jan H. Bruinier, Borcherds products on O(2, 1) and Chern classes
of Heegner divisors, Lecture Notes in Mathematics, vol. 1780,
Springer-Verlag, Berlin, 2002.

Jan Hendrik Bruinier, Infinite products in number theory and
geometry, Jahresber. Deutsch. Math.-Verein. 106 (2004), no. 4,
151-184.

, Hilbert modular forms and their applications, The 1-2-3
of modular forms, Universitext, Springer, Berlin, 2008, pp. 105—
179.

Armand Borel and Jean-Pierre Serre, Le théoréme de Riemann-
Roch, Bull. Soc. Math. France 86 (1958), 97-136.

Jan Hendrik Bruinier and Tonghai Yang, CM-values of Hilbert
modular functions, Invent. Math. 163 (2006), no. 2, 229-288.

Sungmun Cho, Group schemes and local densities of

quadratic lattices in residue characteristic 2, arXiv preprint
arXiv:1210.7625 (2012).

J. H. Conway and N. J. A. Sloane, Low-dimensional lattices. IV.
The mass formula, Proc. Roy. Soc. London Ser. A 419 (1988),
no. 1857, 259-286.

Pierre Deligne, Travauz de Shimura, Séminaire Bourbaki, 23eme
année (1970/71), Exp. No. 389, Springer, Berlin, 1971, pp. 123—
165. Lecture Notes in Math., Vol. 244.

, Variétés de Shimura: interprétation modulaire, et tech-
niques de construction de modéles canoniques, Automorphic
forms, representations and L-functions (Proc. Sympos. Pure
Math., Oregon State Univ., Corvallis, Ore., 1977), Part 2, Proc.
Sympos. Pure Math., XXXIII, Amer. Math. Soc., Providence,
R.I., 1979, pp. 247-289.



[DL03]

[DS05]

[Epk89]

[FC90]

[Fio09)]

[Fiol2]

[Fre90]

[Fuls4]

[Ful93]

[Ful9g]

(GHS07]

(GHS08]

231

Henri Darmon and Adam Logan, Periods of Hilbert modular
forms and rational points on elliptic curves, Int. Math. Res. Not.
(2003), no. 40, 2153-2180.

Fred Diamond and Jerry Shurman, A first course in modular
forms, Graduate Texts in Mathematics, vol. 228, Springer-Verlag,
New York, 2005.

Martin Epkenhans, Trace forms of normal extensions over local
fields, Linear and Multilinear Algebra 24 (1989), no. 2, 103-116.

Gerd Faltings and Ching-Li Chai, Degeneration of abelian vari-
eties, Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Re-
sults in Mathematics and Related Areas (3)], vol. 22, Springer-
Verlag, Berlin, 1990, With an appendix by David Mumford.

Andrew Fiori, Special points on orthogonal symmetric spaces,
Master’s thesis, McGill University, 2009.

, Characterization of special points of orthogonal symmet-
ric spaces, Journal of Algebra 372 (2012), no. 0, 397 — 419.

Eberhard Freitag, Hilbert modular forms, Springer-Verlag,
Berlin, 1990.

William Fulton, Introduction to intersection theory in algebraic
geometry, CBMS Regional Conference Series in Mathematics,
vol. 54, Published for the Conference Board of the Mathemat-
ical Sciences, Washington, DC, 1984.

, Introduction to toric wvarieties, Annals of Mathemat-
ics Studies, vol. 131, Princeton University Press, Princeton, NJ,
1993, The William H. Roever Lectures in Geometry.

, Intersection theory, second ed., Ergebnisse der Mathe-
matik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Sur-
veys in Mathematics [Results in Mathematics and Related Areas.
3rd Series. A Series of Modern Surveys in Mathematics|, vol. 2,
Springer-Verlag, Berlin, 1998.

V. A. Gritsenko, K. Hulek, and G. K. Sankaran, The Kodaira di-
mension of the moduli of K3 surfaces, Invent. Math. 169 (2007),
no. 3, 519-567.

V. Gritsenko, K. Hulek, and G. K. Sankaran, Hirzebruch-
Mumford proportionality and locally symmetric varieties of or-
thogonal type, Doc. Math. 13 (2008), 1-19.



(GK93]

[Gro99]

(GV12]

[GY00]

(GZ86]

[Han05]

[Har77]

[HelO1]

[Hir66]

[Hua79]

[Jac85]

[Kat99]

232

Benedict H. Gross and Kevin Keating, On the intersection of
modular correspondences, Invent. Math. 112 (1993), no. 2, 225—
245.

Benedict H. Gross, Algebraic modular forms, Israel J. Math. 113
(1999), 61-93.

Matthew Greenberg and John Voight, Lattice methods for
algebraic modular forms on classical groups, arXiv preprint
arXiv:1209.2460 (2012).

Wee Teck Gan and Jiu-Kang Yu, Group schemes and local den-
sities, Duke Math. J. 105 (2000), no. 3, 497-524.

Benedict H. Gross and Don B. Zagier, Heegner points and deriva-
tives of L-series, Invent. Math. 84 (1986), no. 2, 225-320.

Jonathan Hanke, An exact mass formula for quadratic forms over
number fields, J. Reine Angew. Math. 584 (2005), 1-27.

Robin Hartshorne, Algebraic geometry, Springer-Verlag, New
York, 1977, Graduate Texts in Mathematics, No. 52.

Sigurdur Helgason, Differential geometry, Lie groups, and sym-
metric spaces, Graduate Studies in Mathematics, vol. 34, Amer-
ican Mathematical Society, Providence, RI, 2001, Corrected
reprint of the 1978 original.

F. Hirzebruch, Topological methods in algebraic geometry, Third
enlarged edition. New appendix and translation from the sec-
ond German edition by R. L. E. Schwarzenberger, with an addi-
tional section by A. Borel. Die Grundlehren der Mathematischen
Wissenschaften, Band 131, Springer-Verlag New York, Inc., New
York, 1966.

L. K. Hua, Harmonic analysis of functions of several complex
variables in the classical domains, Translations of Mathematical
Monographs, vol. 6, American Mathematical Society, Providence,
R.I.; 1979, Translated from the Russian, which was a translation
of the Chinese original, by Leo Ebner and Adam Koranyi, With
a foreword by M. I. Graev, Reprint of the 1963 edition.

Nathan Jacobson, Basic algebra. I, second ed., W. H. Freeman
and Company, New York, 1985.

Hidenori Katsurada, An explicit formula for Siegel series, Amer.
J. Math. 121 (1999), no. 2, 415-452.



Kit8s]

Kit93]

[KKMSD73]

[KMRTY8]

[Kne02]

[Kod53)]

[KR99)

[Kud97a]

[Kud97b]

[Kud04]

[Lam05|

[Lan83]

[Lan0g]

233

Yoshiyuki Kitaoka, Local densities of quadratic forms, Investiga-
tions in number theory, Adv. Stud. Pure Math., vol. 13, Aca-
demic Press, Boston, MA, 1988, pp. 433-460.

, Arithmetic of quadratic forms, Cambridge Tracts in
Mathematics, vol. 106, Cambridge University Press, Cambridge,
1993.

G. Kempf, Finn Faye Knudsen, D. Mumford, and B. Saint-Donat,
Toroidal embeddings. I, Lecture Notes in Mathematics, Vol. 339,
Springer-Verlag, Berlin, 1973.

Max-Albert Knus, Alexander Merkurjev, Markus Rost, and Jean-
Pierre Tignol, The book of involutions, American Mathematical
Society Colloquium Publications, vol. 44, American Mathemat-
ical Society, Providence, RI, 1998, With a preface in French by
J. Tits.

Martin Kneser, Quadratische Formen, Springer-Verlag, Berlin,
2002, Revised and edited in collaboration with Rudolf Scharlau.

K. Kodaira, On a differential-geometric method in the theory of
analytic stacks, Proc. Nat. Acad. Sci. U. S. A. 39 (1953), 1268
1273.

Stephen S. Kudla and Michael Rapoport, Arithmetic Hirzebruch-
Zagier cycles, J. Reine Angew. Math. 515 (1999), 155-244.

Stephen S. Kudla, Algebraic cycles on Shimura varieties of or-
thogonal type, Duke Math. J. 86 (1997), no. 1, 39-78.

, Central derivatives of Eisenstein series and height pair-
ings, Ann. of Math. (2) 146 (1997), no. 3, 545-646.

, Special cycles and derivatives of Fisenstein series, Heeg-
ner points and Rankin L-series, Math. Sci. Res. Inst. Publ.,
vol. 49, Cambridge Univ. Press, Cambridge, 2004, pp. 243-270.

T. Y. Lam, Introduction to quadratic forms over fields, Graduate
Studies in Mathematics, vol. 67, American Mathematical Society,
Providence, RI, 2005.

Serge Lang, Complex multiplication, Grundlehren der Mathema-
tischen Wissenschaften [Fundamental Principles of Mathematical
Sciences|, vol. 255, Springer-Verlag, New York, 1983.

Kai-Wen Lan, Arithmetic compactifications of pel-type shimura
varieties, Ph.D. thesis, Harvard University, 2008.



[Loo88]

[Mil83]

[Mi105]

[Mi106]

IMS74]

[Mum?77]

[Nam80]

[Oda7s]

[0’MO0]

[Pal65)

[Per11]

[Pin90]

234

Eduard Looijenga, L2-cohomology of locally symmetric varieties,
Compositio Math. 67 (1988), no. 1, 3-20.

J. S. Milne, The action of an automorphism of C on a Shimura
variety and its special points, Arithmetic and geometry, Vol. I,
Progr. Math., vol. 35, Birkhauser Boston, Boston, MA, 1983,
pp. 239-265.

, Introduction to Shimura varieties, Harmonic analysis,
the trace formula, and Shimura varieties, Clay Math. Proc.,
vol. 4, Amer. Math. Soc., Providence, RI, 2005, pp. 265-378.

James S. Milne, Complex multiplication, 2006, Available at
www.jmilne.org/math/, p. 113.

John W. Milnor and James D. Stasheff, Characteristic classes,
Princeton University Press, Princeton, N. J., 1974, Annals of
Mathematics Studies, No. 76.

D. Mumford, Hirzebruch’s proportionality theorem in the non-
compact case, Invent. Math. 42 (1977), 239-272.

Yukihiko Namikawa, Toroidal compactification of Siegel spaces,
Lecture Notes in Mathematics, vol. 812, Springer, Berlin, 1980.

Tadao Oda, Torus embeddings and applications, Tata Institute
of Fundamental Research Lectures on Mathematics and Physics,
vol. 57, Tata Institute of Fundamental Research, Bombay, 1978,
Based on joint work with Katsuya Miyake.

O. Timothy O’Meara, Introduction to quadratic forms, Classics
in Mathematics, Springer-Verlag, Berlin, 2000, Reprint of the
1973 edition.

Gordon Pall, The weight of a genus of positive n-ary quadratic
forms, Proc. Sympos. Pure Math., Vol. VIII, Amer. Math. Soc.,
Providence, R.I., 1965, pp. 95-105.

Keerthi Madapusi Pera, Toroidal compactifications of integral
models of shimura varieties of hodge type, Ph.D. thesis, The Uni-
versity of Chicago, 2011.

Richard Pink, Arithmetical compactification of mized Shimura
varieties, Bonner Mathematische Schriften [Bonn Mathemati-
cal Publications], 209, Universitdt Bonn Mathematisches Insti-
tut, Bonn, 1990, Dissertation, Rheinische Friedrich-Wilhelms-
Universitat Bonn, Bonn, 1989.



[PRO4]

[PR10]

[Ser73]

[Ser79]

[Ser84]

[SHOO]

[Shig0]

[Shi99)]

[Sie35]

[Sie67]

SPO4]

[Tai82]

235

Vladimir Platonov and Andrei Rapinchuk, Algebraic groups and
number theory, Pure and Applied Mathematics, vol. 139, Aca-

demic Press Inc., Boston, MA, 1994, Translated from the 1991
Russian original by Rachel Rowen.

Gopal Prasad and Andrei S. Rapinchuk, Local-global principles
for embedding of fields with involution into simple algebras with
involution, Comment. Math. Helv. 85 (2010), no. 3, 583-645.

Jean-Pierre Serre, A course in arithmetic, Graduate Texts in
Mathematics, vol. 7, Springer-Verlag, New York, 1973, Trans-
lated from French.

, Local fields, Graduate Texts in Mathematics, vol. 67,
Springer-Verlag, New York, 1979, Translated from the French by
Marvin Jay Greenberg.

, L’invariant de Witt de la forme Tr(z?), Comment. Math.
Helv. 59 (1984), no. 4, 651-676.

Fumihiro Sato and Yumiko Hironaka, Local densities of represen-
tations of quadratic forms over p-adic integers (the non-dyadic
case), J. Number Theory 83 (2000), no. 1, 106-136.

Goro Shimura, The arithmetic of certain zeta functions and au-
tomorphic forms on orthogonal groups, Ann. of Math. (2) 111
(1980), no. 2, 313-375.

, An exact mass formula for orthogonal groups, Duke
Math. J. 97 (1999), no. 1, 1-66.

Carl Ludwig Siegel, Uber die analytische Theorie der quadratis-
chen Formen, Ann. of Math. (2) 36 (1935), no. 3, 527-606.

C. L. Siegel, Lectures on quadratic forms, Notes by K. G. Ra-
manathan. Tata Institute of Fundamental Research Lectures on
Mathematics, No. 7, Tata Institute of Fundamental Research,
Bombay, 1967.

Rainer Schulze-Pillot, Representation by integral quadratic
forms—a survey, Algebraic and arithmetic theory of quadratic
forms, Contemp. Math., vol. 344, Amer. Math. Soc., Providence,
RI, 2004, pp. 303-321.

Yung-Sheng Tai, On the Kodaira dimension of the moduli space
of abelian varieties, Invent. Math. 68 (1982), no. 3, 425-439.



[Tsu80]

[Wat76]

[Yan04]

236

Ryuji Tsushima, A formula for the dimension of spaces of Siegel
cusp forms of degree three, Amer. J. Math. 102 (1980), no. 5,
937-977.

G. L. Watson, The 2-adic density of a quadratic form, Mathe-
matika 23 (1976), no. 1, 94-106.

Tonghai Yang, Local densities of 2-adic quadratic forms, J. Num-
ber Theory 108 (2004), no. 2, 287-345.



