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Abstract

In this article we propose a geometric description of Arthur packets for p-
adic groups using vanishing cycles of perverse sheaves. Our approach is inspired
by the 1992 book by Adams, Barbasch and Vogan on the Langlands classification
of admissible representations of real groups and follows the direction indicated by
Vogan in his 1993 paper on the Langlands correspondence. Using vanishing cycles,
we introduce and study a functor from the category of equivariant perverse sheaves
on the moduli space of certain Langlands parameters to local systems on the regular
part of the conormal bundle for this variety. In this article we establish the main
properties of this functor and show that it plays the role of microlocalization in the
work of Adams, Barbasch and Vogan. We use this to define ABV-packets for pure
rational forms of p-adic groups and propose a geometric description of the transfer
coefficients that appear in Arthur’s main local result in the endoscopic classification
of representations. This article includes conjectures modelled on Vogan’s work,
including the prediction that Arthur packets are ABV-packets for p-adic groups.
We gather evidence for these conjectures by verifying them in numerous examples.
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1. INTRODUCTION 1

1. Introduction

1.1. Motivation. Let F' be a local field of characteristic zero and G be a
connected reductive linear algebraic group over F. According to the local Lang-
lands conjecture, the set TI(G(F')) of isomorphism classes of irreducible admissible
representations of G(F') can be naturally partitioned into finite subsets, called L-
packets. Moreover, the local Langlands conjecture predicts that if an L-packet
contains one tempered representation, then all the representations in that L-packet
are tempered, so tempered L-packets provide a partition of tempered irreducible
admissible representations. Tempered L-packets enjoy some other very nice prop-
erties. For instance, every tempered L-packet determines a stable distribution on
G(F) by a non-trivial linear combination of the distribution characters of the repre-
sentations in the packet. Tempered L-packets also have an endoscopy theory, which
leads to a parametrization of the distribution characters of the representations in
the packet.

These properties fail for non-tempered L-packets. To remedy this, in 1989
Arthur introduced what are now know as Arthur packets, which enlarge the non-
tempered L-packets in such a way that these last two properties do extend to the
non-tempered case. Arthur’s motivation was global, arising from the classification
of automorphic representations, so the local meaning of Arthur packets was unclear
when they first appeared.

In 1992, shortly after Arthur packets were introduced, Adams, Barbasch and
Vogan suggested a purely local description of Arthur packets for connected reductive
real groups using microlocal analysis of certain stratified complex varieties built
from Langlands parameters. Then, in 1993 Vogan used similar tools to make a
prediction for a local description of Arthur packets for p-adic groups. For now, let
us refer to the packets of admissible representations they described as ABV-packets,
in both the real and p-adic cases. Since these constructions are purely local, and
since the initial description of Arthur packets was global in nature, it was not easy
to compare ABV-packets with Arthur packets. The conjecture that Arthur packets
are ABV-packets has remained open since the latter were introduced.

When Arthur finished his monumental work on the classification of automorphic
representations of symplectic and special orthogonal groups in 2013, the situation
changed dramatically. Not only did he prove his own conjectures on Arthur packets
given in [?], but he also gave a local characterization of them, using twisted en-
doscopy. This opened the door to comparing Arthur packets with ABV-packets and
motivated us to compare Arthur’s work with Vogan’s constructions in the p-adic
case. This article is the first in a series making that comparison.

1.2. Background. To begin, let us briefly review Arthur’s main local result
in the endoscopic classification of representations. Let G be a quasisplit connected
reductive algebraic group over a p-adic field F. An Arthur parameter for G is a
homomorphism, v : Lr x SL(2,C) — LG, where G = G x Wy is the Langlands
group, satisfying a number of conditions; here and below, G is the dual group for
G, Ly is the local Langlands group for F' and Wy is the Weil group for F. One
important condition on the Arthur parameter v is that the image of ¥(Wg) under
the projection onto G must have compact closure. When G is symplectic or special
orthogonal, Arthur assigns to any + a multiset IL,(G(F")) over II(G(F')), known as
the Arthur packet for G associated with ¢ [?, Theorem 1.5.1]. It is a deep result of
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Moeglin that IL;(G(F')) is actually a subset of II(G(F')) [?]. In this case, endoscopy
theory gives a canonical map

I, (G(F)) = 8
™= < : ,7T>¢

(1)

to Sy, the set of irreducible characters of S, = Z@(d))/Z@(w)OZ(CA?)FF, where

Zg(1) denotes the centralizer of the image of ¢ in “G under the action of the

subgroup @, where Z(@) is the centre of G and where I'p is the absolute Galois
group of F; see|?, Theorem 2.2.1]. If the Arthur parameter v : Lr x SL(2,C) — LG
is trivial on the SL(2, C) factor then II,(G(F)) is a tempered L-packet and the map
(1) is a bijection. In general, IT,(G(F)) contains the L-packet Iy, (G(F')), where
¢y is the Langlands parameter given by ¢, (u) :=1(u, d,), where for u € L we set
d, = diag(|u|;/2, |u\;1/2) and where | | is the pullback of the norm map on Wp.
The map (1) determines a stable distribution on G(F) by

(2) 0= > (27, O,

w€lly (G(F))

where z, is the image of ¢(1,—1) in S, and where ©, is the Harish-Chandra
distribution character of the admissible representation .

In order to sketch the main results of this article, let us briefly express Arthur’s
conjectural generalization of (1) for inner twists of G using pure rational forms of
G, as defined by Vogan; this is done more carefully in Section 3.

A pure rational form of G is a cocycle § € Z'(F,G). An inner rational form
of G is a cocycle o € Z1(F,Inn(G)). Using the maps

ZYNF,G) — ZY(F,Inn(G)) — ZY(F, Aut(Q)),

every pure rational form of G determines an inner rational form of G and every inner
rational form of G determines a rational form of G. Following [?], a representation
of a pure rational form of G is defined to be a pair (7, ), where J is a pure rational
form of G and 7 is an admissible representations of G4(F). If F is a fixed algebraic
closure of F, then the action of G(F) by conjugation defines an equivalence relation
on such pairs, which is compatible with the equivalence relation on pure rational
forms Z'(F,G) producing H!(F,G) Again following [?], we write [IP"**(G/F) for
the equivalence classes of such pairs. Then, after choosing a representative for each
class in H!(F,G), we may write

PG/ = || WGs(F),0),
[6]eHY(F,G)
where II(Gs(F), ) :={(m,9) | m € W(Gs(F))}.

An inner twist of G is a pair (G, ¢) where G is a rational form of G together
with an isomorphism of algebraic groups ¢ from Gy ®p F to G ®p F such that
v = pov(p)tis a l-cocycle in ZY(T'g,Inn(G)) |?, Section 9.1]. Every inner
rational form o of G determines an inner twist (G4, p,) such that the action of
v € Tr on G,(F) is given through the o-twisted action on G(F). We use the
notation (Gs, ¢s) for the inner twist of G determined by the pure rational form 6.
An Arthur parameter ¢ for G is relevant to G5 if any Levi subgroup of “G that 1
factors through is the dual group of a Levi subgroup of Gs. In [?, Conjecture 9.4.2],
Arthur assigns to any relevant ¢ a multiset II,(G5(F')) over II(Gs(F)), which is
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called the Arthur packet for Gs associated to ¢. Moeglin’s work shows that, since
G5 comes from a pure rational form, IT;(Gs(F')) is again a subset of II(G5(F)).
To extend (1) to this case, Arthur replaces the group S, with a group Sy s

which is a central extension of Sy by Zyc; see (23) and [?, Section 9.2]. The
group Sy sc is generally non-abelian. Now let (g, be a character of Z 4. and let

Rep(Sy sc; Gy ) be the set of isomorphism classes of EG s-equivariant representations
of Sy sc. Endoscopy theory [?, Conjecture 9.4.2] gives a map

(3) Hw (Gé(F)) — Rep(sw,sm z:Gs);

the character of the representation attached to an irreducible representation 7 of
the inner twist (Gs, ¢s) is denoted by (-, m), .. The map (3) depends only on
(1) and the pure rational form §. For any Arthur parameter ¢ for G and any pure
rational form § of G we define

Iy (Gs(F),0) := {(m,8) | = € Iy (G5(F))}

where, if ¢ is not relevant to Gs, then II,(G5(F')) and thus II,(Gs(F), ) is empty.
Now we introduce

(4) 112" (G/F) :={(r, §) € IP"(G/F) | (r,6) € I, (Gs(F),6)}.

After choosing a representative pure rational form ¢ for every class in H!(F, G), we
have

mM(G/F) = || Tu(Gs(F),d).
[6]eH(F,G)

Now, set
Ay =70(ZgW)) = Zg()/ Z&(¥)°

and let ys : 70(Z(G)TF) — C* be the character matching [§] € H'(F, G) under the
Kottwitz isomorphism H*(F,G) = Hom(m(Z(G)Fr),C*). Let Rep(Ay, xs) denote
the set of equivalence classes of representations of A, such that the pullback of the
representations along

m0(Z(G)"") = mo(Zg(¥))
is x5. In Proposition 3.11.1 we show that (3) defines a canonical map
(5) I3 (G/F) — Rep(Ay)

and we write ( -, (7,d)),, for the representation attached to (r,d) € I} (G/F).
built from canonical maps

(6) 1L, (G5(F),8) = Rep(Ay, Xs)-

These maps depend only on ¢ and (1), as discussed in Section 3.11. When § = 1,
(6) recovers (1) and if v is tempered then (6) gives a canonical bijection

(7) I, (G5(F),0) = TI(Ay, xs),

where II(Ay, xs) denotes the set of xs-equivariant characters of A,.
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1.3. Main results. In this article we propose a geometric and categorical
approach to calculating a generalization of (5), and therefore of (6) and (7) also,
which applies to all quasisplit connected reductive algebraic groups G over p-adic
fields, assuming the local Langlands correspondence for its pure rational forms, as
articulated by Vogan in [?]. The local Langlands correspondence is known for split
symplectic and orthogonal groups by the work of Arthur and others. In [?, Chapter
9] Arthur sets the foundation for adapting his work to inner forms of these groups,
which can be seen as a step toward the version proposed by Vogan in [?]. Building
on Arthur’s work, Vogan’s version of the local Langlands correspondence is known
for unitary groups by work of [?] and [?]; it is expected that similar arguments
should yield the result for symplectic and orthogonal groups, but that has not been
done yet.

Our approach is based on ideas developed for real groups in [?] and on results
from [?] for p-adic groups. We conjecture that this geometric approach produces a
map that coincides with (6) from Arthur, after specializing to the case of quasisplit
symplectic and special orthogonal p-adic groups. The generalization of (6) that we
propose leads quickly to what should be a generalization of Arthur packets.

We now sketch our generalization of (6).

Let F' be a p-adic field and let G be any quasisplit connected reductive algebraic
group over F. Every Langlands parameter ¢ for G determines an infinitesimal
parameter Ay : Wr — LG by \y(w) := ¢(w,d,,). The map ¢ — )y is not injective,
but the preimage of any infinitesimal parameter falls into finitely many equivalence
classes of Langlands parameters under @—conjugation.

For any Arthur parameter ¢, set Ay =\, and let II7™(G/F) be the set of
(m,d) € TIIP"*(G/F) such that the Langlands parameter ¢, whose associated L-
packet contains , satisfies Ay = Ay. The generalization of (6) that we define takes
the form of a map

(8) I5°(G/F) — Rep(A,).

The genesis of the map (8) is the interesting part, as it represents a geometrisation
and categorification of (6).

In order to define (8), in Section 4 we review the definition of a variety Vj,
following [?], that parametrises the set P\(LG) of Langlands parameters ¢ for G
for which Ay = X, where X is a fixed infinitesimal parameter for G. The variety
V is equipped with an action of Z5()). Then, again following [?], we consider
the category Perzé(,\)(V,\) of equivariant perverse sheaves on V). Together with
(7), the version of the Langlands correspondence that applies to G and its pure
rational forms determines a bijection between II}"°(G/F') and isomorphism classes
of simple objects in Perz_y)(Vx):

H}))\ure(G/F) N PerZé ) (‘/)\)simple7

/iso
(©) (m,0) — P(m,0).

If [§] = 1 we may write P(r) for P(m,d).
In Proposition 6.6.1 we show that every Arthur parameter ¢ determines a
particular element in the conormal bundle to V)

(zy, &p) € TE, (Va,),



1. INTRODUCTION 5

where Cy, C V), is the Zz(\y)-orbit of xy € Vy, such that the Zz(\y)-orbit
of (xy,&y) is the unique open dense orbit in T¢, (Vy,), denoted by T¢: (Vx,, )sreg-
Proposition 6.6.1 is inspired by an analogous result in [?] for real groups. Then we
use (zy, &y) to show that Ay is the equivariant fundamental group of T¢; (Vi )sreg-
Thus, (x4,&y) determines an equivalence of categories

LOCZ@()\) (TC*'d, (V/\)sreg) - Rep(Alﬁ)’

where Rep(A,) denotes the category of representations of A, This means that the
spectral transfer factors ( - ,71'>w7SC for ¢ appearing in (3) can be interpreted as
equivariant local systems on T(*}w(V,\ »)sreg

In Section 7.3 we use the vanishing cycles functor to define an exact functor

(10) NEvsy : Perz_(n)(VA) — Rep(4y).

In this article we establish some fundamental properties of this functor; see espe-
cially Theorem 7.10.1 and Corollary 7.0.1. These results show that NEvs,, plays the
role of the microlocalization functor as it appears in [?] for real groups. Vanish-
ing cycles of perverse sheaves on V) are fundamental tools for understanding the
singularities on the boundaries of strata in V) and their appearance here is quite
natural. Passing to isomorphism classes of objects, this functor defines a function

simple

Perzé()‘)(v/\)/iso - Rep(AIZ))/iso-
When composed with (9) in the case A = Ay, this defines (8).

1.4. Conjecture. We now explain the conjectured relation between (5) and
(8). With reference to (10), consider the support of (8), which we call the ABV-
packet for -

(11) 4BY(G/F):={(r,0) € I}"(G/F) | NEw, P(r,d) # 0}.

We can break the ABV-packet I,V (G/F) apart according to pure rational forms
of G:
m»va/ry = ] mptVas(r), o),
[6]eH(F,G)
where
)PV (Gs(F), ) :={(m,0) € II(Gs(F),5) | NEws, P(,5) # 0}.

Likewise one may define II)""(G/F) by assembling Arthur packets for inner twists
of GG; see Section 3.11 for details. We may now state a simplified version of the main
conjecture of this article; see Conjecture 1 in Section 8.3 for a stronger form. Let
¥ be an Arthur parameter for a quasisplit symplectic or special orthogonal p-adic
group G. Then

5"(G/F) = PV (G/F).
Moreover, for all pure rational forms § of G and for all (7,6) € Hizre(G/F),

(s, (m,6)),, = traceq, NEvsy, P(m,d),

for all s € Z5(v), where as is the image of s under Zg(1)) — Ay. In particular,
taking the case when ¢ is trivial, if m € I\, (G(F')) then

(s,m), = traceq, NEvsy P(),
with s € Z5(2)) and as € Ay as above.
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The pithy version of this conjecture is Arthur packets are ABV-packets for p-
adic groups, but that statement obscures the fact that Arthur packets are defined
separately for each inner rational form (more precisely the corresponding inner
twist), while ABV-packets treat all pure rational forms in one go. More seriously,
this pithy version of the conjecture obscures the fact that the conjecture proposes
a completely geometric approach to calculating the characters { - , ) 4 sc appearing
in Arthur’s endoscopic classification of representations.

To simplify the discussion in this introduction we have only described ABV-
packets for Arthur parameters; however, as we see in this article, it is possible to
attach an ABV-packet to each Langlands parameter. Consequently, there are more
ABV-packets than Arthur packets. So, while the conjecture above asserts that
every Arthur packet in an ABV-packet, it is certainly not true that every ABV-
packet is an Arthur packet. If validated, the conjecture gives credence to the idea
that ABV-packets may be thought of as generalized Arthur packets.

Although we do not prove the conjecture above in this article, we do have
in mind a strategy for a proof using twisted spectral endoscopic transfer and its
geometric counterpart for perverse sheaves on Vogan varieties; we use this strategy
to prove Conjectures 1 and 2 for unipotent representations of odd orthogonal groups
in forthcoming work.

1.5. Examples. Our objective in Part 2 of this article is to show how to
use vanishing cycles of perverse sheaves to calculate the local transfer coefficients
(sy 8, m)y that appear in Arthur’s endoscopic classification [?, Theorem 1.5.1]. We
do this by independently calculating both sides of Conjecture 1 in examples:

(12) (g 8,m)y = (—1)3mCu=dimCr trace NEws,, P(n),

for every s € Zgz(). By making these calculations, we wish to demonstrate
that the functor NEv provides a practical tool for calculating Arthur packets, the
associated stable distributions and their transfer under endoscopy. We also verify
the Kazhdan-Lusztig conjecture for p-adic groups as it applies to our examples.

Specifically, in Part 2 we consider certain admissible representations of the p-
adic groups: SL(2) and its inner form; PGL(4); split SO(3), SO(5), SO(7) and their
pure rational forms. There are a variety of reasons why we have chosen to present
this specific set of examples. The groups SO(3), SO(5), and SO(7) are the first few
groups in the family SO(2n + 1), and this is the family we study in forthcoming
work for unipotent representations. The group SO(7) is the first in this family
to exhibit some of the more general phenomena that meaningfully illuminate the
conjectures from Part 1. Moreover, since SO(3) x SO(3) is an elliptic endoscopic
group for SO(5) and SO(5) x SO(3) is an elliptic endoscopic group for SO(7), we
are also able to use these examples to show how to use geometric tools to compute
Langlands-Shelstad transfer of invariant distributions for endoscopic groups. We
also include two examples — for SL(2) and PGL(4) — that show how the problem of
calculating Arthur packets and Arthur’s transfer coefficients is reduced to unipotent
representations.

1.6. Relation to other work. Using techniques different from those em-
ployed in this article (namely, microlocalization of regular holonomic D-modules,
rather than vanishing cycles of perverse sheaves) one of the authors of this article
has calculated many other examples of ABV-packets in his PhD thesis [?]. Specif-
ically, if 7 is a unipotent representation of PGL(n), SL(n), Sp(2n) or SO(2n + 1),
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of any of its pure rational forms, and if the image of Frobenius of the infinitesimal
parameter of 7 is regular semisimple in the dual group, then all ABV-packets con-
taining 7w have been calculated by finding the support of the microlocalization of
the relevant D-modules. This work overlaps with Sections 12 and 14, here. How-
ever, we found it difficult to calculate the finer properties of the microlocalization
of these D-modules required to determine the local transfer coefficients appearing
in Arthur’s work. This is one of the reasons we use vanishing cycles of perverse
sheaves in this article.

1.7. Disclaimer. To acknowledge the debt we owe to [?] and [?], we refer to
the packets appearing in this article as ABV-packets for p-adic groups, though it
must be pointed out that they appear neither in [?] nor in [?]. For real groups,
the implicit definition of ABV-packets uses an exact functor Q% : Pery, (Vy) —
Loca, (TE(Va)reg) introduced in [?, Theorem 24.8] whose properties are established
using stratified Morse theory, which we have not used in this article; and for p-
adic groups, [?] uses the microlocal Euler characteristic xi¢ : Perg, (Vi) — Z
derived from the microlocalization functor, which we also have not used in this
article. We have elected to use vanishing cycles, or more precisely the functor Ev,
in place of stratified Morse theory or microlocalization because we found Ev more
amenable to the many calculations we performed in Part 2 and because we found
some theoretical advantages to using vanishing cycles.






Part 1

Arthur packets and microlocal
vanishing cycles



2. Overview

Here are the main features of Part 1, by section.

In Section 3 we review the main local result from [?], adapted to pure rational
forms of quasisplit connected reductive groups over p-adic fields; see especially
Proposition 3.11.1.

In Section 4 we describe Vogan’s parameter variety for p-adic groups and review
Vogan’s perspective on the local Langlands conjecture for pure rational forms of
quasisplit connected reductive groups over p-adic fields, based on [?].

Theorem 5.1.1 shows that the Vogan variety for an arbitrary infinitesimal pa-
rameter coincides with the Vogan variety for an unramified infinitesimal parameter.
This theorem also shows that the category of equivariant perverse sheaves is related
to the category of equivariant perverse sheaves on a graded Lie algebra, thereby
putting tools from [?] at our disposal.

Proposition 6.1.1 shows that Arthur parameters determine conormal vectors to
Vogan’s parameter space and further that representations of the component group
attached to the Arthur parameter correspond exactly to equivariant local systems
on the orbit of that conormal vector, as in the case of real groups [?].

In Section 7 we use vanishing cycles to define two exact functors — denoted by
Evs and NEws — from equivariant perverse sheaves on the Vogan variety to equivari-
ant local systems on the strongly regular part of the conormal bundle associated
to its stratification. Sections 7.3 through 7.9 establish the main properties of Evs,
including Theorem 7.7.5 which determines the rank of these local systems. The-
orem 7.10.1 shows that NEws replaces microlocalization by showing that it enjoys
properties parallel to Q™i¢ from |[?, Theorem 24.8],

In Section 8 we express Vogan’s conjectures from [?] in terms of vanishing cycles;
see Conjectures 1 and 2. One of the most interesting features of the vanishing
cycles approach to Arthur packets is that it suggests two different parametrizations
of Arthur packets, as determined by the two functors Evs and NEws. Conjecture 1
predicts that the one determined by the functor NEvs coincides with Arthur’s work.

3. Arthur packets and pure rational forms

The goal of this section is primarily to set some notation and recall the char-
acters of Ay and Ay s appearing in Arthur’s work as they pertain to pure rational
forms.

3.1. Local Langlands group. Let F' be a p-adic field; let ¢ = gr be the
cardinality of the residue field for F'. Let F' be an algebraic closure of F' and set
I'p:=Gal(F/F). There is an exact sequence

1 Ir T'p Gal(Fq/]Fq) — 1,

where I is the inertia subgroup of ' and ]F‘q is an algebraic closure of F,. Since

Gal(F,/F,) = 2, it contains a dense subgroup Wy, = Z, in which 1 corresponds to
the automorphism z — 297 in F,. We fix a lift Fr in I'p of z +— 29 in Wy,. The
Weil group Wy of F' is the preimage of Wy, in I'p,

L~
1l—=Ip — Wp —— Wi, — 1,
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topologized so that the compact subgroup I is open in Wg. Let
| |p: Wrp — R*

be the norm homomorphism, trivial on Ir and sending Fr to grp. Then | |, is
continuous with respect to this topology for Wg.
The local Langlands group Ly of F is the trivial extension of Wx by SL(2,C):

e~

3.2. L-groups. Let G be a connected reductive linear algebraic group over F'.
Let
qIO(C:) = (X*’ Aa X*a AV)
be the based root datum of G. The dual based root datum is
UY(G) = (X, AV, X* A).

A dual group of G is a complex connected reductive algebraic group G together
with a bijection

The Galois group I'r acts on ¥y (G) and ¥y (G); see |?, Section 1.3]. This action
induces a homomorphism

T'p — Aut(Wo(G)) 22 Aut(TY (G)).

Combining these gives a homomorphism

~

pa T — Aut(¥o(G)).

An L-group data for G is a triple (@, p,Splg), where G is a dual group of G,

p:Tr — Aut(G) is a continuous homomorphism and Splg == (B, T,{X,}) is a
splitting of G such that p preserves Splg and induces pg on Wo(G) (see [?, Sections
1, 2] for details.)

The L-group of G determined by the L-group data (@, p,Splg) is
LG = é X Wg,

where the action of W on G factors through p. Since p induces pa on \IIO(@) and
since Aut(¥o(G)) is finite, the action of Wy on @ factors through a finite quotient
of Wr. We remark that the L-group, “G, only depends on G and p and is unique
up to conjugation by elements in G fixed by I'r. Henceforth we fix an L-group, *G,
of G and make G a topological group by giving G the complex topology.

3.3. Semisimple, elliptic and hyperbolic elements in L-groups. Recall
that a semisimple element = of a complex reductive group is H is called hyperbolic
(resp. elliptic) if for every torus D C H containing x and every rational character
X : D — G, (C) of D, x(x) is a positive real number (resp. x(z) has complex norm
1). An arbitrary semisimple element can be uniquely decomposed as a commuting
product of hyperbolic and elliptic semisimple elements. An element commutes with
x if and only if it commutes with its hyperbolic and elliptic parts separately. The
same is true in L-groups, as we now explain.

Recall that an element g € G is semisimple if Int(g) is a semisimple automor-
phism of G [?, Section 8.2(i)].
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LEMMA 3.3.1. Then g = f xw € G is semzszmple if and only if [ € G is
semisimple where (f x w)N = f' x w" and w" acts trivially on G.

PROOF. Suppose g = f x w is a semisimple element in “G, then equivalently
Int(g) = Int(f) o Int(w) is a semisimple automorphism of G. Then Int(g) is
semisimple if and only if Int(g)" is semisimple for some integer n. Since the action
of W on G factors through a finite quotient of Wp (see Section 3.2), there exists
a positive integer N so that w™ acts trivially on G. Then g" is semisimple. Since
Int(f’) commutes with Int(w”) and Int(w?) is semisimple, then Int(f’) is also
semisimple, i.e., f’ is a semisimple element in G. Therefore, we see g is semisimple
if and only if f’ is semisimple. O

The hyperbolic and elliptic parts of a semisimple g = f x Fr € LG are defined
as follows. Let N be as above, so (f x w)¥ = f' x w" and w? acts trivially
on G. Then /e G is semisimple. Let s’ € G be the hyperbolic part of f’ and
let ¢ € G be the elliptic part of f’. Let s be the unique hyperbolic element of
G such that sV = s'. It is clear that s is independent of N. Set t = s~!f.
Then Ad(s) € Aut(g) is the hyperbolic part of the semisimple automorphism
Ad(f x Fr) € Aut(g) and Ad(t x Fr) € Aut(g) is the elliptic part of the semisimple
automorphism Ad(f x Fr) € Aut(g). Moreover, ™s = t~1st, so

(s ¥ 1w )t xw)=(txw)(sxly,).
We call s x 1y, the hyperbolic part of f x w and t x w the elliptic part of f x w.
3.4. Langlands parameters. If ¢ : Lp — LG is a group homomorphism
that commutes with the projections Lrp — Wy and LG — Wp, then we may define

¢°: Lp — G by ¢(w,z) = ¢°(w,x) x w. We have the following map of split short
exact sequences:

1 —— SL(2 1

l/i H

1 1.

A Langlands parameter for G is a homomorphism ¢ : Ly — “G such that
(P.i) ¢ is continuous;

(P.ii) ¢ commutes with the projections Ly — Wr and 1'G — Wp;

(P.iii) ¢°[sr(2,c) : SL(2,C) — G is induced from a morphism of algebraic groups;

(P.iv) the image of ¢|w, consists of semisimple elements in G.
Let P(YG) be the set of Langlands parameters for G. Langlands parameters are
said to be equivalent if they are conjugate under G. The set of equivalence classes
of Langlands parameters of G is denoted by ®(G/F); it is independent of the choice

of L-group “G' made above.
For ¢ € P(*G), we refer to

Ay =m0(Zz(9)) = Z5(9)/Z5(9)°

as the component group for ¢.
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3.5. Arthur parameters. If ¢ : Ly x SL(2,C) — G is a group homo-
morphism that commutes with the projections Lg x SL(2,C) — Lr — Wg and
LG — W, then we define ¢° : Lp x SL(2,C) — G by ¥ (u,y) = ¥°(u,y) ¥ w(u),
where w(u) is the image of v under Lp — Wg. An Arthur parameter for G is a
homomorphism 1 : Lr x SL(2,C) — LG such that

(Q-i) ¢|L, is a Langlands parameter for G,
(Q.ii) ¥°|sL2,c) : SL(2,C) — G is induced from a morphism of algebraic groups;
(Q.iii) the image ¥°|w, : Wrp — G is bounded (its closure is compact).
Following [?, Definition 4.2], the set of Arthur parameters for G will be denoted by
Q('G). The set of G-conjugacy classes of Arthur parameters will be denoted by
For ¢ € Q(*G), we refer to

Ay :=mo(Z5(W) = Zg()/Zg()°
as the component group for 1.

LEMMA 3.5.1. For any Arthur parameter v € Q(*G), the hyperbolic part of
Y(Fr,dry) is ©(1,dr) and is the elliptic part of ¥ (Fr,dg,) is ¥ (Fr,1).

PRrROOF. Observe that (Fr, dp,) = ¥(Fr, 1)9(1, dpy) = (1, dpy)(Fr, 1). Using
Section 3.3 observe that ¥(1,dg,) is hyperbolic and, using (Q.iii), that ¢ (Fr,1) is
elliptic. Since these commute and the product is the semisimple, it follows that
¥(Fr,1) is the elliptic part of ¢¥(Fr,dr) and v¥(1,dr) is the hyperbolic part of
P(Fr, dgy). O

3.6. Langlands parameters of Arthur type. For ¢ : Ly x SL(2,C) — G,

define ¢y : Lp — G by
Gy () :=1p(u, du);

see Section 1.2 for the definition of d,. This defines a map
Q(*G) — P(*G)

Y= Py
We will refer to ¢ as the Langlands parameter associated with 1. The function
1 — ¢y is neither injective nor surjective. Langlands parameters in the image of
the map Q(*G) — P(*G) are called Langlands parameters of Arthur type.

(13)

LEMMA 3.6.1. The function
V(G/F) = (G/F),
induced from Q(XG) — P(LG), is injective.

PROOF. Suppose 11 and 1 are Arthur parameters of G. Then the image
of 11|sp(2,c) i contained in Zg5(¢1|r,)° and the image of v2|sp(2,c) is contained
in Zg(1h2|,)?. Now suppose ¢y, = ¢y,. Then ¢y, (Fr) = ¢y, (Fr). It follows
that the elliptic and hyperbolic parts of ¢ (Fr, dg,) and ¥s(Fr, dg,) are equal. By
Lemma 3.5.1, ¥1(1,dr,) = ¥2(1,dr). It follows that ¢;(1,d,) = ¥2(1,d,) for
every u € Lp. Since ¢y, (u) = ¢y, (u) for every u € Lp, and since this means
1 (u, D1 (1,dy) = a(u, 1)he(1,d,), it now follows that ¥ (u,1) = a(u, 1) for
every u € Lp, 80 ¥1|r, = %2|r,. Thus, the image of 92[gr,(2,c) is contained in
Z&(¥1]L,)°. Using [?, Corollary 4.2], it follows that 1]sp2,c) and ¢s|sL2,c) are
conjugate under Z@(@ZJ1|LF)O. Since 1 and 15 agree on L, it follows that 1, and



14

1)y are also conjugate under Zg(¢1|1,)". Therefore, ¢ and v, are G-conjugate, as
claimed. (]

3.7. Pure rational forms. We suppose now that the connected reductive
algebraic group G over F is quasisplit. Recall the definitions of inner rational
forms, inner twists, and pure rational forms from Section 1.2.

Every inner rational form of G determines an inner twist of G as follows. Let
0 € ZY(F,G,q) be an inner rational form of G. Let I'r act on G(F) by the twisted
Galois action on G(F), i.e., by v : g = Ad(c(7))(7 - g) for g € G(F), where v- g
refers to the action of I'r on G(F) defining G over F. This determines a form
rational G, of G equipped with an isomorphism ¢, : G, @ F — G ®@p F such
that v — pov(p)~!is a 1-cocycle in Z'(I'r,Gaq), 50 (G, ¢, is an inner twist of
G. We will represent the inner twist by G,, and identify G, (F) as a subgroup of
G(F) through ¢,.

Two inner rational forms o1, 09 of G are equivalent if they give the same coho-
mology class in H*(F, Gaq), or equivalently G, (F) and G,,(F) are conjugate under

G(F). It follows from |?, Proposition 6.4] that there is a canonical isomorphism
H'(F,Gaq) 2 Hom(Z(Gse)" ', C)

where CAY'SC is the simply connected cover of the derived group of G. The character
of Z(Gee)'F determined by [0] € H'(F, Gaq) will be denoted (..

Two pure rational forms of G are equivalent if they give the same cohomology
class in H'(F,G.q). By |?, Proposition 6.4], there is a canonical isomorphism

H'(F,G) = Hom(mo(Z(G)F),C*).

The character of m(Z(G)'*) corresponding to the equivalence class of § € Z!(F, G)
will be denoted by xs.

A pure rational form § of G determines an inner rational form by the canonical
map

(14) ZYF,G) — ZY(F,Gaa),

where G,q denotes the adjoint group for G. We will denote the inner twist deter-
mined by § € Z1(F,G) by Gs. By [?, Proposition 6.4] again, the homomorphism
G — G,q induces a commuting diagram:

HY(F,G) HY(F,Gaa)

IE IE

Hom(mo(Z(G)Fr),C*) ——— Hom(Z(Gye)Tr,C).

We write (s for the image of xs under this bottom arrow, then we will also denote
it by C(;.

3.8. Langlands packets for pure rational forms. An isomorphism class
of representations of a pure rational form of G is a pair (7, ), where 7 is an isomor-
phism class of admissible representations of G(F). Then G (F')-conjugation defines
an equivalence relation on such pairs, which is compatible with the equivalence re-
lation on pure rational forms Z!(F, G). Following [?], write Ilpue(G/F) for the set
of these equivalence classes. The local Langlands correspondence for pure rational
forms of G can be stated as in the following conjecture. There is a natural bijection
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between TIP"*(G/F) and G-conjugacy classes of pairs (¢, p) with ¢ € P(*G) and
p € Irrep(Ay). For ¢ € P(YG), we define the corresponding pure Langlands packet

5" (G/F)

to be consisting of (w,d) in IIP"¢(G/F) such that they are associated with G-
conjugacy classes of (¢, p) for any p € Irrep(Ay) under the local Langlands cor-
respondence for pure rational forms. This is also known as the Langlands-Vogan
packet.

3.9. Arthur packets for quasisplit symplectic or special orthogonal
groups. From now until the end of Section 3, we assume G is a quasisplit sym-
plectic or special orthogonal group over F. In [?, Theorem 1.5.1], Arthur as-
signs to ¥ € Q(*G) a multiset II,(G(F)) over II(G(F)), which is usually re-
ferred to as the Arthur packet for G associated with . It is a deep result of
Moeglin [?] that II,(G(F)) is actually a subset of II(G(F')). The Arthur packet
1y (G(F)) contains the L-packet I1g, , (G(F)); we refer to the set theoretic difference
Iy (G(F)) \ Hy, (G(F)) as the corona of 1y, (G(F)).

Arthur [?, Theorem 2.2.1] also associates IL,(G(F')) with a canonical map

I, (G(F)) = 8

15

( ) ™ < : ,7T>¢
where

(16) Sy = Z5(W)/Za()°Z(G)r,

and where S/; denotes the set of irreducible characters of Sy;,. We use (15) to define
a stable virtual representation of G(F') by

(17) ng = Z (Sg, )y, T
melly (G(F))

where s,, € Sy is the image of ¢(1, —1) under the mapping Z5(¢)) — Sy and where
(1,-1) € Lp. Every semisimple s € Z5(1) determines an element x of Sy and
thus a new virtual representation

(18) 775,5 = Z (sypz,m),, .
melly, (G(F))

Turning to the stable distributions on G(F'), we set

(19) 0= > (sy,m), On,
melly (G(F))

where ©, is the Harish-Chandra distribution character of the admissible represen-
tation 7. Likewise, for semisimple s € Z5(v)) define

(20) @G’s = Z (sypx,m),, Or,
melly (G(F))
where, as above, x € Sy, is the image of s under Z5(¢)) — Sy.
A pair (¢, s), with s € Zg(1), determines an endoscopic datum (CRZENS
for G and an Arthur parameter ¢’ for G’ so that ¢ = £o¢/. In fact, G’ is a
product group whose factors consist of symplectic, special orthogonal and general
linear groups. So one can extend the above discussions about G to G’, as done in
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[?]. Arthur’s main local result shows that, for locally constant compactly supported
function f on G(F'), we have

(21) OF(f) = 0 ().
where f’ is the Langlands-Shelstad transfer of f from G(F) to G'(F). It is in this
sense that the maps (15) are compatible with spectral endoscopic transfer to G(F).
On the other hand, there is an involution 6 of G := GL(N) over F' such that
(G, LG, s,&y) is a twisted endoscopic datum for G in the sense of [" Section 2. 1],
for suitable semisimple s in the component of 8 in G = Gy (), where 8 is
the dual involution. Arthur’s main local result also shows that, for locally constant
compactly supported functions f¢ on the component of 6 in

(22) 05 (f) = 05 (),

where f is the Langlands-Kottwitz-Shelstad transfer of f% to G(F) and where @ &
is the twisted character of a particular extension of the Speh representatlon of
G (F) associated with Arthur parameter ¢ := £x o1 to the disconnected group
G}, (F). It is in this sense that the maps (15) are compatible with twisted spectral
endoscopic transfer from G(F).

Arthur shows that the map (15) is uniquely determined by: the stability of @g;
property (21) for all endoscopic data G’; and property (22) for twisted endoscopy
of GL(N). In particular, the endoscopic character identities that are used to pin
down ( -, ), involve values at all elements of Sy.

When ¢ is trivial on the second SL(2,C), the Langlands parameter 1), for ¢ is
a tempered Langlands parameter. In this case, Arthur shows (15) is a bijection. By
the Langlands classification of II(G(F)), which is in terms of tempered representa-
tions, this bijection extends to all Langlands parameters of G. Moreover, it follows
from Arthur’s results that there is a bijection between II(G(F)) and G-conjugacy

classes of pairs (¢, ) for ¢ € P(*G) and € € S,.

3.10. Arthur packets for inner rational forms. A conjectural description
of Arthur packets for inner twists of G is presented in [?, Chapter 9], though
the story is far from complete. Let o be an inner rational forms of G. An
Arthur parameter 1 of G, is said to be relevant if any Levi subgroup of G,
that ¢ factors through is the L-group of a Levi subgroup of G,. We denote the
subset of relevant Arthur parameter by Qre1(Go). In |7, Conjecture 9.4.2|, Arthur
assigns to ¥ € Qrel(Go) a multiset L, (G, (F')) over II(G,(F)), which is called the
Arthur packet for G, associated with ¢. This time Moeglin’s results [?] only show
I, (G, (F)) is a subset of II(G,(F)) in the case when o comes from a pure rational
form; see also [?, Conjecture 9.4.2, Remark 2]. For the purpose of comparison with
the geometric construction of Arthur packets, in this article we define II, (G, (F))
simply as the image of this multiset in II(G,(F)).

To extend (15) to this case, one must replace the group S, with a larger, finite,
generally non-abelian group Sy sc, which is a central extension

(23) 1 —— Zyse Sy se Sy 1

of Sy. To describe the groups in this exact sequence, we introduce some notation.
Set

Sp=2Zg(W) and Sy:=Zz()/Z(G)'"
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So S, is the image of Sy in G4, whose preimage in G is Sy Z(G). Let Sy 4 be the
prelmage of S¢, under the projection GSC — Gad, which is the same as the preimage
of SU,Z(G) in GSC Let Sﬁ) < be the preimage of Sy in GSC and ZsﬁC be the preimage

of Z(CA})FF in Gg. It is clear that Z((A;'SC)FF — Esﬁc Then we have the following
commutative diagram, which is exact on each row:

1 —— Z(G)'r S, 1
l ] H

1 Z! S e 1
| I H

1 — Z(Gse) Sypse 1.

Note Spse = S% _ Z(Gs), and hence SO . = (S¥ )0 After passing to the
P, h,sc P,sc P,sc

component groups, we have the following commutative diagram, which is again
exact on each row:

1—— Zy" Ay 1

11— 7 st 1
P,sc P,sc

1 — Zw}sc Sw,sc 1.

Here Ay, S ,Sﬁ , Sy.sc are the corresponding component groups and
P P P,sc P, g g

ZFF =2Z(G )FF/Z( )FF N SO
ws(‘ 7Zﬁ/ mS’d) sC
Zw sc * —Z( SC)/Z( SC) ﬂSg,sc-

The bottom row completes the definition of (23).

Now, with reference to Section 3.7, let (, be the character of Z (GSC)FF corre-
sponding to the equivalence class of o. By [?, Lemma 2.1], an Arthur parameter v
of G, is relevant if and only if the restriction of (, to Z(@s YN 53 s 1s trivial.

= Z(Gye) N SY

LEMMA 3.10.1. Z(Ggo)TF 1S9 0 e

P,s¢ T

Proor. It suffices to show Z(GSC)ﬁSw o © Z(Gse)TF. Let Ly xSL(2,C) act on

Gse by conjugation of the preimage of 1/)(LF xSL(2,C)) in XG,,. Then we can define
the ' group cohomology H »(Lr x SL(2,C), Gsc) which is the group of fixed points

in Gy under the action of Lp x SL(2,C). Tt is clear that H) (Lr x SL(2,C), Gee) C
Si’sc. In fact, it is also not hard to show that

(HY(Lp x SL(2,C), Gse))® = (S5, ,.)"-
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As a result, we have
Z(Gse) N SY 4e © Z(Gse) N (HY(Lp x SL(2,C), Gse))°.

Since R N R
Z(Gse) N HY (L x SL(2,C), Gse) = Z(G)iF

sC

this finishes the proof. O

Let ¢, be an extension of ¢, to Z(@ ¢). If ¢ is relevant, it follows from
Lemma 3.10.1 that Cg descends to a character of Z¢ sc. Let Rep(Sy sc; Ca) be the set
of isomorphism classes of (,-equivariant representations of Sy sc- In [?, Conjecture
9.4.2], Arthur conjectures a map

(24) I, (Go(F)) = Rep(Syse, Co)

and writes (- ,m), .. for the character of the associated representation of Sy sc-
Because of our deﬁnltlon of Il (G5 (F)) at the beginning of this section, one can
not replace Rep(Sy, SC,CJ) by the subset II(Sy sc, C,,) of (,-equivariant irreducible
characters of Sy ¢c as in Arthur’s original formulation. The map (24) is far from
being canonical for it depends on (15) and various other choices implicitly.

When the Langlands parameter ¢, is a tempered Langlands parameter, Arthur
states all these results as a theorem [?, Theorem 9.4.1]. In particular, he claims
that in this case (24) gives a bijection

(25) 14 (G (F)) = H(Spsc: Co)-

By the Langlands classification of II(G,(F)), which is in terms of tempered repre-
sentations, this bijection extends to all relevant Langlands parameters of G,. More-
over, it follows from [?, Theorem 9.4.1] that there is a bijection between IL(G(F"))

and G-conjugacy classes of pairs (¢,€) for ¢ € Prt(*Gy) and € € TI(Sy g, Co)-

3.11. Pure Arthur packets. Let § be a pure rational form of G and 1 be
an Arthur parameter of G5. With reference to Section 3.7, let ys be the character
of mo(Z(G)F¥) corresponding to the equivalence class of §. We will also denote its
pull-back to Z(G)'F by xs. Let C5 be the character of Z(Gs)'*, which is also the
pull-back of x;s along

Z(Gse)'F — m(Z(G)'F).
Then xs is trivial on Z(G)"'rNSY if and only if ¢ is trivial on Z(Gye)™* NS .. To
see this one just needs to notice that Sg is the product of (Z((A}’)FF)O with the image
of sz) < in Sy. As a direct consequence, we now see that an Arthur parameter 1
of Gy is relevant if and only if x; is trivial on Z(G)Tr N sz).

Let us assume v is relevant. Then yxs descends to a character of EFF . Let
Rep(A,Z,7 Xs) be the set equlvalence classes of ys-equivariant representatlons of Ay.
Let (5 be a character of Z(GSC) extending (s, so that its restriction to Zﬁ is the
pull-back of ys. Since ¢ is relevant, (5 descends to a character of Z%sc.

PROPOSITION 3.11.1. Let x be a character Ofﬂ'o(Z(é)FF). Let ¢ be a character
of Z(Gye) Suppose the pull-back of x along Zt = Z(G)'F = 1o(Z(G)TF) coincides
with the restriction of  to Z ¢ = Z(Gsc) Then there is a canonical bijection

(26) Rep(Ay, X) = Rep(Sy,sc, ).



3. ARTHUR PACKETS AND PURE RATIONAL FORMS 19

PROOF. Since

Ker(S?

f e = Ay) = Ker(Z]

728
P,sc — ZwF)v

there is a canonical bijection
Rep(Ay, x) — Rep(S}, .. ¢,
where (* is the pull-back of x; to Z se- Since

Syse = Zy s Sfb,sc and ZyseNS! = Zf‘%sc,

there is also a canonical bijection

Rep(Sy.se: ¢) = Rep(S}, oo, ¢F).
Combining the two isomorphisms above, we obtain the canonical bijection promised

above. O

Let us take ¢ among various other choices to be made in defining (24). To
emphasize this choice, we will define

Iy (G5(F),0) == {(m,0) | m € Iy (G5(F))}-

Then by composing (24) with (26) modulo isomorphisms, we can have a canonical
map

(27) Iy (Gs(F),0) — Rep(Ay, x6);

the character of the isomorphism class of the representation of A, determined by
(m,0) € I1,(G5(F), d) using (27) will be denoted by

< ] (7T, 5)>¢;

This character is independent of the choices made above. In particular, it becomes
(15) when ¢ = 1.

Let ¢ be an Arthur parameter of G. For pure rational form § such that 1) is
not relevant, we will define II,(G5(F), §) to be empty. Then we can define the pure
Arthur packet associated with v to be

(28) G/F) =[] I(Gs(F),0)
[6]eHY(F,G)
as a subset of IIP"¢(G/F). It is equipped with a canonical map
(29) Hiure(G/F) — Rep(A4y).
When ¢, is a tempered Langlands parameter, this induces a bijection
ngm(G/F) —1(Ag,).

This bijection also extends to all Langlands parameters ¢ of G, according to the
discussion in the end of Section 3.10. Combined with the local Langlands corre-
spondence for each pure rational form of GG, we can conclude the local Langlands
correspondence for pure rational forms of G appearing in Section 3.8.
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3.12. Virtual representations of pure rational forms. Let KII,..(G/F)
be the free abelian group generated by the set II,uwe(G/F'). Define 1y, € Kllpue(G/F)
by

(30) My += > e(9) (ay, (m,8)),, [(m, )],

(m,8)€II}™™(G/F)

where e(d) = e(G5) is the Kottwitz sign [?] of the group Gs, and ay, is the image of
¥(1,—1) in Ay. Using (28) we may decompose 7, into a sum of contributions for
the pure rational forms of G:

=y, ed)n
[6]€HL(F,G)
where, for each pure rational form § of G,
77?/) = Z <all)’ (777 5)>w [(ﬂ-a 5)]

(m,0) €My (G5 (F),6)
For semisimple s € Z5(v), we define 1y, s € Kl uo(G/F) by
(31) Mp,s = > e(8) (ayas, (w,0)), [(m,0)],

(7,8)€ND(G/F)

where a, is the image of s under Z5(¢) — Ay. As above, we can break this into
summands indexed by pure rational forms of G by writing

Mes= > e(®) ),
[(]eH'(F,G)
where, for each pure rational form ¢ of G,
772;,5 = Z <awa87 (7T7 6)>¢ [(TF, 6)]
(m,0) €Iy (G5 (F),0)

Then 73, , = ), and 7y,1 = ny. We note that, with reference to (17) and (18),

ny=ng and  n =nd,.

Turning from virtual representations to distributions, we see that each 772) and
nfb’s determines an invariant distribution on Gs(F') by

0l = > (apas, (7,0)),, Or.
(71—76)61_[11) (GS(F)aé)

This extends (19) and (20) from G(F) to Gs(F) arising from pure rational forms §
of G:

1 _ oG 1 _ oG
0, =06y and Oy s = Oy 4

4. Equivariant perverse sheaves on parameter varieties

In this section we drop the quasisplit hypothesis and let G be an arbitrary
connected reductive algebraic group over a p-adic field F.
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4.1. Infinitesimal parameters. An infinitesimal parameter for G is a ho-
momorphism A : Wr — G such that

(R.i) A is continuous;
(R.ii) A is a section of G — Wpg;
(R.iii) the image of \ consists of semisimple elements in 1G.

Let R(*G) be the set of infinitesimal parameters for G. The set of G-conjugacy
classes of infinitesimal parameters is denoted by A(G/F).

We say that A\ € R(LG) is unramified if it is trivial on Ir and A € R(*G) is
hyperbolic if it is unramified and the hyperbolic part of A\(Fr) = s\ x Fr, in the sense
of Section 3.3, is sy x 1.

The component group for X is

(32) Ax:=70(Zg(N) = Zg(N)/Z5(N)°.

For any Langlands parameter ¢ : Ly — “G, define the infinitesimal parameter

of ¢ by
>\¢ Wep — LG
w = Plw,dy),

where d : Wp — SL(2,C) is the restriction of d : Lp — SL(2,C), as defined in
Section 1.2, to Wg. This defines
PtG) — R(*G)
(33) 6 = A

The function ¢ — Ay is surjective but not, in general, injective. For any fixed
A € R(LG), set
P\(*G):={p € P(*G) | \¢y = \}.
We write & (G/F) for the set of Z5())-conjugacy classes of Langlands parameters
with infinitesimal parameter .
With reference to Section 3.8, for any quasisplit G over F', we set

I(G/F):= ) WIE™(G/F),
pePA(FQ)

with the union taken in IIP""(G/F'). Then, after choosing a representative for each
class in @ (YG), we have

e (G/F) = || 1B"(G/F).
CENC)

Now the local Langlands correspondence for pure rational forms of G from Sec-
tion 3.8 provides a bijection

(34) I5"(G/F)  {(¢,p) | ¢ € PA("G), p € Trrep(Ag)} )~

where the equivalence on pairs (¢, p) is defined by Zz(\)-conjugation.
4.2. Vogan varieties. Fix A € R(*G). Define

(35)  Hx:=Zg(\):={ge G| (g x DA(w)(gx 1)~ = A(w), Yw € Wg}

and

(36)  Kn:=Zz(\Ir)):={g€ G | (gx DA(w)(g x 1)™" = Aw), Yw € Ir}.
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The centralizer K of A\(Ir) in G consists of fixed points in G under a finite group of
semisimple automorphisms of G , 50 K is a reductive algebraic group. Since H) can
be viewed as the group of fixed points in K, under the semisimple automorphism
Ad(M(Fr)), then K is also a reductive algebraic group. However, neither H) nor
K, is connected, in general.

Following [?, (4.4)(e)], the Vogan variety for A is

(37) Va =W (*G) :={z € Lie K | Ad(A(Fr))z = qrz},
equipped with the action of Hy on V) by conjugation in Lie K.

LEMMA 4.2.1. V) is a conical subvariety in the nilpotent cone of Lie K.

PRrOOF. Set £, = LieK). Decompose £, according to the eigenvalues of
Ad(\(Fr)):
(38) E)\ = @ EA(V).
veC*

Then, using the Lie bracket in £, we have
(39) [ s } : B)\(l/l) X E)\(l@) — E)\(l/ll@).

It follows that all elements in V) are ad-nilpotent in §. So it is enough to show
that V) does not intersect the centre 3 of §. Since the adjoint action of A(Wg) on
factors through a finite quotient of I'r, the Ad(A\(Fr))-eigenvalues on j are all roots
of unity. In particular, they can not be gr, so V) does not intersect 3. This shows
that all elements in V) are nilpotent in g. It is clear from (37) that Vi (LQ) is closed
under scalar multiplication by C* in €}'". O

With reference to decomposition of €, = Lie K, in the proof of Lemma 4.2.1,
observe that

t\x(gr) =V and £\ (1) = Lie H,.

PROPOSITION 4.2.2. For each infinitesimal parameter A\ € R('G), the Hy-
equivariant function

P(*G) — W(*G),

0 1
¢+—>x¢:dcp<0 O)’

is surjective, where ¢ :=¢°|gr2,c) : SL(2,C) — G. The fibre of P\(*G) — V5 (*G)
over any x € V\('G) is a principal homogeneous space for the unipotent radical of
Zu, (x). The induced map between the sets of Hy-orbits

&5\ (*G) — VA (*G)/H),
[¢] = Co
is a bijection.

PRrROOF. Fix z € V), = €\(¢qr). By Lemma 4.2.1, x is nilpotent. There exists
an sly-triple (z,y,2) in €, such that

(40) zeV,= EA(qF) and Yy e EA(qgl) and zE€bhy= EA(l);
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see, for example, [?, Lemma 2.1]. Let ¢ : SL(2,C) — K be the homomorphism
defined by

0 1 0 0 1 0

and define ¢ : Wr x SL(2,C) — G by

$(w, g) = p(g) p(dy,") A(w).
Then ¢ € P\(*G) and

d(¢°|s[,(2,(c)) <8 (1)> =dy (8 (1)> = .

This shows the map Py (*G) — Vi (*G) is surjective.
Now, suppose that ¢; is also mapped to = under the map Py(*G) — Vi (*G)
and set 1 := @7|sr,(2,c)- Then @1 determines an sly-triple (z,y1, 21) in €5 such that

z1 € by =£\(1) and y1 € {?)\(qgl).

The two sly-triples (x,y, z) and (x,y1,21) are conjugate by an element of Zy, (z);
see, for example, the second part of [?, Lemma 2.1]. Thus, ¢ and ¢; are conjugate
under Zp, (). We can also write ¢, as

¢1(w,9) = 1(9)e1(dy )N (w).
It is then clear that ¢ and ¢; are also conjugate under Zp, (z). This shows that
the map Py\(YG) — VA(YG) induces a bijection between Hy-orbits and also that
the fibre above any x € V), is in bijection with Zg, (2)/Zm, (¢) for ¢ — z and that
Zu, (x) = Zpy, (¢)U where U is the unipotent radical of Zy, (z). O

We remark that Proposition 4.2.2 is analogous to [?, Proposition 6.17] for real
groups. However, Proposition 4.2.2 might appear to contradict with [?, Corollary
4.6]. The apparent discrepancy is explained by the two different incarnations
of the Weil-Deligne group: we use Lp = Wr x SL(2,C) while [?] uses W} =
Wg % Gaqq(C) and we use pullback along Wr — L given by w — (w, d,) to define
the infinitesimal parameter of a Langlands parameter while [?] uses restriction of
a parameter W, — LG to Wp to define its infinitesimal parameter. We find Lp
preferable to W, here because it stresses the analogy to the real groups case.
However, there is a cost. In the optic of [?], V) is exactly a moduli space for
Langlands parameters ¢ : Wy — LG with ¢|w,, = A, while in this article the map
Py (fG) — VA (*G) from Langlands parameters ¢ : Lr — LG with A\, = X to V} is
not a bijection, as we saw in Proposition 4.2.2.

4.3. Parameter varieties. Recall from Section 4.1 that elements of A(G/F)
are G-conjugacy class of elements of R(G). We will use the notation [\] € A(G/F)
for the class of A € R(LG); then [)\] is an infinitesimal character in the language of
[?]. Consider the variety

(41) Xy :=X\(*G) =G x g, Vi(*G).
Then [A] = [V] implies X (YG) = X,/ (YG). Set

Py("G):={¢ € P(*G) | Ay = Ad(g)A, Tg € G}.
It follows immediately from Proposition 4.2.2 that the function
(42) Py @) = x, (@),
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induced from Py (*G) — VA(“G) is G-equivariant, surjective and the fibre over any
z € X\(*G) is a principal homogeneous space for the unipotent radical of Zz(x).
Let

Homyy, (Wr, 'G)
be the set of homomorphisms that satisfy conditions (R.i) and (R.ii) of 4.1. Observe
that

R(*G) = {\ € Homy, (Wr,LG) | A\(Fr) € YGy}

where LGy C “G denotes the set of semisimple elements in “G. Now let

HOIIIWF (IF, LG)

be the set of continuous homomorphisms that commute with the natural maps
Ir — W and G — Wg. As explained in [?, Section 10], the set Homyy,. (Wr,*G)
naturally carries the structure of a locally finite-type variety over C and its compo-
nents are indexed by (A;—conjugacy classes of those ¢y € Homyy, (Ir,*G) that lie in
the image of Homyy, (Wr, G) — Homy . (I, “G) given by restriction. We remark
that G-orbits in Homyy, (Wg, LG) are closed subvarieties.

Now consider the locally finite-type variety

X(*@):={(\,z) € Homy, (Wr,'G) x Lie G | z € VA(*G)}.
This locally finite-type variety comes equipped with morphisms

X(LG) — HOI’IIWF(WF,LG) — HOHlWF(IF,LG)
ANzx) — A = Alrg.

The components of X (YG) are again indexed by the @—conjugacy classes of those
#o € Homyy,. (Ir,LG) that lie in the image of Homyy, (Wr, G) — Homy, (Ir, tG).
The fibre of X (*G) — Homy, (Wr, G) above A € R(:!G) C X (XG) is precisely the
affine variety X, (*G) defined in (41).

Now, with reference to the definition of A\, from (33) and the definition of x
in Proposition 4.2.2, consider the map

PlrG) — X(*G)

¢ = (A, xg).
Though the map (43) is neither injective nor surjective, in general, and though
X (E@) is not of finite type over C, in general, we refer to X (LG) as the parameter

variety for G.
It follows from Proposition 4.2.2 that the image of (43) is

{(\2) e X(PGQ) | A € R(FG)}

and the fibre of P(*!G) — X(XG) above any (A, x) in its image is a principal
homogeneous space for the unipotent radical of Z5(x), and moreover that P(*G) —
X (E@) induces a bijection

(43)

o(*6¢) — X (*G) /G,
[¢] = S
We note that X (LG) is stratified into G-orbit varieties, locally closed in X (XG);

this stratification is not finite, in general, but it is closure-finite. For each G-
orbit S C X(LG), there is some A € Homy, (Wr,"G) such that S C X, (*G).
Then S, the closure of S in X (XG), is also contained in X, (LG). It is essentially
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for this reason that this article is concerned with the affine varieties X (*G), for
[\] € A(G/F), rather than the full parameter variety X (*G).

4.4. Equivariant perverse sheaves. The definitive reference for perverse
sheaves is [?], and we will use notation from that paper here. Since equivariant
perverse sheaves do not appear in [?], we now briefly describe that category and
some properties that will be important to us. Our treatment is consistent with [?,
Section 5].

Let m : H x V — V be a group action in the category of algebraic varieties.
So, in particular, H is an algebraic group, but need not be connected. Consider
the morphisms

mi,Mm2,ms3 l/\
HxHxVEEHmeiiV
0

where mg : H x V' — V is projection, s : V. — H x V is defined by s(z) = (1, z)
and my,mo,m3 : H X H XV — H x V are defined by

mq(h1, ha,z) = (hiha, x)

ma(h1, ha,z) = (h1,m(he, x))

ms(hi, ho, ) = (he, ).

These are all smooth morphisms.
An object in Perg (V) is a pair (A, a) where A € Per(V) and

(44) a :m*[dim H]A — mg[dim H]A
is an isomorphism in Per(H x V') such that
(45) s* () = id 4[dim H]

and such that the following diagram in Per(H x H x V), which makes implicit use
of [?, 1.3.17] commutes:

mi[dim H]m* [dim H]A —228 ) im H]mg[dim H] A
J{momlzmomz moomzzmom{

(46) m’[dim H]m*[dim H].A m3[dim H]m*[dim H].A
lm? [dim H](a) m3[dim H](“)l

mooms=moomi

mj[dim H]mf[dim H].A mi[dim H]mf[dim H].A.

We remark that PHY™ 7 y* = m*[dim H] on Per(V) and PHY™ 7 ym* = m*[dim H]
on Per(H x V) for i = 1,2, 3; see |7, 4.2.4]. This does not require connected H.

A morphisms of H-equivariant perverse sheaves (A, a) — (B, ) is a morphism
of perverse sheaves ¢ : A — B for which the diagram

m”* [dim H](¢)

m*[dim H]A m*[dim H|B
(47) (XJ, J{ﬂ
mg[dim H]A — 0 H@) i BB

commutes. This defines Pergy(V), the category of H-equivariant perverse sheaves
on V.
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The category Pery (V) comes equipped with the forgetful functor
Perg (V) — Per(V)

trivial on morphisms and given on objects by (A, @) — A. This is a special case of
a more general construction called equivariant pullback. Let m : H x V' — V and
m' : H x V' — V'’ be actions. Let u : H — H be a morphism in the category
of algebraic groups and suppose H' acts on V and H acts on V. A morphism
f: V' =V is equivariant with respect to u if

’

H xV 25V

ol

HxV 25V

commutes. Then for every i € Z there is a functor pHZ ¥ Perg (V) — Perg/ (V')
making

PETE *
Persr/ (V') L Pery (V)

forgetl lforget

Per(V') +— 2" per(v)
commute; we call this equivariant pullback. The forgetful functor above is just
PHYid;,, where u: 1 — H.
The category Pery (V') also comes equipped with the forgetful functor

Perg (V) — Pergo(V)

where HY is the identity component of H. The category Pergo (V) is easier to study
than Perg (V), since the functor Pergo(V) — Per(V) is faithful, which is generally
not the case for Perg (V') — Per(V') when H is not connected. The following result
shows how Pergy (V) is related to Pergo (V).

PROPOSITION 4.4.1. Let m : H x V. — V be a group action in the category
of algebraic varieties. Suppose V is smooth and connected. We have a sequence of
functors
E—EvidimV forget: P—P,
~Evidim V] Perg (V) - Pergo (V)

T

Rep(mo(H))

such that:

(a) for every E € Rep(mo(H)), (Ey[dimV]) = 18m Eldim V];

(b) the functor Rep(mo(H)) — Perg (V) is fully faithful and its essential image
is the category of perverse local systems L[dim V] € Perg (V) such that
(L[dim V])o = 18 £[dim V];

(c) the forgetful functor Pery (V) — Pergo(V) is exact and admits an adjoint
7y Pergo (V) — Perg(V), both left and right;

(d) every P € Pery (V) is a summand of . Py.

ProoOF. The identity idy : V — V is equivariant with respect to the inclusion
w: H° — H of the identity component of H. Consider the functor

PHY id}, : Perg (V') — Pergo (V).
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The trivial map 0 : V' — 0 is equivariant with respect to the quotient 7o : H —
WQ(H) .
HxV ——V
0 (H) X0 ——0
Consider the functor
PHI™H 0% Per, (1) (0) — Perg (V).
Then
(PR %) (PHD i) = P 0
and we have a sequence of functors

Per () (0) ———— Perp (V) — P Pergo (V).

The tensor category Per (z)(0) is equivalent to Rep(mo(H)), the category of repre-
sentations of the finite group mo(H). Property (a) now follows from the canonical
isomorphism of functors above.

Since V' is smooth, the functor Rep(mo(H)) — Perg (V) is given explicitly
by E +— Ey[dimV]; this functor is full and faithful [?, Corollaire 4.2.6.2] from
which we also find the adjoint functors Perg (V) — Rep(mo(H)) and Property (b).
Connectedness of V' plays a role here.

To see Property (c), set V = H xyo V and consider the closed embedding
i:V — V given by i(z) = [1, 2] go. By descent, equivariant pullback

PHY i* : Pery (V') — Pergo (V)
is an equivalence. Now consider the morphism
c: VoV
[, x])go — h - .

Then ¢: V — V is an H-equivariant finite etale cover with group mo(H) = H/HP.
In fact, V 2 V x H/Hj and c is simply the composition of this isomorphism with
projection V' x H/Hy — V. Since c is proper and semismall, the adjoint to pullback

PHO ¢* : Per(V) — Per(V)
takes perverse sheaves to perverse sheaves,
PHY ¢, : Per(V) — Per(V)

and coincides with PH ¢;; see also [?, Corollaire 2.2.6]. To see that the adjoint
extends to a functor of equivariant perverse sheaves, define

PHY, ¢, : Perg (V) — Perg (V)

as follows. On objects, PHY, ¢, (A, a) = (A a) with A = PH° ¢, A while the
isomorphism o : PHY™ # x4 — PHE™H yps A in Per(H x V) is defined by the



28

following diagram of isomorphisms.

pHdunH m*A « pHdlmH m(’SA
pHdlmH m*(pHO C*A) pHdlmH mS(pHO C*.A)
J{smooth base change smooth base changeJ{

PHO(id g x )« (&)

PHO (idg xc), PHI™H (1)* A PHO(idg xc), PHY™H (570)* A

It is straightforward to verify that o satisfies (45) and (46) as they apply here and
also that if A — B is a map in Pery (V) then PH’ c:(.A — B) satisfies condition
(47), so is a map in Pery (V). By this definition of PH; ¢, : Perg (V) — Perg (V),
it follows immediately that the diagram

Perg (V) ! LN Pery (V)

forgetl lforget

Per(17) —=="c | per(v)

commutes. Now, we define the adjoint 7, : Pergo (V) — Pergy (V) by the following
diagram

Pergo (V) Gk Perg (V)
‘w\u /’
PHO i PHY, c.
PerH( )

This shows Property (c). )
Property (d) follows from the Decomposition Theorem applied to ¢ : V —
V. O

4.5. Equivariant perverse sheaves on parameter varieties. Our funda-
mental object of study is the category Pers(Xy) of G-equivariant perverse sheaves
on X (L@), for fixed [\] € A(G/F). Cons1der the closed embedding

= = Xi
T [17 .Z‘] Hy -
By a simple application of descent, the functor obtained by equivariant pullback
along V) — X,
Perg, (V) < Perg(Xh),

is an equivalence. Consequently, it may equally be said that our fundamental object
of study is the category Perp, (V) of Hy-equivariant perverse sheaves on V.

Now define
(48) X)\:Zé\' XH‘Q\ V)\.

Then

induces an equivalence
Pers(X)) — Per o (V).
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Define -
C) X,\ — X>\

[hy @] g = [hs ] my -

Arguing as in Section 4.4, it follows that there is a sequence of exact functors

E—Ex, [dim X (ex)” -

Rep(Ay) — 0l o (xy) (A) Pers (X))
CX)x*

J{equiv J{equiv

Perg, (V) Perzo (Vi)

enjoying the properties of Proposition 4.4.1.

4.6. Langlands component groups as equivariant fundamental groups.
Every simple object in Pergy, (V) takes the form ZC(C, £), where C is an H-orbit
in V) and £ is a simple equivariant local system on C. Thus, simple objects in
Perp, (V) are parametrized by pairs (C, p) where C is an Hy-orbit in V) and p is
an isomorphism class of irreducible representations of the equivariant fundamental
group A¢ of C. To calculate that group, we may pick a base point z € C' so

(49) Ac = m(C,z)po.
We are left with a canonical bijection:

(50) Pery, (VA)SmPIe o5 {(C, p) | Hy-orbit C C Vy, p € Irrep(Ac)}.

/iso
LEMMA 4.6.1. For any Langlands parameter ¢ : Ly — G,
Ac, = Ay,
where Cy is the Hy,-orbit of xy in V.

PrOOF. Recall from Section 3.4 that the component group for a Langlands
parameter ¢ is given byAs = mo(Za(¢)). Since A\g(Wr) C ¢(Lr), we have
Ay = 7T0(ZH)\¢ (¢)). On the other hand, the equivariant fundamental group of
Cyp is m(Cy, :z:d,)H% = 71'0(ZHAqb (xzg)). From the proof of Proposition 4.2.2 we see
that Zp, (xp) = ZHA¢(¢)U, where U is a connected unipotent group. It follows
that

m0(Zu,, (29)) = 70(Zh,, (9)U) = 70(Zh, , (9)),

which concludes the proof. O

The following proposition is one of the fundamental ideas in [?]. Because our
set up is slightly different, however, we include a proof here.

PROPOSITION 4.6.2. Suppose G is quasisplit. The local Langlands correspon-
dence for pure rational forms determines a bijection between the set of isomorphism
classes of simple objects in Pery, (Vi) and those of I (G/F) as defined in Sec-
tion 4.1:

Per s, (VA)5iPe o TIR™(G/F).

/iso

Proor. We have already seen (34) that the local Langlands correspondence
for pure rational forms gives a bijection between IIY"**(G/F) and

{(¢].€) | [¢] € PA("G), € € Trrep(Ay)}
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Proposition 4.2.2 gives a canonical bijection between ®,(“G) and the set of Hj-
orbits in V). When C < [¢] under this bijection, Lemma 4.6.1, gives a bijection
between Irrep(A¢c) and Irrep(Ag). O

We introduce some convenient notation for use below. For (7,4) € II\(G/F),
let P(m,d) = IC(Cr,5, L) be a simple perverse sheaf in the isomorphism class
determined by (7, d)

" (G/F) — PerHA(VA)jiirS‘:)ple
(m,0) = P(m36)

using Proposition 4.6.2.

5. Reduction to unramified hyperbolic parameters

Let G be an arbitrary connected reductive algebraic group over a p-adic field
F.

5.1. Unramification. In this section we show that the study of Pers (X))
may be reduced to the study of Perg, (X,,,) for a split connected reductive group
Gy and an unramified infinitesimal hyperbolic parameter A\, : Wr — LG, as
defined in Section 4.1. We also show how the tools developed in [?] may be brought
to bear on Perg (X»,,).

THEOREM 5.1.1. Let A\ : Wr — LG be an infinitesimal parameter.

(a) There is a connected reductive group Gy, split over F, and a hyperbolic
unramified infinitesimal parameter \,, : Wr — LG\ for G, and an
inclusion of L-groups v\ : "Gy — TG such that the following diagram
commutes

L@QT 444544% L(;

T

Anr
Wr — LGy,

where Wp — W is trivial on Ir and Fr — Fr (chosen in Section 3.1).
(b) By equivariant pullback, the inclusion of L-groups r : 'G\ — G defines
an equivalence

Peré()@\) — PeréA (Xa,)s
where Xy is defined in Section 4.5, (48).
(c) There is a sequence of exact functors
EEx, [dim X,] (ex)”

Pera(Xa) Pera, (X))

(ex)x

Rep(Ax)

enjoying the properties of Proposition 4.4.1, where Ay is defined by (32).
(d) There is a connected complex reductive algebraic group My, a co-character
t: Gy, — My and an integer n such that

Perék (Xy,,) = Peras: (Mmxan)s

where my ,, is the weight-n space of Ad(¢) acting on my = Lie M.
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The group G that appears in Theorem 5.1.1 is sometimes an endoscopic group
for G, but not in general; nonetheless, the principle of functoriality applies here
through a map of L-groups ry : G\ — G.

The proof of Theorem 5.1.1 will be given in Section 5.5.

5.2. Elliptic and hyperbolic parts of the image of Frobenius. From
Section 3.3, recall that we write A(Fr) = f\ x Fr and that we write sy x 1 for the
hyperbolic part of A(Fr) and ¢ x Fr for the elliptic part of A(Fr).

LEMMA 5.2.1. With notation above, sy € Hf\) and Ky is normalized by f\ x Fr
and by ty x Fr.

~

PROOF. let If be the kernel of p : 'y — Aut(G) restricted to Ip. Then I} is
an open subgroup of Ir and I is normalized by Fr'¥in Wg, with N as above. Set
I9 = \71(1 x I},) C I.. By continuity of \, I% is an open subgroup of Ir. Then
A(Fr™) normalises A(1%). Since A\(Fr'V) also normalises A(Ir), we see A(Fr) acts
on the finite group A(Ir)/A(I%). In particular, replacing N by a larger integer if
necessary, it follows that A(Fr™¥) acts on A\(Ir)/A(I2) trivially.

Recall the notation A(Fr) = fy x Fr and A(Fr") = f’ x Fr’¥. We now show
'€ Zg(MIF)) = K. For any h xw € A(Ifp),

AENY (B w)AFENY) ™ = b xoww’
for some w’ € I%. Since A(Fr™) = f' x Fr™ = (1 x Fr™V)(f’ x 1), we get
BN f/(h o w) f/ RN = h xoww'.
This implies
Frw(f ™ xw=FrN(h xww)FrY = h x Fr N ww'FrY .
Therefore, f'hw(f'~') = h and w = Fr N ww'Fr"¥. From the first equality, we can
conclude f/'(h 3 w)f'~' = h xw. Hence f’ € Zg(A\(Ir)) = K.

Since some power of f/ will lie in Zz(A(Ip))? = K3, replacing N by a larger
integer if necessary, we may conclude that f’ actually belongs to Zz(A(Ir))° = K3.
In particular, we can take both s’ and ¢’ in K.

Since A(Fr'Y) = A(Fr) "' A(Fr™)A(Fr), we have

3 EFN = (fy x Fr) 7L ) FrV)(fy @ Fr) = ((fx < Fr)~f/(fa » Fr)) % V.
Thus, f' = A(Fr)~! f'A(Fr). Since A(Fr) normalises Z5(A(Ir))? = K7, we have
F = AE) A (Fr) = (A(Fr) ™ A(F)) (A (Fr) T A (),
where, as above, s’ is the hyperbolic part of f” and ¢’ is the elliptic part of f’. Since

the decomposition of a semisimple element of G into hyperbolic and elliptic parts
is unique, we have

s = \(Fr)~'s'A(Fr) and ' = A\(Fr) ' \(Fr).
In particular, it now follows that s’ € Z5(\)? = HY. Since s¥ = ¢, it follows that
sx € Zg(\)? = HY, also.
The Frobenius element Fr normalises I, so A(Fr) = f) x Fr normalises A\(Ir)
and hence normalises K as well. Since sy € HY = Z5(\)? C Z5(A(Ir)) = K3, it
follows now that s, normalises Ky; likewise, ¢ty X Fr normalises K. O
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5.3. Construction of the unramified parameter. Define
(51) In=Z5(AIFr)) N Zg(tx x Fr) = Zk, (tx x Fr).

Lemma 5.2.1 shows that J, is a complex reductive algebraic group. Recall the
definition of s, and t, from Lemma 5.2.1. It follows from Section 3.3 that sy € J3
and ¢, normalises JY.

We now have the following complex reductive groups attached to A € R(*G):

Hy,CJ\C K, CQG.
Let G be the split connected reductive algebraic group over F' so that
(52) LGy = J) x Wp.
Define ry : Gy — LG by

T,\ZLG)\ — LG
(53) hx1l — hxl
1 xFr — t, xFr.

Then 7y : “G) — G is a homomorphism of L-groups. Using Lemma 5.2.1, we
define a hyperbolic unramified infinitesimal parameter by

)\nr Wrp — LG)\

(54)
Fr — s, x Fr.

LEMMA 5.3.1. Let A : Wr — LG be an infinitesimal parameter. Define the
parameter Ay : Wp — LGy as above. Then

V>\ =V>\ and H)\ ZH;).

nr nr

Consequently,
Pery, . (Vi) = Pergo(Vi).

PROOF. Applying (35) to Ay : Wr — LG\ gives
Hy,, = ZJQ(/\nr) = ZJQ(SA) = H§~
Applying (36) to A\nr : Wr — LG, gives
Ky, = Z50Aurlrp) = J3-
Applying (37) to Anr : Wp — LG, gives
Vawe = Van. ("Gr) = {z € Lie Zg (Auelrr) | Ad(Ane(Fr))z = gp 2}

Since Gy = JY and A\ye|7, = 1, and since Fr acts trivially on JY in LG, we have

(55) Va.e ={z €jx | Ad(sr)z = gF z}.
Then V) = V), because Ad(fy x Fr)a = gz if and only if Ad(¢) x Fr)z = x and
Ad(sy)z = qz. O

Lemma 5.3.1 tells us that the category Per o (Vi) determined by A\ : Wp — LG
can always be apprehended as the category for an unramified infinitesimal parameter
Aar @ Wr — LGy, Note, however, that it is Perg, (V)), not Peryzo(VA), which is
needed to study Arthur packets of admissible representations of pure rational forms
of G(F); Proposition 4.4.1 describes the relation between these two categories.
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REMARK 5.3.2. Without defining G} itself, let us set “Gy :=.Jy x Wg and
define N\, : Wrp — LGj by the composition of Ay, and LGy — LG;\F. Then (52)
may also be used to define r;\r : LG;\r < LG and extends 7. Arguing as in the proof
of Lemma 5.3.1, it follows that

Vie =V and H)\:r = H,,

SO
Pel’[-[)\Jr (V/\:-r) = PeI’H)\ (V,\)

We pursue this perspective elsewhere.

5.4. Construction of the cocharacter. From Section 5.3, recall the defini-
tion of sy € G and the fact that sy lies in the identity component of the subgroup
Jx C G. Decompose the Lie algebra jy of Jy according to Ad(sy)-eigenvalues:

a= @ ia@), a)={z €jr | Ad(sr)(x) = va}.
veCx
Following [?], define
il == Pialar).

rEZL

LEMMA 5.4.1. There is a connected reductive algebraic subgroup My of J? and
a cocharacter v : G, — My such that
M{=Hy, and my=]jl,
where my := Lie M and an integer n so that, for every r € Z,
M rn = A (qF),
where my ;. :={x € m | Ad(c(t))x =t"z, Vt € Gy, }. In particular,
Vi =ijalgr) = my .

ProOOF. Decompose the Lie algebra jy of Jy according to Ad(s))-eigenvalues:

ir= D).
veC*
Fix a maximal torus S of J{ such that sy € S and denote the set of roots determined
by this choice by R(S,JY). For a € R(S,JY), denote the root space in jy by u,.
Then

(56) = P .

a€R(S,JY)

a(sy)=v
Let (-,-) be the natural pairing between X*(S) and X,(S5). First, let us consider
all @ € R(S,JY) such that a(sy) are integral powers of ¢. For these roots we can
choose x € X.(5) ®z Q so that {(a, x) = r if a(s)) = ¢" for some integer r. Let n
be an integer such that ny € X,(S), and we set t = (nx)((q'/™) € S, where ( is a
primitive n-th root of unity. Now for a € R(S, JY) such that a(sy) = ¢", we have

a(t) = a((m)(Cg"™) = alx(¢a"/™)" = ((¢"/")™ = ¢" = alsy).

Next, consider those a € R(S, JY) such that a(s)) are not integral powers of . We

have two cases: if (o, x) € Z, then a(t) is an integral power of ¢; if (a,x) ¢ Z,
R

then a(t) € ('Rsg for some 0 < I < n. Since sy is hyperbolic, a(sy) € Rsg
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for all & € R(S,JY), so a(sy) # a(t) in either case. Therefore, we can define
My, = Zj, (sxt~1)%nd take ¢ = ny. O

5.5. Proof of Theorem 5.1.1. The essential facts about the groups Ky, H,
J and M, are summarized in the following diagram.

Kx:=Zg(\(IF))

I

Mg =M, —— JS lo— J)\::ZKX(t)\ X FI‘) E—d 7T0(J)\>

| I I I

Mf\ _— Hg — H,\:Z‘]A(S,\) —_— 7T()(H)\)

From the definitions of G\ (52), Anr (54) and 7y : “G\ — G (53), we have

(57) rA(Anr(Fr)) = ra(sxy X Fr) = (sy x 1)(tx x Fr) = fi x Fr = A(Fr).

Now, Theorem 5.1.1 follows from a direct application of Proposition 4.4.1 and 5.4.1,
as in the diagram below.

(ex)”
Rep(Ay) Peré(X,\) pE— Per@A (Xx,,)

CX )=

equivl J{equiv

Rep(mo(H»)) —— Perp, (Va) — 5 Per 0 (V)

PerM; (m,\,n)

5.6. Further properties of Vogan varieties. From (56) in the proof of
Theorem 5.1.1 we get a very concrete description of V) as a variety, for any
A € R(LG):

Vy =AY for d=|{a€ R(S,J}) | alsy) = qr}l

PROPOSITION 5.6.1. The space V) is stratified into Hy-orbits, of which there
are finitely many, with a unique open orbit.

PrOOF. With Proposition 5.4.1 in hand, this follows immediately from [?,
Proposition 3.5] and [?, Section 3.6]. O

A different proof is given in [?, Proposition 4.5].
PROPOSITION 5.6.2. FEvery Hy-orbit in V) is a conical variety.

Proor. By Proposition 5.4.1, it suffices to prove that every Mj-orbit C' in
my ,, is a conical variety. Arguing as in the proof of [?, Lemma 2.1], for € C, we
can find a homomorphism ¢ : SL(2,C) — M) such that for ¢ € C*

t 0 . 0 1\
<p<0 t‘1>€M’\ and dgo<0 0>J}.
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Ad ((p (é t01>) () = dy (8 tg) — 2,

so t2z € C. O

Then

6. Arthur parameters and the conormal bundle

The goal of Section 6 is to show that every Arthur parameter ¢ € Q(*G) with
infinitesimal parameter \ may be apprehended as a regular conormal vector to the
associated stratum

In the rest of this section, G is an arbitrary connected reductive linear algebraic
group over the p-adic field F' unless noted otherwise.

6.1. Regular conormal vectors. For A\ € R(XG) and every Hj-orbit C' C
Vi, let TE(Va)reg C TE(V) be the subvariety defined by

(58) Te(Vres =Te(VW)\ | T&, (V)
CgCh
Also define
T;b\ (V)\)reg = U Tg‘(v)\)rega
c
the union taken over all Hy-orbits C in V). Then TI’fIk (VA )reg is open subvariety of
TF, (V) and each T¢ (Vi )reg is a component in T, (VA)reg-
We may compose (13) and (33):
QtG) — PtG) — R(*G)

w — qu — )‘%‘
To simplify notation, we set Ay :=Xg,. We will refer to A\, as the infinitesimal
parameter of ¢. Using Proposition 4.2.2, define

(59)

Top =T, S V)\w
and let Cy, C V,\w be the H)W—orbit of z € V)\w.
PROPOSITION 6.1.1. Let ¢ : Lp x SL(2,C) — LG be an Arthur parameter.

Let Ay : Wr — LG be its infinitesimal parameter. Then v determines a regular
conormal vector

£y € Té‘w,zw (Vx\)regv
with the property that the Hy , -orbit of (xy,&y) in Téw(VA) is open and dense in
T¢., (Va)reg- The equivariant fundamental group of this orbit is Ay.

The proof of Proposition 6.1.1 will be given in Section 6.8.

6.2. Cotangent space to the Vogan variety. Consider
(60) W= {z €&y | Ad(A(Fr))(2) = g 'z},

which clearly comes equipped with an action of H) just as V) comes equipped with
an action of Hy. Compare V), with V) defined in (37). In fact, the variety 'V, has
already appeared: see the proof of Proposition 4.2.2. We note

WV =t(gr") = irlgr") = mx—n,

where £ and m,, are defined in Sections 4.2 and 5.4, respectively.
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For ¢ : Ly — G, we can define
P)\(LG> — tV)\,

61
(1) ¢'—>5¢>1=d¢<(1) 8)7

where ¢ := ¢°[sr,2,c) : SL(2,C) — G. This map satisfies all the properties of the
map Py (!G) — VA(YG) in Proposition 4.2.2, from which it follows that there is
a canonical bijection between Hy-orbits in Vy and Hy-orbits in V), so that the
following diagram commutes.

P\(*G)/H) P\(*G)/H)
Va/Hy —— 'Vo/H,

PROPOSITION 6.2.1. There is an Hy-equivariant isomorphism
T (V) = Vi x 'V,
and consequently,
T*(Vx) 2 ia(gr) ®ir(gp') = myn ® my _p.
PROOF. As V), is an affine H,-space there is a standard H,-equivariant isomor-
phism T*(Vy) =~ Vi x V¥, so it suffices to exhibit an H-equivariant isomorphism
Vi .

To do this, let Jy be the reductive group defined in (51) and write jy for Lie Jy, as
in Section 5.3. From Proposition 5.4.1, we have

Vi =ijalqr) and b =ir(1) and "V =ia(gpt).

As J) is reductive, its Lie algebra decomposes into a direct sum of its centre and
a semisimple Lie algebra, jx ~ Z(jx) @ [j,jrn]- We choose any non-degenerate
symmetric bilinear form on Z(j,) and extend to a bilinear form on j, using the
Cartan-Killing form, while insisting that the direct sum decomposition above is
orthogonal, that is, the components in the direct sum are pairwise perpendicular.
The result is a non-degenerate, symmetric, Jy-invariant bilinear pairing

(62) (1) :inxja— AL
Now, if j)(v) and jr(¢') are two Ad(sy)-weight spaces, then the invariance of the
pairing implies that (jx(v)|ix(v')) # 0 if and only if ' = v~1. Since the pairing is
non-degenerate this gives an Zj, (sy) = Hx-equivariant isomorphism

Vi =ialgr)" Zirlgp') = V.

A similar argument using the cocharacter ¢ : G, — M, and the graded Lie
algebra

my, = - @®myo @My, Emyodmy _pn) DMy _2, B
= @M, ®(Va®hy® V) dmy 0, @

produces an My = Hg—equivariant isomorphism

(63) V; = mj{m = my _n = tVA.
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This allows us to view T*(V)) as a subspace of my, even with Hy-action, and gives
Hy-equivariant isomorphisms

T*(Va) 2 ia(gr) @ ix(gp') = mxn © my_n,
as desired. (]
In the remainder of the article we identify V) with V}, using Proposition 6.2.1.
6.3. Conormal bundle to the Vogan variety.

PROPOSITION 6.3.1. Let C C V) be an Hy-orbit in V) ; then
Té’(VX) = {(mvf) € T*(V)\) | YIS C7 [xvg] = O}v

where | , | denotes the Lie bracket on jyx and where we use Proposition 6.2.1 to
identify T*(VA) = jx(qr) ®jr(gp"). Consequently,

Tir, (V) ={(z,§) € T*(Va) | [z, €] = 0} .

PrROOF. The map hy — T,(C) given by X — [z, X] is a surjection. So for
any ¢ € ja(gp'), we have £ € T (Vi) if and only if 0 = (¢ [z, X]) = (¢, 2]| X)
for all X € h). As we saw in the proof of Proposition 6.2.1, the pairing restricts
non-degenerately to by, so this is also equivalent to require [z, &] = 0. O

COROLLARY 6.3.2. T}, (Va) < (-[-)71(0).

Proor. If (z,€) € Vy x Vy lies in T (Vi) then [z, €] = 0. Choose an slp-triple
(x,y, ) such that y € Vy¥, and z € hy. Then,

(«16) = 5([a]1€) = (= [r.6]) =0. 0
6.4. Orbit duality. Consider the Hy-equivariant isomorphism
T*(Va) = T7(VY)
(2,8) = (& ),

where we use the form (-|-) to identify the dual to Vy with V). Just as every
Hy-orbit C C V) determines the conormal bundle

Te(Va) ={(z,§) e Vax VY |z € C, [x,8] = 0},
every Hy-orbit B C V' determines a conormal bundle in T*(Vy):
Tp(Vx) ={(&2) e Vi x A [ £ € B, [§,2] = 0} .

LEMMA 6.4.1. For every Hy-orbit C in Vy there is a unique Hy-orbit C* in
Vi so that (64) restricts to an isomorphism

Te(Va) = TE. (V).
The rule C — C* is a bijection from Hy-orbits in Vy\ to Hx-orbits in Vy'.

(64)

PrOOF. This is a well-known result. See [?, Corollary 2] for the case when H)
is connected. The result extends to the case when H) is not connected. O

The orbit C* is called the dual orbit of C C V); likewise, the dual orbit of
B C VY is denoted by B*.

LEMMA 6.4.2. If (z,€) € TE(Va)reg then & € C*, so
TE(Va)reg € {(2,8) € C x C* | [z,€] = 0}
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Proor. Since (z,&) € TEH(Va)reg, then (x,€) is not contained in any other
closures of conormal bundles except for that of C. On the other hand, (§,z) €
T (VYY) where Be is the Hy -orbit of £ in VY, so T¢(Vy) = T, (V). Hence
Be =C*, ie., £ € C*. O

PROPOSITION 6.4.3. If (2,&) € TE(Va)reg then (z,§) € C x C* and [z,£] =0
and (z]&)=0.

PRrROOF. Combine Lemma 6.3.2 with Lemma 6.4.2. O

We remark that (z,£) € C' x C* implies neither [z,£] = 0 nor (z]€) = 0 in
general.

Although transposition in jy is not Hy-equivariant, is does induce another
canonical bijection

cC — tC and B — 'B

between H-orbits in V) and Hy-orbits in V¥, and vice versa. Unlike the bijection
of Lemma 6.4.1, this bijection preserves equivariant fundamental groups (49):

AC = AtC and AB = AtB.

For C C V) (resp, B C Vy) we refer to *C' (resp. 'B) as the transposed orbit of C
(resp. B). Composing orbit transposition with orbit duality defines an involution

(65) Cw— C:="C*
on the set of Hy-orbits in V).

6.5. Strongly regular conormal vectors. We say that (z,§) € T5(V)) is
strongly regular if its H-orbit is open and dense in Tf(Vy). We write T4 (V) )sreg
for the strongly regular part of T4 (V) )reg. We set

(66) T;}}\ (Vk)sreg = UTE'(V/\)sreg-
C

PROPOSITION 6.5.1.

T;IA (VA)STGQ C T;IA (Vk)reg
and if (z,€) € Tg(Va) is strongly regular then its Hy-orbit is T(V) sreq-

ProOF. First we show T (Vi )sreg € T¢:(Va)reg. From the definition of T (V) reg
(58) it is clear that it is open and dense in T4 (Vy). Fix (x,€) € TA(Vy) and let
Om, (z,£) denote the Hy-orbit of (x,&). If (z, ) is not regular, then (z, &) € T (Vi)
for some Oy # C with C C (1, so all of Oy, (,&) and its closure also does not in-
tersect T¢i (Vi )reg- Suppose, for a contradiction, that (z,&) is strongly regular also.
Then the closure of Op, (x,€) is T¢&(Vy), which certainly does intersect T¢ (Vi )req-
So, if (x,&) is not regular, then it is not strongly regular.

Now suppose T(’SJE(V,\)S]reg is not empty, then it is enough to show Téyﬁ(V)\)sreg

forms a single Zy, (x)-orbit. Note
T8, (Va)sreg = {§ € T, (V) | [Lie(Zm, (), €] = T, (VA)}

which is open, dense and connected in T¢ ,(Vx). Moreover, Zg, (v)-orbits in
TEJ(V,\)sreg are open, and hence they are also closed in T571(VA)sreg~ By the
connectedness of Tg’i(V,\)sreg, we can conclude it is a single Zp, (z)-orbit. ]
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The equivariant fundamental group of T (V) )sreg Will be denoted by A(TE (V) )sreg)-
Since H)y acts transitively on T¢& (V) )sreq,
(67) ATEWVN)sveg) = m0(Zn, (2,€)) = Zm, (2,€)/ Zn, (2, €)°,
for every (z,€) € TE(Va)sreg- Consequently, each (x,£) € T (V) )sreg determines an
equivalence
(68) Locs, (Te:(Va)sreg) — Rep(A(TE(Va)sreg));

where Locgr, (T (V) )sreg) is the category of Hy-equivariant local systems on T¢ (V) )sreg-
We remark that if 75 (V) )sreg 7 0 then A(TE (Vi )sreg) is the microlocal fundamental
group of C.

6.6. From Arthur parameters to strongly regular conormal vectors.
For ¢ € Q(*G), define
o :=9°|sLi2,0)xsn(2,c) : SL(2,C) x SL(2,C) — G

and

~

Y1 :=1olsr2,0)x {1} : SL(2,C) — G, s =4ol(1yxsriz,0) : SL(2,C) = G.
Define

0 1 ~ 0 1 ~
(69) Ty 1=dhy (0 0) €g, yy:=dip <O 0> €9
and

0 0 ~ 0 0 ~
(70) vy = dihy <1 o> €5, &ui=diy (1 o) €3.

Note that that z.,yy € Vi, and &y, vy € VY and
(zy, &) € TG, (V).
PROPOSITION 6.6.1. For any ¢ € Q(1G),
(@, €p) € Thr, , (Vay )sreg-

Proor. Set A = Ay. Define fy, sy, ty € G as in Section 5.3. Then
sx X 1 =¢(1,dp, dgy) and ty x Fr = (Fr,1,1).
Recall Ay, : Wg — JY from Section 5.3. By Proposition 5.4.1,
Va= Vo =ixe
Since the image of v : SL(2,C) x SL(2,C) — G lies in JY, we may define
Y : Wr x SL(2,C) x SL(2,C) — J}

such that its restriction to Wi is trivial and its restriction to SL(2,C) x SL(2,C)
is ’(/JQ. Let
ty i G — J‘j

be the cocharacter obtained by composing
Gm — W x SL(2,C) x SL(2,C), z—1x <S 291> X (Z 0 >

with of ¥y, : Lp x SL(2,C) — JY. Then
Lo (@®) = Au(Fr).
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Recall Hy C Jy C K C G from Sections 4.2 and 5.3. For the rest of the proof
we set J = Jy. We must show that the orbit Oz, (z,)(§y) is open and dense in
T¢., +,(Va), where Cy = Op, (zy). With Lemma 5.6.1 in hand, it is enough to show
the tangent space to the orbit Oz, (4,)(§y) at & is isomorphic to T, , (V)); in
other words, it is enough to show

[LieZm, (2),&p] = {€ €2 | [xy,£] = 0}.

The adjoint action of SL(2,C) x SL(2,C) on j through t,, gives two commuting
representations of SL(2,C), which induce the weight decomposition

(71) ]n: @ jr,s

r4+s=n
where r, s € Z. Note Lie(H))) = jo. So it is enough to show
(72) lio N Lie(Zg(xy)), §y] = j—2 N Lie(Zg(zy)).
For this we can consider the following diagram in case r + s = 0.

. ad(zy) .
)r,s —_— Jr42,s

ad(&y )l lad(iw)

. ad(zy) |
]r,sf2 — ]r+2,sf2

It is easy to see

LHS(72) = @D ad(éy)(ker(ad(zy)l;,..))

r+s=0

RHS(72) = ) ker(ad(zy)l;,.._.)
r+s=0

By sly-representation theory, ad(zy) in the diagram are injective for » < 0 and
surjective for » > 0. So we only need to consider r > 0 and hence s < 0. In
this case, the two instances of ad(,) in the diagram above are surjective by sla-
representation theory again.

It is obvious that LHS(72) C RHS(72). For the other direction, let us choose
T € jrs—2 such that [zy,2] = 0. So z is primitive for the action of the first sy,
and it generates an irreducible representation V). Let z be a preimage of = in g, s
and W be the representation of the first sl, generated by z. Then ad(&y) induces
a morphism of sly-representations from W to V). By the semisimplicity of W, this
morphism admits a splitting and we can denote the image of = by £. It is clear that
€ €j,s and [z, &) = 0. This finishes the proof. O

For ¢ € Q(*G) define Ve Qx(*G) by

~

Y(w, z,y) :=1(w,y,z).
COROLLARY 6.6.2. If 1 € Q\(*G) and if Cy, C V) is the Hy-orbit of x,, then

Cy = Cj.
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6.7. Arthur component groups as equivariant fundamental groups.
Recall the definition of TC"iw(VA)Sreg from Section 6.5 as well as the notation
A(T¢,, (Va)sreg) for its equivariant fundamental group. Also recall Ay :=mo(Z5(v))
from Section 3.5.

PROPOSITION 6.7.1.
A(Téw(VA)sreg) = Ay.

PrOOF. We use the notation from the proof of Proposition 6.6.1 and set
t¢ Z:t)\w. It is clear that Z@(’(/J) = ZJ(lpllr) = ZJ('lpl) N ZJ(¢2) By Lemma 531,
we also have

ZaN(@yp.e) = Zs(Aar) N Zy(2y) N Z5(Ey)-
First we would like to compute the right hand side of the above identity. Note
Zy(Anr) N Zy(2y) = (Z5(h1) N Z5(Aue)) - U

where U is the unipotent radical of the left hand side. Moreover,

Zy(1) N Zy(Aar) = Z1(1) N Zs(ty)
and

Lie(U) C €P jr.s
r4+s=0
r>0

in the notation of (71). For u € U, we have

Ad(w)(&p) €&+ B irs:
r4+s=—2
s<—2

Suppose Ad(lu) stabilises &, for I € Z;(y1) N Z;(ty) and w € U. Since Ad(l)

preserves j, s, we have

o = Ad(lu) (&) € Ad(D)(Ey) + €D irs
RESPE
Note & € jo,—2. It follows &, = Ad(1)(&y). Hence & = Ad(u)(&y). As a result,
Zy(Anr) N Zy(xy) N Z5(8p) = (Z5(¥1) N Z5(ty) N Z5(8p)) - (U N Z5(&y))-
Since U N Z;(&y) is connected, we only need to show
Zy(W1) N Zy(ty) N Zy(Ep) = Zs (1) N Z(2).

Take any g € Z;(11) N Zy(ty) N Z;(€y), it suffices to show Ad(g) stabilises y.
Note

[y, &yl = d%((é ?)),

and

Ad9) (), &1 = [Ad(0) ), Adl)6s] = Adaaun (o §)) = w5 9))

Since [+, ] is injective on jo.2 and Ad(g)(yy) € jo.2, it follows that Ad(g)(yy) = ye-
This finishes the proof. a

6.8. Proof of Proposition 6.1.1. Proposition 6.1.1 is now a direct conse-
quence of Propositions 6.5.1, 6.6.1 and 6.7.1.
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6.9. Equivariant Local systems. We close Section 6 with a practical tool
for understanding local systems on strata C' C V), on Tg(VA)Sreg, and on C* C Vy.
Pick a base point (x,&) € T¢(Va)sreg- Recalling the structure of T¢ (V) )reg from
Lemma 6.4.2 and by using that T (Va)sreg € T¢:(Va)reg by Proposition 6.5.1. The
projections

C —— TE(Va)sreg —— C*

induce homomorphisms of fundamental groups:

A ¢ A(TE(Va)sreg) ————— Ac-

Zu, (2)/Zn, (2)° «—— Zn,(2.6)/Zn,(2,8)° —— Zu,(§)/Zn,(£)"-

The horizontal homomorphisms are surjective by an application of [?, Lemma 24.6].
This can be used to enumerate all the simple local systems on H-orbits in V) and
T4, (Va)sreg and V.

7. Microlocal vanishing cycles of perverse sheaves

The goal of Section 7 is to introduce the functor appearing in (10) and to
establish some of its properties. We begin by stating the main application of
Theorem 7.10.1, whose proof will occupy the rest of this section.

COROLLARY 7.0.1. Let G be a quasisplit connected reductive algebraic group
over a p-adic field F'. Let v be an Arthur parameter of G and let A\ : Wg — G be
its infinitesimal parameter. Vanishing cycles define an evact functor

NEvs,, : Perg, (Vi) — Rep(Ay)
which induces a function

PerHA (V)\)Simple — Rep(A,p)/,-so

/iso
such that the composition

e (G/F) TP per (vy)ysimpte B Ren(Ay) /i

/iso

enjoys the following properties, for every (m,d) € IIN"(G/F):
(a) NEwsy, P(7,d) = 0 unless Cy, < Cy, where Cy, is defined in Section 6.1, ¢
is the Langlands parameter for (m,8) and Cy is given by Proposition 4.6.2.
(b) The dimension of the representation NEvsy, P(m,d) of Ay is

rank (R®¢, P(,4))

Tofy ’
where (zy,&y) € Téw(V)\)STeg is given by Proposition 6.1.1 and R®¢  is
the vanishing cycles functor determined &, .
(c) If Cy = Cy (equivalently, if ¢y is G-conjugate to ¢) then
NEws,, P(7,6) = py(pr.s)

where p(x ) is the representation of Ay given by Proposition 4.6.2 and
where the map py : Ay — Ay is the canonical group homomorphism of
Section 6.9; in particular,

rank NEvsy, P(m, §) = rank p 5.
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To prove Corollary 7.0.1 we make a study of the vanishing cycles of the equi-
variant perverse sheaves on V) with respect to integral models for V) determined
by regular covectors (z,£) € Ty, (Vi)reg, especially those coming from Arthur pa-
rameters using Proposition 6.6.1.

In the rest of this section, unless noted otherwise, G is an arbitrary connected
reductive algebraic group over a p-adic field F.

7.1. Background on vanishing cycles. Although we will use [?, Exposés
XIIT, XIV] freely, we begin by recalling a few essential facts and setting some
notation. Let R:=C[[t]] and K :=C((t)). Set S = Spec(R) and n = Spec(K) and
s = Spec(C). Observe that S is a trait with generic fibre  and special fibre s.

N 8 <

Because S is an equal characteristic trait the morphism s — S admits canonical
section corresponding to C — C[[t]].

Let 77 be a geometric point of S localized at 7; thus, 77 is simply a morphism
Spec(K) — n — S, where K is a separable closure of K. Then Gal(7j/n) =
Let R be the integral closure of R in K; note that R has residue field C. Set
S = Spec(R).

For any morphism X — S we have the cartesian diagram

bxn
. bxé

Jx

X X

X, X XX,
m | B
n S

P P

where X = X xg S, X; = X xg# and Xy = X xg 3. From [?, Exposé XIII| and
[?, Section 4.4] we recall the nearby cycles functor

RUx :Db(X,) — D(X, x4 1),

[V IR —— ><\

<
N

n
where D2(X,,) refers to the triangulated category of f-adic sheaves introduced in
[?, Section 1.1]; see also [?, Sections 2.2]. For the meaning of the topos X X7
we refer to [?, Section 1.2], especially the remark after [?, Construction 1.2.4]. In
particular, we recall that, for any F,, € D%(X,,), the object RV, F, in DY(X, xs7)
is the object in the triangulated category

RUx, Fpi=(ix)" (jx)«(bx,) Fy
on X; equipped with an action of Gal(7j/n) obtained by transport of structure from

the canonical action of Gal(7/n) on (bx, )* ;.
The vanishing cycles functor

Rbx : DY(X) — D%(X, x4 S)

is the cone of the canonical natural transformation i%;0% — RUy  j% of functors
from D%(X) to D%(X, xs S) and thus appears as the summit in the following
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distinguished triangle [?7, Exposé¢ XIII, (2.1.2.4)] in Db(X, x, S), for F € D%(X):
R® x F

(74) (1)/ \
f

i by RUx, j%, F.

See [?, Exposé XIII, Section 1.2], especially [?, Exposé XIII, Construction 1.2.4]
for the meaning of the topos X, x5 S.

We will make free use of other properties of RUx, and R®x established in [?,
Exposés XIII, XIV], such as smooth base change [?, Exposé XIII, (2.1.7.1)] and
proper base change [?, Exposé XIII, (2.1.7.2)].

7.2. Calculating vanishing cycles. We denote the f-adic constant sheaf by
1. In this section we calculate the vanishing cycles R® x 1 x of the constant sheaf 1 x
for a short list of S-schemes X. While elementary, these calculations will be used
in the proof of Theorem 7.7.5 and will also play a role in the examples appearing
in Part 2.

In all our applications of vanishing cycles we begin with map of varieties
g : U — A' over C and then let g¢ : X — S be the base change of g along
S — Al; thus, in particular, X = U x 1 S. Assuming U = Spec(A) is affine for a
moment, then the coordinate ring for X is

Ox (X) = A®cpy C[[t] = A[[t]]/(9 - 1),
where A! = Spec(C[t]) and where we identify g with the image of ¢ in A. Note that
the special fibre of X is
Xs = g—l(o)’
note also that this may not be reduced. We use the notation
R(I)gf = R@)(./.'.X

where Fx is the pullback of F € D%(U) along X — U. Note that R®,F is a sheaf

on the special fibre X, of X and that X, may not coincide with g=1(0).

LEMMA 7.2.1. If0: U — A' is the map defined on coordinate rings by t +— 0,
where A' = Spec(C[t]), then, for every F € Db(U),

ROy F = F
with obvious monodromy.

PRrOOF. It follows directly from definitions that RUyF = 0, so RGPy F = F is a
consequence of (74). O

LEMMA 7.2.2. Let [1] : At — Al be the identity map. Then
for every local system £ on A'. More generally, if g : U — Al is smooth and Ly is

a local system on U, then
R®,L =0.
PRrOOF. It follows directly from the definition of RV, that RUx L = L|g,
for X = Spec(Clz][[t]]/(x —t)). Thus, R®,L = 0, using (74). The second sentence

is now a consequence of the first by smooth base change. See also [?, Exposé XIII,
Reformulation 2.1.5]. O
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LEMMA 7.2.3. Let [2] : AL — A be the map over s defined on coordinate rings
by t — t2. Then
ROy 1 = 1,

with quadratic monodromy. More generally, if g : U — A is smooth then
ROl = 1y—0.
with quadratic monodromy coming from the cover associated to \/g.

PrOOF. We first point out that the second claim follows immediately from the
first by smooth base change.

Let X — S be the base change of [2] : A — A! along S — Al. More explicitly
we have X = Spec(R[z]/(z? —t)) and X — S is given on coordinate rings by
R — R[z]/(2® —t), where R = C[[t]]. Then

X=XTuX~ and X'TNnX =X,

with X* = S; note also that X, = f~1(0) = Spec(C[z]/(2?)) while X, = XI* = s.
Consequently,

)_(,—, = Spec(K[z]/(2* — 1))
= Spec(Kla]/(z — t2) & Kla]/(z + 1))
= XfuXx,,

with Xﬁi = 7, where the Galois group Gal(7j/n) acts by interchanging these two
components.
We will use (74) to compute R®[y1:=R®x 1. First, note that

Pebily =i%ly = lx..
The action of Gal(7/n) on 1x_ is trivial. Next, we find R¥Ux 1 x.
RUxly = i%(ix)bx,ixlx
= i%x(x)1x,
P () Ly @ % gLy

where jT : X7 — X is the composition of the component X5 — Xj; and the
generic fibre map j¢ : )_(7—, — X. Since j)ﬂ—? : )_(,—,i — X is an open immersion and X
is on the boundary of Xﬁi in X, we have

k7t

lX(-]X)*]lX'ﬁi = ]1)—(5.
Therefore,

RUxIx =1g ®1g,.
Note that the monodromy action on RU x 1 x switches these two summands. Let

RUy1y ]1}( olx

be the eigenspace decomposition of R x 1x according to this action, so Gal(7j/n)
acts trivially on ]1;%5 while Gal(7/n) acts on 1 through the quadratic character
Gal(y/mn/n) — {£1}. The canonical natural transformation i%;b% — R¥y, j¥,
which induces the map at the base of (74), is compatible with monodromy, so

Z}b}]].x — R\Ifxl].x
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is the isomorphism of 1, onto 1% .
_ + -
Tz, — ]IXS ® ]IXS.
Since R® x 1 x is the cone of this arrow, we have
ROx1x =13,
as claimed. O

LEMMA 7.2.4. Set A2 = Spec(C[z,u],) and A' = Spec(C[t]). Let z?u : A2 —
Al be the map defined by t — x%u on coordinate rings. Then

R® 2,1 = EA}L

with quadratic monodromy, where A, = Spec(Clu],) and where Ly is the local
system for the quadratic character of the fundamental group of Al = Spec(Clul,).
More generally, if g,h : U — A% are smooth and h is never zero then

R®,2, 1 = Ly

where Lqy—o is the local system for the quadratic character associated to the cover
coming from Vh and quadratic monodromy coming from the cover associated to
adjoining \/g.

PROOF. As before, the second claim follows from the first by smooth base
change.

Consider the map a : A2 — A2 defined on coordinate rings by z ~ z? and
u + u. Define b : A2 — A2 on coordinate rings by = +— = and u — u?. Define
c: A2 - A2 by z+— 20! and u — u. The following diagram commutes,

where d : A2 — A2 is defined by z — zu and u — u?.

Define f = A2 — A! by t — xu where, A! = Spec(C[t]). Then f oa = 22u,
fob=2zu?and foc=2% also, foboa = 2?u?. By base change along S — A!,
we get the following commuting diagram of S-schemes

’ Xd
N
X, % X,
X

Over the generic fibre, these maps are all Galois quadratic. However, after base
change along S — S and restriction to special fibres, the maps induced by a and ¢
become isomorphisms, while b and d remain quadratic. Here we use the sequence of



7. MICROLOCAL VANISHING CYCLES OF PERVERSE SHEAVES 47

equalities X, s = X. s = X5 = Spec(C[u],). Observe that X, — S is the pullback
of z%u : A2 — Al along S — A'. Then

(75) R®,2,1 =Rdx, 1.
By proper base change,
as +R®x,1 = R®Pxa,l.
Since as is an isomorphism, this gives
R®x,1 = RPxa,l.

Let € be the local system on Al :=Spec(C|x],) defined by the non-trivial character
of the covering AL — Al given on coordinate rings by x +— 22. Then

,l=0,(1K1)=(1K1)a (K1),
where £ is the extension by zero of £ from Al to A'. Here, and below, we write 1
for the constant sheaf on A! and also on Al. By the exactness of R®x,
RPxa,l =ROx(1X1)® ROy (EFK ).
By Lemma 7.2.2, R®x (1 X 1) = 0. Thus,
R®xa,l = ROy (5K 1).
Our goal, therefore, is to calculate R®x (£7 X 1).

To determine RO x (£% X 1), first we find b, .as .RPx,1 in two ways. On the
one hand,

belis ROx, 1 = by, s.1 by Lemma 7.2.3
= byl since a, is an isomorphism
= (IK1)® (1XL) by the decomposition theorem.

On the other hand,

bs,*as,*_R(de 1

= bs«RPx a1 by proper base change
= b, ROy, (IK1)® (£*X 1)) by the decomposition theorem
= by (RPx, (1K 1) ® ROy, (£7K 1)) by exactness of R®y,
= by.ROx, (£7X1) by Lemma, 7.2.2
= R®xb, (5h X 1) by proper base change
= ROy ((&'KR1) @ (EFRL)) by the decomposition theorem
= ROx(E'X1) BRI (EFX L) by exactness of R®x.
So,
(76) ROx(ER1)®RIx(EFRL) = (1R1) @ (1K L).
We now find R® x (£ £) by computing &, .R®x, 1 in two ways. On the one hand,
Cs«ROx, 1 = &4l by Lemma 7.2.3
=1 since Cs is an isomorphism.

On the other hand,

Cs«R®Px, 1 = R®xc,1 by proper base change
= Rex ((I1X1)& ("R L)) by the decomposition theorem
= ROy (EFNL) by Lemma 7.2.2.

(77) ROx(ETX L) = 1.
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Combining (75), (76) and (77) it now follows that

R®,2,1 =RPyx, 1 =RIx (£ X1) = 1K L.

This completes the proof of Lemma 7.2.4 O
Set A2, = Spec(Clz,...,Ze,u1,. .., Uelu..u,) and let AS . be the sub-
variety cut out by the equations z; =--- =z, = 0.

PROPOSITION 7.2.5. Consider the function

UL Ue

g: A% — A' = Spec(C[t]) given by Z ur? <t
i=1

Then

RO 1 = 2 L[1 — €],
where z : AS ., — A, s the closed immersion and where L is the local
system on Ay ., for the character of the fundamental group of Ag, . ., given by

the product of the quadratic characters of each factor A}, = Spec(Clu]y, ).

PROOF. By definition,
R®,1 =R x1x,

for
X = Spec(Clx1, ..., Tey Uy vy Ue|uyg -, [[t]]/(z uir? —t))
i=1

with the obvious structure map X — S. Set X; = Spec(Clxz;, ui]y;[[t]]). By
Lemma 7.2.4,

Rex, 1x, = L;,

where £; is the local system for the quadratic character of the fundamental group
of X; s = Spec(Cluyy, ), for each i = 1,...,e. It follows from the Sebastiani-Thom
isomorphism (see [?] and [?]) that

R(I)X[—l]]lX = 2\ (R(I)Xl[—l]]lxl X K R‘bxe[—l}ﬂxe),

where 2z : Z < X, is the closed subvariety Spec(Cluy,...,Uec]u,.-.u,). In other
words,

ROxLx = 2 (Lx, B-RLg, )1

This concludes the proof of Proposition 7.2.5 O

COROLLARY 7.2.6. Let zy : A> — Al be the map defined on coordinate rings
by t — xy, where A% = Spec(Clx,y]). Then

R®,,1 = 1,
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7.3. Brylinski’s functor Ev. Fix A € R(LG). Let f : T*(Vy) — A! be the s-
morphism obtained by restriction from the non-degenerate, symmetric Jy-invariant
bilinear form ( | ) defined in (62). Let X = T*(V)) x41 S and let fs: X — S be
base change of f along S — Al.

For any & € Vy, define fe, : Vs — Al by fe, (2) := f(2,&). Let fe,.5: Xey — S
be the base change of f¢, : Vi — Al along S — Al so X¢,:=Vy x4 S.  The
special fibre of X, — S is denoted by X¢, s and the generic fibre by X¢, ,; note
that

Xeos ={z € Va| (z]&) = 0}.
We define
Rq)féo : Dlé,HA (W\) — DZ,ZHA (50)(f§_01(0) X5 )

by the following diagram,

RO,

DgﬁHA (V) DZ,ZHA (50)(1?1(0) X5 S)
lforget RCI)XEOT
b base change b
Dc,sz (50)(V/\) Dc,zHA (.50)><55<X50)

where base change refers to pull-back along Xp — V). Here, we refer to the
equivariant version, for instance D ;; (Va), of the triangulated category D%(Vi) as
the former appears in [?, Section 1]; see also [?]. In [?, Notation 1.14], Brylinski
remarks without proof that there is a functor Ev : D3(Vy) — DA(T};, (Va)reg) with
the property

(78) (Bv F)ag) = (RO F)

for (z,&) € T*(Vx)reg- Some properties Ev are described in [?, Remarque 1.13], [?,
Théoréme 1.9] and [?, Proposition 1.15], using results attributed to [?, Théoréme
3.2.5]. Sadly, [?, Théoréme 3.2.5] does not exist in the published version of the
original notes, and we have not been able to procure the original notes, so we have
been obliged to build Ev ourselves and establish its main properties here. In this
section we describe Ev and put it in a form which will be useful for calculations.
Establishing its main properties will occupy the rest of Section 7.

For any Hy-orbit B C VY, consider the locally closed subvariety Vy x B C
T*(Vy) and let fz : Vi x B — A! be the restriction of f : T*(Vy) — Al to Vi x B.
Let fp.s : Xp — S be the base change of fp along S — A!. Then the special fibre
of Xp is the s-scheme

Xps={(z,§) e Vx x B | (z|§)=0}.

T i

We write
(79) R®;, : DY(Vy x B) — DA(f5(0) x4 S),

for the composition of the functor D%(Vy, x B) — D%(X ) induced by pullback along
Xp — Vi x B and the vanishing cycles functor

(80) R®x, : DY Xp) — Di(f5(0) x5 S).
Now, as an s-scheme, V) x B comes equipped with an Hy-action. Applying base

change along S — s gives an action of Hy x5S on (V) x B)g. Because fp is Hy-
invariant, this defines an action of Hy x, S on {(z,&,t) € (Vo x B)s | f(z,§) =t}.
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But this is precisely X5 so Hy xS acts on Xp in the category of S-schemes and
we have the exact functor

(81) DYy, (Vax B) = D% o(Xp).

See [?, Section 2] for the equivariant derived category ch’, 7, (X). Combining this
with the vanishing cycles functors above defines an exact functor
(82) RPys, : DYy . s(Vax B) = D! (f5'(0) x4 S).

We may now revisit Brylinski’s observation [?, Notation 1.14] and give the main
definition for Section 7: for any Hy-orbit C' C V), let

(83) Eve : D) (Va) = DY g (T6(Va)reg X5 S)
be the functor defined by the diagram
(84)
Ev *
DZ,H; (V)\) = DI;,HA (TC(V)\>reg Xg S)

J{( )KL o restrictionT

Xo

REx . _
DZ,HA(VA x C7) “base change’ Dlg,HAxSS(XC*) - DZ,HA(fC*l(O) X5 5),

where:
(i) (-)X 1o~ : Dl;’HX(V,\) — DZ,HX(V)\ x C*) is the pullback along the
projection map V) x C* — Vy;
(i) DS g (VA x C*)) = DL o g(Xcw) is (81) in the case B = C*;
(iii) R®x . : Dby o o(Xc+) = Dby (f&! (0)xS) is (80) in the case B = C*%;
and
(iv) DY g (foH(0) x4 §) = Db 4 (T&(Va)reg s S) is obtained by pullback
along the inclusion T (V) )reg — fg,}(O), using Proposition 6.4.3.
Since the Lagrangian varieties T (V) )reg are components of N (VA)reg, as C runs
over Hy-orbits in V), we may assemble the functors Evg to define
(85) Ev: DZ,HA (VA) - DI;,HA (T;;A (V/\)reg Xs S)'

We refer to this as the microlocal vanishing cycles functor. Our notation below will
generally hide the action of inertia.

7.4. Stalks. We begin our study of the properties of Ev by showing that it is
indeed the functor that Brylinski promises in [?, Notation 1.14].

PRroproOSITION 7.4.1. The functor
Ev:D’  (Va) = DYy (Tir, (Vi) reg X5 S)

is exact and for every F € DZ’HA(VA) and every (z0,&0) € T, (Va)rey, there is a
canonical isomorphism
(EVF)(;I;O7£0) = (R(I)fgo}—):co

compatible with the actions of Zy, (zo,&o) and Gal(7j/n).

Proor. With reference to diagram (84), we see that Eve is exact since it is
defined as the composition of four exact functors. Since the Lagrangian varieties
TE(VA)reg are components of Ty, (Vi)reg, Ev is also exact.
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The S-morphism
ifo : X§0 — XB
T (ZL’, 50)

is equivariant for the Zg, (§) xs S-action on X¢, and the Hy x, S-action on Xp.
By Lemma 7.4.2, below, this induces an equivalence

Sk, b b
ey - DC7HA><55'(XB) - DC>ZH,\ (50)><55(X50)'
Consider the following commuting diagram, for & € C*:

(Jox,s)« Db (ic*,s)"

D . (For (1) ——— D g, s(Xc+) D? 41, (f&- (0))

R . N
equiv. [ig, , equiv. | g s equiv. | ig, o

*

_ (Jeo.5) (igg.s) _
Dg’ZHA(Eo)Xsn(ffol(n)) - DgaZH,\(io)XsS(Xgo) - DgyzHA(ﬁo)s(ffol(O))’

When combined with base change along S — S, it follows that
R¥ .. iZo,n = iZo,s RU e, -

We find this at the heart of the following commuting diagram, where (z9,&y) €
Xco s

¥
Pco*

Dg,HA(VA) Dg,HA(VA x C*)
DL el (1)) S D ()
qu;fEO quffc*
D 7,1, () (fe, (0)) f:w D? 1, (f&-(0))
Dg,sz(xO,gu)({(an&J)}) DgH(Té(VA)sreg)
Thus,
(86) (R\Ilfc* (]:& 10*))(10,50) = (R\Ilfso]:)a:m

compatible with Zg, (w0, &o)-actions. On the other hand,
(% FRIe) = (FBLe) e = (0 Fleor
as Zp, (zo,&o)-spaces. Using (74), it follows that
(87) (Rbs,. (FR 1))y, o) = (RO Flay,
compatible with the natural Zg, (x0, £y)-action. O
LEMMA 7.4.2. For every &y € B

X = (H,\ XSS)X( Xfo

ZH)\ (EO)XSS)
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in S-schemes and the closed embedding
iEo : X&o — XB
T (Iv 50)

induces an equivalence

kb b

igy Do ryn,s(XB) = D¢z (60)x,5(Xeo)-

PRroOOF. First we must show that (H) xs.S) X (Zur, (€0) %) X¢, exists in S-

schemes. To do that, it will be helpful to prove: for every 6 € A' and & € B there
is an H-isomorphism

f51(8) = Hx Xz, (g) ;' ()

in s-schemes, where H) x f{ol(é) — Hx Xz, (¢0) fgol(é) is an Zg, (&)-torsor in C-
varieties. Since Zp, (&) is a closed subgroup of Hy, the quotient Hyx — Hy/Zm, (&)
exists in C-varieties. Consider the monomorphism

Hy x fo 1 (8) = (Hx/Zu, (€0)) x T*(Va)

given by (h,z) = (hZm, (&), h- (x,&0)). Note that fgol(é) is a closed subvariety of
V. The promised Zg, (&y)-quotient H) X Zu, (20) fe, 1(8) is this morphism restricted
to the image:

Hyx 51 (0) = {(hZu, (€0). h-(2,€0)) € (Hn/Zua, (60)) x Vax B | h™" - € 1(6)}.

Following standard practice, we use the notation (h, ) — [h, z]ZHA (&) for this map.
Now, projection to the second coordinate

Hy Xz, (&) fog () = f5'(9)
is given by [h, x] Zu, (E0) 7 h-(z,&p), which is the promised isomorphism. This shows

that the Zp, (§o)-torsor Hy X fgol(é) = Hx Xz, (&) fg_ol(é) exists in s-schemes and
also that the map

Hy XZH/\(ﬁo) fg_ol((s) — T*(Vk)7 [h7x]ZH/\(€O) = h ('%50)7

is an Hy-isomorphism onto f5'(5) C T*(Va).

Applying pull-back along the flat morphism S — s to Zg, (&) — Hy —
Hy/Zy, (&) determines the cokernel of Zp, (§) xs S — Hy x4 S and also shows
that the local trivialization of Hy — Hx/Zp, (&) determines a local trivialization
of Hy x5S — (Hx x5 5)/(Zm, (&) x5 S). Now we may argue as above to see that
(H)\ XSS) X(ZHX(EO)XSS)XEO — T*(V)\) XSS, defined by [h, x]ZHA (£0) xS T h($7 50);
is an isomorphism onto Xpg over S.

The last part of the lemma now follows immediately by equivariant descent,
arguing as in [?, Section 2.6.2], for instance. O

7.5. Support.

PROPOSITION 7.5.1. Let C C Vy be an Hy-orbit. If F € ch’,’HA(V,\) then
Eve F = 0 unless C C supp F.

ProOF. Note that the support of F is a union of Hjy-orbits. Let i : supp F —
Vi be inclusion. Then
F = i*F.
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Since ¢ is proper, we may apply Lemma 7.5.2, below, to this case with W = supp F
and 7 = ¢ and go+ = flsupp Fxc+. Then 7’ =i x id¢- and

9o (0) = {(x,€) € supp F x C* | (z|€) =0}
and
(W X C")gereg = (Supp F X C*) NTE(Va)reg = T (Va)reg-
Thus,

= (ROgo. (" F W L)) |7 (V) reg

by Lemma 7.5.2. The support of i*F X 1o« is contained in supp F x C*, so the
support of

R®,,.. (i* F R 1o-)
is contained in g5 (0) N (supp F x C*) so the support of Eve F is contained in
T (Va)reg N (supp F x C¥).

Since T (Va)reg € C x C*, this is empty unless C' C supp F. O

Besides its use in Proposition 7.5.1, above, the following result is key to many
of the calculations in Part 2.

LEMMA 7.5.2. Suppose w : W — V) is proper with fibres of dimension n.
Suppose Hy acts on W and w : W — V) is equivariant. Then

EVC 7T15 = (7T'g)1 ((R(I)gc*g X ]lc*)

(WXC*)roreg) »
where ' :=7 X idg~, 7, is its restriction to special fibres, go- := fo~ o', and ©w!
and (W x C*)r.req are defined by the cartesian diagrams below.

W —— W x C* 9ot (0) —— (W X C*)ireg
Dex
wl ‘ ﬂ,/l gc* ﬂ,;l lﬂ_;/
Vi 5o— Vax ¢ FGH(0) 4 TE(Va)reg
fc*l l
S s

PROOF. Suppose £ € D! ; (W). Then m€& € D, 5 (Va). Let pow : Va x C* —
Vi be projection. Then, by repeated application of proper base change [?, Exposé
XIV, 2.1.7.1],

EVC ™ Rq)fc*pz’*mgHTé(V,\)reg

&=
= (RO ()P ) E) Tt (Vi) e
=(
=(

(TRP g (D) ENTE (V) re
T (R (€ 1o )W x 0% veg) - -
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7.6. Open orbit.

LEMMA 7.6.1. For every Hy-orbit C C V) and every Hj-equivariant local
system L on C,

B0 TO(C, £) = (REg, o (LB 102)) ) [ C)

(VA )reg [
PROOF. By the definition of Eve given in (84),

Eve 20(C. £) = (R2y (IC(C.L) B 1)) .y -

Using Proposition 6.4.3 and proper base change for C' < Vy as in Lemma 7.5.2
gives

(R (ZC(C, L) K 1)) = (R@,%XC* (£H[dim C] ® 110*))

TE(Va)reg T (V) reg ’

using the notation £# = IC(C, £)| |- dim C]. Since C' C Vy is locally closed, it is
relatively open in its closure. By smooth base change for C' — C,
(Rq)fléxc* (Lﬁ IZ'IC*)>T* = (Rq>f|C><C’* (’C"Z I]'C*))

& (V3)res TE(Va)res

This proves the lemma. (Il

PROPOSITION 7.6.2. Let C C V) be an Hy-orbit.
(a) For any (x,£) € TE(Va)regs
(EVCIC(C))(I’@ = (R(I)E‘C]lc)z [dlmC},

as representations of Zy, (x,§).
(b) For any Hy-equivariant local system L on C,

Bve IC(C, £) = Bve IC(C) @ (LR L) 75 (Vi ) ey -
Proor. By Lemma 7.6.1,

EVcIC(C,L:) = (R(I)fbxc* (ﬁ&]lc*)) dimC].

TE(Va)reg [
Taking the case £ = 1 and passing to stalks using Proposition 7.4.1 gives
(EVC IC(O))(:C,E) = (R(bf\c ]]'C)w [dlm C},

for every (x,£) € TE(V)reg- This proves (a).
To simplify notation slightly, set £:=L X 1¢«. It follows from Lemma 7.6.3,
below, that
R\Ijﬂcxc*g = g|f|g'1<c* (0) ® R\I/f|c><c* ]]-CXC* .

To see this, let X = X xg S play the role of X in Lemma 7.6.3, let X play the
role of U, so j plays the role of j, take H = 1g and G = £. It now follows from
(74) that

R(I)f\c*xc* (&) = g'f\gi (0) ® Rq)f|c><c* loxes,

o
since

Elpzt e =Elpst o @ Lyzt o)

Using Proposition 6.4.3 again and restricting from f|5L 5. (0) to Tg(Va)reg now
gives

(R(I)f\CXC* 5)
Using Lemma 7.6.1 again, this proves (b).

TS(VA)rEg = S|T5(V>\)reg ® (R(Pﬂcxc* ]]'CXC*> |T5(V>\)reg
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d

LEMMA 7.6.3. Let j : U — X be an open immersion. Let G and H be local
systems on X trivialized by a finite etale cover of X. Set F = j*H. Then the
canonical morphism

J+F QG = ju(F®57G)

is an isomorphism.

PRrROOF. The canonical morphism above comes from the unit 1 — j,j* of the
adjunction for the pair (j*, j.) the exactness of j*, and the co-unit j*j. — 1:

JF ®G = juj (3o F @G) = (G5 @57°G) = ju(F ©5°G).

To show that this is an isomorphism it is sufficient to show that this induces an
isomorphism on stalks. Note that any sheaf homomorphism obtained from the unit
1 — j,7* is a monomorphism while any sheaf homomorphism obtained from the
co-unit j*j, — 1 is an isomorphism, so the canonical morphism is injective.
Without loss of generality, we may assume X is connected.
Let 7 : X — X be a finite etale cover that trivializes G. Then the canonical
morphism j,.F ® G — j.(F ® j*G) induces

(88) T (J+F ©G) = 7. (F @ 57G).

Note that (88) is injective on stalks. Let j, : U — X be the pullback of j along 7
and let 7; : U — U be the pullback of 7 along j. Note that j. is an open immersion
and 7; is again a finite etale cover. The local system j*G is trivialized by ; since

m53°G = (jom)'G = (mojx)'G = (jx)'7°G = (jx)" 1% = 17,

where m = rank§; likewise F is trivialized by m;. By the exactness of 7* and
proper base change,

T F ®G) =7 F @G = (fn)um; F QLY = (jr) 1% @ 17
where n = rank F . Likewise,
T Je(F ®5°G) = (Ju)«m; (F © 5°G) = (jx )+ (1% ® jz15) -

This reduces the general case to the case of constant sheaves. When G and H are

constant sheaves, the lemma is elementary.
O

7.7. Purity and rank on the open orbit. In this section we show that, for
every Hy-orbit C' C Vj, the object Eve ZC(C) in DY 1 (T (VA )reg) is cohomologically
concentrated in dimension dim C* — dim V), — 1, where it is a rank-1 constructible
sheaf; see Theorem 7.7.5.

Recall f : T*(Vy) — A! from Section 7.3. Having fixed C, in this section we
use the notation Ac :=T4(Vy) N (C x C*) and set g:= floxc-. We also set

(89) e=¢ec:=dimC +dimC* — dim V),
the codimension of A¢ in C' x C* and refer to this as the eccentricity of C.

LEMMA 7.7.1. The singular locus of floxc- : C x C* — Al contains Ac.
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PRrOOF. Suppose (z,§) € Ac; we must show that dg(,e) : T(z.e)(C x C*) —
To(A1) is trivial, where g : C x C* — Al is the restriction of f to C' x C*. By
Lemma 6.3.2, § € T¢ ,(Vy), we have (y,€), = 0 for all y € T;(C), where (, ), is
the pairing on T (Vi) x T;(Vi). Similarly, € T¢. ((VY), so (x,v), = 0 for any
v € T¢(C3), where (, ), is the pairing on Ty (V) x Te(VY). Since dg(.¢)(y,v) =
(1,€), + (z,v)¢ = 0, it now follows that dg(,e) : Tiae)(C x C*) — Ty(Al) is
trivial. (]

We now make a study of f|oxc- — Al at regular points (z,£) € T (Vi )reg-
Let Z be the ideal sheaf for the closed subvariety Ac in C' x C*. Using the regularity
of (x,€) € TE(Va)reg, Wwe may choose an open affine neighbourhood U of (z,§) in
C x C* such that U N A¢ is an open affine neighbourhood of (z,€) in Ac. The
sequence

0—=Z(U) = Ocxc«(U) = Op. (UNAc) = 0

is exact. Let @CXC*/AC(U) be the completion of Ocxc«(U) with respect to the
ideal Z(U); then

(90) Occejne(U) = Opno (UNAS)[21, - -+, 2]

where e is the codimension of A¢ in C' x C*; see for instance, [?, Theorem 11.22

and Remark 2]|. Recall g:= f|cxc+. We denote the image of g in @Cxc*/Ac(U) by
gu. Using multindex notation, gy may be written in the form

gu=> arz,
I;
with I = (i1,...,%.) where ¢; € N; here, a; = a5 € Oa, (U NAg).
Again using the regularity of (x, &), the completion of Op,, at (z,¢) is

OACv(ﬁfvf) = (C[[yla cee 7de
where d = dim A¢ and
(91) OCXC*7(JU,E) = OAC,(a:,g)[[Z17~--aZe]]~
Note that this defines a splitting of the exact sequence

0= Ziwe) = Ocxcr (o) = Oneifag) — 0.

Let 9(z.6) be the image of f|oxc+ in (5CXC*,(I7€)_ Then

(92) G(z,6) = Z ar(y)z"

[1]=2

where az(y) € @Ac,(x,é) is the image of ay under O, (U NA¢) — (/Q\AC,(%@.

Set |I|: =iy + -+ +i.. By Lemma 6.3.2, f|oxc+ : C x C* — Al vanishes on
Ac so ar(y) = 0 for |I| = 0. By Lemma 7.7.1, floxc+ : C x C* — Al is singular
along A¢ so ar(y) = 0 for all |I| = 1. Consequently,

(93) daey = Y ar(y)z'.
11]>2

LEMMA 7.7.2. If (z,&) € T&(Va)reg then the rank of the Hessian for the function
floxe : C x C* = S at (x,€) is most dim C + dim C* — dim V.
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PROOF. As above, set g:= f|loxc and e:= dim C + dim C* — dim V). First,
observe that the Hessian for g at (z,¢) is determined by the image g, ¢) of g under

the map Ocxc* (C X C*) — @CXC*,(z,§)5

H(9)(x,6) = H(9a,6))o-
Recall from (92) that we may write G, ¢) in the form

G(z6) = Z ar(y)z".

|71>2

We now break the Hessian for g, ¢) at 0 into blocks:

N A B
IH(Q(z,{))O = (tB A/) )

where A and A’ are the matrices of partial derivatives

— 9 P I
A’L] - 8y1 6:’./] Z al(y)z ‘(070)7

171>2
for 1 <14,j <d, and
A’,.—LQ Z&( \EH ‘
U7 9z, 02 Y 0,0)’
[I]>2

for 1 <1,j < e, and where B is the matrix of mixed partial derivatives

9? N 1
By = B0 5o, > ar)=" | o)

[71>2

forl<i<dand1<j<e Now

0% .
Aij - Z ( Y5 a[(y)> ZI|(0,0) =0

152 \0vi 0

because 2!|y = 0 for all |I| > 2, and

o= (540) (324) -

[7]>2

because g—i o, = 0 for all |I| > 2. Therefore,

rank H(g(q,¢))o = rank A'.

Since
rank A’ < e =dim C 4 dim C* — dim V,
this concludes the proof of Lemma 7.7.2. O

LEMMA 7.7.3. If (z,&) € T&(Va)reg then the rank of the Hessian for the function
flexes : C x C* — Al at (x,€) is least dim C' + dim C* — dim V).
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PROOF. In this proof we use the analytic site. Consider the covering
Hyx Hy — CxCC*
(h,h') = (Ad(h)(z), Ad(R)(S))

After passing to a neighbourhood of (1,1), pullback through the exponential map
exp : h — H) to define

G:hxh = CxC*

(z,2)) = (Ad(exp(z))(z), Ad(exp(2'))(x)).

Then

rank H(g) (z,¢) = rank H(Jz,e))o = rank H(G)0,0),
where H(G)(0,0) is the Hessian of G at (0,0). Recall that

Ad(exp(2))(@) = @ + 0] + 5l 5 all + o4 Lo [oy o [zl ]

in the formal neighbourhood of 0 € b; likewise for Ad(exp(z’)(€). Define Z(z) and
Z'(2') by
Ad(exp(2))(z) = x + [z,2] + Z(2) and  Ad(exp(2))(§) = £+ [, €] + Z'(2').
Then
G(z2) = (z][z¢) + ([z4]]€)
H(2(2)1€) + (.2 [[2.€) + (2] 2/(2))
+([z,2][Z2'(2)) + (2(2) | Z2'(')) + (Z(2) [ [, €])
(Z2(2)[€) + ([z2] | [, €]) + (2| Z'(2")),

Since the second-order part of G(z, 2) is
the Hessian of G at (0,0) takes the form
M N
H(G)(O,O) = (tN M/> )

where M and M’ are the matrices of partial derivatives

2 2
9 and M/ g

o _ 1ot
M 0z; 3Zj(Z(Z) ‘5)‘(0»0)’ ij 321’- 52’9 (z|Z'(2"))

0.0

and where N is the matrix of mixed partial derivatives

2
O (e [2.8])

Ni =5 0/ (L=, ooy

Thus,

rank H(G) 0,0y > rank N.
In fact, the matrix N is the matrix for the bilinear form

hxh — Al

(27'2/) = ([Z,JJ] |[Z/7§])
Since

([z 2] [, €]) = (&, [z 2]] | 2),
the rank of N is diml[¢, [h, z]].
We now show that dim[¢, [h, z]] is dim C + dim C* — dim V). First, note that
[h,z] = T..(C) and ker[, ]|y = Té*f(V*),

S0
dim[¢, [h, 2]] = dim T, (C) — dim T¢ (V") = dim C' — dim T¢. (V).
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Since (z,§) is regular, T¢. ((V*)N(Cx{}) = {(y,§) € Ox{&} | [y, €] = 0} contains
an open neighbourhood of (z,€) in T¢. ((V*) = {(y,€) € V x {£} | [y,&] = 0}.
Hence T¢. ((V*) C T;(C) and
dim T¢. ((V*) = dimV — dim T (C*) = dim V' — dim C*.
Therefore,
dim[¢, [h, z]] = dim C' — (dim V' — dim C*),
which concludes the proof of Lemma 7.7.3. (]

We remark that [, [h, z]] is also the image of the map T{, ¢)(C x C*) — b given
by (y,v) — [z,v] + [y,&], so the proof of Lemma 7.7.3 also shows that

Ta,e)(Ac) = {(y,v) € Tae)(C x C*) | [2,0] + [y, €] = 0}
for (z,€) € TE(VA)reg-

LEMMA 7.7.4. Recall the definition of @Cxc*//\c (U) from (90). The open affine
U C C x C* may be chosen so that there is an isomorphism

Ocwcjac(U) = Orc(UNAG) [z, -, z]],
such that the image of floxc+ : C x C* — Al in @CXC*/AC(U) is

ulx% —|—-~-—|—uex3
foruy,...,ue € Opr (UNAg). Here, e = dim C + dim C* — dim Vj.

PrROOF. We have seen that we may choose U and arrange so that the image
of the function g : C' x C* — Al in @CXC*/AC (U) = Oac (UNAC)[[#15 - - -5 2e]] will
have the form gu = 7159 arz’. Set A = On.(UNAg)[[22,- -, 2] and let m be
the ideal in A generated by zg,...,z.. Write g ¢) = oo obnz. Then by € m
and by € A*. Make the substitution z; = w1 + x t0 give J(z¢) = D nog Cnw] for
¢n, € Allz]]. Importantly, c1(x) = by + 2bsx +--- so cj(x) € A* (formal derivative).
Since we know that c¢1(x) = 2ba(x) + -+ mod m, we know ¢;(x) has a root = +m
in A/m. By the extension of Hensel’s lemma to formal power series, ¢;(z) = 0 has
a solution in A, call it hy € A. Now the linear substitution z; — x; + h; sends
One (UNAQ)[[21, ..+, ze]] to Oa (UNAg)[[21, 22 . . ., 2c]] s0 that the image of g, ¢)

to takes the form by + bax? + b3x$ + -+ = by +uyz?. As an element of A[[z1]], now
9(z,¢) has no linear term in z; and u; € A[[z,]]*. Continuing inductively concludes
the proof of Lemma 7.7.4. (]

THEOREM 7.7.5. For every Hx-orbit C C Vy and for all (x,£) € TE(VA) regs
(EVCIC(C))(%O = E(w7§) [dlmC’ +1-— 60}

where ec = dim C + dim C* — dim V) and L, ¢) the stalk of a local system for a
quadratic character, described in the proof, of an etale neighbourhood of (x,£) in
TE(VA)reg- In particular

rank BEvg ZC(C) = 1.

Proor. By Lemma 7.6.1,

EVCZC(C) = (R(I)ﬂCxC* ]]-CXC*) [dlmC]

TE(Va)reg
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Let U be an open affine neighbourhood of (x,¢) in C' x C* and recall the definition

@CXC*/AC(U) from (90). Recall uy,...,u. € Op,(UNA¢) from Lemma 7.7.4. Set
U’ = Uy, ...u,; this is again an open affine neighbourhood of (z,¢) in C' x C*. Let

j 2 Spec(Ox o yag (U') = C x C*
be the map induced by Ocx o+ (U) — @Cxc*/AC(U’). Then
(RO e Nene) g =5 (RO Tener),
By Lemma 7.7.4, there is an isomorphism
Ocxcriae(U") 2 Oac (U NAG)[21, .. ., ]

where d = dim V), and e = dim C' 4 dim C* — dim V}, such that the image of f|coxc+
in Ocxex/as(U') is uyz? + - - +uez?. Note that by our choice of U’, we now have
UL, ... e € Op. (U N Ag)*. By smooth base change,

7" (Reyiq, oo ), = (R‘I’ulm%+-~+uew§1)0~

By definition,
ROy w24 que2l = REx1x
where
X = Spec(Oa. (U N A [[t][x1, - - -, ze]]/(urz? 4 - - + uea? —t)).

Write X =Y xg Z with

Y = Spec(Oa. (U N Ac)|[t]])
and

Z = Spec(Clz1,. .., T, Uty Ues uy o, [t]]/ (0123 + -+ + uex? —t)).
Now, by smooth base change, the Sebastiani-Thom isomorphism, and Lemma 7.2.1,
ROx1xy =1y XROZ1z.

Using Proposition 7.2.5, it now follows that

(EVCIC(C))(I@ = (RPz1x),[dimC] = Lo[dim C + 1 — €]
where L is the rank-1 local system described in Proposition 7.2.5. This concludes
the proof of Theorem 7.7.5. (]

7.8. Perversity. We now show that when shifted by the appropriate degree,
the functor Eve takes perverse sheaves to perverse sheaves.

PROPOSITION 7.8.1. Let C C Vy be an Hx-orbit. If P € Perp, (V) then
Eve Pldim C* — 1] € Perg, (TE (V) reg)-

PRrROOF. From (84) recall that Ev[dim C* — 1] : Dlé’HA(VA) — ch);H)\ (TE(Va)reg)
is defined by
Bv[dim C* — 1]P = (R®j,.. [-1] (P X Lo+ [dim C])) |75 (Vs )reg -

Since C* is smooth, 1o« [dim C*] is perverse, so PX 1o [dim C*] is a perverse sheaf
on Vy x C*; see also [?, 4.2.4]. The restriction of P X 1o« [dim C*] from V) x C*
to the open ( | )7!(AL) is also perverse. It follows from [?, Proposition 4.4.2] that
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RO . [-1](P X 1¢-[dim C*]) is perverse; see also [?, Théoréme 1.2]. It is also
H y-equivariant by transport of structure. The functor

R® . [-1] ((+) B Le-[dim C*]) : D 4, (Va) — Dy (f-(0))

takes equivariant perverse sheaves to equivariant perverse sheaves.
By Lemma 7.8.2 for every P € Perg, (V) the support of R®;,. (P X 1c-) is
contained in

{(z,&) e VA x C* | [z,£] = 0}.
Thus, the restriction of the perverse sheaf R®y,. [—1](P X 1¢-[dim C*]) from
{(z,§) e VA x C* [ (z|€) =0}
to
{(2,) e Va x C" | [, €] = 0}
is again perverse. Since T/ (Vi)reg 18 open in {(z,£) € Vy x C* | [z,&] = 0}, it
follows from [?, Section 1.4] that the restriction

Eve P[dim C* — 1] = (R®,.. [~1](P K L¢- [dim C*]))

TE(Va)res

is perverse. This proves 7.8.1. (]

LEMMA 7.8.2. For every P € Pergy, (V)), the support of R®; . (P X 1c-) is
contained in {(x,&) € V) x C* | [z,&] = 0}.

PROOF. Since R®y . is exact, we may assume P is simple: set P = ZC(Co, Lo),
where Cy C V), is an Hy-orbit and £ is a simple Hy-equivariant local system on
Co. By Proposition 7.5.1, the support of R®;_. (P X 1¢-) is contained in Cp. Let
T cN*O — Cj be a proper morphism with 50 smooth over s such that ZC(Cy, Lo)
appears, up to shift, in W*IC(CN’O). Now, define 7’ :=7 x idg~ : 6’6 x C* = Cy x C*
and g:= foxon’ : 6’6 x C* — S. To simplify notation somewhat, we set Y = CN'O xC*
for the remainder of this proof. Arguing as in the proof of Lemma 7.5.2 using proper
base change [?, Exposé XIV, 2.1.7.1], it follows that

W;R(I)g]].y = R‘I)fc*ﬂ'*]].y.

Then R®;,. (IC(Co, Lo) X L+ ) is a summand of this sheaf, up to shift.

It follows from Lemma 7.2.2, that the support of R®,1y is contained in the
singular locus of Y. Thus, to prove the lemma it is sufficient to show that the
singular locus of Y is contained in {(Z, &) € Cy x C* | [7(Z),&] = 0}. Accordingly,
suppose y = (Z,€) € Y is singular. Since Y is smooth over s, there exists an
open neighbourhood U C Y containing y and a closed embedding U — A™ such
that dg, € T&y(A”) for an extension ¢ of g|y to an open neighbourhood of U in
A"; see |7, Theorem 3.1.2|, for instance. Observe that the stalk 777, (A") of the
conormal bundle T7;(A"™) is precisely the complex vector space of dh,, for h € I(U).
Without loss of generality, we may take the embedding U — A™ to be of the form
y — (z,7'(y)), or equivalently (Z,£) — (z,7(Z), &), where & — (z,7(Z)) is an affine
embeddingA?f C. ObserX(j that C* C V* comes with an affine embedding. Now
I(Y) = I(Cyx C*) =2 I(Cy) ®I(C*) in the coordinate ring of A™ and the projection
of dg, € T,j(A") onto I(C*) is d(m(Z)|-)¢. Thus, d(7(Z)| )¢ € Tg- (V).
Identifying the dual of V* with V), as in Section 6.4, gives

T e(VX) ={z € Va | [x,¢] = 0}.
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Thus, the singular locus of Y is contained in
T ({(2,€) € Co x C* | [2,€] = 0}) = {(2,€) € Co x C" | [n(2),€] = 0}
Thus, the support of R® 1y is contained in this variety. Since

(T RD, Ly ), ¢) = H* (7 (2) x {€},RP,1Ly),

it now follows that the support of 7/, R®,1y = Rdy . m, 1y is contained in the subset
{(z,6) € Cy x C* | [x,&] = 0}. Since RPy. (IC(Co, L) W 1¢-+) is a summand of
R®;. . w1y, its support too is contained in {(z,£) € Cy x C* | [z,&] = 0}, as
claimed. O

For use below, we set

(94) PEve := Bvg[dim C* — 1] : Perg, (Vi) — Perg, (T6(Va)reg)s
using Proposition 7.8.1. Also define
(95) PEv : Perg, (Vi) — Perw, (Tr, (Va)reg)
by
(PEVP)|75(Va)ees = PEvC P.

7.9. Restriction to generic elements. Suppose F € Perg, (TE(Va)reg)-
Then dimsupp H*F < i for i < dim V3. Let T¢ (V) F-gen denote the compliment
of the union of the support of H~*F for i < dim V. Then T (V))r.gen is an Hy-
stable open subvariety of T/ (V) )reg With the property that the restriction of F to
T (V) Fgen is an Hy-equivariant local system shifted to degree dim V).

Set

Té(vk)gen = ﬂ TE(V)\) PEvc P-gen
P
as P ranges over isomorphism classes of objects in Perg, (V)\). Note that T (V))gen
is not empty since T (V) )reg is irreducible. Then T¢ (Vi )gen is an open subvariety
of T¢(Va)reg with the property that, for every P € Perg, (Vy), the restriction
of PEv¢c P to Té(VA)gen is an Hy-equivariant local system concentrated in degree
dim V. Observe that

Té‘(VA)sreg c TE‘(VA)gen < Té‘(VA)reg'

We remark that there are indeed infinitesimal parameters A : Wy — G and H,-
orbits C' C V), such that TE(VA)reg does not have an open dense H-orbit, in which
case T¢ (Vi )sreg is empty; in this case T (V) )gen is not a single Hy-orbit.
We remark that if P € Pergy, (V)) then, by [?, Proposition 1.15], the perverse
sheaf PEvc P is concentrated in degree dim V), without restricting to T (V) )gen-
We now restrict the functor Eve to generic elements and define

(96) EVSC : Peer (V)\) — LOCHA (Té‘(v)\)gen)

by
EVSC P = (pEVC[— dim V>\]'P)

TE(Va)gen®
Likewise define

(97) Evs : PerHA (V)\) — LOCH)\ (Tﬁ)\ (V)\)gen)a

where
(98) Th, (Va)gen = | T5(VA)gen
C
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as C ranges over Hy-orbits in V).

7.10. Normalization of Ev. We now define the functor NEws that appeared
in the Introduction and establish its main properties in Theorem 7.10.1.
First, normalize Ev as follows: let

NEve : DYy (Va) = D% 1y (T8 (Va)reg),
be the functor defined by
NEve = (Eve ZC(C))Y @ Bve,
where (EveZC(C))Y = Hom (EVCE(C),]lTé(VA)mg); here and below we use the
left derived tensor product. Likewise define
NEv : Dg,HA(VA) - DlC),H/\ (T77, (VA)reg)

so that
NEve F = (NEv F) ‘Té(VA)reg-

We refer to NEv as the normalized microlocal vanishing cycles functor. In the
examples it will be helpful to have the notation

PNEv := NEv[dim C* — 1] : Pery, (VA) = Perg, (T, (Va)reg)-
Next, restrict NEv to generic elements: set

NEwsc F := (PNEvo[— dim V,\]F)

TE(Va)gen)
and likewise define
(99) NEws : Perg, (Vi) = Loca, (TG (Va)gen)-
Then
NEvs = TC\'/ ® Bvse
where
(100) Tc = Bwsc IC(C) € Locw, (T¢:(Va)gen)-

and 7Y is its dual local system.

THEOREM 7.10.1. Let A : Wr — LG be an infinitesimal parameter.

(a) The functor NEvs is exact.
(b) If P € Perg, (V) then NEvsc P = 0 unless C C supp P.
(¢) If P € Perg, (V) then

rank(NEws P) = rank(R®,P),,

for every (z,€) € Ty, (V) gen-
(d) For every Hy-orbit C C Vy and for every Hy-equivariant local system L
on C,

NEvsc ZC(C, L) = (LXK 1¢+)
in particular,

rank NEvws¢ ZIC(C, £) = rank Evs¢ IC(C, £) = rank L.

TE(Va)gen
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PRrOOF. By first part of Proposition 7.4.1, Eve is exact. Since restriction
from T¢E(Va)reg t0 TE(Va)gen is also exact, so is Evsc. Since NEwsc is obtained
by tensoring Evsc with (Evsc ZC(C'))Y, NBwsc is also exact. NEwsc produces local
systems by Section 7.9. This proves Part (a). Part (b) is a consequence of
Proposition 7.5.1 and the definition of NEvsc and the fact that rank(Bvwsc ZC(C))Y =
1 by Theorem 7.7.5. Part (c) follows from the second part of Proposition 7.4.1, using
Theorem 7.7.5. Part (d) follows from Proposition 7.6.2(b) and the isomorphism
(Bsc ZC(C))Y @ BwscIC(C) = L1y (vy )4 again using Theorem 7.7.5. O

Note that the functor Evs satisfies the conditions appearing in Theorem 7.10.1
except the first part of Theorem 7.10.1(d) since, for every Hy-equivariant local
system £ on C,

Bvsc IC(C, L) = T @ (LR Lox) [72(Va ) gens

by Proposition 7.6.2(b). The normalization Evs explained at the beginning of
this section was designed exactly with Theorem 7.10.1(d) in mind. If we define
T € Locn, (T, (Vx)gen) by

(101) Tlrg(va)gen = To
then it follows from Proposition 7.6.2(a) that for every (z,£) € T4 (VA)gen,
Twe) = (RO [-1]1c) , [ec],

as representations of mo(Zp, (,§)), where ec := dim C'+dim C* —dim V), as defined
in Section 7.7. In Part 2 we calculate these representations of mo(Z g, (x,€)) in many
examples and in doing so we see that the rank-1 local system T € T} (VA)gen may
not be trivial.

By Proposition 6.7.1, the equivariant fundamental group of Té‘w(VA)sreg is Ay.

By Proposition 6.6.1, every Arthur parameter 1) € Qx(“G) determines a base point
(@, &) € T, (VA )sreg and thus an equivalence of categories

(102) Locu, (T¢, (Va)sreg) — Rep(Ay).

Combining (97) and (102) in the case C = Cy, defines the exact functor
(103) Bvsy : Perg, (Vi) — Rep(Ay).

and likewise defines the exact functor

(104) NEvs, : Perg, (Vi) — Rep(Ay)

such that

NEvs,, := 7:;/ & E\/Sw,
where T, is the representation of A, matching the local system 7¢, under (102).

This is the functor appearing in (10). Using this, Corollary 7.0.1 is simply a
rephrasing of Theorem 7.10.1 using Proposition 4.6.2.

7.11. Remarks on stratified Morse theory and microlocalization. In
the discussion after [?, Theorem 24.8], one finds some words about the relation
between stratified Morse theory, microlocalization and the vanishing cycles functor;
these words are clarified considerably in [?]. As our goal in this article was to
establish the properties of NEv needed to make precise definitions and testable
conjectures about (what we call) ABV-packets and their associated distributions,
we did not find it necessary here to discuss the relation between stratified Morse
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theory, microlocalization and vanishing cycles in any serious way. Even for the
calculations in Part 2, that is unnecessary. We expect, however, that progress
toward proving the Conjectures in this article and in [?] in full generality would be
aided by an ability to pass between these three perspectives, rigourously.

With this in mind, we offer some words of caution. The definitive reference
for stratified Morse theory is, of course, [?]. Vanishing cycles appear only once in
this book, in a remark in an appendix [?, 6.A.2]: “Then, the Morse group Aé (F)
is canonically isomorphic to the vanishing cycles R‘®(F), of [?].” In [?, 6.A.1]
we see how to calculate the Morse group, using normal Morse data according to
the formula A{(F) = H'(J, K; F), where the pair (J, K) is the normal Morse data
corresponding to any smooth function f : M — R such that df(p) = £ In the
proof of [?, Theorem 24.8] we see that the stalks of Q®°(F) are Morse groups,
or more precisely, Q‘élic(f)%z7§) = H-ImC(J K F) for (2,€) € TEH(VA)gen- In
this article we show that the stalks of Eva(F) are given by vanishing cycles, or
more precisely, (Eve F),¢) = (R®F), for (2,€) € T5(V)reg- For this reason, one
might expect that, after invoking [?, Exposé XIV, Théoréme 2.8] to pass from the
algebraic description of R® based on [?, Exposé XIII| to the analytic version of R®
given in [?, Exposé XIV], perhaps Qmi¢(F) coincides with Evg F[—dim C]. But
that is false, and not just because something has gone awry with the shifts. The
difference between the functor rgic and the appropriately shifted analytic version
of Ev is easy to miss, because they do produce sheaves with the same support and
rank: rank Qrgic(f)ém,g) = rank Evl(;féi)mc(]:[ec —1]) for all (z,£) € T5(Va)reg and
for all ¢ € Z. However, as spaces with an action of Zy, (z,£), these stalks are not
equal, which means that the sheaves produced by ré‘i“’ and the sheaves produced
by Eve[—14ec —dim C] are different as equivariant sheaves. Even using microlocal
Euler characteristics, one cannot see this issue.

This discrepancy is entirely responsible for normalizing Ev and introducing the
functor NEv in this article, in Section 7.10. To bring Eve and Q‘gi" into alignment,
we use an idea from stratified Morse theory. The local system T¢ := Bvse ZC(C)
is designed play the role of tangential Morse data. Recall that NEvs is formed by
twisting Evs by the dual of the generally non-trivial sheaf 7. Since rank 7o = 1 by
Theorem 7.7.5, the stalks of NEvs¢ F satisfy the relation

(105) (EVSC ]:)(I’g) = (R(I)g[—l}]lc)m[ec] ® (NEVSC .7:)(1;,5).

This relation is designed to mirror [?, Section 3.7.The Main Theorem], given
colloquially there as

Local Morse data = (Tangential Morse data) x (Normal Morse data).

Schiirmann has shown how to interpret this in the language of vanishing cycles, in
certain contexts; see especially [?, Theorem 5.4.1 (5.87)].

We expect, therefore, that it will be possible to express the stalks of NEvso F
using normal slices, as we now explain. Suppose G is split, the infinitesimal
parameter \ : Wr — LG is unramified and A\(Fr) = s, x Fr, where s, € G is
elliptic. Observe that Section 5, especially Theorem 5.1.1, shows how the general
case can be reduced to this case. With reference to the exponential function for
ix, set z:=logsy. Then z € jx o = hy. For every x € V) = j, 2, there is a unique
& € Vi =jx o such that (z,&,, ) is an SL(2)-triple in jx. Then = + kerad§, is a
transverse slice to the Jy-orbit of x in jy [?, Section 7.4] and its intersection with
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V)\a

Sly ==z + {y eV | [yafz] = O}a
is a transverse slice to the Hy-orbit C of x at x. Suppose £ € Té,z(VA)sreg- Then
we expect

(106) (NEvsc F)(2.6) = (RP¢|q, [-1](Fls.)), [~ dim C],
for 7 € DY ;; (Va), in which case (105) becomes
(R®¢[—1]F)glec — dim C]
= (RO¢[-1]1c)s[ec] ® (RP¢q [-1](Fls,))  [—dim O],
or equivalently,
(107) (RO¢[~1]F)s = (RO¢[-1]10)s ® (RPgq, [-1](Fls.)), -

This is exactly what one finds in [?, Theorem 5.4.1 (5.87)]. Moreover, all the
examples in Part 2 conform to expectation (106). We believe, therefore, that NEvs
coincides with @™ic,

Expectation (106) would also, in principle, allow us to use [?, Proposition
6.19] and [?, Proposition 7.7.1] to identify rank NEvs with the microlocal Euler
characteristic. However, the proofs of those two results from [?] rely in the general
case on [?] and the relevant result there makes use of [?, Théoréme 3.2.5]. As we
remarked in Section 7.3, [?, Théoréme 3.2.5] does not exist in the published version
of the original notes, and we have not been able to procure the original notes, so
using this approach would oblige us to use a result for which we cannot find a
complete proof in the literature. That is another reason why we have built Ev from
scratch and established its main properties by hand in Section 7.

8. Arthur packets and ABV-packets

In this section we articulate the conjectures which, taken together, lie at the
heart of the concept of p-adic ABV-packets. In Part 2 we gather evidence for these
conjectures by verifying them for 38 admissible representations of 12 p-adic groups.

In this section, G is a quasisplit connected reductive linear algebraic group over
F. When referring to work of Arthur, we will further assume G is a split symplectic
or special orthogonal group.

8.1. ABV-packets. We fix an admissible homomorphism X : Wr — G and
recall the Vogan variety V) from Section 4. As above, set Hy:=Z5()).

From Proposition 4.6.2 recall that the local Langlands correspondence for pure
rational forms determines a canonical bijection between isomorphism classes of

simple objects in Perg, (V) and IIY"(G/F):
Perg, (VA)JmP' ¢ TIR™(G/ F).

/iso
Recall that we use the notation P(m,d) for a simple Hy-equivariant perverse sheaf
on V) matching a representation (m,d) of a pure rational form of G under this
correspondence.

DEFINITION 1. For any Hy-orbit C in V), the ABV-packet for C is
(108)  TAPV(G/F) = {(r,5) € TR"(G/F) | EveP(r,5) #0}.
If C' = Cy for a Langlands parameter ¢, we sometimes use the notation II;BV(G/F)
for HéEV(G/F).
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8.2. Virtual representations attached to ABV-packets. From Section 3.12
recall the definition of the virtual representation

Ty = Z <a¢7 (m, 5)>¢ e(d) [(m,0)],

(m,8)ETE(G/F)

based on Arthur’s work.

DEFINITION 2. Let ¢ be an Arthur parameter for G with infinitesimal param-
eter A\ : Wr — “G. Consider the virtual representation

775’5:: (—1)dimCs Z (—1)dimsupp P(m0) pank Bvs,, P(,8) e(d) [(r,0)],
(m.6)€TIARY (G/F)

where Bvsy, : Perg, (Vi) — Rep(Ay) is defined in (103). Recall from Section 3.12
that e(d) is the Kottwitz sign attached to the pure rational form § € Z!(F,G).

Let A be the infinitesimal parameter of 1. Then, using (94), (103), (89) and
Proposition 7.4.1, we have

(—1)dim Gy —dimsupp P(m.0) yank Bvs,, P(7r, 6)
= rank (Bwsy P(m, §)[dim Cy — dim Cy 5])
PBvc,, P(m,8)[dim Cy — dim Vy — dim Cr 5]) (2o.60)

Eve, P(m,0)[—1+ dim C}, + dim Cy — dim V) — dim Cr 5])
Eve, P(m,0)[—1+ ec, — dim Cr 5])
R®¢, [~1]P (7, 8)[— dim Cr s]lec,])

= rank (R(I)&p [_ l}ﬁiv‘s[ecw])ww ’

= rank

= rank (@b

= rank (@)

o~ o~ o~ o~

= rank
P

where, with reference to Proposition 4.6.2, we set
L} 5 =P(r,8)[— dim Cr 5] = IC(Cr 5, Lr 5)[— dim Cr 5]
So, Definition 2 may also be written in the form
(109 =Y rank (Reg [F1LE flec,]) e(d) [(v,9)]

(m,8)ETIARY (G/F) o

DEFINITION 3. Let 1) be an Arthur parameter for G with infinitesimal param-
eter A : W — L“G. For any s € Zz(1)), consider the virtual representation

myee = (—1) MG N (—1)dimewe PO) trace, NEwsy P(m, ) e(6) (7, 5)],
(m,6)ENAPY (G/F)

where a is the image of s in A, and where NEwsy, : Perg, (Vi) — Rep(Ay) is defined
in (104).

8.3. Conjecture on Arthur packets. Recall the definition of II)"*(G/F)
from Section 3.11. Recall the definitions of 1, and 7, s from Section 3.12.

CONJECTURE 1. Let G be a quasisplit symplectic or special orthogonal p-adic
group. Let ¢ : Lp x SL(2,C) — G be an Arthur parameter. Then
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(a) Pure Arthur packets are ABV-packets:
5"(G/F) = 2V (G/F).
(b) Arthur’s stable distributions are calculated by Evs:
Ny =15

(c) The endoscopic transfer of Arthur’s stable distributions are calculated by
NEvs:

Mhp,s = ,’72‘1"5:7
for every semisimple s € Z5(v).

By Proposition 7.4.1, Conjecture 1(a) is equivalent to the claim: for all (7,d) €
ngre(G/F),

pure : 3
(m,6) € 1T (G/F) if and only if (R¢§¢P(W, 5))ww # 0.

Assuming Conjecture 1(a), and with reference to (24), Conjecture 1(b) is equivalent
to: for all (m,0) € I (G/F),

(ay, (m,0))y = rank (R‘bfw [*1]E§r,5[6c¢]>% 7
which is to say,
(ag, (m,0))y = (—1)8imCp—dimsupp P(m.9) pank Bys,, P(, J).
Likewise, assuming Conjecture 1(a), Conjecture 1(c), is equivalent to the claim: for
every (m,0) € IL)""(G/F) and for every semisimple s € Zg (1),
(110) (asay, (m,0)),, = (—1)dimCv=dimCis) trace, (NEvsy, P(m,d)),

where a, € Ay is defined in Section 3.12 and ay is the image of s in Ay. Thus,
Conjecture 1 promises a new way to calculate the character (as, (r,)),, when 7 is
an admissible representation of G5(F') for a pure rational form ¢ of G, and when
the complete Langlands parameter for (m,d) is known; this fact is illustrated with
examples in Part 2.

Assuming Conjecture 1(a), it follows that Conjecture 1(c) implies Conjec-
ture 1(b). To see this, recall (104) that NEvs, = T,/ ® Evsy, so

(111) ngE‘f = (tracea;1 7:1,) ni‘fs.
Taking s = 1, this gives

771'251’5 = (trace; Ty) 775"751 = (rank 7y) 775’5.
Using Theorem 7.7.5, this becomes
(112) oy = n5e.

So, Conjecture 1(c) gives ny s = 77&'1’5 which implies 0y = 171'251’5 = 1755, whence
Conjecture 1(b).
Conjecture 1 may also be expressed using the pairing of Grothendieck groups

(113) (+,) : KIRY(G/F) x KPery, (V3) — Z
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introduced in [?, (8.11)(a)] (see also [?, Theorem 1.24]) which is defined on
IIY"°(G/F) and isomorphism classes of simple objects in Perg, (V) by

e(P)(=1)dimsuep(P) - if P = P(rr, §)
<(7T, 6)’ P> = .

0, otherwise,
where e(P) is the Kottwitz sign of the group G, for the pure rational form dp of G
determined by P, as in Section 3.8. Conjecture 1(a) and (b) together are equivalent
to:

(114) (ny, P) = (=1)4™ % rank Evs,, P,
for all P € KPerg, (V). In its entirely, Conjecture 1 is equivalent to:
(115) (N5, P) = (—1)dimCy traceq, (NEvsy P),

for every semisimple s € Z5(v)) and for every P € Pery, (Vy).

8.4. A basis for stable invariant distributions. In Section 8.3, we made
conjectures about ABV-packets IT3PV(G/F) where 4 is an Arthur parameter.
However, the definition of IIABY(G/F) given in Section 8.1 applies to all strata
C C V), not just those of Arthur type. Conjecture 1 suggests, then, that perhaps
ABV-packets for Langlands parameters ¢ that are not of Arthur type might be
viewed as generalized pure Arthur packets. To test if this idea is reasonable,
it is necessary, at the very least, to attach invariant distributions to Langlands
parameters that are not of Arthur type, in a manner that generalizes Definition 3.

Definition 3 makes implicit use of Section 7.9 in the case that T (V) )sreg is non-
empty; by Proposition 6.6.1, if C' is of Arthur type, then every Arthur parameter
Y € QA(*G) such that C = C, determines a base point (z,,&y) € T¢., (Va)sreg-
However, if C is not of Arthur type then T/ (V))sreg may be empty, in which
case we must revert to using the open subvariety T (Vy)gen in T (Vi )reg rather
than TE(V)\)Sreg. In this case, we see no canonical way to choose a base point for
T¢ (V) gen- Fortunately, for our purposes, this is not necessary. To see why, use [?,
Lemma 24.3 (f)] to see that the component groups mo(Zm, (x,&)) determine local
system of finite groups over T¢ (V) )gen and that this finite group is independent of
A®i¢ the microlocal fundamental group of C, so any choice of (z,£) € T (VA)gen
determines an equivalence

Locs, (T5(Va)gen) = Rep(AE').

Now, for any a € A% and P € Pery, (V)) we define trace,(Evsc P) by choosing
a base point (z,£) € T (Va)gen and identifying the local system Evsc P with a
representation of A“C‘iC using the equivalence above, and then taking the trace at a
of the resulting representation. The value of this trace is independent of the choice
of generic (z, ), so trace, (Evsc P) is well-defined. Likewise define trace,(NEwsc P).

DEFINITION 4. Let A : Wr — LG be an infinitesimal parameter. Let C C V)
be an Hy-orbit. Suppose s € Zg, (x,§) for some (z,) € T (Va)gen- Set

neee = (1M N (—1)dm e P0) trace, NEwe P(r,6) e(d) [(m,4)],
(m,6)e2BY(G/F)
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where ag is the image of s under Zy, (z,£) — mo(Zu, (2,€)) = ABC. Likewise
define nE* by

nEf = (—1)dmc Z (—1)dimsuppP(m0) rank Bvse P(mr, 8) e(8) [(m,0)].
(7,0)ETABY (G/F)

Conjecture 2, below, is an adaptation of |?, Conjecture 8.15'|. It suggests how to
extend the definition of Arthur packets from Langlands parameters of Arthur type
to all Langlands parameters and also how to find the associated stable distributions.

CONJECTURE 2. Let G be a quasisplit connected reductive linear algebraic
group over F. For any A € A(YG) (Section 4.1) and any Hy-orbit C' C Vj, the

virtual representation 775’5 is strongly stable in the sense of [?, 1.6]. Moreover,

{nE* | Hjy-orbits C' C Vy}

is a basis for the Grothendieck group of strongly stable virtual representations with
infinitesimal character \.

It should be noted that strongly stable virtual representations of G produce sta-
ble virtual representations, and thus stable distributions, of all the groups Gs(F') as
6 ranges over pure rational forms of G. It should also be noted that in Conjecture 2
we dropped the hypothesis that G is a quasisplit symplectic or special orthogonal
p-adic group, which appeared in Conjecture 1, and replaced it with the hypothesis
that G is any quasisplit connected reductive linear algebraic group over F. The
scope of Conjecture 2 is therefore very broad, as it refers to all pure inner forms of
all quasisplit connected reductive p-adic groups.
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9. Overview

In Part 2 of this article we consider various G and A : Wr — LG, and then
verify the conjectures from Section 8 by brute force calculation. However, our real
goal in Part 2 is to show how to use results from Part 1 to calculate the stable
distributions in Arthur’s local result [?, Theorem 1.5.1] and also how to calculate
the coefficients that appear when these stable distributions are transferred to certain
endoscopic groups. As a consequence, we give complete examples of [?, Theorem
1.5.1] and explain how to use geometry to make the calculations. Each example
follows essentially the same four-part plan, explained in some detail in Section 10
and outlined here.

After fixing a connected reductive group G over a p-adic field F' and an infin-
itesimal parameter A : Wr — G, we enumerate all admissible representations 7
of all pure rational forms of G with infinitesimal parameter A\. We partition these
admissible representations into L-packets and show how Aubert duality operates
on the representations. Then, for each L-packet of Arthur type, we find the Arthur
packet that contains it. We calculate a twisting character which measures the differ-
ence between Arthur’s parametrization of representations in an Arthur packet with
Moeeglin’s parametrization. We find the coefficients in the invariant distributions

(116) 9578 = Z (s5y,m), Ox
melly (G(F))

that arise from stable distributions attached to Arthur packets for endoscopic groups
for G(F') in [?, Theorem 1.5.1]. We also calculate the virtual representations 7, s
using Arthur’s work. See Section 10.1 for more detail on this part of the examples.

In the second part of each example, called Vanishing cycles of perverse sheaves,
we set up all the tools needed to calculate (ssy, w}w, and its generalization to pure
rational forms of G, geometrically. We find the stratified variety V) attached to
A and study the category Perzé( A (V) of equivariant perverse sheaves on V). We
show how this category decomposes into summand categories, called the cuspidal
support decomposition of Perzé( 2 (V). Then we calculate the functor

(117) Evy : Perz_x)(Va) = Rep(Ay)

on simple objects, using properties of vanishing cycles; NEv is defined in Section 7
and recalled in Section 10.2.6. The results of these calculations — one for each
example — are presented in Sections 11.2.3, 12.2.5, 13.2.5, 14.2.5, 15.2.5 and 16.2.6.
Section 10.2 includes an overview of how we made these calculations. We also show
how the Fourier transform interacts with the functor NEv.

In the third part we connect the two sides of this story, as treated above.
To begin, we find Vogan’s bijection between: admissible representations of split
p-adic groups and their pure rational forms with fixed infinitesimal parameter
X : Wg — LG, as recalled in Section 10.1; and simple equivariant perverse sheaves
on V), as recalled in Section 10.2. With this bijection in hand, and the calculation

of Bv from Section 10.2, we easily find the ABV-packets Hgl]l?’rzd) and associated

virtual representations ny. By referring back to Section 10.1, we easily see

(118) Ms = Myes
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for all Arthur parameters ¢ with infinitesimal parameter A, thus confirming Con-
jecture 1 in the examples. This implies (12) and also implies

ure __ ABV
(119) HZ = H%

for every Arthur parameter with infinitesimal parameter A\. We also verify the
Kazhdan-Lusztig conjecture in each example, which allows us to verify Conjecture 2
in our examples. We show how the twisting characters x, from Section 10.1.5
relate to the twisting local system 7, introduced in Section 7.9 and recalled in
Section 10.2.8. While (119) shows that every Arthur packet is an ABV-packet, the
converse is not true; in this article we find four examples of ABV-packets that are
not Arthur packets. See Section 10.3 for more detail on this part of the examples.

In the fourth part, we show how to calculate endoscopic transfer, geometrically.
Specifically, when G admits an elliptic endoscopic group G’ and an infinitesimal
parameter \ : Wr — LG’ such that A\ = e o N with € : LG’ — LG, we show how
the transfer of stable distributions attached to Arthur parameter for G’ to G may
be apprehended through the restriction of equivariant perverse sheaves from V) to
V. To see this, for each simple P € Perg, (V), we calculate every term in the
identity

(120) traceq, NEvy: (Ply,,) = (—1)dim C—dim traceq, NEvy, P,

where ¢ € T¢, (Vi )reg With image ¢ € T¢ (Vi )reg, where the semisimple s € G is
part of the endoscopic data of G’, a, is the image of s in Ay and a/, is the image of
s in Ag,}. See Section 10.4 for more detail on this part of the examples.

10. Template for the examples

We have tried to make the examples (Sections 11 through 16) as brief as
possible, by making repeated reference back to this section. Although we do not
show every calculation in every example, we explain the ideas needed and then
illustrate them as they appear in the examples.

In each example we begin by choosing G from the following list of split algebraic
groups over a p-adic field F': in order, we take G to be SL(2), SO(3), PGL(4), SO(5),
SO(5) again, and finally, SO(7). In each case we find Z!(F,G), and thus all pure
rational forms of GG, and relate these to the inner forms of G using the maps

HY(F,G) — HY(F,Gaq) — H'(F,Aut(Q)).

Every pure rational form § € Z'(F,G) determines a rational form Gs of G, often
also called a pure rational form of G. The examples that we consider illustrate the
fact that the maps above are neither injective nor surjective, in general.

In each case we also fix an infinitesimal parameter A : Wp — “G. We consider
two infinitesimal parameters A for SO(5), but otherwise choose one A for each group
in the list, above.

10.1. Arthur packets. In each example we enumerate all admissible repre-
sentations 7 of all pure rational forms § of G with a fixed infinitesimal parameter
A. We show how these representations fall into L-packets, indexed by Langlands
parameters ¢ with infinitesimal parameter A. Then if ¢ is of Arthur type, we find
corresponding the Arthur packet. We find the stable distributions attached to these
L-packets, and also all the invariant distributions obtained from these representa-
tions by endoscopy.
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10.1.1. Parameters. We find all Langlands parameters ¢ : Ly — G such that
¢(w,dy) = Mw), where d,, € SL(2) is defined by d,, = diag(|w|l/2, |w\_1/2), as in
Section 3.6. As in Section 3.4, we write Py(XG) for these Langlands parameters
and ®,(G/F) for the isomorphism classes of these Langlands parameters under
Z&(A)-conjugation.

Then we find all Arthur parameters ¢ : Lp x SL(2,C) — G such that
Y(w,dy,dy) = A(w). As in Section 3.5, we write Qx(!G) for these Arthur pa-
rameters and Uy, (G/F) for the isomorphism classes of these Arthur parameters
under Zz(\)-conjugation.

Although the map ¥y (“G) — ®,(*G) is injective, it is not surjective in general,
as we see in the examples.

10.1.2. Admissible representations and their pure L-packets. In this section in
each example, below, we list all representations (7, d) of all pure rational forms of
G, in the sense of [?], with infinitesimal parameter A. This means that for every
pure rational form § € Z'(F,G), we find all irreducible admissible representations
7 of the rational form Gs attached to G, such that the Langlands parameter ¢
for 7 lies in Py (“G). These representations are not tempered in most of the cases
considered in this article. When the pure rational form § is clear from context, we
may write 7 for (m,9).

We arrange these admissible representations into L-packets and into pure L-
packets. For this, we must find the component group

Ay=25(0)/25(6)°,

for each ¢ € Py(*G). According to the pure Langlands correspondence [?], equiva-
lence classes of irreducible representations of pure rational forms of G with infini-
tesimal parameter A are indexed by the set

Ex(PG) = {(¢,0) | 6 € PA("G)/Zg(N), p € Trrep(Ay)} .

By abuse of notation, we write 7(¢, p) for an irreducible admissible representation
of G(F') corresponding to a pair (¢, p) above. Each p € Irrep(A44) determines the
class of a pure rational form, denoted by &, € Z(F,G), so the L-packet for ¢ and
the rational form Gy is

y(Gs(F)) = {n(¢,p) | 6 € PA(*G), p € Irrep(Ay), [6,] = [6] € H'(F,G)}.
In the examples we find these L-packet, for all ¢ € Py\(*G) and all § € Z'(F, Q).
We also find the pure L-packets:
I"(G/F) = {(n(6,0),6,) | 6 € PA("G), p € Irrep(Ay)},

for all ¢ € P\(*G). To simplify notation slightly, we often write 7 (¢, p) for the pair
(m(¢, ), 0p)-

10.1.3. Multiplicity matriz. To describe the representations with infinitesimal
parameter A we present the multiplicity muep (4, p), (¢, p')) of m(¢, p) in the stan-
dard module M (¢, p) so that in the Grothendieck group of admissible representa-
tions generated by IIY""(G/F) we have

M(¢,0") = meep((6,0), (¢, 0)) 7(, ),
(¢,p)

where the sum is taken over all ¢ € P\(*G) and all p € Irrep(Ay).
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The strategy we use to compute the multiplicities in the standard modules is
to compare the Jacquet modules of the standard modules with those of irreducible
representations. One can make some guesses as to what should be inside the
standard modules by looking at the corresponding inducing representations and
then verify that they are really there. To see there is nothing else, it is enough
to show that the Jacquet modules of the standard modules have been exhausted
by these representations. We give a sample calculation using this strategy in
Section 16.1.3.

10.1.4. Arthur packets. Recall Q5(*G) from Section 10.1.1. For each ¢ €
Qx(*G) we show how the admissible representations above are grouped into Arthur
packets II,(G5(F)) for rational forms ¢ of G. Of course, II,(G5(F')) contains the
L-packet Ils, (Gs(F)); our interest is in the representations in IL,(G5(F)) that are
not contained in Iy, (G5(F)); we referred to these as coronal representations in
Section 3.9. In fact, we further recall the adaptation of Arthur packets to pure
rational forms and find the pure Arthur packets II}"“(G/F) themselves.

Arthur’s main local result for quasisplit classical groups is expressed in terms
of a map

—

S.,
<' 77T>1p

Iy (G(F)

(121) )

_>
H

where Sy = Z5(¥)/Zg(1))° Z(G)Tr. As we saw in Section 3, this is easily rephrased
in terms of a map

(122) Iy (G(F)) — Irrep(Ay),
where
Ay = Zg() ) Zg()°.

We find this map in each of our examples. In fact, using [?, Chapter 9], we find the
conjectured extension

(123) IP"(G/F) — Rep(Ay)

which includes the non-quasisplit pure rational forms of G, as discussed in Sec-
tion 3.11.

10.1.5. Awbert duality. Aubert involution preserves the infinitesimal parameter
A and so defines an involution on KII)(Gs(F)), for every pure rational form ¢ for
G. For m € II(Gs(F')) we use the notation 7 for the admissible representation such
that (—1)%(™# is the Aubert dual of 7 in KIT(Gs(F)). When restricted to Arthur
packets, Aubert duality defines a bijection

Iy (Gs(F)) — IL;(Gs(F))

where 1[1(10, x,y) :=v(w,y,z). We display this bijection in our examples.

Although the component groups A, and A J are isomorphic, a comparison of
the characters (-, m), and (-,#); shows that they do not coincide, in general.
Accordingly, their ratio defines a character x,, of Ay such that

(124) <577Ar>1[; = Xw(5)<8777>w’
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for s € Zz(1) where, as usual, we use the map Zz(y)) — Ay. In the examples
considered here we observe that this character x, of Ay is given by

M/W _M/W

12 = -

( 5) Xy = €y ed’ )

where efL/[/ is the character of A, appearing in [?, Theorem 8.9]. As explained

in [?, Introduction], the character /W measures the difference between Meeglin’s
parametrization of representations in II; by A, and Arthur’s parametrization of
representations in II, by A,. We compute the character x, in our examples; it is
non-trivial in Sections 15.1.5 and 16.1.5 only.

10.1.6. Stable distributions and endoscopy. Armed with (122), we easily find
the coeflicients in the stable invariant distribution

(126) 0f = > (sy7), On
€M, (G(F))

where s, denotes the image of the non-trivial central element in SL(2) in Ay.
Likewise, for s € Z5(1) we compute

(127) @G’S = Z (s8y,m),, On.
melly (G(F))

Arthur’s work shows that O, , is the Langlands-Shelstad transfer of the invariant
distribution

(128) 05 = > sy On,
€M, (G (F))

from the endoscopic group G’ attached to s, where 9 : Ly x SL(2) — “G factors
through G’ — LG thus defining ¢’ : Ly x SL(2) — LG’. In our examples, we

-~

illustrate this fact by choosing a particular s € G’ and computing ©.
In order to illuminate Conjecture 1 we use (123) to exhibit the virtual repre-
sentations

(129) Ty = Z 6(5)<S¢7 (ﬂ76)>¢ [(7,6)]

(m,8)ETIE(G/F)
and
(130) Ma= D e()(ssy, (m.0), [(1.0)]

(m,8)ETIE(G/F)
for s € Z5(1), as defined in Section 8. Likewise we find
(131) ne= S e@) (e (7,8, ()]

(77,6 |€TL)) (G / F)
with s and 7’ as above.
10.2. Vanishing cycles of perverse sheaves. Having reviewed Arthur

packets and transfer coefficients for the chosen G and \ : Wr — G, we now
turn to geometry. In this section in the examples we introduce the geometric tools

needed to demonstrate Conjecture 1 and determine the coefficients (ssy, (m,)),,
appearing above. This is done by a brute force calculation of the exact functor

PRy : PerHA (V)\) — PeI’HA (T;fx (V)\)reg)a
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defined in Section 7.8, on simple objects, following a strategy that we now explain.

10.2.1. Vogan wvariety. We find the variety V) attached to the infinitesimal
parameter \ : Wr — LG, the action of Hy := Zg(A) on Vy, and the stratification
of V into Hy-orbits. If A is not unramified, we use Theorem 5.1.1 to replace the
action Hy x V) — V) with Hy , x V), — Vi, where A\, : Wr — LG)\ is the
"unramification" of A : Wr — LG. We may now assume A is unramified and
A(Fr) = sy x Fr where sy x 1 is hyperbolic in @, as defined in Section 3.3.

For classical groups, the variety V) admits a description which is quite conve-
nient for calculations, as we now explain.

First consider the case G = GL(n). The variety V) can be decomposed as a
finite direct product of varieties according to

VA = HOIII(EQ,El) X Hom(El,Ez) Xoee 'HOI’II(ET_l,Er),

where each F; is an eigenspace for A(Fr) with eigenvalue \;. We may then denote
elements of V), i.e., quiver representations, by v = (v;);, for v; € Hom(E;_1, E;).
Then
H) = GL(Ep) x GL(E;) x --- x GL(E;)
acting on Hom(FEy, F1) x Hom(Ey, E3) X ---Hom(E,_1, E,.) by
(h-v)i:=hjouv;0 h;_ll

for ¢ = 1,...,r. The Hj-orbit of v € V) is fully characterized by the ranks
ri; = rankwv; for i = 1,... r together with the ranks

ri; = rank(vj o - - - o v;),

for 1 < i < 5 < r. One derives a natural set of inequalities which describes
admissible collections of ranks. The partial order of adjacency is identical to the
partial ordering on the symbols (75;)1<i<j<r-

We next note, that in general, passing between G, its derived group, its adjoint
form or its simply connected form (or effectively any other associated form), has
no impact on the variety V) nor on the type of the group H). It does however
tend to alter significantly the centre of the group Hy. Though this will not impact
the collection of Hy-orbits in V), it will tend to have a significant impact on the
equivariant fundamental groups, and hence the set of equivariant local systems
which must be considered.

Passing from the case when the derived group of G is of type A,, to the classical
forms of B,,, C,, or D,, simply results in an identification of the \; eigenspace of
A(Fr) with the dual of the A; ! eigenspace. There are essentially two cases to
consider: either E; = E*_, or no two of Ey, ..., E, are dual. In the later case, V) is
isomorphic to one arising from an inclusion of a subgroup of type A, and one can
freely study the variety by passing to this subgroup. In the former case, there are
essentially four sub-cases depending on if we are inside an orthogonal or symplectic
group and if r is even or odd. In either case the variety we are studying is the
one where v; = v!_, ; and the group acting factors through h; = h%L_,. These
equations impose further, obvious, restrictions on the set of admissible collections
of ranks/nullities, but otherwise the collection of strata is still indexed by the set
of admissible vectors (r;;)1<i<j<, and the adjacency relations do not change.

For simplicity of exposition one can describe these varieties which occur when
G is of type B, as one of

Hom(Ey, E1) x Hom(Ey, Es) x ---Hom(E,_1, E;) x Sym?(E})
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with the group acting being GL(E;) at every factor or
HOI’Il(lE‘Q7 El) X HOHI(El, EQ) Xoeee HOIIl(lz‘g_l7 Eg)

Where the group acts by GL(E;) on every factor except E; where the group is
Sp(E¢). When G is of type C,, or D,, they are

Hom(Ey, E1) x Hom(Ey, Ey) x ---Hom(Ey_1, Ey) x Alt*(E})
with the group acting being GL(E;) at every factor.
Hom(Ey, E1) x Hom(FE1, Es) x ---Hom(E,_1, Ey),
where the group acts by GL(E;) on every factor except E, where the group is
O(Ey). In all of these cases, ¢ is either r/2 or (r +1)/2, and the combinatorial data
which describes the strata is still the collection of ranks r;; for 1 <4 < j <r.
10.2.2. Orbit duality. As we saw in Section 6, the cotangent bundle T*(V}) is
equipped with two important functions: the natural pairing
(-]-) s T*(Va) — A,
which coincides with the restriction of the Killing form on jy; and
[ -] T7(Va) = ba,
which coincides with the restriction of the Lie bracket on jy. In particular, for every
Hy-orbit C in Vj,
Te(Va) ={(2,§) € T*(Va) |z € C, [z,§] =0}

In each example we present the duality between Hy-orbits C' in V) and H-
orbits C* in V), defined by the property that they have isomorphic conormal
bundles

Te(Va) = To- (V)
under T*(Vy) — T*(Vy) given by (z,&) — (¢, x), where we identify V* with V)
using (-|-).

10.2.3. Equivariant perverse sheaves. The next step is to find all simple objects
in the category Perg, (V) of Hy-equivariant perverse sheaves on V). Again, we use
Theorem 5.1.1 to reduce to the case when A is unramified and hyperbolic.

It is convenient to begin by enumerating all equivariant local systems £ on all
Hy-orbits C' in V). This is done by picking a base point x € C' and computing the
equivariant fundamental group

Ay = 70(Za, (@) = 1 (C, ) 23 (a0

Since the isomorphism type of this group is independent of the choice of base point,
this group is commonly denoted by Ac. For the groups G that we consider here,
the fundamental group A¢ is always abelian, but this is not true in general. In any
case, the choice of z € C' determines an equivalence

Locy, (C) — Rep(Ac).

It is now easy to enumerate all simple objects in category Perp, (Vi ):

Peryr, (V)Simr"® = {TC(C. £) | H-otbit € C Vi, £ € Locy, (Va5 }.

/iso /iso

We will need to compute the equivariant perverse sheaves ZC(C, £) themselves,
or rather, their image in the Grothendieck group

Perr, (Va) — KPer, (Vi) = KD ;1 (V).
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For every Hy-orbit C'in V), and every Hx-equivariant local system £ on V), consider
the shifted standard sheaf

S(C, L) :=j¢, L[dim (],
where jo : C'— V) is inclusion. Then, in KPerg, (V)) we have

IC(C.L) = Y mgeol(C', L), (C, L)) S(C', L)
(€.)

and Mmgeo((C, L), (C, L)) = 1 and mgeo((C', L"), (C, L)) = 0 unless ¢’ < C. We
refer to the matrix mgeo, as the geometric multiplicity matriz. Set

LE=TC(C,L)[-dimC] and  L%:=8(C,L)[—dimC].
Then, in KPerg, (V1),

Eu = Z (_l)dim07dim0,mgeo((cl7[-:/)7 (07 L‘,)) L/h
(C/"CI)

A purity result of Lusztig shows that £F is cohomologically concentrated in even
degrees, so

Mo (C', L), (C, L)) = (1) 8m E=dim &y (€7, £, (C, L))

!/

geo as the normalized geometric

is a non-negative integer. We refer to the matrix m
multiplicity matriz.

We compute the normalized geometric multiplicity matrix m’geo in each example
in this article. In Sections 11.2.2 and 13.2.2 we use Theorem 5.1.1 to make this
calculation. In Sections 12.2.2, 14.2.2, 15.2.3 and 16.2.3 we give examples of the
following strategy. For each stratum C C V) and each local system £ on C, we
construct a proper cover 7 : C — C such that C is smooth and IC (C, L) appears
in m15[dim 5’] We can explicitly describe the fibres of 7 over each stratum in
C and typically arrange things so that the cover is semi-small, though this is not
essential. We then find all the other simple perverse sheaves ZC(C’, L), for C' < C,
appearing in m 1 z[dim 5’], using the Decomposition Theorem. By doing this for C
and all strata on the boundary of C, we can describe ZC(C, L). Note that this
process is performed inductively on dim C, as well as on rank(m15)|c.

10.2.4. Cuspidal support decomposition and Fourier transform. The category
Perp, (V) decomposes into a direct sum of full subcategories indexed by cuspidal
pairs for @, using [?, Proposition 8.16]. We refer to this as the cuspidal support
decomposition of Perp, (Vy):

Perp, (Va) = @D Perm,(Va)r.ce,
(L,0,8)

where the sum is taken over all cuspidal Levi subgroups L of é, and all cuspidal
local systems £ on nilpotent orbits O C Lie L, up to @—conjugation. In the cases
we consider there is only one (O, &) for every cuspidal Levi L, so we abbreviate
Perg, (Va)r,c.e to Perg, (Va)r. In each example we partition the simple objects
in Perg, (V) according to this decomposition. Simple objects in Perg, (V)1 are
characterized by the property that they appear in the semisimple complex formed
by parabolic induction along Vogan varieties from the cuspidal local system on
Lie L N Vy; see [?].
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The cuspidal support decomposition of Perg, (V) offers insight into the blocks
that appear within the geometric multiplicity matrix. It is also quite helpful for
finding the proper covers appearing in Section 10.2.3.

In each example, we also compute the Fourier transform

Ft : Perg, (Vi) — Perg, (V)

on all simple objects, defined as follows. Denote the bundle maps by p : T*(V)) —
Vi and ¢ : T*(Vy) — V¥ so p(z,§) = x and ¢(z,&) = £ Recall the morphism
f : T*(Vy) — A! from Section 7.3; so f is the morphism over s = Spec(C)
obtained by restriction from the non-degenerate, symmetric Jy-invariant bilinear
form ( | ) defined in (62). Observe that p and ¢ are Hy-equivariant and f is Hy-
invariant. Define v : T*(Vy) — Vi x Al by v = ¢ x f, so y(z,&) = (&, f(z,€)). Let
t: Vi x Al — Al be projection. From Section 7.1 recall the trait S = Spec(C|[[t]])
and the morphism S — A'. Let tg : Vi x S — S be the base change of ¢ along
S — Al and let b: Vi x S — Vi x Al be the base change S — A! along t. The
Fourier transform is the functor

Ft :=R®;,[—1] b* . p™.

Compare with [?, Examples 6.1.16] and see [?, (10.3.31)]. This functor is com-
patible with the cuspidal support decomposition in the sense that Ft restricts to
PerHA (VA)L — PerHA (V/\*)L

10.2.5. Local systems on the regular conormal bundle. In all the examples we
treat in this paper, the regular conormal bundle T (V) ). has an open Hy-orbit,
50 T (Vi )sreg # 0.

In preparation for the calculation of Bv : Pery, (Vi) — Perm, (Tf, (V)reg),
we must describe local systems on Hx-orbits T (V))sreg and also show how local
systems relate to the pullback of local systems along the bundle maps T (V) )sreg —
C and T} (Vy)sreg — C*. For this we pick a base point (z,€) € T (Va)sreg and
compute the equivariant fundamental groups

A(xvf) =mo(Zmu, (z,§))) = Wl(Té(V)\)sreg, (xaf))ZHA (x,6)0-

The isomorphism type of A, ) is independent of the choice of base point; it is
precisely the microlocal fundamental group of C', denoted by Aré‘i“’. So the choice
of base point determines an equivalence

Rep(AE) = Locr, (T¢:(Va)sreg)-

We use this to enumerate the simple objects in Locg, (T¢:(V)sreg) and then to
describe the functors

Locy, (C) —— Locu, (T (VA )sreg) «—— Locq, (C*)
obtained by pullback the along the projections
C —— TE(Va)sreg — C*,
by way of the induced homomorphisms of equivariant fundamental groups.
Ap —— Ay — Ae

These group homomorphisms are surjective.
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10.2.6. Vanishing cycles of perverse sheaves. Here we present the results of
applying the functor

PEv : Perg, (V) — Perp, (T;_}A(V)\)reg)
to simple objects in Pery, (V3). Recall from Section 7 that PEv = @&¢ PEve, where
PEve : Perg, (Vi) = Perg, (TG(Va)reg)-
is defined by
PEve(F) = RB (. [~1](F R 1-)

TE(Va)reg [dim C*],

where (+|-) : T*(Vy) — A® appeared in Section 10.2.2. Recall also from Section 7
that

(PEVF)(2,6) = (R®¢[—1]F),[dim C7],
for all (z,£) € Tj, (Va)reg- We present the results of our calculations in a table
which offers two perspectives on PEv.

Recall that if ZC(C, £) is simple, then PEver IC(C, £)[— dim V] is a local system
on T (Vy)reg and this local system is determined by its restriction Evscr ZC(C, £)
to the Hy-orbit T¢, (V) )sreg. Our tables record PEvZC(C, L) in form &« IC(O', '),
where O : =T/, (Va)sreg- To describe each &', we use the base points (2/,¢') €
T¢r (Vi )sreg to view Evscr ZC(C, L) as a representation of the equivariant fundamen-
tal group A, ¢ry of T¢h (Vi )sreg- The second part of the table records the characters
of the representations Ev(, ¢y ZC(C, L) of A(, 1), as C' ranges over all strata in V)
and as ZC(C, L) ranges over all simple objects in Perg, (V3).

By Proposition 7.5.1 we know that PEver ZC(C, L) = 0 unless C' < C. Propo-
sition 7.6.2 shows that in the case C' = C, we get

Bsc ZC(C, L) = To @ (0" L) 115 (V) urees

where p : T (Vy) — C is the restriction of the bundle map T%(Vy) — V) and where
Tc is the local system defined in Section 7.9. The local systems (p*L)|zx (v, )..., Were
described in Section 10.2.5 and they are worked out in the corresponding sections
in each example. The work that remains to calculate PEvZC(C, L), therefore, is the
cases Ever IC(C, L) for C' < C.

To calculate PEver IC(C, L) for C' < C we use Lemma 7.5.2. We describe our
method in some detail here. From Section 10.2.3 we recall a proper map 7 : cC—>C
from a smooth variety C' chosen so that IC(C, L) appears in m15[dim 5} Using
proper base change and the exactness of Ev, Proposition 7.4.1, we find Ever ZC(C, £)
by computing

(132) (Wé’; RO -)o(wxidcz*)(]léxc/*)> |72, (Viees?

where 7/ is defined in Section 7.5. Since C' x C’* is smooth and la, o is alocal
system, the vanishing cycles

(133) RO yo(rxider) (L)

is a skyscraper sheaf on the singular locus of (- |-) o (7 x ider) on C' x C’*. This
singular locus is easy to find using the Jacobian condition for smoothness, because
of the explicit nature of m and because we have already found equations for C'* in
V*. The map ! restricts to a proper map from this singular locus onto T¢(Vy).
In fact, this map is finite over T, (V) )reg; this is a post-hoc consequence of the fact
that the fibres of 77/ are closed and the stalks of the vanishing cycles functor are
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concentrated in a single degree. After restricting (133) to the preimage of ¢ (V) )reg
under 7 X id¢r+, we use the Decomposition Theorem to explicitly describe (132).

While it is typically very easy to compute the rank of the resulting local system,
determining the representation of the fundamental group that describes the local
system is considerably more subtle as it depends on the local structure of the
singularities. We give examples of these calculations in Sections 12.2.5, 14.2.5,
15.2.5 and 16.2.6.

We observe that many of these calculations may be simplified considerably by
a judicious use of the formula (134) from Section 10.2.8 and formula (151) from
Section 10.4.

10.2.7. Normalization of Ev and the twisting local system. Having calculated
PEv : Pery, (Vi) — Perm, (Tj;, (Va)reg) in Section 10.2.6, here we calculate the
normalization of Ev, as given in Section 7.10. In the process, we make explicit the
rank-one local system 7 on Ty, (Vi )sreg defined in (100) and (101).

10.2.8. Fourier transform and vanishing cycles. In this section we predict how
the Fourier transform interacts with vanishing cycles, or more precisely, with the
functor Ev and its dual Bv* : Perp, (V) — Perp, (Tf;, (Vy)reg), where the latter is
defined exactly as above but with V) replaced by V. We believe that there is a
local system T on T} (Vi )reg such that

a. (T ® PEv) = PBv* R,

where a : T*(Vy) — T*(VY) is the isomorphism a(z,{) = ({, —z) and where we
identify the dual of V¥ with V) using (-|-). In our examples this local system 7
coincides with the local system 7 which we introduced in (101). We show this by
verifying the formula

(134) Ay pNEVC = pEVc* F’E7

for all strata C' C V), in our examples. The rank-one local system 7 is non-trivial
in Sections 15.2.7 and 16.2.8, only.

10.2.9. Arthur sheaves. The pairing (113) may be used to define the isomor-
phism class of an equivariant perverse sheaf A on V), for each Hy-orbit C, from
which the virtual representation 775’5 is easily recovered:

(135) Ac = &b (rank Bvsc P) P,

PePerm, (VA)sinlple

/iso

where the sum runs over a set of representatives for isomorphism classes of simple
objects in Perg, (V). Then

gt = (=) Y- ((m,0), Ac) [(m, )]

(7,8)ETRY®(G/F)
If we take the case that C' = Cy, is of Arthur type and assume Conjecture 1(a), this
gives
ny = (—1)3m Cv Z ((m,0), Ac,) [(m,9)].
(m,8) €N (G/F)

By Proposition 7.5.1, the summation appearing in the deiinition of Ac (135)
can be taken the over simple P € Pery, (V) supported by C. Taking the cases
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when P =ZC(C, L), consider the summand pure packet perverse sheaf

(136) Be = b (rank Bvs¢ ZC(C, L)) IC(C, L)

LeLocy, (C)simple

/iso

where the sum runs over all simple Hy-equivariant local systems £ on Cy. By
Theorem 7.10.1(d), rank Evsc ZC(C, £) = rank(L), so

Be = &y (rank £) ZC(C,L).

Lelocu, (C)simple

/iso

The simple perverse sheaves appearing in B¢ correspond exactly to the irreducible
admissible representations in the pure Langlands packet Hg‘fe(G /F), where ¢ is
the Langlands parameter matching C' under Proposition 4.2.2.

The perverse sheaf

(137)  Ceo:= 5 (rank Bvsc ZC(C', L)) ZC(C", L")
IC(C",L)EPerp, (VA)JmPle, C'<C

is called the coronal perverse sheaf for C, where the sum is taken over all ¢’ C C

with C" # C and over all simple Hy-equivariant local systems £’ on C’. So

(138) Ac = Be ®Ce.

In the examples we display the Arthur sheaves Ag, decomposed into pure and
coronal perverse sheaves B¢o and Cg, for each stratum C' C V.
In the examples we also verify

(139) Ft Ao = Ac-.

10.3. ABV-packets. Having calculated the vanishing cycles of perverse sheaves
on Vogan varieties in Section 10.2, it is a simple matter now to find the ABV-packets
for all Langlands parameters with given infinitesimal parameter. In this section we
also see that the Arthur packets described in the examples are indeed ABV-packets.
But the real object of the conjectures from Section 8 are the characters ( - 77T>w
of Ay that appear in Arthur’s main local result, and their generalizations to pure
rational forms of G. In this part of each example we show

(s,m), = trace,, NBvsc, P ()

for s € Z5(v) with image a, € Ay, and verify Conjecture 1.

10.3.1. Admissible representations versus equivariant perverse sheaves. Asshown
in Proposition 4.2.2 every Langlands parameter ¢ € Py(*G) determines a point
x4 € V) and every x € V) arises in this way. The function ¢ — x4 is also Hy-
equivariant, so it induces a bijection between ®,(*G) and the set of Hy-orbits in
V. We write Cy for the Hy-orbit of x4. There is a canonical isomorphism of groups

(140) Ay = Ac,,

where Ay = m9(Zz(#)) is the component group appearing in the pure Langlands
correspondence. Consequently, there is a natural bijection between pairs (¢, p),
where p is a representation of Ay, and pairs (Cy, L,), where £, is the equivariant
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local system matching p under the isomorphism above. This, in turn, determines
a bijection

IY(G/F) —  Perg, (Vy)5 Pl

(141) (71-’5) = 'p(ﬂ-’é’) /iso

10.3.2. ABV-packets. Using this bijection, we determine the ABV-packets for
all Langlands parameters with infinitesimal parameter A, in each example, using
the definition

(142)  TPV(G/F):={(m.0) € IR"°(G/F) | Evc, P(x.0) # 0},

By restricting our attention to Langlands parameters of Arthur type, we readily
verify that all Arthur packets for all admissible representations with infinitesimal
parameter A are ABV-packets:

(143) IL5Y(G/F) = I (G/F).

This confirms Conjecture 1(a)
Having verified Conjecture 1(a) in the examples, we turn to Conjecture 1(c),
which begins with the canonical isomorphism

mic
Ay = Cy

where 1 is an Arthur parameter and where Cy :=Cy,. Right away, this isomor-
phism tells us that the character ( - ,7T>w of Ay appearing in Arthur’s main local
result may be interpreted as an equivariant local system on 7T, 5w (V\)sreg- How does
the admissible representation = of G(F') determine that local system? That ques-
tion is answered by Conjecture 1(c): for every s € Z5(1)) and for every admissible
representation m of G(F),

(144) (88, )y = (—1)3mCv=dimCrrace, NEve, P(r),

where a, is the image of s € Zz(¢) in Ay and where C is the stratum in V)
attached to the Langlands parameter of 7. In other words, the equivariant local
system on T¢, (Vi )sreg determined by the admissible representation m of G(F) is
NEVcw P(?T)

Having calculated the left-hand side of (144) in Section 10.1 and right-hand side
in Section 10.2, we can prove Conjecture 1(c) in our examples by simply comparing
the results of those calculations, from which we find

(145) Mp,s = M

for every Arthur parameter i) with infinitesimal parameter A and for every s €
Z&(1). Here, n)F8 is defined in Section 8:

(146) e = > e(8)(—1)4m @ =Cr trace,, NBwsc, P(r,d) [(m,0)].
(m,6) €T (G/F)

This confirms Conjecture 1(c) in the examples. Recall from Section 8.3 that
Conjecture 1(c) implies Conjecture 1(b).
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10.3.3. Kazhdan-Lusztig conjecture. Recall in Section 8.3 that we have defined
a pairing
(+,) : KIK"(G/F) x KPerg, (VA) = Z

such that for any (¢, p), (¢',p') € Zx(*G)

(¢, ), P(¢, 0')) = (1) (0, p)3(4,p).(67.01)

where e(¢, p) is the Kottwitz sign of G determined by (¢, p). The Kazhdan-Lusztig
conjecture [?, Conjecture 8.11’] predicts that

(M($,p).8(¢',p')) = (=1)5™e(e, )3(p,0), (60 ")

for any (¢, p), (¢',p') € Ex(*G), where M (9, p) is the standard module and S(¢’, p’)
is the shifted standard sheaf. We verify the Kazhdan-Lusztig conjecture in our ex-
amples. This is done by comparing the multiplicity matrix mep from Section 10.1.3

with the normalized geometric multiplicity matrix my,, from Section 10.2.3:

(147) S

geo”

As a consequence, we can verify Conjecture 2 in our examples following the
argument below. Let KcIIZ"(G/F)™ be the subspace of strongly stable virtual
representations in KcIIY"(G/F) := KIIY"(G/F) ®z C. It has a natural basis

Mg = > dim(p)e(d, p)M(9,p)

pi(#,p)EEX(FG)
parametrized by ¢ € P\(YG)/H,. After identifying KcII}"*(G/F) with
K(c Peer (VA)* = HomZ(KPerHA (V)\), (C),

through the pairing above, we characterize KcIIY"(G/F)® in KcPerg, (Vy)*. By
the Kazhdan-Lusztig conjecture,

(o, PY =XEP)i= D (“1) " Pmgeo(S(Cy, £,), P),
pi(¢,p)EEA(FG)
for any P € KPery, (V). Therefore, KcIIY"(G/F)*" is spanned by Xl(‘}i() for
¢ € P\('G)/Hy in KcPerg, (V3)*. On the other hand, by Ginzburg, Kashiwara
and Dubson [?] [?], we know that for any ¢ € Py\(*G) and P € KPerg, (V3),

XE(P) =rankBasc, (P) = > (Co, Cy x5, (P),
@' €Px(-G)/Hx
where ¢(Cy,Cy) satisfies the following properties: ¢(Cy,Cy) = (—1)dim%; and
¢(Cy,Cy) # 0 only if Cy O Cp. The coeflicients ¢(Cy,Cy/) are related to the
local Euler obstructions defined by MacPherson. In particular, it measures the

singularity of the closure of Cy at its boundary stratum Cy. As a consequence, we
see the set of x'°(-) for ¢ € Py(*G)/H, forms another basis for KII}"™(G/F)¥.

Finally, it is easy to see that for any ¢ € Py\(*G) and P € KPerg, (V3)

(082, P) = (~1)imCoxie(P).

So the set of ng® for ¢ € Py\(“G)/H) also forms a basis for KII}"*(G/F)g. This
proves Conjecture 2.
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10.3.4. Aubert duality and Fourier transform. In order to compare Aubert
duality with the Fourier transform, we equip V) with the symmetric bilinear form
(x,y) — —(z| 'y), where ! refers to transposition in jy, and we use this to define
an isomorphism V) — V. We use the notation C:=1tC*. Let ¥ : Hy, — H) be
the isomorphism of algebraic groups given by ¥(h) = ‘A1, in which ! refers to
transposition in Jy. Then V) — VY is equivariant for the usual action of H) on
Vy and the twist by ¥ of the usual action of Hy on V. Now, equivariant pullback
defines an equivalence of categories Pery, (V) — Perg, (V). When pre-composed
with the Fourier transform Ft : Perg, (Vi) — Perg, (V¥), this defines a functor
denoted by " : Perg, (V)) — Perg, (V). Our examples show
(148) P(#,8) = P(x,0).

Using the equivalence Perg, (Vi) — Perg, (Vi) described above, (134) may be re-
written in form

(149) PNEvP = PEv P,
Taking traces, and recalling PNEv = 7V ® PEv, this implies
trace, (NEvsé 73) = trace; To trace, (NEvsc P)
for every a € A®i¢. Taking P = P(n) and C = Cy and using (148) and (150), we
recover (124).

10.3.5. Normalization. Recall the character x, of Ay, given by (124). Re-
call from Section that our examples suggest that this character coincides with

ng/wey/w (125). Now recall the local system 7 on T7 (Vy)reg appearing in
Sections 10.2.6. In this article we see in our examples that
(150) trace Ty = Xy,

where 7, is the restriction of the local system 7 on T;—KIX(V)\)sreg introduced in
Section 7.9. Recall also that this local system 7 appeared in our study of the
Fourier transform, specifically, (134). It seems remarkable to us that the characters

Xos ewM/WeAfI/W, trace T|c,, and trace 7|¢, all coincide in our examples.

10.3.6. ABV-packets that are not pure Arthur packets. While all pure Arthur
packets are ABV-packets in these examples, it is not true that all ABV-packets are
pure Arthur packets. In Sections 14.3.7 and 16.3.6 we discuss examples of ABV-
packets that are not pure Arthur packets and yet enjoy many of the properties we
expect from Arthur packets.

10.4. Endoscopy and equivariant restriction of perverse sheaves. One
of the ingredients in the proof of Conjecture 1 in forthcoming work for unipotent
representations of odd orthogonal groups, is the following theorem. Let G’ be
an endoscopic group for G though which A\ : Wr — G factors, thus defining
N Wr — LG Let €' be an Hy-orbit in Vi pick (2/,€') € TE (Var)reg and
let C be the Hy-orbit in V) of the image of ' under V), — V). Suppose that
the conormal map T¢, (Vi) — T&(Vy) restricts to T (Var)reg — T¢a(Va)reg- Let
(2,€) € TE(Va)reg be its image of (2/,£") € T/ (Var)reg under that map. Then, for
every P € Perg, (V),

(151)  (—1)dim¢ tracey (NEVS,,P‘V)\/)(Z/ &) = (=1)MMC trace,, (NEVSP) ;¢ »



10. TEMPLATE FOR THE EXAMPLES 87

where a, is the image of s under Z5(7,&) — A, ¢) and a is the image of s under
Zé/(x/, 5/) — A(w/’g/).

In the examples in this article, we calculate both sides of (151), independently,
in order to illustrate how the functor of vanishing cycles Ev interacts with the
equivariant restriction functor Dy, (Vi) — Dg,, (V). As explained in forthcoming
work, it is (151) that allows us to conclude that 7} is the endoscopic transfer of
a strongly stable virtual representation on G'.

Although we do note show the calculations here, the same arguments used to
prove (151) also show

(—1)cc—dimc” trace,, (Bws'Ply,,) (—1)ec~dmC trace, (EvsP)

(x'e) = (z,8)

under the same hypotheses.

10.4.1. Endoscopic Vogan varieties. After recalling the endoscopic groups G’
and the infinitesimal parameters X : Wy — G’ such that A = € o )\ from
Section 10.1.6, we describe V), and its stratification into orbits under the action
by Hy :=Zg (XN). In all cases, G’ = G x GM so X = (A@ A1), Except for
Section 11, we have arranged the sequence of examples so that by the time we get to
N Weg — L&, both AV - Wi — LG and A® : W — LG have already been
studied. Since Hy = H® x HW and Vi, = V® x V) we use the equivalence

PerH(z)(V(Q)) X PerH<1)(V(1)) A PeI’H)\,(V)\/)

to answer all questions about Perpy,, (V) using earlier work.

The Hy-invariant function ( - |- ) : T*(Vy/) — Al is simply the sum of the
functions 7*(V(V) — A' and T*(V?) — A while [-, -] : T*(Vy/) — b’ is likewise
built from the functions 7*(V1) — h) and T*(V?)) — bhy. Consequently, the
conormal bundle is

T;IA/ (V) = T}kﬂz)(v(z)) x Tha (V(Q))a

so Perp,, (T, (Va')reg) can be completely described using earlier work.

10.4.2. Vanishing cycles. It follows from the Thom-Sebastiani Theorem, [?]
and [?], that

B/ (IC(C(2),£(2)) gzc(cm,ﬁ(l))) = (EvIC(C@),ﬁ(Q))) b (EvIC(C‘”,ﬁ(”)) :
Thus, the functor
EV/ . PerHA/ (V)\/) — PerHA, (T;.})\/ (V)\/)reg)

may also be deduced from earlier work.
10.4.3. Restriction. The equivariant restriction functor

ch)ﬂX W) — DZ,H)\/ (V)

(152) F oo A

does not take perverse sheaves to perverse sheaves. Since we wish to illustrate
(151), we compute (152) in each example, after passing to Grothendieck groups.
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10.4.4. Restriction and vanishing cycles. We have now assembled all the pieces
needed to illustrate (151). We begin by identifying all (2,{’) € Tj; , (Vi )reg such
that the image of (2,¢') in T} (Vi) is regular. This gives us an opportunity
to revisit the question of finding all Arthur parameters ¢ : Lr x SL(2) — LG
with infinitesimal parameter A that factor through e : LG" - L@ to define Arthur
parameters 1 : Lp x SL(2) — G with infinitesimal parameter \'. Finally, for such
(2',&") we pick a simple perverse sheaf P € Pery, (V) and compute both sides of
(151), where s is determined by the elliptic endoscopic group G’.

11. SL(2) 4-packet of quadratic unipotent representations

Let G = SL(2) over F’; so G = PGL(2,C) and “G = PGL(2,C) x Wg. Suppose
q is odd.

The function H'(F,G) — H!(F,G,q) is injective but not surjective; indeed,
HY(F,G) is trivial but H'(F,G%4) & p2. In other words, SL(2) has no pure rational
forms but it does have an inner rational form.

Let w € F be a uniformizer and let v € F' be a non-square unit integer. Let

E/F be the biquadratic extension E = F(y/w, y/u). Then Gal(E/F) = {1,0,7,07}
where o(yv/u) = —y/u and 7(y/w) = —y/w. Define ¢ : Gal(E/F) — PGL(2) by

'_>01 d '_>10
o= 11 0 an =y 1)

Let A\ : Wr — LG be the infinitesimal parameter deﬁnedA by the composition
Lrp - Wrp = TFp — Gal(E/F) followed by ¢ : Gal(E/F) — G thus,
AMw) = 0 1 w € La, if wlgp =o,
-1 0
and

AMw) = <(1) 01> w € a, if wg=r

11.1. Arthur packets.
11.1.1. Parameters. There is only one Langlands parameter with infinitesimal
parameter A chosen above: ¢(w,z) = A(w). This Langlands parameter is of Arthur

type: Y(w,z,y) = Mw).
11.1.2. L-packets. With ¢ as above, we have

zeo={(5 )% D-(0 )¢ )

Let Ay = po X ps be the isomorphism determined by

<_01 (1)> —(=1,#1)  and <é _01> = (41, —1).

Using this isomorphism, the characters of Ay will be denoted by (++), (+-),
(—+) and (——) so, for instance, (+4) is the trivial character of A, = pg X po. The
L-packet IT4(G(F)) is the unique cardinality-4 L-packet for SL(2, F'):

H¢(G(F)) = {F(¢7 ++)7 7T(¢, +_)7 T(((b? _+)’ 7T(¢7 __)}

This L-packet, which is described in [?, Section 11], may be obtained by restricting
the supercuspidal representation of GL(2, F') given in [?, Theorem 4.6] to SL(2, F).
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Alternately, these depth-zero supercuspidal representations are produced by com-
pact induction from a maximal parahoric (there are two, up to G(F')-conjugation),
from (the inflation of) the two cuspidal irreducible representations appearing in the
only non-singleton Deligne-Lusztig representation of SL(2,F,). The characters of
these representations are described in [?, Section 15].
Since G has no pure inner forms, the pure packet for the Langlands parameter
¢ is an L-packet:
g (G/F) =y (G(F)).
11.1.3. Arthur packets. The L-packet II,(G(F')) is an Arthur packet:
Hi (G/F) = Hg (G/F).

11.1.4. Awubert duality. Aubert involution fixes all the representations in this
example.

11.1.5. Stable distributions and endoscopy. Since v is trivial on SL(2) in its
domain, it follows that sy, = 1, so the stable invariant distribution (126) attached
to ® is

Oy = On(p,+4) T On(p,+-) + On(g,—+) + On(s,——)-
For any s € Z5(1)) (the 4-group Z5(¢) appearing in Section 11.1.2) the coefficients
of ©y s appearing in (127) are simply
(153) (s,m(¢, ££))y, = (££)(s).

Besides G itself, three endoscopic groups are relevant to ¢: the unramified torus
U(1) split over F(y/u), and the two ramified tori split over F(y/w), and F(y/uw).
More precisely, in the case of the unramified torus, define s,n € G by

(10 (0 1

=lo -1) "7 -1 0
so that ¥°(w) = s if w|g = 7 while ¥°(w) = n if w|g = 0. Let G’ be the endoscopic
group U(1) split over F(y/u) with: G’ = Z5(s); action of Wr on G’ determined
by mo(Za(s)) = Gal(F(y/u)/F); and € : “G’ — LG given by G' = Zz(s)° C G and

g(1 x w) :=nw, it wlp=o.
Then the Arthur parameter v : Lp x SL(2) — LG factors through ¢ : *G’ — LG to
define ¢ : Ly x SL(2) — LG, so

Y(w)=sxweld, if wlg=r
The representation of G'(F') with Arthur parameter ¢’ is the quadratic character
attached to the extension F'(y/u)/F by class field theory. Then the endoscopic
transfer of the quadratic character from G’'(F) to G(F) is
Ops = On4+) = Ong4-) T On,—4) = On(s,—)-

The set-up is similar for the ramified tori, as we now explain. Take

(0 1 tivel 0 1
s=|_; () respectively, 1 o)

and, in the same order, set

(0 1 tivel 1 0
n=\, () respectively, 0 -1)-
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Then
s = °(w), if w|g =0, respectively, w|g = o,
and
n = 1°(w), if w|g =07, respectively, w|g=r7.
Let G’ be the endoscopic group U(1) split over F'(/w@), respectively, F(y/uw) with:
G = Z@(S)O; action of Wg on G’ determined by

m0(Zg(s)) = Gal(F(v/w)/F), respectively, mo(Zz(s)) = Gal(F(vuw)/F);
and ¢ : LG’ — LG given by G = Zz(s)° € G and
g(1 x w) :=nw, if w|g=o7, respectively, w|lg=rT.

Then the Arthur parameter ¢ : Lp x SL(2) — LG factors through € : 'G’ — LG to
define ¢ : Ly x SL(2) — *G, so

Y (w) =sxweld, if w|g =0, respectively, w|g = oT.

The representation of G'(F) with Arthur parameter ¢’ is the quadratic character
attached to the extension F(y/w)/F, respectively, F(y/uw)/F, by class field theory.
Then the endoscopic transfer of the quadratic character from G'(F) to G(F') is Oy s
which, in order, is

Oyp,s = On(g,44) + Or(p,4—) = On(p,—+) = On(e,——);

respectively,

Op,s = On(g.+4) = On(6.4-) = On(o.—+) + On(s,——)-

Together with the stable distribution O, these three © ; form a basis for the
vector space spanned by the characters of representations with infinitesimal param-
eter A\. These four distributions are expressed in terms of the Fourier transform of
regular semisimple orbital integrals, and their endoscopic transfer, in [?, Section
6.2].

11.1.6. Jacquet-Langlands. The L-packet that this example treats also appears
in [?, Section 4, page 215], alongside the L-packet for the inner form corresponding
to a non-trivial cocycle in Z'(F,G,q), which determines the compact form of G,
mentioned at the beginning of this section and now denoted by G,. The same
Langlands parameter ¢ as above, when viewed as a Langlands parameter for G,
produces a singleton L-packet. In this case Sy sc = Zz_ (1), which is the subgroup

of ésc = SL(2) isomorphic to Qg given by

1 0 0 i i 0 0 1
ey G
wise = -1 0 0 —i —i 0 0 —1

(0 —1>’ (—i 0>’ o i) \1 o0

The compact form G, of G = SL(2) carries exactly one admissible representation
with infinitesimal parameter A, and it corresponds to the unique irreducible 2-
dimensional representation of this group. We denote this representation by 7 (¢, 2).
Although the theory presented in Part 1 does include inner rational forms that are
not pure, in Section 11.2.7 we will show how to adapt the geometric picture so that
it does include 7 (¢, 2).

11.2. Vanishing cycles of perverse sheaves.
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11.2.1. Vogan variety and orbit duality. Recall the groups H), Jy and K from
Section 5.3. In the example at hand, these are given by

nen=(( .0 D6 2)-(4 ) men

and K = Ng(T). In particular, Gy = 1 and A\, : W — LG is trivial so Vy,, =0
and H, = 1.

11.2.2. Equivariant perverse sheaves. With reference to Theorem 5.1.1 we have

Rep(Ax) — Pery, (V3) —— Perp, (0)

Rep(pa x p2) Per i, x s (0) Pery(0).

In particular, there are four simple objects in Perg, (V}) corresponding to the four
simple Hjy-equiviariant local systems on V) = {0}, or equivalently, to the four
characters of Ay = mo(Hy):

Perm, (V)™ = {(++H)va, (+=)vas (= H)vas (——)wa )
11.2.3. Vanishing cycles of perverse sheaves. We wish to describe the functor
Ev: PerHA (V)\) — PerHA (TI?A (V)\)reg)~

We have already seen that Peryr, (V)) = Rep(Ay). In this case we have T (V))reg =
{(0,0)}, so Perg, (T, (VA)reg) = Rep(Ay). With these equivalences,

Ev : Rep(A)) — Rep(Ay)
is the identity functor, so
(154) traces BEvsy (£1)y, = (£=£)(s)

for every s € Zz(1)).

11.2.4. Normalization of Ev and the twisting local system. Since Ev is trivial in
this example, so is T and NEv; accordingly, the material of Section 10.2.7 is trivial
in this example.

11.2.5. Fourier transform and vanishing cycles. Since Ev, NEv and Ft are trivial
in this example, the material of Section 10.2.8 is trivial.

11.2.6. Arthur sheaves. Since V) = {0} is a single stratum, there is only one
stable perverse sheaf to consider:

A{O} = (++)VA & (+_)V>\ @ (_+)V>\ ® (__)V)\'

Of course, this is just the regular representation of Aj.
11.2.7. Jacquet-Langlands. We now show how to extend the geometric picture
to include the admissible representation (¢, 2) of the inner rational form G, of G.
Replace the group action Hy x V) — V) with the group action H) ¢ x V) = Vj,
where
H)\,sc = Z@SC ()‘)a

and where H) 4. acts on V) through Hj ¢ — H) induced by the map CA}’SC — CAT';
recall from Section 11.1.6 that this is just the composition SL(2) — GL(2) —
PGL(2). The analysis of Section 4.4 shows that

PerH}\,sc (VA) = Rep(AA,sc)a
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where Axge = mo(Hrge). Of course, Axge is just the group Sy s appearing
above. Now A) s has five irreducible representations up to equivalence: four one-
dimensional representations obtained by pullback from the four characters of Ay we
have already seen, and one two dimensional representation, denoted by F. Thus,
the category Rep(Axsc) has exactly five simple objects up to isomorphism, and
thence Pery, . (V1) has exactly five simple objects up to isomorphism:

Periin™(Va) siso = {Bvas (+H)vas (= )vias (=H)vas (==)wi }-

The rest of the story now carries through. For instance, the diagram of functors
from Section 11.2.2 becomes the following diagram:

Rep(Axsc) 5% Perm, ..(V) 4“; Per o (W)

Rep(Qs) Perg, (0) Pery(0).

Also, the microlocal vanishing cycles functor, Ev, is again the identity functor
Rep(Axsc) — Rep(Axgc), and the Arthur sheaf is again just the regular repre-
sentation of Ay s.. Thus, simply replacing category Perg, (V) with Perg, (Vi)
extends the theory from pure inner twists of G to inner twists of G, allowing us to
see the Jacquet-Langlands correspondence from the geometric perspective of Part 1.

11.3. ABV-packets.

11.3.1. Admissible representations versus equivariant perverse sheaves. The
following table displays Vogan’s bijection between Per g, (VA)S/III;;ple and IIY"°(G/F),
as discussed in Section 10.3.1.

Peryr, (Vo) || IR™°(G/F)
(++)V>\ 7T(¢> ++)
(+-)vs (), +-)
(=) (¢, —+)
(=) (¢, ——)

11.3.2. ABV-packets. Using the bijection from Section 11.3.1 and the trivial
functor of Ev from Section 11.2.3, it follows directly from definition (142) that

I, (G(F) = MY (G/F).
With reference to (146) and (154), in this example we find: if s = 1 then

77&',55 = 7755 = [F(¢> ++)] - [F(¢> +_)] + [F(¢> _+)] - [W(d)? __)]5
if s=(§ %) then
7111; s [ﬂ-(¢, ++)] - [’]T(gﬁ, +_)] + [’]T(gﬁ, _+)] - [ﬂ-(gﬁ, __)]7
if s = (29 {) then
Mye = [m(@,++)] + [7(¢,+=)] = [1(¢, —+)] = [7(¢, —)I;
and if s = ({}) then

Comparing 7,5* above with 7,, s as calculated in Section 11.1.5, we see that

NEs
Thp,s = 771/),5
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in all four cases, thus confirming Conjecture 1 in this example.
11.3.3. Kazhdan-Lusztig conjecture. The material of Section 10.3.3 is trivial in
this example.

11.4. Endoscopy and equivariant restriction of perverse sheaves. In
Section 11.1.5 we saw that the Arthur parameter 1 factors though three elliptic
endoscopic groups, G’. For each of these G’, the infinitesimal parameter A : Wr —
L@ factors through ¢ : “G’ — G to define N : Wp — LG'.

11.4.1. Endoscopic Vogan variety. For each G’ above, Hy :=Zg()\') is the
subgroup of H:=Zz()\) generated by s in Hy/; see Section 11.1.5 for s. Thus,
Perg,, (Vi) = Rep(H)/) has two simple objects, now denoted by (+)v,, and (—)y,,.
Now, Vogan’s bijection for X' : Wg — L' is given by the following table.

Persry, (Va)jiag || I8 (G'/F)
(H)vy (', +)
(=)vs (¢, +)
Then w(¢',+) = w(¢’, —) is the quadratic character of G'(F) = Ng,l/F(l) deter-

mined by ¢’.
11.4.2. Vanishing cycles. Arguing as in Section 11.2.3, we see that

NEV' : Rep(Ay) — Rep(Ay)

is trivial.

11.4.3. Restriction. The restriction functor Perg, (Vy) — Perp,, (Vi) is just
restriction Rep(H) — Rep(H)/) to the subgroup generated by s.

11.4.4. Restriction and vanishing cycles. We see (151) almost trivially: the
left-hand side of (151) is

traceq, NEvsy (£4)y = (££)(s)
while the right-hand side of (151) is
(—1)dimC=dimC trace, (B (££)vv,,) = (—=1)°70(£%)(s).

As we show in forthcoming work, it follows from (151) that n}f% is the
Langlands-Shelstad lift of 775",5. These lifts are found by considering each case in
turn: in order, take s € G to be

1 0 0 1 0 1
s-(o _1), (_1 0), and then (1 0),

in the same order, the quadratic extension E'/F is

E'JF = F(\/u)/F, F(v@)/F, andthen F(\/uw)/F.

12. SO(3) unipotent representations, regular parameter

Let G = SO(3) split over F, so G = SL(2,C) and LG = SL(2,C) x Wp. In this

case,

HY(F,G) = H'(F,G.q) = H'(F, Aut(Q)) = Z/2Z,
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so there are two isomorphism classes of rational forms of GG, each pure. We will use
the notation G for the non-quasisplit form of SO(3) given by the quadratic form

—ew 0 0
0 e 0
0 0 =@

Let A: Wp — G be the parameter defined by

|w\1/2 0
A = .
(w) < 0 o[ ~1/?

Although this simple example exhibits some interesting geometric phenomena,
the Arthur packets in this example are singletons, so there is no interesting en-
doscopy here. Nevertheless, this example will be important later when we consider
other groups for which SO(3) is an endoscopic group.

12.1. Arthur packets.
12.1.1. Parameters. Up to Zg(A)-conjugacy, there are two Langlands parame-

ters ¢ : Lp — G with infinitesimal parameter \; they are given by
do(w, x) = Mw) = va(dy) and o1 (w, x) = va(x),

where vy @ SL(2,C) — SL(2,C) is the identity function, thus an irreducible 2-
dimensional representation of SL(2,C). So,

PA(*G)/Zz(\) = {¢o, p1}-
Both ¢y and ¢; are of Arthur type: define

Yo(w, z,y) :=va(y) and 1(w, z,y) :=va(x).
Then
ON(*G)/Zg(N) = {40, ¥1}.
Observer that 1 is tempered but 1 is not. Also observe that the Arthur param-

eters 1Yy and 1, are Aubert dual to each other.
12.1.2. L-packets. The component groups for the parameters ¢ € Py(G) are

-~

Ay =m0(Z5(¢o)) = mo(T) = 1
and R
A, = mo(Zg(h1)) = m0(Z(G)) = pa.
Denoting the two characters of o by 4+ and —, the L-packets for these Langlands
parameters are:

g (G(F)) = {m(¢0)}, g, (GL(F)) = 0,
g, (G(F)) = A{m(é1,H)} o (Gi(F) = {m(d1,—)}

Here we can view these representations of GL(2, F') (resp. of the multiplicative
group of the quaternion algebra, D) with trivial central character for G(F) =
GL(2,F)/F* (resp. G1(F) = D*/F*). Then 7(¢g) (resp. m(¢1,+)) is given by
the trivial (resp. Steinberg) representation of GL(2, F') and m(¢1,—) is given by
the trivial representation of D*.

To see how characters p of A4 determine pure inner forms of G, pullback
p along m(Z(G)) — m0(Z5(¢)) and then use the Kottwitz isomorphism: the

trivial character of Ag, (resp. Ag,) determines the trivial character of mo(Z (@)
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and therefore the split pure inner form of G the non-trivial character — of Ay,
determines the non-trivial character of mo(Zz) and therefore the non-trivial pure
inner form of G. Therefore, the pure L-packets are:

e *(G/F) = {(m(¢0),0)},
" (G/F) = {(n(¢1,4),0), (r(¢1,—),1)}.

12.1.3. Multiplicities in standard modules.

| w(do) m(p1,+) | w(¢1,—)
M(¢o) 1 1 0
M(¢r,+)|| 0 1 0
M(¢1,—) || 0 0 1

12.1.4. Arthur packets. The component groups Ay, and Ay, are both Z(CA}’)
The Arthur packets for 1 € Q5 (*G) are

Iy, (G(F)) = {m(do)}, Iy, (G(F)) = A{7(d1, )}
My (Go(F)) = A{m(or,—)}, oy, (Gu(F) = {x(d1,—)}-

so the pure Arthur packets are

17, (G/F) = {(m(¢0),0), (m(¢1,-), 1)},
I (G/F) = {(7(¢1,4),0), (m(¢1,—), 1)}
12.1.5. Aubert duality. Aubert duality for G(F) and G1(F) is given by the
following table.
71' H T
m(¢o) | 7(¢1,+)
m(¢1,—) || w(¢1, )
The twisting character x., of Ay, is trivial; likewise, the twisting character
Xy, of Ay, is trivial.
12.1.6. Stable distributions and endoscopy. The characters ( - ,7T>w appearing

in the invariant distributions @G7S (127) are given by the first two rows of the

following table. The last row gives the analogous characters for @g}s.

m [ Comy, (amdy
(¢o) + 0
m(¢1,+) 0 +
7T(¢17 _) - -
Using the notation s = diag(s1,s1) € Ay = Z(G), we now have

Gy _

0%, = Ol Ohps = ~510r001),

s = O O = $10x(,)-

Therefore, in this example, the virtual representations 1, s (31) are:

Myo,s = [(T(d0),0)] + s1[(m (1, —), 1)],
Mpr,s = [(77((;51; +)7 0)] - 51[(7-((¢17 _)7 1)]

~

Since Ay, = Z(G), the only endoscopic group relevant to these parameters is G
itself.

12.2. Vanishing cycles of perverse sheaves.
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12.2.1. Vogan variety and orbit duality. Since \ : Wr — LG is unramified and

A(Fr) is elliptic and G is split, we have A, = .
The Vogan variety for A is

0 ~
{3 s} on

with H := Z5()\)-action

t 0 (0 gy 0 %y
(o t—l) ' <0 0>H 0 0)

so V) is stratified into H-orbits

(
00::{<8 8)} and 0:{(8 g>ea | wéo}.
|

The dual Vogan variety V' is given by

. 0 0\ - N
V)\ :{(y/ 0>€g|y/ :Ala

t 0 (0 0\ (0 0
Ot_l . ylo t—2y/07

so V' is stratified into H-orbits

a={(0 )} wa o= {(5 D) es 1o}

The Hjy-invariant function [-, -] : T*(V)\) — by is given by

0 y (1 0
(v 8w (oY)

From this, dual orbits are easily found.

with Hy-action

Cy=Cy dim=1 Cy=Ct

I I

~

Co=C, dm=0  C;=0C}

12.2.2. Equivariant perverse sheaves. On the closed stratum Cj there is one
simple local system 1¢, and its perverse extension ZC(1¢, ) is the rank-one skyscraper
sheaf at Cy. The open stratum C,, carries two simple local systems: 1¢, and the
non-trivial £c, corresponding, respectively, to the trivial and non-trivial charac-
ters of the equivariant fundamental group of Cy. Therefore, the irreducible shifted
standard sheaves on V), are:

S(]lco) = jcol]lco[o]’
S(]lcy) = jcy!]lcy[l], and S(gcy) = jcy!gcy[l].

There are three simple objects in Perg, (V) = Perg_ (A') up to isomorphism:

Perp, (Va)5mPle = (7C(1¢,), ZC(1c, ), ZC(Ec,)} -

/iso
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The perverse extension of 1¢, is the constant sheaf 1y, [1] = ZC(1¢,) while the
perverse extension ZIC(€c, ) of £c, is the standard sheaf obtained by extension by
zero from &, [1].

P H P'CU P|Cl
ZC(]]‘CO) ]]-Co [O] 0
IC(1c,) || 1c[l] 1g,[1]
IC(Ec,) 0 e, (1]

The first two row of this table are clear since Cp and ny are smooth. To see the
third row, let 7 : Vi, = V) be the proper double cover given by y — y? and note
that

T (v [1]) = ZC(1¢,) ® IC(Ec, ),
by the Decomposition Theorem. Since both of 7. (1v,[1])|c, and ZC(1¢,)|c, are

rank one, it follows that 7C(Ec, )|c, = 0.
Thus, the geometric multiplicity matrix is

| S(la,) S(ic,) | SEe,)

IC(1e,) 1 0 0
(1) | —1 1 0
I(Z(Ecy ) 0 0 1
and the normalized geometric multiplicity matrix is
H ]lhcﬂ ]lhcy 52’11
]1§C0 10 [0
i |1 1 ]o
g, [ o o1

12.2.3. Cuspidal support decomposition and Fourier transform. Up to conju-
gation, G = SL(2,C) admits exactly two cuspidal Levi subgroups: G itself and
T = GL(1). Thus,

PeI’H/\ (V)\) = PeI’H/\ (V)\)f ) Peer (V)\)@
Simple objects in these two subcategories are listed below.

Peryr, (Vo)™ | Peryy, (V322
IC(1g,)
C(1g,) IC(Ec,)

The Fourier transform is given on simply objects by:
Ft : PerHA (V)\) — PeI’H/\ (V;)
IL(le,) ~— IC(lgg) =IC(Lcy)
IC(1le,) = IC(ley) =IC(1cy)
IC(gcy) — E(gcg) = IC(gcé)
12.2.4. Equivariant local systems on the reqular conormal bundle. The regular
conormal bundle 7%, (VA)reg decomposes into two Hy-orbits

CZ—‘}f)fIk (V)\)reg = Té‘o (V/\)reg |_| Téy (V)\)reg
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TABLE 12.2.1. PBv : Perp, (Vi) — Perp, (17, (Vi)reg) on simple
objects, for X : Wr — LG given at the beginning of Section 12.

PRy %
PerHA (V)\) — PerHA (THA (V)\)reg)

IC(lg,) C(1o,)
C(le,) = (1o,)
IC(Ec,) +— IC(Eo,) ®IC(Eo,)

TABLE 12.2.2. Bws : Perg, (Va) — Locu, (TF;, (VA)reg) on simple
objects, for X : Wr — LG given at the beginning of Section 12.

P | Bsg, P Bwsc, P

IC(1c,) + 0
IC(1c,) 0 +
IC(&c,) - -

given by

e ={() 8) 1050 1 e ={() 4) 1 120 1

We remark that

Te (Va)reg = T8 (Va)sreg = Co x C
and

T6, (Va)reg = T¢, (Va)sreg = Cy x Cy.

These components are H-orbits, so every Hy-equivariant perverse sheaf on T, (VA)reg
is a standard sheaf shifted to degree 1. The equivariant fundamental groups are
both given by

AB = 1 (TH(VA), (2,9) 24, (0.0 = T0(Z1, (2,€)) = Z(G) = {*1}.
Let 1o, be the constant local system on Tgw (VA )sreg and let Eo,, be the non-trivial
H ) -equivariant local system on T(’jw(VA)Sfeg. Then
IC(1p,) = S(1lo,) and IC(En,) = S(Eo,)
and
IC(1o,) = S(lo,) and IC(Eo,) = S(€o,)-
In summary,
Loch, (TC*‘O(VA)sreg)S/iiZ;ple ={1lo,, €o,}
and
Locs, (T¢,, (VA)sreg)ji;sI:)ple ={lo,, €o0,} .
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12.2.5. Vanishing cycles of perverse sheaves. The functor PEv : Perp, (Vy) —
Perpr, (T, (VA)reg) is given on simple objects in Table 12.2.1. The lower part uses
the identification of local systems on the regular conormal with representations of
the corresponding equivariant fundamental groups, so each BEvsg P is given as a
character of ARic.

We now explain the computations behind Tables 12.2.1 and 12.2.2.

()

(b)

(c)

Using Lemma 7.2.1 we find

pEchIC(]].cy) = ]].oy[l} pEchIC(gcy) = 5@y[1]
PEve, IC(1g,) = O PEve, IC(1¢e,) = 1o,[0]-

It only remains, therefore, to determine ?Ev¢c, ZC(1¢, ) and PEve, IC(Ec,).
Since IC(1¢,) = 1y [1], we have

Bve, IC(1c,) = R®yy (Lv, 11 B Les ) 72 (V) vee

As 1y, K 1g; = Ly, xc; is a local system and the function (y,y’) — yy'
is smooth on V) x C§, it follows Lemma 7.2.2 that

EVC«0 I(j(]lcy) =0.

Note that C specifically excludes the locus y’ = 0, which is where the
singularities would be.

We now consider the case of ZC(E¢, ), using the proper double cover
m: V) — V), already used in Section 12.2.2. Recall that

m(1y, [1]) = IC(1c,) ® IC(Ec, ).
Since Ev is exact by Proposition 7.4.1,
Eve, 71'*(11\/A [1]) = Bvg, IC(]le) @ Bve, ]-C(gcy)
We have just seen that Evg, ZC(1¢,) = 0, so
Bve, IC(Ec,) = Bug, T (Lv, [1]).
By Lemma 7.5.2,

Bvcy, (1, [1]) = m (ROy2y (1vs s [1)re (1)) -
Since 7 is an isomorphism on T¢ (V) rreg,

EVCU Tr*(]]‘VA [1]) = Rq)y?y’ (]leXC'S [1])|T8(V)\)reg'
Now,
RO, (Lvy <oz [1]) = Loy xcg [1,
where 7' : C — C is the double cover ' — y'2. Note that
mLloyxcy (1] = Lo, [1]-
By the Decomposition Theorem,
7(!/]100[1] = ]100[1] @ 500[1]7

where o, is the non-trivial equivariant local system on Op introduced in
Section 12.2.4, which is the associated to the double cover arising from
taking v/y’ over Oy. Therefore,

PEvg, Z-C(gcy) =Eo0,l1].

This completes the calculation of PEv : Perg, (V\) — Perg, (T*(V))reg) on simple
objects, as displayed in Table 12.2.1.
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12.2.6. Normalization of Ev and the twisting local system. From Table 12.2.1
we see that the twisting local system 7 is trivial in this case, so PNEv = PEv.

12.2.7. Fourier transform and vanishing cycles. Having computed the values
of the functor PEv : Perg, (Vi) — Perp, (Tf;, (Va)reg) on simple objects, we also
know the values of PEv* : Perg, (Vy') — Perg, (T4, (VY )reg). We use this and the
coincidence of PEv with PNEv, in the table below.

Per, (Va) —5 Pery, (T, (Vadeee) =5 Pera, (T, (Vidreg) £ Perp, (V5)
IC(]lCO) — IC(]loO) — I(j(]log) <« E(]lcg)
IC(]lcy) = IC(]l(gy) = %(]l@;) A E(]lc;)

IC(c,) +— IC(Eo,)BIC(Eo,) +— IC(Eo:)@IC(Eo;) <« IC(Ecy)

Since the map from the first to the fourth column is the Fourier transform, this
verifies (134).
12.2.8. Arthur sheaves.

Arthur sheaf || packet sheaves coronal sheaves
Ac, IC ]lco) IC(Ec,)
Ac, o) B IC(E,)

12.3. ABV-packets.

12.3.1. Admissible representations versus equivariant perverse sheaves. Vogan’s
bijection for A : Wr — LG chosen at the beginning of Section 12 is given by the
following table:

Peryr, (VS0 || I3 (/ F)
(ILCO) (W(¢0)70)
c(1c,) (m(¢1),0)

Ic(gcy) (m(¢1,-),1)

The base points for Hy-orbits in T, (V\)reg determined by the Arthur param-
eters Yo and 17 are:

@) = (1 0) €T Mme o) = (g o) €T, (A

12.3.2. ABV-packets. Using the bijection of Section 12.3.1, the vanishing cycles
calculations of Section 12.2.5, and the definition of ABV-packets from Section 8.1,
we find ABV-packets for G for representations with infinitesimal parameter \ :
Wg — LG from Section 12.1.1:

>V (G/F) {(w(¢0),0), (w(¢1,-), 1)},
HABV(G/F) = A{(m(¢1,4),0), (7(¢1,—), 1)} .

We see that all pure Arthur packets are ABV-packets simply by comparing this
with Section 12.1.4. In this example, all the strata in V), are of Arthur type, so all
ABV-packets are Arthur packets.

12.3.3. Stable invariant distributions and their endoscopic transfer. We re-
called in Section 12.1.6 the coefficient appearing in the invariant distributions
ny.s attached to ¢ € Qx(*G) and s € Z&(v). Using Section 12.2.5, compare
(ssy, (m,0)),, with trace Evsy P(m,6)(ssy). This proves (144) and therefore estab-
lishes Conjecture 1, in this case:

Mp,s = 771'2‘5567
for v € QA(*G) and s € Zz(v).
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Also recall from Section 12.1.6 that the only endoscopic group relevant to g
and 1, is G.

12.3.4. Kazhdan-Lusztig conjecture. Using the bijection of Section 12.3.1 we
may compare the multiplicity matrix from Section 12.1.3 with the normalized
geometric multiplicity matrix from Section 12.2.2:

geo

1 1]0 1 0]o0
Meep =10 1]0 |, mlo=|11]0
0 01 0 01

/
geo?

Since 'Myep = m this confirms the Kazhdan-Lusztig conjecture (147) as it
applies to representations with infinitesimal parameter A\ : Wr — G given in
Section 12.1.1. As explained in Section 10.3.3, this allows us to confirm Conjecture 2
as it applies to this example.

12.3.5. Awubert duality and Fourier transform. By using Vogan’s bijection from
Section 12.3.1 to compare Aubert duality from Section 12.1.5 with the Fourier
transform from Section 12.2.3 one redily verifies (148).

12.3.6. Normalization. A comparison of the twisting characters y,, of Ay from
Section 12.1.5 with the restriction 7y to T¢ (Va)reg of the local system Ty from

Section 12.2.7 verifies (150).

12.4. Endoscopy and equivariant restriction of perverse sheaves. The
material of Section 10.4 is trivial in this example, since Z5()) = Z(G).

13. PGL(4) shallow representations

This example illustrates the utility of Theorem 5.1.1 and the significance of the
decomposition of A(Fr) into hyperbolic and elliptic parts. Here, the calculation of
the Arthur packets for certain non-tempered representations of PGL(4) is reduced
to the calculation of certain unipotent representations of SL(2). This example
also demonstrates a case when H(F,G.q) — H'(F, Aut(Q)) is surjective but not
injective.

Let G = PGL(4) over F and suppose ¢ is odd. So, G = SL(4) and LG =
SL(4) x Wg. In this case, HY(F,G) = H'(F,Gaq) = Trrep(ju4), so there are four
isomorphism classes of inner forms of G, each one pure. However, G has only
three forms, up to isomorphism: the split group G itself, an anisotropic form Gj,
and a non-quasisplit form G5 with a proper minimal Levi. In fact, the outer
automorphism of G induces an action of order 2 on H'(F,G), and the orbits of
this action correspond exactly to the image of H'(F,G) in H'(F,Aut(G)). The
map

HY(F,Gq) — H'(F,Aut(Q@))

from isomorphism classes of inner form of G to isomorphism classes of forms of G
is given by: 0 — G, 1 = G4, 2 +— G2 and 3 — G1, where the notation refers to an
identification of Irrep(uy) with Z/47Z.

Let E be a Galois closure of the ramified extension F'( “#/w). Then E is the
compositum of an unramified quadratic extension of F' and the totally ramified
extension F( **/w); now Gal(E/F) is the dihedral group with generators o, T,
where ¢ has order 2 and 7 has order ¢ +1 and 070 = 77! = 7%. Consider the



102

representation o : Gal(E/F) — SL(2,C) defined by

0 1 ¢ 0
M(_l O), TH(O <>

where ¢ € C' is a fixed primitive g + 1-th root of unity. Let p : Wr — SL(2,C) be
the composition of Wr — I'r — Gal(E/F) with g : Gal(E/F) — SL(2,C). Define
)\ZWF—>LG:SL(4) X Wg by

Aw) :=p(w) @ va(dy).

Thus, if w|g = o then

0 0 w/*? 0
0 0 0 |w/ Y2
AMw) =
(w) V2 0 0 0
0 —fw ™ o0 0
while if w|g = 7 then
¢ 0 0 0
lo¢ 0o o
AwI=1¢9 0 ¢1 o
00 0 (!

13.1. Arthur packets.
13.1.1. Parameters. There are two Langlands parameters with infinitesimal
parameter \:

po(w, x) = p(w) @ va(dyw), and ¢1(w,z):=p(w) @ va(z).
Each is of Arthur type:

Yo(w, z,y) :=pw) @va(y), and ¢¥1(w,z,y):=pw) @ va(x).

Note that ¥ = 1[)0; see Section 10.1.5

13.1.2. L-packets. There are 5 admissible representations of the three forms G,
G1 and G5, with infinitesimal parameter A. In order to list them, we start with the
component groups of ¢ € Py(LYG). First, note that

s1 0 0 O
0 s2 0 0 N

Za(A) = 0 0 s 0 ’ 8189 = *£1 >~ GL(1) X po,
0 0 0 s2

under the isomorphism s — (s1, $182). Then
Ay =m0(Zg(d0)) = mo(Z5(N)) = p2
and

A, = m0(Z5(61)) = 70(Z(G)) = pa.

Following our convention, we write + and — for the trivial and non-trivial characters
of ps, respectively; the characters of py will be labeled by +1, —1, +4 and —i.
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The admissible representations for the Langlands parameters ¢y and ¢, fall into
L-packets for the three forms of G' (up to isomorphism) as follows:

M, (GF) = {n(do )} T (GE) = {m(é1,+1)}
My, (Gi(F) = 0 My, (G1(F)) = mw
Moy (Go(F)) = {n(60,—)} T (Ga(F) = {m(én,—1)}.

However, IIY""(G/F) consists of 6 representations of 4 pure rational forms of
G and decomposes into L-packets as follows:

5 (G/F) = {(n(¢o, +),0), (m(¢0, —), 2)},

and

HgTre(G/F) = {(,’T((blv +1)a 0)7 (7‘((@51, +i)7 1)7 (W((blv _1)a 2)7 (7‘((@51, _i)v 3)} :
In other words, when passing from the four equivalence classes of pure rational forms
[6] € H*(F, G) to the three isomorphism classes of forms of G, two representations
collapse to one, namely, (7(¢1,+i), 1) and (7(¢p1, —i), 3) map to the same admissible
representation of Gy (F).

13.1.3. Multiplicities in standard modules.

| 7(¢0,+) 7(do, =) m(p1,+1) (¢, —1) | w(¢1,+i) w(¢p1, —1)

[y

M (¢o, +1) 1 0 1 0 0 0
M(¢o, —1) 0 1 0 1 0 0
M(¢1,+1) 0 0 1 0 0 0
M(¢1,—-1) 0 0 0 1 0 0
M (¢, +1) 0 0 0 0 1 0
M (1, —i) 0 0 0 0 0 1

13.1.4. Arthur packets. The component groups Ay, and Ay, are both Z(G),
canonically. Arthur packets for rational forms G, G; and G2 of G are

Iy (G(F)) = A{m(¢o,+)} Iy, (G(F)) = Am(¢1,+1)}
My (GL(F)) = Am(or,+0)} Iy, (Gi(F)) = {7(d1,+1)}
= {W((bh _7’)} = {7’('(@51, _Z)}
Iy (G2(F)) = {m(do,—)} Iy (G2(F)) = {m(¢1,—1)}
The pure Arthur packets for 1y and v, are
T2(G/F) = {(x(90, +),0), (r(60, ), 2), (w61, +i),1), (x(61, ~4), 3)}
and
I (G F) = {(n(¢1,+1),0), (m(d1, +i), 1), (m(¢1, —1),2), (w(¢1, i), 3)} .
For later reference, we break these pure Arthur packets apart into packet and
coronal representations:

pure Arthur || pure L-packet coronal

packets representations representations

I "(G/F) || (m(¢0,+),0), (7(¢o,—),2) | (w(d1,+i),1), (7(s,—i),3)
I (G/F) || (m(¢1,+1),0), (m(¢1,+i), 1)
(m(¢p1,—1),3), (7(¢1,-1),2)
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13.1.5. Aubert duality. Aubert duality for admissible representations of G(F)
with infinitesimal parameter X is given by the following table.

T I 7
m(¢o, +) || m(¢p1,+1)
7T(¢17+1) 7T(¢07+)

Aubert duality for Gy (F) = G3(F') is given by the following table.

T I 7t
7T(QZ/)1, +7’) = 7T(¢17 _7’) H 7T(¢1, +Z) = 7T(QZ/)1, _7’)
Aubert duality for G3(F) is given by the following table.

s H s
7T(¢07 _) ﬂ-((bla _1)
7T((b17 _1) 7T(¢05 _)

The twisting characters X, and x., are trivial.

13.1.6. Stable distributions and endoscopy. The coefficients (asay, (7,6)),, ap-
pearing in the invariant distributions 7, s (31) are given by the following list, in
which s € Ay = Z(G) = 4.

Mo = Mot = [(M(¢0, +),0)] + [(w(do, =), 2)] + [(m(¢1, +4),1)] + [(7(¢1, —i), 3)]
Myo—1 = [(m(¢0,+),0)] + [(w(do, =), 2)] = [(7(¢1, +1), 1)] = [(w(¢1, —7),3)]
Myoi = [(7(d0,+),0)] = [(w(¢o, =), 2)] + il(7 (1, +i), 1)] — i[(7 (1, —i),3)]
Thpo,—i = [(W(qb(h +)7 O)] - [(W((b()v _)7 2)] - 7’[( (92517 +Z)7 1)] Z[( (¢17 _2)7 )]
and
Ny = Mpr,1 = [ﬂ-(¢1a +1)70] [W((bh _2)7 1] + [7((¢17 _1)7 ] - [TF( 1y _Z)v 3]
Mpr,—1 = [ﬂ-(d)l’ +1)70] - [7‘&'((]51, _Z)v 1] - [7‘(’(@51, _1)7 } + [ﬂ-( )73]
Mpryi = [W(¢1a+1)70] + [71'(('251,77,),1] +7’[ ((,251,*1), ] +1 [ﬂ-(d)lai?’)&g]
My, —i = [T(¢1,+1)7O] + [ﬂ—((bl?_l)’l] _7’[ (d)lv_]-)a ] - [W((ﬁh_z)a?’]'

Since Ay, = Z (G) and Ay, =Z (@), the only endoscopic groups relevant to
these Arthur parameters are G = G, G and Go.

13.2. Vanishing cycles of perverse sheaves.
13.2.1. Vogan variety and orbit duality. The Vogan variety V) and its dual Vy
may both be deduced from the conormal bundle

0y 0 0
. Jly 0o 0 o0 ;L
0 0 % 0
on which Hy:=Zz(A) = GL(1) x vy acts by
ss 0 0 0 0y 0 0 0 51551y 0 0
0 s, 0 0 y 0 0 0 sy 'soy! 0 0 0
0 0 s 0 00 0 yl| 0 0 0 5155 'y
0 0 0 s 0 0 ¢y 0 0 0 57 sy 0

Recall that s;so = +1, so 5152_1 = 452, From this we see the stratification of Vy
into Hy-orbits and the duality on those orbits is exactly as in Section 12.2.1.
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We now use Theorem 5.1.1 to replace A : Wr — LG with an unramified
infinitesimal parameter A\, : Wr — LG, of a split group G such that A, (Fr)
is hyperbolic. The hyperbolic part of A(Fr) is sy x 1 with

2 0 0 0
0 ¢ o 0
0 0 ¢ o0
0 0 0 q¢ 2

while the elliptic part of A(Fr) is ¢ty x Fr with

Sy = p(l) ® VQ(FI“) =

0 010
0 0 0 1
iy = p(FI‘) ® V2(1) 11 0 0 0
01 00
Then
a b 0 O
c d 0 0 a b N
J)\ ::Z§(/\|[F,SA) = 00 a b | det (C d) ==l = SL(Q) X o
0 0 c¢c d
under the isomorphism diag(h,h) — (h',deth) where b/ = h if deth = 1 and

h' = ih if det h = —1. Therefore, G = PGL(2) and \,; : Wr — G is given by
1/2
0
)\nr = |w| .
(w) ( 0 |w|—1/2

H, = Zg, (\ar) = {(8 tol) | t;éo} ~ QL)

= )1} =
6 2) 6 o)-0 ")

This brings us back to Section 12.2.1. We will freely use notation from there, below.
The Hy-action on V) __ is given by

(t,£1) : (8 g) — (8 i’(fy).

From this we see that every Hy-orbit in V), coincides with a H,,, orbit in V) .
13.2.2. Equivariant perverse sheaves on Vogan variety. With reference to The-
orem 5.1.1 we have

and

with H)_ -action

nr

Rep(p2) Perar1)spus (AY) Pergr(1)(A)

Rep(Ay) —— Perg, (Vi) —><:— PerHAm(VAm)

The image of the trivial representation + of o under the functor Rep(A4)) —
Perg, (V) is the trivial local system on Vy, denoted here by (+)y, to emphasize
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its genesis; similarly, the image of the non-trivial irreducible representation — of us
under the functor Rep(Ay) — Perp, (Vi) will be denoted by (—)v,.

To find the simple objects in Perg, (Vy), we begin with the equivariant perverse
sheaves on Hy-orbits in V).

C():

The equivariant fundamental group of Cy is Ac, = mo(Hy) = pe. Let
us write Ilgo and 1, for the local systems corresponding to the trivial
and non-trivial representations of A¢,, respectively. Note that, under the
forgetful functor Locy, (Co) — Locy, (Co), these both map to 1¢,, the
constant sheaf on Cj.

~

: The equivariant fundamental group of Cy is Ac, = Z(G) = py. Let us

write ]lgy and ]lay for the equivariant local systems on C,, that correspond
to the trivial +1 and order-2 characters —1 of Ac,, respectively; these
both map to 1¢, under Locy, (Cy,) — Locy, (C,). We write 5gy and
55U for the equivariant local systems on Cy, that correspond to the order-4

characters +i and —i, respectively, of Ac,; these both map to £¢, under
Locw, (Cy) — Locw, (Cy).

Therefore, the six simple objects in Perp, (V3) are given by:

simple IC(]]-JrO)v ZC(]]-+y)7 ZC((‘:er)
PGFHA(VA)/iso1 :{ E(lgo), IC(]lg) IC(E;) }

Y ? Y

On simple objects, the functor Rep(Ax) — Perg, (Vi) is given by

Rep(A4y) — Pergy, (V)
(Hv = IC(LS,)
(=)v = IC(g,)

while the functor Perg, (Vi) — Perg, (Vi) is given by

PeI’H)\(V)\) — PerHAnr (V)\m)
(15,) = ZC(le,)
(1) — IC(1e,)IC(ES) = TC(Ec,)

and the functor Perp, (V). ) — Pery, (V)) is given by

PerHAm(VAm) — PerHA(VA)
IC(le,) + IC(1E,) ®IC(1g,)
C(Ec,) — TCEL)BIC(ES)

Y

From this we find the stalks of the simple objects in Perg, (V).

P H 7)|C0 7)|C'+1
C(1g,) [ 15,000 0
IC(1g,) || 1[0 0
IC(LE,,) || 1,1 18, (1]
(g, || 150 15,0
TES,) | 0 &,
CEe,,) | 0 &, 0]
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This gives us the normalized geometric multiplicity matrix:
[ (@E)r (g)" (XE)* (Ag)*[(E8)F (&

'

(1, 1 0 0 0 0 0

(15 ) 0 1 0 0 0 0
Co

(1E))* 1 0 1 0 0 0

(1) 0 1 0 1 0 0

(L) 0 0 0 0 1 0

(&) 0 0 0 0 0 1

13.2.3. Cluspidal support decomposition and Fourier transform. The cuspidal
support decomposition respects the functors appearing in Theorem 5.1.1, so the
results here follow from Section 12.2.3. Specifically, we have

PerHA (V)\) = PeI’H/\ (V)\)f () PerH; (V)\)@,
where the simple objects in these summand categories are given here.

PerHA (V)\)S/i\mple PerHA (V)\)Simple

T /iso G/iso
7C(1¢,)
120)
(1) 1C(E)
(1) e(Ee,)

Since the diagram

Rep(4y) —— Pery, (V) 7= Pery, (V)

J o

Rep(Ay) —— Pery, (Vy) = Pery, (V})

commutes, the Fourier transform is given on simple objects as follows.
Ft : PerHA (V)\) — PeI’H)\ (V/\*)

()~ () =101,
;) - (g -
Ic(lgy) = 10(135):%(153)
() ~ T =T(1,y)
L)~ Te(El) = T0ES)
TE,) — TE) - T

<

13.2.4. Equivariant perverse sheaves on the reqular conormal bundle. Recall
that H orbits coincide with H) -orbits. The following diagram commutes:

Rep(Ay) ——— Perp, (C¥) —><W7 Pery, (C*)

T

| ! * |

Rep(Ax) —— Perpr, (T&(Va)sreg) T Pera,, (T (Va,, )sres)

| I * I

Rep(Ay) ——— Perp, (C) <—W—> Perp, (C)

T
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We now describe the fundamental groups and associated equivariant local
systems on the strongly regular conormal bundle T7;, (V\)sreg - For the computation
of the functor BEv : Perp, (Vi) — Perp, (T}, (Va)reg) in Section 13.2.5 we will need
to know the effect of pullback along the bundle map 77 (Vi)reg — Vi, s0 we also
give that information below.

Cy: We choose a base point for T(’}O(V,\)Sreg:

(0,&0) = (? 8) :

~

Then Agyep) = Z(G) = pg and the bundle maps induce the following
homomorphisms of fundamental groups:

~ id ~
Ha2 = AIO A — A(wmfo) E— AEO = H4.

Now label local systems on T¢ (Vi )sreg according to the following chart,

which lists the corresponding characters of A, ¢,) using the convention

for characters of py from Section 13.1.2.

Loch, (Tg, (Va)sreg) © 15, lo, o, €o,
Rep(A(xmgU)) o+l —1 +1 —1

Pullback of equivariant local systems along the bundle map T (Vi )sreg —
Cy is given on simple objects by:
Locy, (Co) — Locu, (T¢ (Va)sreg)
T £
1 — 15
9] i(J
Eo,-

Cy: We choose a base point for T(*}y (VA)sreg:

(z1,61) = <8 (1)) -

~

Then Ag,, ¢y = Z(G) = pg and the bundle maps induce the following
homomorphisms of fundamental groups:

~ id ~
I,L4 = Axl — A(zl»gl) e A§1 = /1,2.

Now label local systems on 7 5y (V\)sreg according to the following chart,
which lists the corresponding characters of A, ¢,) using the convention
for characters of u4 from Section 13.1.2.

Loc, (Te, Va)sreg) : 15, 1o, &b, o,
Rep(A($1,§1)) o +1 -1 +1 —1
Pullback of equivariant local systems along the bundle map Téy (V)sreg —
Cy is given on simple objects by:
LOCH)\ (Cy) — LOCH)\ (Té'y (V)\)sreg)
+ £

1 % — 1 f_?y
Ecy — 5oy .

13.2.5. Vanishing cycles of perverse sheaves. Table 13.2.1 gives the functor
Bv : Perp, (Va) — Pery, (T, (Va)reg) on simple objects. These calculations follow
from Table 12.2.1.
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TABLE 13.2.1. PBv : Perp, (Vi) — Perp, (Tf;, (Vi)reg) on simple
objects, for X : Wr — LG given at the beginning of Section 13.

Perp, (V) —%  Perp, (T, (V2)reg)
e(1g,) = c(14,)
L(1g,) = IL(1p,)
(1) 1c(13,)
c(lg,) C(1p,)
LES) = (&S, BIC(ES,)
L) = I(Ep,) ®IC(Ep,)

TABLE 13.2.2. Bws : Pery, (VA) — Locu, (T, (Va)reg) on simple
objects, for A : Wy — LG given at the beginning of Section 13.

P | Bsc,P EBwc, P
(1) +1 0
Cc(1g,) -1 0
IC(1s,) 0 +1
(1) 0 ~1
%(Ea) +i +i
c(Ee,) —i —i

13.2.6. Normalization of Ev and the twisting local system. From Table 13.2.1
we see that the twisting local system 7 is trivial in this case, so PNEv = PEv.

13.2.7. Vanishing cycles and Fourier transform. Comparing the table below
with Ft : Perg, (Vi) — Perg, (V) from Section 13.2.3 verifies (134) in this example.

*

Pers, (V) =% Peru, (Tjr, (Valreg) %5 Pers, (T, (Vidses) €= Peru, (V)
(1s,)  — (15,) = 7C(15:) “ I0(15,)
e(1E) = c(15,) — IC(]%;) - IC(]%*)
TEE) o TOES)OIC(ER) — TEL) o ToEE) «  IEL)
13.2.8. Arthur sheaves.

Arthur sheaf || packet sheaves coronal sheaves

Ac, Z'C ) @IC(1g,) @ (&L B IC(Eg,)
Ac, ) @IC(Lg) @ IC(EL)) ® IC(EG,)

13.3. ABV-packets.
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13.3.1. Admissible representations versus perverse sheaves.

PerHA (V)\)Silr;)ple ngre (G/F)
IC(1E,) (m(¢o,+),0)
IC(1¢,) (m(do, =), 2)
(15) | (r(¢1,41),0)
c(ig,) (m(41,-1),2)
Ic(ggy) (W(¢17+2)71)
;) | (r(o1,-i),3)
13.3.2. ABV-packets.
ABV-packets H pure L-packet representations ‘ coronal representations

H:%(FV(G/F) : [( (¢07 )7 )] [(W(QSO» _)a 2)] [(W(¢1a +i)a ]-)L [(W((blv _i)v 3)]
PV (G/F) | [(n(@1,41), ), [(n(é1, +0),1)]
[(m(¢1, —1),2)], [(mw(¢1, —i),3)]

13.3.3. Stable distributions and endoscopic transfer.

mge =y = [(m(do, +), 0] + [(w(do, =), 2] + [(m(dr, +1), 1)] + [(7(¢1, —0), 3)]
Mo = (b0, +),0)] + [(7(do, =), 2)] = [(m(¢1,+), 1)] — [(7(b1, —i), 3)]
Moy = (7(d0,+),0)] = [(7(do, =), 2)] +i[(m(¢1, +4), 1)] — i[(m (b1, —i), 3)]
mee; [(7(d0, +), 0)] = [(m(¢0, =), 2)] = il(w(d1, +4), V] + il (w(d1, —7), 3]

nge =y = [(m(¢1,1),0)] = [(7(1,3), D] + [(7(61, =1), 2)] = [(m(¢1, —1),3)]
Meey = [(@(61,1),0)] = [(7(¢1,1), )] = [(7(¢1, -1),2)] + [(w(¢1, 1), 3)]
Mes = [((¢1,1),0)] + [(w(61,4), V] + il(w(¢1, -1), 2)] +il(m (61, —i), 3)]
Mee = [(7(01,1),0)] + [(7(d1,1), )] — i[(m(¢1, —1),2)] — il(m(d1, —i), 3)]

Comparing with Section 13.1.6 proves (145).
13.3.4. Kazhdan-Lusztig conjecture. From Section 13.1.3 we find the multiplic-
ity matrix:

Myep =

OO O OO
OO o+ O
OO = O =

_ O O o oo

0 0 0O

and from Section 13.2.2 we find the normalized geometric multiplicity matrix

0 0 00

geo

SO O O
SO R O
o OO = O
oo~ OO
O O OO
RO OO oo
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/

H t
Since m geo?

rep

Notice that

mh.,, this proves the Kazhdan-Lusztig conjecture (147) in this case.

101 0 0 O
01 01 0O
001000_518@10
000100_001 0 1
00 0 01O
00 0 0 01

and compare with Section 12.3.4. Recall that this allows us to confirm Conjecture 2
as it applies to this example, as explained in Section 10.3.3.

13.3.5. Aubert duality and Fourier transform. To verify (148), use Vogan’s
bijection from Section 13.3.1 to compare Aubert duality from Section 13.1.5 with
the Fourier transform from Section 13.2.3

To verify (150), observe that the twisting characters x, of A, from Sec-
tion 13.1.5 are trivial, as are the local systems 7y from Section 13.2.7.

13.4. Endoscopy and equivariant restriction of perverse sheaves. The
material of Section 10.4 is trivial in this example, since Z5(v) = Z(G).

14. SO(5) unipotent representations, regular parameter

In this example, of the four Langlands parameters with infinitesimal parameter
A below, only two are of Arthur type. Accordingly, we find two ABV-packet that
are not Arthur packets.

Let G = SO(5), so G = Sp(4) and ZG = G x W. As in the cases above,

HY(F,G) = H'(F,Gaa) = H'(F, Aut(G)) = Z/2Z,

so there are two isomorphism classes of rational forms of G, each pure. We will
use the notation G = G and G; for the non-quasisplit form of SO(5) given by the
quadratic form

0 0 0 0 1
0 —ew 0 0 0
0 0 e 0 0
0 0 0 @0
1 0 0 0 0
Let \: Wgp — G be the unramified homomorphism
w0 0 0
0o w0 0
AFr) =
(Fr) 0 0 | o
0 0 0 w2

Here and below we use the symplectic form (z,y) = ‘zJy with matrix J given by
Jij = (=1)705_; j to determine a representation of G = Sp(4).

Although this example exhibits some interesting geometric phenomena, there
is still no interesting endoscopy here. Nevertheless, this example will be important
later when we consider other groups for which SO(5) is an endoscopic group.

14.1. Arthur packets.
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14.1.1. Parameters. Up to Zg(\)-conjugation, there are four Langlands pa-
rameters with infinitesimal parameter \:

do(w, ) = wg(dy) = Mw),
|lwlz11  |w|x12 0 0
w|x w|x 0 0

) = (0 8 m(a) = | 7T |022w| o Jul o |
0 0 \w| T21 ‘U}|_1$22
w1 0 o0 0

orlw,z) = d)Sw) =| o [T T2l

’ 0 To1 T2 0 ’

0 0 0 ||w™?

d3(w,x) = wvyu(x),

where vy4 : SL(2) — Sp(4) is the irreducible 4-dimensional representation of SL(2).
Of the four Langlands parameters ¢g, ¢1, ¢2 and ¢3, only ¢g and ¢3 are of Arthur
type; define

Yo(w,z,y) = wm(y), and Y3(w,z,y) = w(z).

14.1.2. L-packets. The component groups Ay, and Ay, are trivial, while the
component groups Ay, and Ay, each have order two, being canonically isomorphic

to Z (é) Therefore, the representations in play in this example are:

Hd’o (G(F)) = {W((Z)o)}, H¢0 (Gl (F)) = @,
Iy (G(F)) = A{m(o1)}, Iy, (G1(F)) = 0,
Iy, (G(F)) = A{m(d2,+)}, Iy, (G1(F)) = A{7(d2,—)},
g, (G(F)) = {m(ds, +)}, g, (G1(F)) = A{m(¢3,—)}-

Of the four admissible representations of G(F') with infinitesimal parameter
A, only m(¢3,+) is tempered — this is the Steinberg representation of SO(5, F)).
The representation 7(¢1) (resp. 7(¢p2,+)) is denoted by L(v(Star)) (resp.
L(u3/2C,CStSO(3))) with ¢ =1 in [?]. When arranged into pure packets, we get

g “(G/F) = {(n(d),0)}
Hpu”(G/F) = {(7(¢1),0)}
purc(G/F) = A{(7(¢2,+),0), (w(¢2,-), 1)}
Hpurc(G/F) = {(r(¢3,+),0), (w(ds,-), 1)}

14.1.3. Multiplicities in standard modules. The standard module M (¢1) (resp.
M (¢2,+)) is denoted by v Stgr2) @1 (resp. V3/2¢ % Stso(sy) with ¢ = 1in [?].
The following table may be deduced from [?, Proposition 3.3].
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[ 7(¢0) 7(o1) m(p2,4) w(gs,+) | m(é2,—) w(d3,-)
1 1 0 0

1 0
1 0
1 0
0 1
0 1

o OoO|lo O O
S OO O = =
o olo —= O
o =Rl O O O

14.1.4. Arthur packets. The Arthur packets for these representations are

Iy (G(F)) = {m(¢0)}, Iy, (G1(F)) {m(d2,-)}
My, (G(F)) = A{m(¢s,+)}, My, (G1(F) = {m(¢s,—)}
When arranged into pure packets, we get
I (G/F) = {(n(¢0),0), (7(¢2,-), 1)},
Hizre(G/F) = {(W(¢3,+),O), (77(¢3a_)’1)}'

14.1.5. Aubert duality. Aubert duality for G(F) and G1(F) are given by the
following table.

T || %
m(¢o) | m(¢3,+)
(p1) || m(d2,+)

W(¢27+) 7T(¢1)
m(¢s, 1) || 7(¢o)
(2, —) || w(¢s, —)

m(¢3,—) || (d2,—)
The twisting characters xy, and x., are trivial.

14.1.6. Stable distributions and endoscopic transfer. For s € Z(@)  pg, the
virtual representations 7y, s and 7y, s are given by

Mo = Mot = [(m(¢0), 0)] + [(7(d2, —), 1)]
Myo—1 = [(m(¢0),0)] = [(7(¢2, —), 1)]
and
Ngs = Mg = [(m(¢3,+),0)] = [(7(¢3, —), 1)]
Mys,—1 = [(m(¢3,+),0] + [(7(¢3, —), 1].

There are no endoscopic groups relevant to ¥y or ¥3 other than G.

14.2. Vanishing cycles of perverse sheaves.
14.2.1. Vogan variety and orbit duality. Now

tt 0 0 0
0 t 0 0 t#0
=20 =110 o 710 | ty 0

0 0 0 ¢
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The varieties V) and V¥ are given by

0w 0 O 0 0 0 O
- 00 2 0 . u 0 0 0 r o
“"=3lo 00w b me e WE0lo w0 of | W
0 0 0 O 0 0 « 0
The action of Hy on T*(V}) is given by
tp 0 0 0 0 w 0 0 0 tity tu 0 0
0t 0 O | [« 0 =z O 7 M ou 0 t3z 0
0 0 t," o[ |0 2 0 w 0 ty % 0  tty'u
0 0 0 ¢t 0 0 « 0 0 0 7 tou! 0
The conormal bundle is
0 w 0 O
. -~ v 0 z 0 uu' =0
Ty, (V) = 0 2/ 0 w | zx' =0
0 0 o 0
Now V), is stratified into the following H x-orbits:
0 00 O 0 v 0 O
. 0 00 O L 0 0 =z O uF#0
Coi= 0000’03'_000u|x7é0’
0 00 O 0 0 0 O
and
0w 0 O 0 0 0 0
0 0 0 O 00 = O
Cy:= 00 0 u | u#0 ,, Cp:= 00 0 0 | 2#0
0 0 0 O 0 0 0 0
The dual orbits in V' are
0 0 0 O 0 00O
. « 0 0 0 u #0 . 0 00O
Co = 0 2 0 0 | £0 (7 Cuz = 0 00O ’
0 0 o 0 0 00O
and
0 0 0O 0 0 0 O
. 0 0 0O , . u 0 0 0 ,
“%=Ylo o oo ¥70 ¢ G=9l0 0 0 of | W70
0 0 0O 0 0 o 0
The following diagram gives the closure relations for these orbits.
Cua = CAVO dim = 2 Cg = Cfmr
Cy=C, C,=C, dim=1 Cr=0Ct Cr=Ct
Co = Cuz dim = 0 Ccx,=Cl
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14.2.2. Equivariant perverse sheaves. The equivariant fundamental groups for
Cy and C,, are trivial, so they each carry only one equivariant local system, denoted
by 1¢, and 1¢,, respectively. The equivariant fundamental groups for C, and Cy,
have order two, so they each carry two equivariant local systems, denoted by 1¢,_,

,Ccm, ]lcuw and ECW- Thus,

Perp, (Vx)jii::,ple

- {IC(]]‘CO)7 IC(]]-Cu)v w(]]'cm)’ IC(]]-C

ux

); Ie(Le,), TC(Ley,, )}

The following table describes these perverse sheaves on H-orbits in V).

P H Pley,  Ple.  Ple.  Plow.
IC(1c,) || Le,[0] 0 0
IL(1e,) || 1o, [1] 1c,[1] 0 0
IC(1c,) || L[] lc,[1] 0
IL(1e,,) || Lepl2l 1c,2] 1c,[2] 1c,,[2]
L(Le,) 0 Lo, 1] 0
C(Le,,) 0 Le,[2] Le,,[2]

We now explain how to make these calculations.

(a) For the first four rows in the table above, those that deal with ZC(1¢),
it is sufficient to observe that the closure C of each strata C is smooth,
hence the sheaf 15[dim(C')] is perverse.

(b)

For the remaining two rows, those that deal with ZC(L¢), we observe that

the closure C of the strata C admits a finite equivarient double cover
m: C — C by taking \/z. Because C' is smooth, the sheaf 15[dim(C)] is
perverse. The decomposition theorem for finite maps of perverse sheaves
now yields that m(15[dim(C)]) = ZC(15) ® IC(Ls). Proper base change,
the decomposition theorem for finite étale maps, and our earlier computa-
tions for ZC(1) then allows us to readily compute the stalks of ZC(Lg).

From this, we easily find the normalized geometric multiplicity matrix is as follows.

=
=

(=)
<

8

1g,

ux

ch

0

S O~ = = =g
o ol o = olla=

o ol » o olfa=

0
0
0
1
0
0

_ = © O

Cus
0
0
0
0
0
1

14.2.3. Cuspidal support decomposition and Fourier transform. Up to conjuga-
tion, G = Sp(4) admits exactly two cuspidal Levi subgroups: M = Sp(2) x GL(1)
and T'= GL(1) x GL(1). So the cuspidal support decomposition for Perg, (V3) is:

PerHA (V)\) = PerHA (V)\)f D PGFHX (VA)]’@
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Simple objects in these two subcategories are listed below.

Perar, (Va)z || Pera, (Va)w
IC(]]‘CO)
IC(1¢,)
IC(1c,) IC(Le,)
C(1e,,) C(Le,,)

The Fourier transform is given as follows.

%(]100) — E(ﬂcg) :E(ﬂCfm)
L(lg,) = IC(lex)=1IC(lce)
IL(le,) + IC(lg:) =IC(lcy)
IC(1le,,) = IC(le;,)=IC(1¢y)
IL(Le,) = IC(Leog)=IC(Lc:,)
IL(Le,,) = IC(Lex)=IC(Lct)

14.2.4. Equivariant local systems on the regular conormal bundle. The regular
conormal bundle to the Hy-action on V) decomposes into Hy-orbits:

T;[)\(V)\)reg :Téo(v)\)reg u Tc*'u(v)\)reg u Té,‘z (V)\)reg u Té'uz (V)\)rega

where each T((V)reg is given below. In each case, the microlocal fundamental
group A% is canonically identified with Z(G) = {+1}.

Cy: Regular conormal bundle:

0O 0 0 O
X v 0 0 0 u #£0 .
TeWree =910 o 0 of | wrso (=CxC
0 0 « 0
Base point:
0 00O
10 0 0 X
(1"07 50) = 01 0 0 € TCO (V)\)reg
0 01 0

Fundamental groups:
id
1= Axo — A(ZO’&)) — Ago = {:l:l}

Local systems:

Locu, (Té’o (Vh)sreg) 2 1o, Lo,
Rep(Awmogo) = + -

Pullback along the bundle map 7¢, (V))sreg — Co:

LOCH)\ (Co) — |_OCHA (Téo (V)\)sreg)
]]-Co — ]]-Oo
Lo,
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Regular conormal bundle:

0O uw 0 0
. 00 0 0 w0 .
6. =10 2 0 ul | x’féo =CuxCy
0 0 0 0
Base point:
0 1 0 0
000 0 .
@n&) =g 1 o 1] €Tc.(Vareg
0 0 0 O

Fundamental groups:
1= Ag, A(legl) = A51 = {+1}

Local systems:

LOCH,\ (Téu (VA)sreg) : ]l(Du E(gu
Rep(Aw,e):  +  —

Pullback along the bundle map 7¢, (V) )sreg — Cu:

Locu, (CU) —  Locp, (Téu (Vk)sreg)

ILCu — ]]_Ou
Lo,
: Regular conormal bundle:
0 0 0 O
" _ v 0 z 0 w#0 | .
TCz (V)\)reg - 0 0 0 0 | 2 7& 0 = CL X Cl
0 0 « 0
Base point:
0 0 00
1 0 1 0 .
(an 52) = 00 0 O S TCI (Vk)reg
00 10

Fundamental groups:
id
{£1} =Ap, «—— Ag,e) — A, =1

Local systems:

LOCHA (TET (V)\)sreg) : lom ‘C(/)‘T
Rep(A(mzﬁz)) : + —

Pullback along the bundle map Tém (V,\)Sreg — Cy:

Locy, (Cy) — Locp, (Ta (VA )sreg)
1c — ]].ow
ﬁc — E@m

117
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TABLE 14.2.1. PBv : Perp, (Vi) — Perp, (Tf;, (Vi)reg) on simple
objects, for X : Wr — LG given at the beginning of Section 14.

Perm, (V) —%  Perp, (Ti, (V2 )reg)
IC(]]-CU) = ZC(ILOO)
IC(1¢,) — IC(1p,)
IL(le,) IC(lo,)
L(1e,,) C(1o,,)
IL(Le,) = IC(Lo,)®IC(Lo,)
L(Le,,) = IC(Lo,,)dIC(Lo,)
Cuz: Regular conormal bundle:
0 w 0 O
x 0 0 =z O u#0 .
1¢,, (VA)reg = 00 0 u | T Zz 0 = Cua X Uy
00 0 0
Base point:
01 00
0 010 "
(l'?,, 53) = 00 0 1 S TC,,” (V)\)reg
0 00O

Fundamental groups:
id
{1} = Au, A(Is,és) Ag =1

Local systems:

LOCH)\ (Téuz (V)\)sreg) : llouw E@ux
Rep(A(l‘&ﬁS)) : + —

Pullback along the bundle map T¢, (VA)sreg = Cua:

Locy, (Cuz) —  Loch, (T¢, (Va)sreg)
]lC , — ]l(guI
ﬁc, ) — E(Qum

14.2.5. Vanishing cycles of perverse sheaves. We summarize the values of the
functor Bv : Pery, (Vi) — Perp, (1%, (Va)reg) on simple objects in Table 14.2.1 We
now explain how to make these calculations.

(a) To compute Evg, ZC(1¢, ) we look at the vanishing cycles
Bve, IC(1c,) = R@mx,(laxcg)|Téo(VA)reg[1}'
The singular locus of 2z’ is = 2’ = 0 but this is not part of TéO(V,\)reg,

so Bvg, IC(1¢,) = 0. All the non-diagonal entries in the first four rows

work similarly.
(b) To compute the last two rows of the tables above consider the map

7w : C'" — C' which comes from taking a square root of z. Rather than
directly applying Ev to ZC(Lc/) we apply it to m(1s,) and exploit the
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TABLE 14.2.2. Bws : Perp, (Vi) — Locu, (T, (Va)reg) on simple
objects, for X : Wr — LG given at the beginning of Section 14.

P H Ewsc, P Bwsc,P Bwc, P bEwsc,, P
IC(1e,) + 0 0 0
IC(1¢,) 0 + 0 0
IC(1¢,) 0 0 + 0
IC(1c,,) 0 0 0 +
IC(Le,) - 0 — 0
(o) o - 0 -

fact that we have already computed Ev for the ZC sheaves of constant
local systems. For example, in the case of Eve, (m(1g )) we will compute:

(’m Rq)xzx/(]lé, X lcg))Téo(VA)reg .

The singular locus is precisely z = 0 (noting that 2’ is not actually zero
on the variety under consideration). The local structure of the singularity
is that it is a smooth family (in the variable u’) over the singularity of
222" over A x Gy, Tt follows from Lemma 7.2.4 that the vanishing cycles
on such a singularity is the sheaf supported on x = 0 associated to the
non-trivial double cover v/z’. Finally, by observing that the map  is an
isomorphism on the support of R®, we conclude that:

PBve, (m(lg;)) = IC(Loy)-

The other entries are computed similarly.

14.2.6. Normalization of Ev and the twisting local system. From Table 14.2.1

we see that the twisting local system 7 is trivial in this case, so PNEv = PEv.

14.2.7. Fourier transform and vanishing cycles. Compare the table below with

the Fourier transform from Section 14.2.3 to confirm (134) in this example.

Qs

Persr, (Va) —%  Perp, (Tf, (Vi)reg) = Perg, (T, (Videeg) o Perp, (V)

IL(1lg,) IC(1o,) = IC(1oy) — IC(Leg)
IC(1e,) — C(1le,) — IC(lo:) < IC(1c:)
IC(1¢,) > IC(1p,) > IC(1ox) - IC(1cs)
IC(1le,,) +— IC(1p,,) — IC(lo: ) — IC(lcs,
IC(Le,) = IC(Lo,) DIC(Lo,) + IC(Lox)DIC(Loy) IC(Ley)
C(Le,,) + IC(Lo,,)®IC(Lo,) +— IC(Lo;,)®IC(Lo;) <«  IC(Lcy)

14.2.8. Arthur sheaves.

Arthur || pure L-packet coronal
sheaf || sheaves perverse sheaves
‘ACO IC(]lCo) ® IC(ECJD)
Ac, || Z(1c,) & c(Le,,)
Ac, | Z(lc,) ® IC(Lc,)

Ac,, | (1e,,) & IC(Le,,)
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14.3. ABV-packets.
14.3.1. Admissible representations versus equivariant perverse sheaves.

Per, (Va)mPle | TR (G/F)
IC(ILCO) (W(QSO)vO)
c(1c,) (7(¢1),0)
IC(1c,) (m(p2,+),0)
C(1g,,) (m(¢3,+),0)
C(Le,) (7(p2,—),1)
c(Le,,) (m(¢3,—), 1)

The Arthur parameters vy and w3 correspond uniquely to the base points
(z0,&) and (x3,&3) from Section 14.2.4 under the map Qx(*G) — T (VA)reg

given by Proposition 6.1.1.
14.3.2. ABV-packets. Using Section 14.2.5 and the bijection of Section 14.3.1,

we simply read off the ABV-packets:

I V(G/F) = {(7(¢0),0), (m(¢2,—),1)}
HABV(G/F) = {(@(¢1),0), (7(¢s,—),1)}
HABV(G/F) = {(7(¢2,4),0), (7(¢2,—),1)}
HABV(G/F) {(W((bg,—F),O), (ﬂ-(¢37_)’1)}
Using Section 14.1.4, we see
IY(G/F) = TZBY(G/F)
G/ = ABY(G/F),

thus verifying Conjecture 1(a) for the infinitesimal parameter A : Wp — G given
at the beginning of Section 14.

14.3.3. Stable distributions and endoscopy. For s € Z(G) = uy, the virtual
representations 75* and 7 of (146) are given by

77¢0 = ngg 1 = [(ﬂ(¢0), O)] + [(ﬂ-(¢2a _)7 1)]
¢0),0)] = [(7 (2, —), 1)},

Mot = [(n(
and
nge = g; = [(m(¢1),0)] = [(m(¢3, ), 1)]
myeey = [(w(61),0)] + [(w(¢3, —), D],
and
Nge = 77&2, = [(7(d2,+),0)] + [(m(¢2, —), 1)]
Mooy = [(7(h2,+),0)] = [(w(¢2,—), 1],
and
Nge = E?;“ = [(m(¢3,+),0)] = [(m (3, —),1)]
77¢3,—1 = [(m(¢3,+),0)] + [(7(¢3, —), 1)].

Comparing with Section 14.1.6, this confirms Conjecture 1(b) and Conjecture 1(c)
for the infinitesimal parameter \ : Wr — LG given at the beginning of Section 14.
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14.3.4. Kazhdan-Lusztig conjecture. Using the bijection of Section 14.3.1 we
compare the normalized geometric multiplicity matrix from Section 14.2.2 with the
multiplicity matrix from Section 14.1.3:

111 1]0 0 100 0j0 O
01 0 1(0 O 110 0j0 O
1001 1[0 O , | 1 01 0[|0 O
Tree =10 0 0 10 0 [ Maeo 1 111[00
0 0 0 01 1 0 0 0 01 O
0 00 00 1 0 00 01 1
Since “myep = Mige,, this confirms the Kazhdan-Lusztig conjecture (147) as it

applies to representations with infinitesimal parameter A : Wr — LG given at the
beginning of Section 14. Recall that this allows us to confirm Conjecture 2 as it
applies to this example, as explained in Section 10.3.3.

14.3.5. Aubert duality and Fourier transform. To verify (148), use Vogan’s
bijection from Section 14.3.1 to compare Aubert duality from Section 14.1.5 with
the Fourier transform from Section 14.2.3.

14.3.6. Normalization. To verify (150), observe that the twisting characters x.,
of Ay from Section 14.1.5 are trivial, as are the local systems 7, from Section 14.2.7.

14.3.7. ABV-packets that are not pure Arthur packets. The closed stratum Cj
and the open stratum Cj3 are of Arthur type, while C; and Cy are not of Arthur
type. Thus, there are two ABV-packets that are not Arthur packets in this example:

IGPV(G/F) = {(n(61),0), (m(¢3,—), 1)}

HQQBV(G/F) = {(W((bg, +)70)’ (7‘(‘(¢2’ _)’ 1)}
From these we extract four stable distributions,

0F, = O 05 = O

@gz = @ﬂ(¢27+) @g; = 7@77(@7_).
We will see more interesting examples of ABV-packets that are not pure Arthur
packets in Section 16.3.6.

14.4. Endoscopy and equivariant restriction of perverse sheaves. The
material from Section 10.4 is trivial in this case.

15. SO(5) unipotent representations, singular parameter

In this example we encounter an L-packet of representations of SO(5, F) that
is lifted from an L-packet of representations of SO(3, F') x SO(3, F'). In Section 15.4
will see how this lifting may be understood through equivariant restriction of
perverse sheaves on Vogan varieties, and their vanishing cycles.

Let G = SO(5). Then H'(F,G) = Z/27. Let G be the non-split form of G,
as in Section 14. We consider admissible representations of G(F') and G1(F) with
infinitesimal parameter A : Wr — LG given by

w0 0 0
0w o 0
AMw) =
(w) 0 0 ™Y 0
0 0 0 |w/ V2

15.1. Arthur packets.
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15.1.1. Parameters. There are three Langlands parameters with infinitesimal
parameter A, up to Zz(A)-conjugacy, each of Arthur type. Set

Yo(w,m,y) = 1a(y) ®ra(y),
1/J2(w7$ay) = V2($)@V2<y)7
¢3(w7$ay) = VQ(x)@VQ(x)’

and observe that g and 3 are Aubert dual while 15 is self dual. Let ¢q, ¢ and
o3 be the associated Langlands parameters; thus,

do(w,z) = va(dy) ® rva(dy),
do(w, ) = va(x) ®re(dy),
o3(w,x) = () B ro(w).

15.1.2. L-packets. The pure component groups for these three Langlands pa-
rameters are

A¢o =1, A¢2 = {£1}, A¢3 = {£1}.

Thus, there are five admissible representations of two pure forms of SO(5) in play
in this example. When arranged into L-packets, these representations are:

H¢0 (G<F>) = {W(¢0>}? H¢0(G1(F)) = (Z)a
Hd’z (G(F)) = {Tl'(¢2, +)}v H¢2 (Gl (F)) = {7r<¢27 _)}7
Iy, (G(F)) = {m(¢3,+), (b3, —)}, Iy, (Gi(F)) = 0.

Of these five admissible representations, only 7(¢3,+) and 7 (¢3, —) are tempered;
these two representations are denoted by 7o and 71, respectively, in [?]. The
admissible representation 7(¢g) is denoted by L(v'/2¢,v'/2¢,1) with ¢ = 1 in [?]
and m(¢a, +) is denoted by L(v'/2(,( Stsos)) with ¢ = 1.

15.1.3. Multiplicities in standard modules. The standard module M (¢y) is in-
duced from the Levi subgroup GL(1, F) x GL(1, F) x SO(1, F) of SO(5, F); it is
denoted by v/2¢ x v1/2¢ x 1 with ¢ = 1 in [?]. The standard module M (¢, +) is
induced from the Levi subgroup GL(1, F)) x SO(3, F) of SO(5, F); it is denoted by
v1/2¢ % ¢ Stsocsy with ¢ = 1 in [?]. The standard module M(¢3,=+) coincides with
the tempered representation 7(¢3,+). The 4 x 4 block in the following table may
be deduced from [?, Proposition 3.3].

H 7T(¢O) 7T(¢2a+) 7T(¢3a+) 71'((;53,—) ‘ 71—((;52,_)
M (o) 1 1 1 1 0
M(pa,+) || 0 1 1 0 0
M(ps,+) || 0 0 1 0 0
M(ps,—) || 0 0 0 1 0
M(ps,—) || 0 0 0 0 1

15.1.4. Arthur packets. The component groups for the Arthur parameters in
this example are

Ay =2 {£1}, Ay, = {£1} x {£1}, Ay, = {£1}.

We may represent elements of each A, as cosets with representatives taken from
T[2]. The map T[2] — Ay, is s — s152; the map T[2] — Ay, is s — (s1,52); the
map T[2] — Ay, is s > s152.
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The Arthur packets for Arthur parameters with infinitesimal parameter A are:

HlPo(G(F)) = {W(¢O)7W(¢2v+)}v Hd’o(Gl(F)) = (2)7
Iy, (G(F) = A{n(d2,+),m(¢3,—)}, Iy, (Gi(F)) = {m(¢2, )},
Iy, (G(F)) = A{n(¢s,+),7(¢3,—)}, Iy, (Gi(F)) = 0.

We arrange these representations into pure Arthur packets in the table below.

pure Arthur || pure L-packet coronal
packets representations representations
I (G/F) || (m(60),0) (m(¢2,+),0)

5(G/F) || (7(h2,+),0), (w(d2,=),1) |  (m(¢s,—),0)
IY(G/F) || (n(¢s,+),0), (n(ds,—),0)

15.1.5. Aubert duality. Aubert duality for G(F) and G1(F) are given by the
following table.

T H T
m(¢o) || m(d3,+)
m(d2,+) || (b3, —)
m(¢3,+) || m(do, +)
m(p3, —) || m(d2, +)
7T< 27_) 7T(¢2a_>

The twisting characters x, and x., are trivial. The twisting character x., of
Ay, 18 Xy (8) = 152 = det(s). This is the first non-trivial twisting character to
appear in this article.

15.1.6. Stable distributions and endoscopic transfer. The stable distributions

0f = Y (sy7), Ox
€Tl (G(F))

attached the Arthur parameters are:

@zﬂ = Ox(¢o) T On(¢a,+)

GGQ = O ¢2, )~ Or(gs,- )

@wg = 677 (¢3,+ + 6 (¢3,+
The distributions

@G,S = Z (ssw,ﬂw@ﬂ,

w€lly (Gs(F))

where s € Z5(1)), are obtained by transfer from endoscopic groups. The coefficients
above are given by

<581[H 7T>¢ = <8¢’ 7T>¢;<57 7r>1p

where (sy, w)w appear above while (s, 7T>w is given by the tables below.
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We now give ( -m),, as a character of Ay, using the isomorphisms from Sec-
tion 15.1.4.

T Comy amy, (M
(o) + 0 0
(2, +) - ++ 0
m(¢3,+) 0 0 +
m(¢3, —) 0 —= -

The values of this character on the image of s = diag(s1, s2, 55 5, s7 ) € T[2] in Ay
are given by.

S I P G MO GO
(o) 1 0 0
7T(¢2,+) 5189 1 0
m(¢3,+) 0 0 1
(3, —) 0 5182 5182

For instance, if we take s = diag(1,—1,—1,1) € IA“[Q] then

@’st = 977(‘1’0) - @ﬂ'(¢2,+)7
eiézﬁ = @W(¢27+)+®ﬂ'(¢3,—)’
O%ss = On(est) ~ Ons. )

In this case, the elliptic endoscopic group G’ for G determined by s is the group
G’ = S0O(3) x SO(3), split over F.

15.2. Vanishing cycles of perverse sheaves. We now assemble the geomet-
ric tools needed to calculate the Arthur packets, stable distributions and endoscopic
transfer described above.

15.2.1. Vogan variety and its conormal bundle.

z X
VA: L |Iay7z V)T = |x,7y/7zl
SO
z X
% —Z T, Y,z
T (V)\) = PV I x/:y/’z/ C Sp(4)
z -7

c1 dy

Hy:=Z5(\) = € Sp(4)

az by
c2  dy

We will write iy = (2! %) and hy = (22 32). Then hy = hy det hy ', by the choice

c C2

of symplectic form J in Section 14. In particular, Hy = GL(2). The action of H)
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on Vy, Vi and T*(V,) is given by

h.<z r h (? x)hgl
Yy —z y —z
Z/ / Z/ / _
h- (I, _yZ/ = ha|, _yZ/> ht.
The Hj-invariant function (-|-): 7%(Vy) — Al is the quadratic form
z
y _— =z’ +yy + 222,
Z/ y/
oy
The Hj-invariant function [-,-] : T*(Vx) — by is given by
z oz 22 +xx’ 2y —xd
Yy —z . yz' —zx' yy + 27
2y 22 +yy oz —zy
r -2 zr —yZ  xx’ + 27
The conormal bundle is
z 2z +xx' =0
x _ y —z 22/ +yy =0
THA(VA)_ P y/ | ZCC/—yZIZO
=z 7 — 2y =0
The orbits of the action of H) on V) are
00
0 0
Co =
Yy
C, — T -z | xy+22=0
o (,y,2) # (0,0,0)
z Yy
Cs = x | 2y +22#0

while the orbits of the action of Hy on Vy" are:

| 2’y +22#0

‘ x’y’ + 2/2 =0
(:E/?y/)’z/) % (07 0) O)




126

Cs = 0 0

0 0

The following diagram gives the dimensions of the H-orbits C' and the dual
orbits C*, we well as the eccentricities ec = dim C' + dim C* — dim V), and closure
relations for the Hy-orbits C' in V):

03 dim 03 =3 €cy = 0 Cg

I |

02 dim 02 =2 ec, = 1 Cg
Co dimCo=0 ec,=0 C;

Orbit Cs is the first stratum in this article with non-zero eccentricity.
15.2.2. Equivariant local systems.

Co: Regular conormal bundle above the closed Hy-orbit Cy C Vi:

0 0
" 0 0
TCO(VA)reg = 7y | 'y — 2 #0
r =7
Base point:
0 0
0 0 .
(an 50) = 0 1 € TCO (V)\)reg
1 0
Fundamental groups:
T[2]

:LS!—)Sl S2

id ~
1= Awo — A(Io,ﬁo) Emmd Ago = {:l:l}

Local systems:

Locu, (Té‘o (Vk)sreg) 2 1o, Lo,
Rep(A(moéo)) i+ —

Pullback along the bundle map 7¢ (VA )sreg — Co:
Locy, (Co) — Locp, (TEU(V)\)Sreg)

]ICO — ]1(90
Lo,
C5: Regular conormal bundle above Cy C Vi:
z x
* _ Yy —z xy+22=0
T02 (Vk)reg = P y/ ‘ [x Y Z] _ [y/ z! Z/]
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Base point:
0 1
0 0 .
(1'2752) = O 1 € TC2 (V)\)reg
0 0
Fundamental groups:
T2
= J/S'_}(S17S2)
{il} = Amz <SIH(SI’82) A(rz,§2) (s A€2 = {il}

Local systems:
Locw, (Tég W)sreg) © Lo, Lo, Fo, Eo,
Rep(A(mz,EQ)) e e e

Pullback along the bundle map T¢, (V) )sreg — C2:
Locu, (C2) —  Locu, (T¢, (Va)sreg)

1c, — 1o,
Lo,
Fe, — Fo,
Eo,
C3: Regular conormal bundle above C5 C Vy:
z x
T2, (Wheg = § | 51— | | 2y +22#0
0 0
Base point:
0 1
(23.65) = | 51— | € Te(VA)ees
0 0
Fundamental groups:
T2]

SlszHSl

~ id
{:l:].} = AI3 — A(m&gg) Emd A§3 =1

Local systems:

LOCH)\ (Té'3 (VA)sreg) : ]1(93 EOS
Rep(A(ﬂf&EB)) o+ -

Pullback along the bundle map T¢, (V))sreg — Cs3:

LOCH)\ (03) — LOCH/\ (Té3 (V)\)sreg)
]].C3 — ]].(93
£c3 = £03

127
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15.2.3. Equivariant perverse sheaves. The following table is helpful to under-
stand the simple objects in Perp, (V3).

P |l Pley, Ple.  Ples

IC(]lCO) 1c, [O] 0 0
IC(]lcz) e, [2] le, [2] 0
%(103) Le, [3] le, [3] Le, [3}
IC(EC:s) ]]-C'o [1] 0 [’C;; [3]
IC(Fey) 0 Fo, 2] 0

We now explain how we made these calculations:

(a)
(b)

(c)

(d)

The first and third row of these tables are computed using the observation
that when C'is smooth, the sheaf 15[dim(C)] is perverse.

For the second row, the relevant cover 5’%1) is the blowup of the nilcone
at the origin. We readily find using the decomposition theorem for semi-
small maps that

"\ (1g[2]) = Z(1c,) & TC(1ay).

Proper base change and exactness allows us to deduce the fibres of ZC(1¢,)
using what we already know about ZC(1¢, ).

For the fourth row, we consider the double cover which arises from taking
the square root of the determinant. Although this is singular at the origin,
blowing up resolves this singularity. An alternate model for this blowup
is the cover:

Cs = {(la:b],(z,y,2)) €P' x V | a’x + 2abz — by = 0}

with the obvious map 73 to V = C3. The decomposition theorem for
semi-small maps yields

m31(1g,[3]) = IC(Le,) ® IC(Lcy ).
Proper base change and exactness again allows us to deduce the entries
for ZC(Lc, ), the key observation being that the map is 2 : 1 over C3, an
isomorphism over C5 and the fibre over Cy is P'.
Finally the fifth row is computed by considering the “symmetric squares”
cover of the nilcone given by 7r§2) : (a,b) + (a? —b% ab). This map is
2 : 1 over C5 and an isomorphism over Cy; we readily confirm using the
decomposition theorem for finite maps that

w52, (16[2]) = IC(Fe,) ® IC(1e, ).

Computing the entries in the table is now immediate using our under-
standing of the fibres and what we already know about ZC(1¢,).

From this, we easily find the normalized geometric multiplicity matrix.

b f b s i
H ]lCo ]lcz ]103 ECS ]:02
i1 0o o oo

0
0
1
0

S| O = O
o O O

11
11
ch |1 o
0 0
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TABLE 15.2.1. PBv : Perp, (Vi) — Perp, (Tf;, (Vi)reg) on simple
objects, for X : Wr — LG given at the beginning of Section 15.

Pers, (Va) —%  Perp, (T, (Va)reg)
( 0) — IC(II-OO)
( 2) — IC(E@Z)@IC(EOO)
%( 3) = %(]103)
IC(Le,) = IC(Lo,) ®IC(Llo,)
E( CQ) — IC(E"OQ)

TABLE 15.2.2. Bws : Perg, (Va) — Locu, (TF, (Va)reg) on simple
objects, for A : Wr — LG given at the beginning of Section 15.

P H EVSC0 P E\/SC2 P E\/SC3 P

C(1¢,) + 0 0
IC(1¢,) - - 0
C(1¢,) 0 0 +
C(Ley,) 0 +4 —
IC(]:CQ) 0 +— 0

15.2.4. Cuspidal support decomposition and Fourier transform. Cuspidal Levi
subgroups for G were given in Section 14.2.3, so the cuspidal support decomposition
of Perg, (V) takes the same form here:

PerHA (V)\) = PerHA (V)‘)T D PerHA (V,\)M\
However, simple objects in these two subcategories are quite different in this case:

PerHA (V,\) i H PerHA (V)\)M
ZC(1gy)
IC(1c,)
(]]-Cs)
('CC3)

Here we record the functor Ft : Pergy, (V) — Perg, (V") on simple objects, and the

composition of that functor with the equivalence Perg, (V) — Perg, (Vi) described

in Section 10.3.4; the composition is the functor " : Pergy, (V) — Perg, (V)) also

discussed in Section 10.3.4.

IC(Fe,)

Perg, (V) LN Perg, (V) — Pergy, (V)
IC(1le,) + IC(1cy) = IC(Lley)
IC(le,) +— IC(Lcy) = IC(Lc,)
IC(le,) +— IC(1cy) = IC(1c,)
IC(Loy) = IC(Lcy) = IC(1g,)

IC(]:C2) — IC(]:C'Q*) — IC(]:C2)

Note that the Fourier transform respects the cuspidal support decomposition.



15.2.5. Vanishing cycles. Table 15.2.1 presents the calculation of Ev on simple
objects. We explain all the calculation here.

All the entries in row 1 and column 3 are are a direct consequence of Lemma 7.2.1.

We show how to compute column 2.

(a) We compute PEve, ZC(1¢, ). By Lemma 7.6.1,
PEve, IC(1¢,) = R(I)wml+yy’+2zz'(]lC2><Cz*)lTéZ(V)\)reg (3].

Consider the affine open subvariety Uy, of Cy x C3 given by the equations

zy’ # 0; then
=t ry+22=0
U = 7 7 L 'y + 22 =0
z
2 _yz/ zy #0

Then Uy, has coordinate ring

~

C[CC, Y, z, {E/7 yvl Z,]xy’/('ry + ZQ) I/y/ + 2/2) = (C[.I, Z, y/7 Z,]xy’ .
Write fyy : Uy — Al for the restriction of f to U,,. Then f,,/ is given

on coordinate rings by

2 22 1
ts —at— =y 222 = —— (2 — 222
y/ x ij/

Using Section 7.2, especially Lemma 7.2.4, it follows that R®y_, (]lUwy,) is
the sheaf on

fz_yl/ (0) = Spec(Clz, 2,y', 2)4y [ (zy — x2"))

associated to the double cover Spec(Clz, 2,V 2/, 8|4y /(Y — 2/, 8% + zy')).
With reference to Section 15.2.1, the restriction of [, -] : T*(V)) — ba
to Uz, is given by

@y’ —zy -1

zz' oz

and so the equation zy' — xz’ = 0 implies this product is zero. It follows
that the support of R®y ,(1y, ) is contained in T¢, (V)reg N Usy . We
may find the entire sheaf R v (L, xcy) by also considering the affine
open Uy, cut out by the condition 2’y # 0. In this case we symmetrically
obtain the local system on 22’ — yz’ = 0 associated to the double cover
given by s? 4+ 2’y = 0. We may then glue these local systems together to
see that PEvc, IC(1c,)[—3] is the non-trivial local system on T, (Vi)reg
trivialized by the double cover

Spec(C[a?, b?, ab, > 02, 'V, ab, ad ,ba, bO']) = T¢, (V) reg
(subvariety of A0 with all of the implied relations) given on the coordinate
rings by

a2,y —b2, 2z ab, 2 —d’ Y = =V, 2 db.

This is the diagonal quotient of the product of the symmetric squares.
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It remains to see how to describe this local system in the language
of Section 15.2.2. To do this, observe that (z2,&2) € U,y and return to
the description of the local system R®; (ILUW,) given above and observe
that the covering group of Spec(Clz,z,y/, 2, sluy /(zy — 22/, % + 2y))
over f;yl, (0) is s — =s, or equivalently, (z,y’) — (£, +y’). It follows that
PEve, IC(1¢,) = Lo,[3] where Lo, is the local system which corresponds
to the character (——) of A(,, ¢,). Note that PEvc, IC(1¢,) # lo,[3].

(b) Here we compute PEve, IC(F¢,) using the affine covering Uy, U Uyry =
Cy x C5 from Section 15.2.5, (a). Observe that

pEVCz IC(‘F02) = R(I)f|c2xcg (]:02 X ]]-02*)[3]

since IC(Fe,) = }"2,2 [2]. Consider the cover U, = Spec(Cla, b, v, 2']ay’)

of Uy, = Spec(Clz, 2,1/, 2']zy) given on coordinate rings by x — a?, z
ab and the cover (Lry = Spec(Cla, b, 2’, 2]pe ) of Uyryy = Spec(Cly, 2,2, 2']47y)
given on coordinate rings by y — —b?, z — ab. Together, this defines a
double cover 7 : Cy x C5 — Oz x C3; the local system Fc, M 1¢y is asso-
ciated to the quadratic character of the covering group (a,b) — (+a, £b).
Then

1 1
— _ b/_ 2/2:_711/_ /2'
(fo#)\Uzy, a2y’(a Yy —a’2') y’( y' —az')

By Lemma 7.2.4,

)

is the local system associated to the cover s? 4+’ = 0 over the zero locus
of by’ — az’ and the quadratic character of the covering group s +— =+s, or
equivalently, (a,b) — (+£a,+b). By proper base change,

R®_ 5, (a2 (L5

xy’

(7lg,, RO 1 by —az2 (g, ) =Ry, (7l )elg )

This shows that Eve, ZC(F2)[—3] is not the pullback Fo, of F2 to T¢, (Va)regs
but rather the twist of that by the local system above, which is £p,.

(c¢) Recall the cover 73 : C3 — C3 from Section 15.2.3 (c¢). To compute
Eve, IC(L¢,) we consider

R(I)fo(ﬂ'SXid)(laa,xC;)'

Localize C3 = Vy at a2y’ # 0 to define Vayr. Localize the fibre (w3 x
id)~1(V,,) away from the exceptional divisor to define V,,, with coordi-
nate ring

(C[d»xv:% zvzlvylv ZI]Iy’/(fvy + 22— d27 x/y/ + 2/2) &= (C[d7x7 Zvy/7 Z/]ﬂﬂy’

and the cover 73, : Viy' — Viyr. Then
1
fompy = —@(le —zy —dy')(z2" — zy' + dY)

The functions (22’ — 2y’ —dy’) and (2’ — 2y’ +dy’) being smooth on V,,,,
and zy’ being non-zero, it follows from Corollary 7.2.6 that

R®fors (1y, )
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is the constant sheaf on the intersection of their zero loci, which is precisely
02N V. Using proper base change, and noting that proper pushforward
is an isomorphism on the regular conormal vectors, it follows that

Eve, Ic(ﬁca) =lo, [3]

This concludes the computation of column 2 in Table 15.2.1.
We have now explained every entry in Table 15.2.1 except for the following
case.

(d) To compute Eve, ZC(1¢, ), consider
ROz tyy 222 (L o)
with
52(1) ={(la:b],(z,y,2)) EP' x C3 | —ax+bz=0, az+by =0}.
The Jacobian condition for smoothness tells us that this is singular pre-
cisely when z = y = z = 0 and
—a’z’ 4 2abz’ + by = 0.

The restriction of 62(1) x Cy — Cy x C§ to the singular locus gives the
non-trivial double cover of C{j. From this we conclude

EVC(J ng)!].aém [2] = IC(,COU) EBIC(]].OO).

As we already know that ZC(1¢,) is the source of the second term, we
conclude that

EVCo IC(]]-Cz) = IC(EOO)

15.2.6. Normalization of Ev and the twisting local system. From Table 15.2.1
we find the first interesting case of the local system 7 on T, (Vi)sreq described in
general in Section 7.9, and defined on T (V) )sreg by (100):

TC = EVSCvE(C)
From Table 15.2.1 we see that
T =15, @ L), © 1},
or, in other notation,
| Yo W2 s
T+ — +
We use 7 in Table 15.2.3 to calculate PNEv : Perg, (Vi) — Perg, (T, (Va)reg) in
two forms; compare with Table 15.2.1 .
15.2.7. Fourier transform and wvanishing cycles. We may now verify (134)

by comparing the functors below with the Fourier transform appearing in Sec-
tion 15.2.4.

Per, (Va) —5  Perg, (T, (Va)reg)  —= Pera, (Tj, (V5 )reg) & Perpr, (V1)
IC(1le,) + IC(1o,) = IC(1o; ) «~  IC(lcy)

(]]'02) = Zc(loz) @IC(‘COO) = IC(]]-OQ) ®IC(£OS) A ZC(‘CCS)
E(]lcg) = %(103) = %(1@;) < E(]lc;)
IC(Ley) = IC(Loy) ®IC(Lo,) + IC(Los) ®IC(Loz) <« IC(Lcy)
IC( CQ) — IC(]:OQ) — ZC(]:(Q;) < IC(]:C?)
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TABLE 15.2.3. PNEv : Perg, (Vi) — Perp, (5, (Va)reg) on simple
objects, for A : Wr — LG given at the beginning of Section 15.

Pers, (V) -8 Perp, (Tj, (Va)reg)
( 0) — IC(]]‘OO)
( 2) — IC(HOQ)@IC(EOO)
( 3) — E(]l(%)
IC(Le,) = IC(Lo,) ®IC(Lo,)
( CQ) — IC(fOQ)

TABLE 15.2.4. NBws : Perg, (Vi) — Locy, (Tj;, (Va)reg) on simple
objects, for A : Wr — LG given at the beginning of Section 15.

P | NEwy,P NEws,, P NEsy, P

IC(1e,) + 0 0
E(]lc2) — ++ 0
IC(1c,) 0 0 -
IC(Ley) 0 - —
ﬂj(fcz) 0 —+ 0
15.2.8. Arthur sheaves.
Arthur || packet coronal
sheaf sheaves sheaves
ACO ICUlCO) @ IC(]]-Cz)
ACz ZC(HC2)@IC(]:C2) @ IC(‘CC3)
Ac, IC(1c,) ® IC(Fey)

15.3. ABV-packets.
15.3.1. Admissible representations versus equivariant perverse sheaves.

Perr, (Va)%mPle || 8™ e(G/F)
IC(]lCO) [W((bO)’O]
Ic(ﬂcz) [TF( 2?+)70]
IC(1c,) [7(¢3,+), 0]
IC(‘CCJ) [,/T( 377)70]
E(]:Cz) [ﬂ-( 2?_)71]

15.3.2. ABV-packets.

ABV-packets | packet representations | coronal representations

BV (G/F) : | (r(¢o, 1), 0) (m(¢2,+),0)
HABV (G/F (W(¢27 +>7 0)7 (ﬂ(¢27 _)7 1) (ﬂ.((bBa _)7 0)
HABV(G/F) (m(¢3,+),0), (7(¢3,—),0)

15.3.3. Stable dzstributions and endoscopic transfer. We now calculate the vir-
tual representations 77¢>sv see (146). In the list below, we use the notation

s = (s1,s2) for elements of T[2].
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bo:
Moy =Mooty = L(7(@0),0)] + [(m(¢2,+),0)]
ety = (o), 0)] = [(w(2, +),0)]
ME = [(7(60), 0)] — [(r(2,+),0)
Moty = [(m(¢0),0)] + [(m(¢2, +),0)].
pa:
ﬂg\f = 772‘5‘,5(171) = [(7(¢2,+),0)] — [(7(¢2, =), 1)] — [(7 (3, —),0)]
Mot = (762, 4),0)] + [(m(g2, =), D] + [(w(¢3,—), 0)]
772‘5‘,5(,171) = [(7‘—((;527 +)a 0)] - [(7‘—(¢27 _)7 1)] + [(W(¢37 _)7 0)]
08 = [(n(64), 0] + (762, ), D] — [(n(63, ), 0)]
3
"75\5 = 77!;\5‘35?1,1) = [(W(¢37 +)7 O)] + [(W(ng, _)7 0)}
M = (s 4),0)] — [(n(s, ), 0)]
77(;’\5]5:5(71,1) = [(m(¢3,+),0)] = [(w(3,—),0)]
05 = (), 0)] + (65, ), 0)
After comparing with Section 15.1.6, we see
Tpo,s = UNE\:SS
Thps,s = Uﬁg‘fg

This proves Conjecture 1 for admissible representations with infinitesimal parameter
A given at the beginning of Section 15.

15.3.4. Kazhdan-Lusztig conjecture. From Section 15.1.3 we find the multiplic-
ity matrix myep and from Section 15.2.3 we find the normalized geometric multi-

plicity matrix mj,,:
1 1 1 1|0 1 0 0 010
01 1 010 1 1 0 0|0
mep=| 0 0 1 00|, my=|1110]/0
00 0 110 1 0 0 10
000 0|1 000 0|1
Since “myep = Mige,, this confirms the Kazhdan-Lusztig conjecture (147) as it

applies to representations with infinitesimal parameter A : Wz — LG given at the
beginning of Section 15. Recall that this allows us to confirm Conjecture 2 as it
applies to this example, as explained in Section 10.3.3.

15.3.5. Aubert duality and Fourier transform. To verify (148), use Vogan’s
bijection from Section 15.3.1 to compare Aubert duality from Section 15.1.5 with
the Fourier transform from Section 15.2.4 .

15.3.6. Normalization. To verify (150), observe that the twisting characters x.
of Ay from Section 15.1.5 are trivial except for the Arthur parameter i, as are
the local systems 7, from Section 15.2.7 and in both cases they are given by the



15. SO(5) UNIPOTENT REPRESENTATIONS, SINGULAR PARAMETER 135

character (——) of Ay, determined by the isomorphism Ay, = {£1} x {£1}, fixed
in Section 15.1.4.

15.4. Endoscopy and equivariant restriction of perverse sheaves. As
in Section 15.1.6, we now consider the split endoscopic group G’ = SO(3) x SO(3)
for G determined by s = diag(1,—1,-1,1) € G. Then X : Wp — LG factors
through € : 1G' — LG to define N : Wr — LG’ by

) B \w|1/2 0 |w|1/2 0
N(w) = (( 0 |w\_1/2 ) 0 |w|—1/2 :

In this section we will calculate both sides of (151). This will illustrate how the
Langlands-Shelstad lift of ©y on G'(F) to O, s on G(F) is related to equivariant
restriction of perverse sheaves from V) to the Vogan variety V), for G’. Note that
each component of )\ is the infinitesimal parameter Wr — £SO(3) that appeared
in Section 12; here we will use that Section extensively.

set, H)\/ = Zé()\) and H)\/ :Zé,(A/)

15.4.1. Parameters. There are four Arthur parameters with infinitesimal pa-
rameter X : Wr — LG’, up to Hy-conjugacy. Using notation from Section 12,
they are

Yoo = o X to, Vi = Y Xy,
Yo 1 X 1o, Yoy = o X P,

SO

%o(wax:y) = (VQ(y)7V2(y))7 wil(w"r7y) = (VQ(x)7V2(x))’
Vio(w,z,y) = (2(x),r2y), Yun(wz,y) = (@) r().

Although 99 = € 0 4], is Hy-conjugate to € o ¢(;, the Arthur parameters ¢}, and
P}, for G’ are not H )y -conjugate.

15.4.2. Endoscopic Vogan variety. The Vogan variety V) for X is simply two
copies of the Vogan variety appearing in Section 12. As a subvariety of the conormal
bundle to Vy, the conormal to the Vogan variety Vi for X' : Wr — LG’ is

0 =z

" y 0
T, (V) =3 | = |
0

zy =0
yr' =0

(C})- Set C) = Cy x Cy. Then the regular conormal above the closed H)-orbit

Cy C Vv is
0 0
T2, e = | 5 | 1 520
0
Base point:
0 0
() = | gt | € Ty (Ve



Fundamental groups:
T[2]

J{s%(sl,@)

id
U= Ay s Awpgy) — Ag = {F1} x {+1}
Local systems on strongly regular conormal:

LOCH)\ (Ta,) (V)\)Sreg) . ]106 [,(9/

v Foy Eop
Rep(A(m67§6))Z ++ —-— -+ +-

Pullback along the bundle map:

LOCHA, (06) — LOCHA, (Tgé (V/\’)sreg)
]]-C(’) — ]].(9/

(C). Set C = C, x Cy C V. Then the regular conormal above C”, is

0 =z
N 0 0 x#0
TC; (VA)reg = 0 ¢ | y £0
0 0
Base point:
0 1
0 0 "
(#0,&10) = 0 1 € T&r (Var)reg
0 0
Fundamental groups:
T[2]

J/S'-}(Sl,SQ)

(s1,52)>52

Ayt — Ag, = {£1}

514(51,52)

{£1} = Ay,
Local systems on strongly regular conormal:

LOCH)\ (Té; (VA)sreg) : ]].oé ,C(Q/T fO/l 501

x

Rep(A(f”fn»f(/n)) ot -t A

Pullback along the bundle map:

LOCHX,(C;) — LOCHA/(TE‘;(VX)sreg)

]lca/: — ]1(9;
Lo
ﬁc; — .7:(/);C
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(Cy)- Set C) = Co x Cp C V. Then the regular conormal above Cj is

0 0
. _ y 0 ' #0
TC; (V)\’)reg = 0 0 | y ?é 0
' 0
Base point:
0 0
1 0 "
(z01,&01) = 0 0 € TC;(V/\’)reg
1 0
Fundamental groups:
(2]
lsH(sl,sﬂ
SQH(Sl,SQ) (51,52)*—)51
{1} = Ay, Ay, £,) Ag, = {+1}

Local systems on strongly regular conormal:

LOCH/\(TEV{/(VA/)Sreg): ]1(9; E@; ]:(9; 5(9;

Rep(A(w/lovgio)) e s i

Pullback along the bundle map:
Loch(C’l’/) — LOCHA(TéL(VA/)sreg)

Loy = Lo,
-7:0@
EC; — Eo;
C;U) Set C’;y = C; x Cy C Vy. Then
0 =z
TCZU (VN)reg = 0 0 | ) 7& 0
0 0
Base point:
0 1
/ 7 1 *
(211,€11) = 00 € Tc;y(V)\’)reg
0 0

Fundamental groups:

T[2]
ls»—>(sl ,82)

id
{1} x {1} = Ay, —— Ay, — Ag, =1



Local systems on strongly regular conormal:

Locw, (T&,, (Vi )seeg) = Loy, Loy, Fou, o,
Rep(A(i/uxﬁh)) : ++ — -+ +=

Pullback along the bundle map:

Locn,, (C;,) — Locaw,, (Té;y (VA7 )sreg)
]lC’ — ]1(9;
Cc/ Y — [,(9/ »
‘FC;y — fo;y
5C;y — go;y

15.4.3. Vanishing cycles. The functor
PNEV' : PerHA, (VA/) — PerHA, (T;_}A, (V/\’)reg)

may be deduced from Section 12.2.6 using the Sebastiani-Thom isomorphism [?]
and [?]; see Table 15.4.1. Here we show the calculation of the last three rows, to
illustrate the method.

PNEV'IC(Loy) = PNB (ZC(Ec,) R IC(1c,))
= (PNEvIC(Ec,)) X (PNEVIC(1¢,))
= (Z(Eo,) BIC(E0,)) KIC(1o,)

= IC(€o,)RIC(1lp,) ®IC(Ep,) RIC(1p,)
= IC(Ep, Rlp,) ®IC(En, K 1o,)
= IC(Fo.) ® IC(Foy)

Similarly,

INE/TC(Loy) = PNBY (TC(1ey) BTC(Ec,))

= (PNEvIC(1c,)) M (PNEVIC(Ec,))

= IC(lo,) B (IC(Eo,) ® IC(Eo,))

= IC(Eo,) WIC(1o,) ® IC(Eo,) WIC(Lo,)
IC(Ep, W 1o,) ®IC(E0, M 1p,)

= IC(Eoy) ®IC(Eo;)

and

PNEIC(Ley,) = PNEY (IC(Ec,) RIC(Ec,))
("NEVIC(Ec,)) B (PNEvIC(Ec,))
= (Z(fo,) ®IC(E0,)) B (TC(Eo,) ® IC(E0,))
= IC(éo,W&o,) ®IC(Eo0, WEo,)
©IC(Eo, W o, ) ®IC(Eo, W Eo,)
= IC(Lo,,) ®IC(Loy) ®IC(Loy) ®IC(Loy)-
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TABLE 15.4.1. PNB/ : Perg,, (Vi) — PerHA,(TI*{A,(V/\/)reg) on
simple objects, for X : Wp — LG’ given at the beginning of

Section 15.
Per,, (Vi) % Peryy, (T}, (Vi )reg)
ﬂ:(ﬂ.c{)) — E(]].o')
IC(ley) =  IC(1 ;)
(i) — (o)
E(]lc;y) — %(]lo/ )
IC(Ley) = IC(Fo, ) ® IC(Foy)
IC(Ley) = IC(Eo,) ®IC(Eoy)
E(ﬂc;y) —  IC(Lo . )EBE([:O')@ IC(COL)@E([:@())

TABLE 15.4.2. NBw' : Pery (Vi) — Loch,, (T, (Va)sreg) On
simple objects, for A : Wrp — L/ given at the beginning of
Section 15.

P’ || NBwy, P’ NBwsy P NBsy P Nbsy P’

IC(ILC‘S) ++ 0 0 0
IC(1cr) 0 ++ 0 0
IC(IC;) 0 0 ++ 0
%(]lc;y) 0 0 0 ++
IC(Ler) —+ —+ 0 0
%(ﬁc@) +— 0 +- 0
gl — — — —

15.4.4. Restriction.

res : Perg, (Vi) — KPery,, (Vi)
IL(le,) = IC(1gy)
IC(le,) +— IC(Lley)[l] @ IC(1ey)[1] @ ZC(1ey)[1]
IC(1e,) = IC(1cy,)[]
IC(Lc,) = IC(1gy)[l]®IC(Ley, (1]

IC(Fc,) +— IC(Loy)[l]BIC(Ley)[1]

15.4.5. Restriction and vanishing cycles. In this example the inclusion Vy/ —
V» induces a map of conormal bundles € : Tf; (Vi) < T, (Vi); this is not true in
general, as Section 16.4.3 shows. Here we have

TEO (V)\)reg N T]*{/\, (V)\’ )reg = Tg‘(/] (VA’)reg
Tg*2 (V)\)reg N T]*{/\, (V)\’ )reg == Té‘; (V)\’)reg U Téé (V)\’)reg
T, (Vires O T, (W dres = Téy (Vi )reg:

We now calculate both sides of (151) in three cases: when P = IC(1¢,),
IC(Lc,) and IC(Fey).
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The case P = ZIC(l¢,). We now calculate both sides of (151) when P =
IC(1¢,). By Section 15.4,

IC(Ley)lv,, =IC(1ey )[1] © ZC(Ley ) 1] & ZC(1cy ) (1],
after passing to the Grothendieck group of Pery,, (Vi/). So, by Section 15.4.3,
NEV/ (IC(]]-CQ)lVV)
= &V (ZC(1ey)[1] © TC(1ey (1] © TC(1ey) 1))
= IC(loy)[1] ® IC(Loy )] & IC(Loy)[1]
in the Grothendieck group of Perp, (T% ,(Va)reg). Thus, for each (2/,¢) €
TE (Vi )reg with image (z,€) € T (Va)reg, the left-hand side of (151) is
(_1)dimc’ traceq, (NEV’ZC(102)|VA/)(1/ e)
= (~1)¥m trace,, (TC(Lo,)[1] ® IC(Loy 1] © TC(Loy)[1])
while the right-hand side of (151) is

(—1)4 < traceq, (B IC(Le,)) (2 )
= (=1 traceq, (IC(Lo,) & LC(Loy))(a e -
We now calculate both sides of (151) when P =ZC(1¢,).

(CH). If (2, &) € T¢y (Vi )reg then C' = C} and C = Cj and the left-hand side
of (151) is

(z',¢7)

dim C}}
(-1 0 t()race(+17_1) IC(Loy (1]
= —(=1)"trace;1,-1) ZC(1loy)
= —(++)(+1,-1)
= —]_’
while the right-hand side of (151) is

(—l)dim Co trace(+17_1) (ﬂ:(]loz) D IC([,@O))
= trace(4+1,-1) ZC(Lo,)
= (), )
= -1
This confirms (151) on Té(,)(VN)reg.

(CL). If (2',&') € TE (Vi )reg then C' = €7 and C' = C5 and the left-hand side
of (151)is

Tey (Va)res

(—1)dimC; trace(y1,—1) ZC(Loy )[1]
= —(=1)'trace(41,-1)ZC(Lor)
= (—)(+1,-1)
- 1

while the right-hand side of (151) is

(—1)dimC: trace_1) (ZC(Lo,) ® IC(Lo,))
= trace(_y IC(Lo,)
= 6D

This confirms (151) on T (Vi )reg-

Te, (VA)res
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(Cy)- If (2',€") € TE, (Var)reg then C" = O} and C' = Cy and the left-hand side
of (151) is

(—1)%™ % trace(_1 1) ZC(Loy )[1]
= —(=1)trace_1 41 IC(Loy)
= -1

)

while the right-hand side of (151) is —1, as in the case above. This confirms
(151) on Té; (V/\’)reg-

(Cr,). T (2',¢) € T(*};y(V,\/)reg then C" = Cy,, and C' = C3 and the left-hand side
of (151) is

(-1 tracesa, - (Z(Loy) (1 0 Z2(Lop 1] @ ZE(Lop)lL])

while the right-hand side of (151) is

(—1)dimCs trace(_1) (ZC(1o,) ® IC(Lo,))

Tés(VA)res’
both of which are trivially 0. This confirms (151) on T (Vi )reg-

This proves (151) when P = ZC(1¢,).
The case P = IC(L¢c,). We now calculate both sides of (151) when P =
IC(Lc,)- By Section 15.4,

IC(Lcy) vy =IC(1ey)[1] @ IC(Ley, (1],
after passing to the Grothendieck group of Perg,, (Vi/). So, by Section 15.4.3,

NEV' (ZC(Lcy)lv,, )

= NEV (TC(1ey)l1] © TC(Ley, )]
= L(loy)N] @ IC(Loy, )1 @ IC(Loy 1] © TC(Loy )[1] @ IC(Loy)[1]

in the Grothendieck group of Pery,, (T ,(Va)reg). Thus, for each (2/,¢') €

T¢ (Vi )reg with image (2, &) € T5(Va)reg, the left-hand side of (151) is

(71)dim c’ traceag (NEV/ IC(£03)|V>\’ ) (2,€")

(1) frace,, (w(noé)m@m(co;y)m ®IC(Lo, 1]

©IC(Lo)[1] ® E(ﬁog>[1]) (2',€")

while the right-hand side of (151) is

(~1)%m € trace,, (B IC(Le, ) re)
= (=1)9mC trace,, (IC(Lo,) & (Lo, )) ) -

We now calculate both sides of (151) in every case.
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(CH)- If (o', &) € T*(,)(V,\/)reg then C' = Cf and C = Cj and the left-hand side
of (151) is

(71)d1m o trace(41,-1) (IC(]]-O{))[H S¥) IC([:oé)[l])

= (=1)° (—trace(41,-1) ZC(lpy) — trace(1,—1) IC(Loy))
(), 1) = () (1, 1)

+1-1

= 0,

while the right-hand side of (151) is

(—1)dim Co trace(_1) (ZC(Lo,) © IC(Lo,))

Ty (Va)ees = 0-

This confirms (151) on Téé(V)\’)reg-

(C). If (2',€") € T (Var)reg then C' = C), and C' = C; and the left-hand side
of (151) is

(_1)dim cl trace(JrLil) IC(,CO;)[:H
= —(—=1)'trace(y1,-1)ZC(Lor)
= ()1

-1

while the right-hand side of (151) is

(—1)dimC: trace(_1) (ZC(Lo,) ® IC(Lo,))
= trace_1)ZC(Lo,)
= (*1)(*1)

Te, (Va)ees

This confirms (151) on T¢ (Vv )reg-
(Cy)- I (2,€") € T (Vi )reg then C = € and C = Cy and the left-hand side
Y
of (151) is

(=)™ trace(_y 1) ZC(Loy)[1]
= —(—1)1 trace(_1,41) IC(AC@L)

(—=)(=1,+1)
= -1,

while the right-hand side of (151) is —1, as in the case above. This confirms
(151) on Téé (VA)reg-

(Chy). I (2',€) € T¢,, (V' )reg then C" = C,, and C = C3 and the left-hand side
of (151) is

(—1)dim ey trace(;1,-1) ZC(Loy, ) (1]
= —(—1)2trace(+1,,1)IC(L'ofzy)
= (L)

-

= +1
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while the right-hand side of (151) is

(—1)dimCs trace(_1) (ZC(Lo,) ® IC(Lo,))
= —trace—1) ZC(Lo,)

= ()

Y

Ty (Vi)ees

This confirms (151) on T¢, (V') reg-

This proves (151) when P = ZC(Lc,).
The case P = IC(F¢,). We now calculate both sides of (151) when P =
IC(Fc,). By Section 15.4,

IC(Fe,)lvy, = IC(Ley) 1] @ IC(Ley )],
after passing to the Grothendieck group of Perg,, (V). So, by Section 15.4.3,

NEV' (ZC(Fe,)lv,,)
= &V (TC(Ley)] @ TC(Ley 1))
IC(Fo, )] ® IC(Foy )[1] & IC(Eo,

y

] @ I (Eoy)1]

in the Grothendieck group of Perp,, (T% ,(Va)reg). Thus, for each (2/,¢) €
T (Var)reg with image (2,€) € T¢(Va)reg, the left-hand side of (151) is

(=1)H traceq; (NBY ZC(Fe,)lv,) (o o1y
= (1) trace,, (TC(Fo,)1] @ IC(Fo, (1]
® IC(€o, )] @ TC(Eoy)MN]) ,
while the right-hand side of (151) is
(=1)4mC trace,, (Bv(y,e) ZC(Fe,))

(fl)d%m C trace,, (EvIC(Fc,)) T2 (Vi )res
(=1)4mC traceq, (ZC(Fo,)) 175 (Va e

We now calculate both sides of (151) in every case.
(CH). If (2, ¢) € T*(,)(V,\/)]reg then C' = C and C = Cj and the left-hand side
of (151) is

(—1)4m o tracey 1 _y) (ZC(Foy )[1] & IC(Eoy )[1])

= (=1)° (—trace(41,-1) IC(Foy,) — trace(1,—1) IC(Epy )
= (LD = (F)(HL 1)

= +1-1

= 0,

while the right-hand side of (151) is
(—1)dim o trace 1) (ZC(Fo,) |T50(V>\),eg =0.

This confirms (151) on Té()(V/\/)reg.
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(C). If (2',€") € TE: (Var)reg then C" = C), and C' = C; and the left-hand side
of (151) is
(—1)dimC, trace(y1,—1) ZC(For )[1]
= —(=1)*tracet1,-1) ZC(For )
= (=HH1L -1
= —|—17
while the right-hand side of (151) is

(71)dim Co trace(+17_1) IC(-F(’J2)|T52(VA)reg
= trace(y1,—1) ZC(Fo,)
= (=1, -1)
= +L
This confirms (151) on T, (V' )reg-
(Cy)- It (2',€") € TE) (Var)reg then C" = O} and C' = Cy and the left-hand side
of (151) is
(—=1)T™C trace(_y 1) ZC(Eoy (1]
= —(—1)*trace(_1 41y ZC(Eor )
= (+)(-1+1)
= —"—1)
while the right-hand side of (151) is 41, as in the case above. This confirms
(151) on TC*‘Z/I (V/\’)reg-
(Cry)- T (2',€") € TE (Var)reg then C' = Cy, and C' = C3 and the left-hand side
zy
of (151) is
(—=1)H™ Cev trace(y1, 1) (ZC(For)[1] @m(]:og)[l])(m,,g,)
while the right-hand side of (151) is

(—1)4mC trace,, (ZC(Fo,))

Te, (Va)res
both of which are trivially 0. This confirms (151) on T¢ (Vir)reg-
This proves (151) when P = ZC(Fc,).

16. SO(7) unipotent representations, singular parameter

Let G = SO(7). The calculation of pure inner twists and inner twists and their
forms for G is the same as in Section 14. Let GG; be the non-quasisplit form of G,
given by the quadratic form

00 0 0 0 01
00 0 0 0 10
0 0 —ew 0 0 0 O
00 0 € 0 00
00 0 0 w00
601 0 0 0 00
10 0 0 0 00
One readily verifies that the Hasse invariant of this form is (e, e) = —1 so that the

form is not split. Note that the choice ¢ = 1 would give a split form.
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Consider the infinitesimal parameter A : Wrp — G given by

wl? 0 0 0 0 0
0o | o 0 0 0
0 0 w0 0 0
AMw) :=
(w) 0 0 0 |w™* o 0
0 0 0 0w ™% o0
0 0 0 0 0 lw|~3/2

Here, and below, we use the symplectic form (z,y) = 'zJy with matrix J given by
Jij = (=1)767_; j to determine a representation of Sp(6). Note that, in contrast
to the unramified infinitesimal parameters in Sections 12 and 14, in this case the
image of Frobenius is singular semisimple.

16.1. Arthur packets.

16.1.1. Parameters. Up to Hy-conjugation, there are eight Langlands parame-
ters with infinitesimal parameter A, of which six are of Arthur type. The six Lang-
lands parameters of Arthur type are most easily described through their Arthur
parameters:

Yo(w,z,y) = valy) ®ra(y), Yr(w,z,y) = va(x) S ra(z),
Va(w,z,y) = valy) ®ra(z), ve(w,z,y) = wvalz) Bra(y),
¢4(wa$,y) = V2($)®V3(y), ¢5(w7$7y) = V3(3?)®1/2(y).

Here vy : SL(2) — Sp(4) is a 4-dimensional symplectic irreducible representation of
SL(2), v5 : SL(2) — SO(3) is a 3-dimensional orthogonal irreducible representation
of SL(2) and, as above, vz : SL(2) — SL(2) is the identity representation. Note
that ¢ = zﬁo, P = 1/32 and v¥5 = 1[)4, with reference to Section 10.1.5.

These Arthur parameters define the following six Langlands parameters:

po(w,z) = va(dw)® va(du), dr(w,x) = va(x) Sra(x),
p2(w,z) = va(dw) S va(z), po(w,z) = wva(x) D va(dy),
da(w,x) = vo(z) ®v3(dy), ds(w,z) = v3(x) @va(dy).

The remaining two Langlands parameters in Py(*G)/Zz()) that are not of Arthur
type are given here:

lwlz1r  |w|zie 0 0 0 0
lw|zor  |w|was 0 0 0 0
0 0 | |w'? 0 0 0
pr(w.z) = 0 0 0w V2 0 0 ’
0 0 0 0 |’U)|71£L'11 |U)‘71£L'12
0 0 0 0 |’U}|_ a1 |w\_1x22
w0 | o o] o 0
0 r11 0 0 12 0
o 0 0 r11 T12 0 0
¢3(w)l‘) o 0 0 21 T22 0 0
0 —T21 0 0 —x22 0
0 0|0 o 0 J|u?
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16.1.2. L-packets. In total, there are 15 admissible representations with infin-
itesimal parameter A, of which 10 are representations of G(F') while 5 are rep-
resentations of G1(F'). In order to list them, we must enumerate the irreducible
representations A, for each ¢ € Py(LG). In every case but one, the group A, is
trivial or has order 2; in the latter case, the irreducible representations of these
groups are unambiguously labeled with 4+ or —; in the former case, we simply elide
the trivial representation, such as in the list below.

Iy, (G(F)) = {m(d0)} Iy, (G1(F)) = 0

Iy (G(F)) = {m(¢1)} Iy, (G1(F)) = 0

g, (G(F)) = {7(2,+)} g, (G1(F)) = {m(¢2, )}

g, (G(F)) = {m(d3,+), m(¢3,—)} g, (GL(F)) = 0

Iy, (G(F)) = {m(¢a,+)} Iy, (G1(F)) = {m(ds,—)}

Iy, (G(F)) = {m(¢5)} My (G1(F)) = 0

e (G(F)) = {m(¢6,+)} My (G1(F)) = {m(ds,—)}

H¢7(G(F)) = {W((b% ++)77T(¢77 __)} H¢7(G1(F)) = {W((b% +_)77T(¢77 _+)}

The centralizer of ¢ is the following subgroup of 2-torsion elements 7[2] in the
diagonal dual torus 7=

ss 0 O O 0 O
0 s 0 0 O O
0 0 s3 0 0 O ~
Zelo) =910 o (53 s 0 o€ T2]| s1=s2
0O 0 0 0 s O
0O 0 0 0 0 s

~

We fix the isomorphism Zz(¢7) = {£1} x{#£1} so that the image of Z(G) in Z5(¢7)
is {(+1,41), (=1, —1)}; using this isomorphism, we label irreducible representations
of Ay, = Zz(¢r) by the symbols ++, +—, —+ and ——. Note that the restriction

~

of these representations to Z(G) is trivial for ++4 and —— only.

Of these 15 admissible representations, only the representation 7(¢7,+—) of
G1(F) is supercuspidal. In fact, 7(¢7,+—) is a unipotent supercusidal depth-zero
representation. In Lusztig’s classification of unipotent representations, (g7, +—)
is the case n = 3, a =1, b = 1 of [?, 7.55]; it corresponds to the unique cuspidal
unipotent local system for G, see C3/(Cs x Cp) in [?, 7.55]. Lusztig’s classification
also shows how 7(¢7, +—) may be constructed by compact induction, as follows; see
B3/(Dy x By) in |?, 7.55]. Let G; be the parahoric Op-group scheme associated
to an almost self-dual lattice chain and the quadratic form at the beginning of
Section 16. The generic fibre of G is the inner form G; of G*, and G1(OpF) is
a maximal parahoric subgroup of the F-points on the generic fibre of G;. The
reductive quotient &Ed of the special fibre of G is SO(5) x SO(2) over F,, where

SO(5) and SO(2) are determined, respectively, by

0 00 01

000 1O e 0
0 0 e 00O and (0 1),
01 0 00

10 0 0O
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with € = ¢ mod Op. Note that the parahoric G;(Ok) is not hyperspecial. The
finite group SO(5,F;) x SO(2,F,) admits a unique cuspidal unipotent irreducible
representation, °c. Let inf( °c) be the representation of G1(Op) obtained by infla-
tion of °c along G1(Op) — (Ql)]rFeqd (F,). Now extend inf( °c) to the representation
inf(°0)" of Ng,(r)(G1(OF)) by tensoring with an unramified character which has
order 2 on Ng, (r)(G1(OF))/G1(OF). Then
m(gr,+-) = end ") o, (nf(@) ).

We remark that Ng,(r)(G1(OF)) also admits a smooth model over O, for which
the reductive quotient of the special fibre is S(O(5) x O(2)) = SO(5) x O(2).

16.1.3. Multiplicities in standard modules. In order to describe the other admis-
sible representations appearing in this example, we give the multiplicity of (¢, p)
in the standard modules M (¢', p’) for representations of the pure form G(F) in
Table 16.5. To save space there we write 7, for w(¢;) and 7§ for m(¢;, €); a similar
convention applies to the notation for the standard modules. Let us see show how
to calculate row 8 in Table 16.5. Consider the standard module

Mg = M(d6,+) = Ind(|["/* @ w(va, +))

for G(F). It is clear that this will contain i = m(¢s,+). Moreover, it has
an irreducible submodule W;H' = 7(¢7,++). To show there is nothing else, we
can compute the Jacquet module of Mg’ with respect to the standard parabolic
subgroup P, whose Levi component is GL(1) x SO(5). By the geometric lemma,
we get

s Jacp M{ = |2 @ Ind(||"/? @ m(va, +)) @ ||V @ m(va, +) @ || 7% @ m(va, +)
and
ss.Ind(|[V? @ w(va,4)) = T(vy B Vo, ++) B
where 7’ is the unique irreducible quotient. Here, s.s. denotes the semi-simplification
of the module. On the other hand,
s.s. Jacprd = |72 @7w(vs, +) @ P2 @7
and
s.s. Jacpmd T = ||V2 @ n(vg, 4) @ ||P? @ (v ® v, ++).
Therefore,
S.S. Mg' = TI'g_ @ﬂ;r+.

This explains row 8 in Table 16.5.

The multiplicity of 7(¢, p) in the standard modules M (¢, p’), for representa-
tions of the form G (F') are also displayed in Table 16.5.

16.1.4. Arthur packets. In order to describe the component groups A, consider
the torus

S1

S9 0
0 S3

—1
0 s,
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Let S[2] be the 2-torsion subgroup of S; Note that Z(G) C S[2]. Let us the notation

52

S92 0

0 s € 5[2]

s(s2,s3):= 5 0

0 S92

52

and let S[2] = {£1} x {£1} be the isomorphism determined by this notation. Then
Z(G) = {£1} is the diagonal subgroup, for which we will use the notation

S1
S1 0
s(s1,81):= 0 s 5 € Z(G) c S[2]
S1
0 S1
51
We can now give the component groups Ay:

Ay, 5[2}7 AIZW = 5[2}7

Adiz = 5[2]7 A¢6 = S[2]7

Ad)zx = Z(G)’ A¢5 = Z<G)

The Arthur packets for admissible representations of G(F') with infinitesimal
parameter \ are

Iy, (G(F)) = {m(¢o), 7(d2, +)},
Hw2(G(F)) = {’/T(QSQ; ) 71—((;53; _)}7
Iy, (G(F)) = {7(ds, +)},

My, (G(F)) = {7(¢s)},

Hd)s (G(F)) = {Tr(¢65 ) (¢7) __)}7
Iy (G(F)) = A{m(¢7,++),7(d7,——)},

and the Arthur packets for admissible representations of G (F') with infinitesimal
parameter A\ are

Hwo(Gl(F)) = {W(¢47 ),7T(¢7(—|——)},
Hibz(Gl(F)) = {ﬂ-((b?v_)aﬂ-((b 7+_)}7
Iy, (Gu(F)) = {m(¢s, ), 7(¢7,+-)},
Iy, (Gi(F)) = {m(¢7,—+),m(d7,+-)},
HdJG(Gl(F)) = {n(ds, ), m(¢p7,+—)},
Iy, (G1(F) = Am(¢7,—+), m(d7,+-)}

We arrange these representations into pure Arthur packets in Table 16.5; see also
Table 16.5.
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16.1.5. Awubert duality. The following table gives Aubert duality for the admis-
sible representations of G(F') with infinitesimal parameter \.

7r H T
m(¢o) m(p7, ++)
7T( 17+) 7T(¢33+)
71—( 27"') 7T(¢77__)
ﬂ—( 37+) 7T(¢17+)
7T< 37_) 7T(¢6’+)
(4, +) (¢5)

m(¢s5) m(pa, +)

71—((;56, +) 7T(¢37 _)
7T(¢7a ++) ﬂ—((bO)

ﬂ-(¢7a __) ﬂ-(d)Qa +)

Aubert duality for the admissible representations of G1(F') with infinitesimal pa-
rameter A is given by the following table.

T H T
7T<¢27_) 7T(¢6’_)
m(¢a, =) || 77, —+)
(¢, —) || m(d2,—)

7T(¢7a+_) 7T(¢7a+_)

The twisting characters X, X, Xos and Xy, are trivial. The twisting
characters x.,, and x.,, are nontrivial, both given (——), using the respective
isomorphisms Ay, = S[2] = {£1} x {£1} and Ay, = S[2] = {£1} x {1} fixed in
Section 16.1.4.

16.1.6. Stable distributions and endoscopy. The stable distributions on G(F')
attached to these Arthur packets are:

®G0 = eﬂ(%) + @ﬂ(¢2’+)’ 927 - 6”(¢7’++) + 97r(¢>7,77)’
Oy = Or(62) = Omios, ) Oy = Onigot) = Or(or,—,
Oy, = On(sa,4); ©Ys = On(ss)-
The characters (- ,7T>w of Ay are given in Table 16.5. With this, we easily find
the coefficients (ssy,m),, in @g’s. First calculate sy :=1(1,—1):

sy, = va(=1)@re(=1)=s(=1,-1), sy, = wa(l) Dra(l) =s(1,1),
Sy, = V4(_1)@V2(1):S(_1a )7 Sipg = V4(1)EBV2(_1):8<17_1)?
sy, = 2(l)®@uvs(—1) =s(1,1), Sys = v3(l) ®@we(—1) =s(—1,-1).
Then, using the notation s = s(s3, s3) from Section 16.1.4, we have:
@12075 = 97"(¢0) + 8283 @7"(¢2,+)’
@gz,s = On(ps,+) — 5253 On(py,-),
@1/14,s = 97"(‘1’474‘)7
and
@gﬂs = On(gr,++4) T 5253 On(pr,——):
9%5,3 = @7?(%74-) — 5253 @7?@577——)’

®w5,8 = ®7r(¢5)



We now turn our attention to the distributions on G;(F') attached to these
Arthur packets:

G)zol = - 9”(¢47+) - 97?(¢77+7)

Oy, = + On(p) — On(gr4-)

Oyl = + O T Onieri)
and

O = + O t)+ Ongrio)

6561 = + 677(056,—) - @77(¢7,+—)

0l = = Ongr 1)~ On(ri)

The characters (-,w)w of A, for these representations are also given in Ta-

ble 16.5. With this, we easily find the coefficients (ss, 7r>w in @g}s, again using the

notation s = s(s2,s3) or s = s(s1, s1) from Section 16.1.4 from which we deduce

0%, —520n(s4,4) ~ 53O (4r,4-)

05
@§§,s = +530n(g5,—) — 520n(¢7,4-)
8541,8 +51@ﬂ(¢4’,) + 81@77(¢7’+,)
and
6571,5 +52@ﬂ(¢77_+) + 53@7r(¢77+_)
Ofps = T82On(46,-) — 53On(pr, 1)
Oy, = —$19x(5,—4) — 51044 )

The endoscopic group for G attached to s = s(1,—1) or s = s(—1,1) is the
group G’ = SO(5) x SO(3), in which case @g)s is the endoscopic transfer of a stable
distribution ©%,. We write ' (@, M) where () is an Arthur parameter
for SO(3) and ) is an Arthur parameter for SO(5). The following table gives
1) from Section 12.1.1 and ¥(? from Section 14.1.1, for each Arthur parameter

appearing in Section 16.1.1 that factors through G’
G g g

§16.1.1 || §14.1.1 §12.1.1
0 ¢(2) w(l)
Yo Yo Yo
¥ Yo V1
e 3 o
Py Ps3 Y1

16.2. Vanishing cycles of perverse sheaves.
16.2.1. Vogan variety and its conormal bundle. The centralizer in G of the

infinitesimal parameter A : Wy — LG is

hy
ao b2
Hy = c2_d € Gy = GL(1) x GL(2)
as b3
c3 dg
In
We will write hy = (¢2 }2) and hg = (¢ }2). Then hg = hydet hy " and hy = ;'

by the choice of symplectic form J at the beginning of Section 16. The Vogan



16. SO(7) UNIPOTENT REPRESENTATIONS, SINGULAR PARAMETER

varieties V) and VY are:

151

u v
z x u
/
Vi= ¥ 2 , V= : 7 7
—v 2y
U -2
-
SO
u v
u z T
(Vi) v 7 7 Y — ! v7rrl,y, - ﬁ
7y —v N A T
7 -7 u
-

The action of Hy on V), Vi and T*(V)) is simply the restriction of the adjoint
action of Hy C G on T*(V,\) C g. This action is given by

(9”>

and

We remark that for p € (C

(;

if and only if

P
hS (1‘/

)-

hy (u v) hyt

z oz > B

y —z
u —
e (1)

!/
yg,) hyt.

uv)

he(u v) h(; xz>:(udeth2)h-(u v).

The Hy-invariant function (-|-): T*(Vy) — Al is the quadratic form

u v
u’ z x
/ J—
v S Y z — = 2uu’ + 200" + xa’ + gy + 227
' =2 u
v
The Hj-invariant function [-,-] : T*(Vy) — by is given by
u v
I
Y =7 (uv + vv")Hy + (za’ + 22')Ha
v y —z / ’ It
7 7 =y 22 ) Hs + (2y — 22 )E
=Y v +(yz' — z2')F
=z u
v




152

where, {Hy, Ho, H3} is the standard basis for the standard Cartan in g and, with
reference to Hy C G and b, C g, {H1}, {H, Hs, E, F'} is the Chevalley basis for
gl(2) in sp(6). Thus, the conormal bundle is

u v / /
7 uu + v =
u z x , ,
o Y . zx' 4+ 22/ =0
* o _ ! !
THA(VA)* 7 7 | yy' +22°=0
z Yy —v / /
, , 2y —xz' =0
z -z U , ,
; ; yz' —zax' =0
-

Note that the fibre of (- |-) : Vy x Vi — Al above 0 properly contains the conormal
bundle T7 (Vi) as a codimension-4 subvariety.

Although it is possible to continue to work with V) and 7*(V)) as matrices
in g and make all the following calculations, we now switch to the perspective
on Vogan varieties discussed in Section 10.2.1. This new perspective has several
advantages: it is notationally less awkward, it generalises to all classical groups
after unramification in the sense of Theorem 5.1.1 and it helps clarify the proper
covers which play a crucial role in the calculations of the vanishing cycles that we
make later in this section. Write g = sp(F,J), so F is a six-dimensional vector
space equipped with the symplectic form described in Section 16.1.1. Let E; be
the eigenspace of A(Fr) with eigenvalue ¢%/2; let E, be the eigenspace of \(Fr) with
eigenvalue ¢'/2; let F3 be the eigenspace of \(Fr) with eigenvalue ¢~'/?; let F, be
the eigenspace of A\(Fr) with eigenvalue ¢~3/2. Then GL(E4) x GL(Es3) x GL(Ey) x
GL(E}) acts naturally on the variety Hom(FE3, E4) X Hom(FEs, E5) X Hom(E1, Es).
If we identify E3 with the dual space £5 and E,4 with Ef then V) may be identified
with the subvariety of (wy,ws,ws) in Hom(E1, E) x Hom(Es, E3) x Hom(E3, EY)
such that fws = w; and *wy = wo, so

Vv {(w,X) € Hom(Ey, E2) x Hom(E», E3) | ‘X =X }
Hom(Ey, Ey) x Sym?(E3).

1R

The action of Hy on V) now corresponds to the natural action of GL(E}) x GL(Es)
on Hom(F1, E2) xHom(Es, E3). After choosing bases for E; and FEs, the conversion
from the matrices in g to pairs (w, X) € Hom(FE;, Ey) x Sym?(FE3) is given by

o) ()6 ) )

We will use coordinates (w, X) for V), when convenient. The same perspective gives
coordinates (w’, X') for V¥ where

-z 2 0 -1\ /2 o
w = (v o) and X':= < o y’) = <1 O> (x’ —z'>'

In these coordinates, the action of Hy on V) is given by

h-w = th2—1wth1 h~w’ — hlwlh2—1
h-X = hoXthy h-X" = hoyX'thy,

the H-invariant function (-|-):7*(Vy) — Al is given by
((w, X) | (w', X)) = w'w + trace X' X,
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and the Hy-invariant function [-,-] : T*(Vy) — by is given by

[(wv X)v (wlel)] = (wlwaX/X).

In particular, the conormal may be written as

T*(Vy) 2 {((w, X), (w', X") e VxV* | w'w=0,XX =0}

16.2.2. Equivariant local systems and orbit duality. The variety V), is stratified
into Hy-orbits according to the possible values of rank X (either 2, 1 or 0), rank ‘w
(either 1 or 0) and rank *wXw (either 1 or 0). There are eight compatible values
for these ranks. We now describe these eight locally closed subvarieties C C Vj,
the singularities in the closure C' C Vy and the equivariant local systems on C.
For each Hy-orbit C C V) except the open orbit C7; C V), the Hy-equivariant
fundamental group of C' is trivial or of order 2. So in each of these cases we use
the notation 1o for the constant local system and Lo or F¢ for the non-constant
irreducible equivariant local system on C. (The choice of L or F¢ will be explained
in Section 16.2.4.)

003

Cli

023

03:

Closed orbit:
Co = {0}.
This corresponds to the minimal rank values
rank X =0, rank ‘w = 0, rank ‘wXw = 0.

This is the only closed orbit in V.
Punctured plane:

Cy ={(w,X) eVy| X =0,w# 0}.
This corresponds to the rank values
rank X = 0, rank ‘w = 1, rank ‘wXw = 0.

While C is not affine, its closure C; = {(w, X) € V) | X =0} is A2, This
orbit is not of Arthur type. Since Ag, is trivial, 1o, is the only simple
equivariant local system on Cf.

Smooth cone:

Cy={(w,X) e V)| rank X = 1,w = 0}.
This corresponds to the rank values
rank X =1, rank ‘w = 0, rank ‘wXw = 0.
Then C5 is not an affine variety and the singular locus of its closure
Cy 2= {(z,y,2) |y +2° = 0}

is precisely Cy. We remark that zy + 22 is a semi-invariant of V) with
character h ~ det h3. Now A, = {£1}; let F¢, be the equivariant local
system for the non-trivial character of Ac,. Then F¢, coincides with the
local system denoted by the same symbol in Section 15.2.3.

The rank values

rank X = 2, rank ‘w = 0, rank ‘wXw = 0.

determine

O3 = {(w, X) € V3| rank X =2,w =0} = {(z,y,2) | oy +2* #0}.
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C4:

05:

Cﬁ:

073

The closure of C5 is smooth:
Cs = {(w,X) €V | w=0} = A>

This orbit is not of Arthur type. Since A¢, = {£1}, there are two simple
equivariant local systems on C'3, denoted by 1¢, and L¢,. Then L¢, coin-
cides with the local system denoted by the same symbol in Section 15.2.3.
The rank values

rank X =1, rank ‘w =1, rank ‘wXw =0
determine
Cy={(w,X)eVy| rankX =1,w # 0, Xw = 0}.
The singular locus of the closure
Cy = {(u,v,2,9,2) | zy + 22 =0, —zu+ 20 =0 = zu + yv}

is Cy. Here, Ac, = {+1}. Let 1¢, and F¢, be the local systems for the
trivial and non-trivial characters, respectively, of Ac,.
The rank values

rank X = 2, rank ‘w = 1, rank ‘wXw =0
determine
Cs ={(w,X) € Vy | rank X =2, w # 0, ‘wXw = 0}.
The closure of Cs,
Cs = {(u,v,2,9,2) | —uz+ 2uvz + 0%y = 0},

has singular locus C3. We remark that —u?z + 2uvz + v%y is a semi-
invariant of V), with character h — h?. The group Ac, is trivial.
The rank values

rank X =1, rank ‘w =1, rank ‘wXw =1
determine
Ce = {(w,X) €Vy | rank X = 1,w # 0, ‘wXw # 0}.
The singular locus of
Co = {(u,v,2,9,2) | zy+2*> =0}

is C1. Then Ac, = {£1}. Let 1¢, and F¢, be the local systems for the
trivial and non-trivial characters, respectively, of Ac,. The local system
Fe, is associated to the double cover from adjoining d? = —u?z + 2uvz +
v2y, which is isomorphic to the pullback of the double cover from Fc,.
Open dense orbit:

Cr={(w,X) €Vy | rank X =2, w # 0, ‘wXw # 0}.
This corresponds to the maximal rank values:
rank X = 2, rank ‘w =1, rank ‘wXw = 1.

Now, Ao, = S[2] 2 {£1} x {£1}. Let 1, be the local system for
the trivial character (+4) of Ac,; let Lo, be the local system for the
character (——) of Ac,; let Fe, be the local system for the character
(—+) of Ac,; let Ec, be the local system for the character (+—) of Ac..
Equivalently, L¢, is the local system on C; associated to the double cover
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d* = xy + 22, Fo, is the local system associated to the double cover
d? = —u?z + 2uvz + v?y, and Ec, is the local system associated to the
double cover d? = (zy + 22)(—u’x + 2uvz + v2y).
Dimensions, closure relations for these eight orbits in V), and their dual orbits in
VY, are given as follows:

Cr = Cy 5
PN
Cs=0Cy Ce = Co 4
[ T~ T
C3 =C1 Cy =Cs 3
[
Cy = Cs C, = Cs 2
S
Cy=0Cr 0

From this table one can find the eccentricities, as defined in Section 7.7, of these
strata:

ec, = dimCy+dimCy; —dimVy=0+5-5=0
ec, = dimCs+dimCs;—dimVy,=2+3-5=0
ec, = dimCs+dimCs—dimVy=2+4-5=1
ec, = dimCs3+dimCs;—dimVy=3+2-5=0
ec, = dimCy+dimCs—dimVy=3+4-5=2
ec, = dimCs;+dimCy—dimVy=4+3-5=2
ec, = dimCg +dimCy —dimVy, =44+2-5=1
ec, = dimC7;+dimCy—dimVy=5+0-5=0

16.2.3. Equivariant perverse sheaves. Table 16.2.1 shows the results of calcu-
lating P|¢ for every simple equivariant perverse sheaf ZC(C, £) and every stratum
C in V. Using this, Table 16.5.8 gives the normalized geometric multiplicity ma-
trix, mye,. Notice that my,, decomposes into block matrices of size 10 x 10, 4 x 4
and 1 x 1.

We now give a few explicit examples of the technique, sketched in Section 10.2.3,

which we used to find the local systems appearing in Table 16.2.1.

(a) The calculations from Section 15.2.3 show how to find rows 1-5 and row
11 so here we begin with row 6.
(b) To compute ZC(1¢,)|c for every Hy-orbit C' C V), observe that

64:{(w,X)€V/\ ‘ twX =0, det(X):O}.

Note that ‘wX = 0 implies det(X) = 0 provided w # 0. This variety is
singular precisely when w and X are both zero; in other words, Cj is the
singular locus of C4, as we remarked in Section 16.2.1. The blowup of Cy
at the origin is:

af = {((w,X),[a:b])GVAX]P’l| (b gw=0," (a b)XZO}.

twX =0, det X =0



TABLE 16.2.1. Standard sheaves and perverse sheaves in Perg, (V)

2 | Po [Pl ] Pl Ples, | Ples | Ples | Plos | Ple
IC(1¢,) 1¢, [0] 0 0 0 0 0 0 0
IC(1¢y) 1c,[2] 1c, (2] 0 0 0 0 0 0
IC(1¢y) 1c,[2] 0 1c,[2] 0 0 0 0 0
IC(1ey) 1¢, [3] 0 1c,[3] 1lc, 3] 0 0 0 0
IC(Ley) 1e,[1] 0 0 L [3] 0 0 0 0
IC(1c,) || Top[l] @ 1g[3] | 1oy [3] | 1, (3] 0 Ie,(3]| O 0 0
IC(Lcy) || Lo[2] @ Leo[4] | Loy [4] | Loy [4] | Les[4] © Los[4] | Ley[4] | Los[4] | 0 0
IC(1¢) 1c,[4] 1o, [4] | 1e,[4] 0 Te,Md | 0 | 1gg[4] 0
L(1e,) 1c,[5] 1, [5] | Ley, (5] 1, [5] Lc,[5] | Loy (5] | Legl5] | Le (5]
IC(Ley,) 1, [3] 1e,(3]] O L, [5] 0 |1 | 0 | ZLel5l
IC(Fey) 0 0 Feo, 2] 0 0 0 0 0
IC(Fe,) 0 0 | Fc,l3] 0 Fe, 3] 0 0 0
IC(Fey) 0 0 | Fc,[4] 0 Fe, 4] 0 | Fc,l4] 0
IC(Fey,) 0 0 Fe, 5] 0 0 0 Fei[5] | Feq [5)
IC(Ec,) 0 0 0 0 0 0 0 Ec, 5]

Let () 6&1) — Oy be the obvious projection. In the definition of @&1),
the first two equations imply the second two; this observation greatly
simplifies checking the following claims. The cover (1) : 5&1) — Oy is
proper and the variety CN'4 is smooth. Moreover, the fibres of 7(!) have the
following structure:

e above Cy, Cy and Cq, 7V is an isomorphism;

e the fibre of 7)) above Cj is P!.
It follows that 7(!) is semi-small. By the decomposition theorem,

(L [8)) = (1),
By proper base change,

IC(]]-C4)|C4 = ]]-C4 [3] ZC(]]-C4)|C72 = ]]-02 [3]
Le, [3] ZC(]]‘C4)|CO = l¢, [1] & 1g, [3]7

8
=
Q
2
I

and ZC(1¢,)|c = 0 for all other strata C.

(c) Next, we show how to compute ZC(Fc,). The singular variety Cy also

admits a finite double cover:

6«4(3) — ((U},X),(Oz,ﬂ)) A % A2 | X = (g) (a 6)a (a 6)“7:0

twX =0, det X =0

Again, the first two equations imply the second two. This variety is
singular precisely when w, X, and («,) are all zero. Consider the
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pullback:
&

N

SEY)

Then 5’&3) is smooth and the projections onto ~f), éil) and Cy are all
proper. The fibres of 7() : 5&3) — C4 have the following structure:

e the fibre of 7(® over Cj is the non-split double cover of Cj;

e the fibre of 7(3 over C5 is the non-split double cover of Cs;

e the fibre of 7(® over C; is isomorphic to Cy;

e the fibre of 7(® over Cy is P.
It follows that 7(® is semi-small and, by the Decomposition Theorem,
that:

Y (Lg [3)) = C(1e,) © TC(Fo, ).
It now follows that:

IC(Fe)le, = Feul3] IL(Fe)le, = Fouldl
L(Feu)le, = 0 IC(Fey)le, = 0.

We simply list the other covers needed to calculate P|¢ in all other cases except
P = 1IC(&;) following the procedure illustrated above in the cases P = IC(1¢, ) and
P =1IC(Fc,).

65{<<w,X>,[a:b1>ec5xP1|(a b)X(Z)Ov (= “>“’0}
Ce” ={((w. X),[a: b)) € Co x P! | (a b)) X =0}
67 ={(x), @ e tontl x=(§) (@ 9}

~§1):{(w,X,[a:b])€VA><]P’1|(a b)X<Z> = }

552’:{((w,X),[a:b;r])evAxPﬂ(a b)X<Z>:r27 (=b a)sz}

Finally there is the most complex example: the smooth cover ‘Z)\ of C7 = Vy needed
to understand ZC(E7). The construction of the smooth cover Vy of V) proceeds by
first adjoining a square root of

(—u?z + 2uvz 4 v2y) (zy + 22).
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This results in a variety which is singular on Cy. After blowing up along C the
result will still be singular along Cj, so a further blow up along Cj is needed. The
following steps construct V' in detail.

(i)

(iii)

Let 17/\(1) be the blow up Vy along C; This equivalent to adding coordinates
[a: b] € P! and the condition

(a b)Xw:(),

because the two equations Xw = 0 define Cy.
Let V;z) be the blow up of Cél) along C3. For this one must add coordi-
nates [c : d] € P! with the condition

(—d c)w =0,

because the equation w = 0 defines C'3. The additional equation necessary
to define the blow up is

(a b)X (2) = 0.

Next, we replace [a : b] with [a : b: 7] and add the equation

(a b)X (z) _ 2,

The resulting variety, ‘7/\(3) has coordinates:
(w,X,[a:b:7],[c:d])
together with all the above equations. Then 17;3) is a double cover of ‘7/\(2)

and is singular precisely when

X<Z>—0 and  [a:b]=[c:d]

We now form the blowup V) of 17)\(3) along the singular locus. In order to
have homogeneous equations we write our relations in the form

X@(C =0 (a b)(_dc>:0.

Then V is formed by introducing coordinates [Y" : y|, where Y is a 2 by 2
matrix, and the conditions

X(Z) (¢ dy=Y(a b (_dc>

(2) Y=0  trace(Y)=0.

and

Note that [c : d] determines Y up to rescaling.
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16.2. 4 Cuspidal support decomposition and Fourier tmnsform Up to conju-
gation, G = Sp(6) admits three cuspidal Levi subgroups: G = Sp(6) itself, the
group M = Sp(2) x GL(1) x GL(1) and the torus 7 = GL(1) x GL(1) x GL(1).
Simple objects in these three subcategories are listed below. This decomposition is
responsible for the choice of symbols £, F and £ made in Section 16.2.3.

Perpr, (Va)7 || Perar, (Va)ur || Perm, (Va)e

IC(]]-CO)
ﬂ:(]lcl)
IC(]lcz) E(]:C'z)
IC(le,) IC(Lcy)
IC(1e,) IC(Fecy)
IC(1cy)
(]]‘CG) IC(]:CG)
IC(]IC7) E(‘CC7) %(]:07) %(507)

The Fourier transform respects the cuspidal support decomposition; see Ta-
ble 16.2.2.

TABLE 16.2.2. Fourier transform
Ft *
| Pery, (Vi) 5 Pery, (V5) |

IL(lg,) =  IC(lgg)
IL(le,) = IC(1cy)
IC(le,) v+ IC(Lcg)
IC(]lCS) — IC(]lcg)
IC(Le,) = IC(lgy)
C(le,) = IC(1cy)
IL(le,) = IC(Lle:)
IC(]lCﬁ) — ZC(,CCT)
IC(]lC7) — IC(]lc;)
IC(Le,) = IC(L¢gp)
IC(]‘—CQ) — E(}-CZ*)
IC(]:C4) — E(fcg)
IC(Fc,) =  IC(Fey)
IC(J:C7) — IC(]:Q;;)
%(507) — %(ch)

16.2.5. Equivariant perverse sheaves on the regular conormal bundle. For each
stratum C, we pick (x,§) € T (Va)reg such that the Hy-orbit T (Vi )sreg Of (2,§) is
open in Tc*vi (V,\)reg. Then, we find all equivariant local systems on each T (V) )sreg-
The perverse extensions of these local systems to the regular conormal bundle
Ty, (V\)reg Will be needed when we compute vanishing cycles of perverse sheave on
Vy in Section 16.2.6. Here we revert to expressing Vy as a subvariety in g, largely
for typographic reasons.
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Base point for TEO(V,\)sregi

0 0

(w0,&0) =

— O
O =
o

0 1

The equivariant fundamental group is A, ¢ = Zu,(z0,0) = S[2].
Thus, T, (Va)sreg carries four local systems. The following table displays
how we label equivariant local systems on T¢ (Va)sreg by showing the
matching representation of A, ¢.):

LOCHA(TéO(VA)Sreg): ]]-(90 EOO -7:(90 5(90
Rep(Azpe): ++ — —+ +-—

The map on equivariant fundamental groups Ay, ¢,) — Az, induced
from the projection T¢ (Vi)sreg — Co is trivial; on the other hand, the
map on equivariant fundamental groups A, ¢,) — A¢, induced from the
projection T¢, (Va)sreg = Cg = C% is the identity isomorphism.

S[2]

[

id
1=A4,, +— A(fco,éo) — Ago

Pull-back along the bundle map:
Peer (Co) — PerHA (Téo (V)\)reg)

IC(1le,) + IC(1p,
IC(‘COO)
IC(‘FOO)
E(goo)
Base point for T¢ (V) )sreg:
1 0
0 0 0
0 0 0
('rlvgl) = 0 1 0 )
1 0 1
0 0

The equivariant fundamental group is A, ¢) = Zmu, (x1,&) = S[2].
Thus, T¢, (Va)reg carries four local systems. The following table displays
how we label equivariant local systems on T (Vi)sreg by showing the
matching representation of A, ¢

LOCH/\ (Tél (V)\)sreg) : ]]-(91 [’Ol ]:01 gol
Rep(Ag,e)) 1 ++ —— —+ +-—

For use below, we remark that Lo, is the local system associated to the
double cover arising from taking v/det X".
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The map on equivariant fundamental groups A, ¢,) — Az, induced
from the projection T¢ (Vi)sreg — C1 is trivial; on the other hand, the
map on equivariant fundamental groups A, ¢,) — Ag¢, induced from the
projection T (Va)sreg — CT = C4 is (s2, 53) > s253.

S[2]

[

1= Aml — A(ﬂh,fl)

(s2,83)r>5253
_—

Ag, = {+1}
Pull-back along the bundle map:

Locu, (C1) — Locu, (T¢, (Va)sreg)
1c, = Lo,
Lo,
Fo,
Eo,

Cy: Base point for T, (Vi )sreg:

0 0

(12,&) =

_= O
o O

0 1

The equivariant fundamental group is A, ¢,) = Zu, ((72,&2)) = S[2].
Thus, T¢, (Va)reg carries four local systems.

LOCHA (Téz (V/\)sreg) : ]1(92 £o2 ]:(92 5(92
Rep(Awy) 0 ++ —— —+ +-

The map on equivariant fundamental groups A(,, ¢,) — Az, induced
from the projection T¢, (V)sreg — Ca is given by projection to the second
factor while the map on equivariant fundamental groups A, ¢,) — Ag,
induced from the projection T¢, (V))sreg — C5 = C{ is projection to the
first factor:

S[2]
lid

(+1) = A,, JSa(szse) Aty n) _(s2,83) 82 Ag, = {£1}

Pull-backalong the bundle map:

Locy, (C2) — Locy, (Té2 (V)sreg)
]102 — ]l(gz
Lo,
Fo,
.7:02 — 5()2
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043

Base point for TES(V,\)sregi

0 0
1 0 1
0 1 0
(x3,&3) = 0 0 0
0 0 0
0 1

The equivariant fundamental group is A, ¢y = Zu, ((23,3)) = S[2].
Thus, T, (Va)reg carries four local systems.

LOCH/\(Té'_g(V)\)SI“eg): ]103 £Os ]:(93 503
Rep(A(syen) 1 ++ —— —+ +-

The map on equivariant fundamental groups A(,, ¢,) — Az, induced from
the projection TéS(VA)sreg — Cy has kernel Z(H)y), while A, ¢,y — Ag,
is trivial.

S[2]

J{id
{:l:l} = /1363 M A(m3753) —_— Afa =1

Pull-back along the bundle map:
LOCH)\ (03) — LOCH/\ (Té3 (V)\>sreg)

]]-C3 — ]].(93
£c3 = ‘C(')o
Foo
Eo,
Base point for T54(V,\)sreg:
1 0
0 0 0
1 1 0
(r4,&) = T 0
0 -1 1
-1 0

The equivariant fundamental group is A, ¢,y = Zu, ((74,&1)) = Z(@)
Thus, T¢, (Va)reg carries two local systems.

Loca, (TE4(V>\)sreg) : 1o, Fou

Rep(A(z4,E4)) : + —
The map on equivariant fundamental groups A, ¢,) — Az, induced
from the projection T¢, (V))sreg — Ca is the identity isomorphism, while
A(w4,£4) — A§4 is trivial.

Z(@)

|

id
{:tl} = AI4 — A(m4’§4) e A§4 =1
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Pull-back along the bundle map:
LOCH)\ (C4) — LOCHX (Té4 (V)\)sreg)

1104 — ]].(94
.7:04 = f(94
Base point for T¢, (VA )sreg:
0 1
1 1 0
0 0 -1
(@5,&5) = 01 -
0 0 0
0 1

The equivariant fundamental group is A, ¢y = Zu, ((75,85)) = Z(G).
Thus, T¢, (Va)reg carries two local systems.

LOCHA (Tg‘g, (VA)Sreg) : ]los ‘7:(95
Rep(A(ws,&w)) : + —

The map on equivariant fundamental groups A, ¢,) — Az, induced from
the projection T¢, (Vi)sreg — Cs is trivial, while A, ) — Ag, is the
identity isomorphism.

2(G)

J{id
1= Aa:;, — A(w5755) I4d> Aﬁs = {:l:}

Pull-back along the bundle map:

Locu, (C5) —  Locu, (T4, (Va)sreg)
]105 — ]1@5
Fos,

Base point for T¢ (V) )sreg:
10

jen}
o O
O =

(w6,&6) =

o o
O =
—

0 0

The equivariant fundamental group is A, ¢y = Zu,((z6,)) = S[2].
Thus, T, (Va)reg carries four local systems.

Locu, (Tg,(Va)sreg) © Lo, Lo, Fos Eos
Rep(A(ﬂiﬁyéﬁ)): t+ = -+ -

The map on equivariant fundamental groups A, ,¢s) — Az induced from
the projection TC*VS(VA)sreg — (Y is given by projection to the first factor
while the map on equivariant fundamental groups A, ¢,y — Ag, induced
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from the projection T¢, (Va)sreg — C§ = C3 is projection to the second
factor:

S[2]

|

{1} = A,, M A(ZG,&) M Agy = {£1}

Pull-back along the bundle map:
Locy, (Cs) — Locq, (T¢, (VX\)sreg)

]]‘CG — ]].(96

Lo,

]:06 — .7:(96

Eoq

C7: Base point for Tg‘7(VA)sreg:
1 0

0 0 1

0 1 0
(337’ §7) = 0 0 0
0 0 1

0 0

The equivariant fundamental group is A, ¢y = Zu, ((v7,&7)) = S[2].
Thus, T¢, (V)reg carries four local systems.

LOCHA(T57(V>\)Sreg): ]1(97 ‘CO7 ]:(97 5(97
Rep(A($7,€7)): t+ = -+ 4=

The map on equivariant fundamental groups A, ¢) — A, induced
from the projection T¢, (Vi)sreg — C7 is the identity, while the map
on equivariant fundamental groups A, ¢) — Ag, induced from the
projection T¢; (Vi )sreg — Cq = Cf is trivial.

S[2]

[

id
Aqs A(m77§7) ’ A§7 =1

Pull-back along the bundle map:

LOCHA (07) — LOCHX (Té7 (V)\)sreg)
]107 — ]l(97
£C7 — [:(97
.7:(]7 —> f(97
807 — 5(97

16.2.6. Vanishing cycles of perverse sheaves. Tables 16.2.3 and 16.2.4 record
the functor PEv on simple objects, from two perspectives. In this section we explain
some of the calculations.

Rows 1-5 and row 11 of Table 16.2.4 follow from Section 15.2.5.

We show how to calculate row 6. First note that it follows from Proposi-
tion 7.5.1 that all of PEve, IC(1¢, ), PEve, IC(1¢, ), PEve, ZC(1¢,) and PEve, IC(1¢,)
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vanish. We calculate PEve, ZC(1¢, ), PEve, IC(1¢, ), PEve, ZC(1¢,) and PEve, IC(1c, ),
here.

(a) To calculate PEve,ZC(1c,), recall the cover m(ll) : 5’51) — C4 from
Section 16.2.3. For reasons explained in Section 10.2.6, we begin by finding
the singularities of the composition f o (m(ll) x id) on Cil) x C§. The
equations that define 5&1) x Cg as a subvariety of V) x P! x V¥ with
coordinates (w, X, [a : b],w’, X') are

(—b a)w:O, (a b)X:O,
twX =0, det(X) =0
together with the equations that define Cj in terms of w’ and X’. The
singularities of f o (774(11) x id) on Cil) x C, are found by examining the
Jacobian for the functions taking (w, X, [a : b],w’, X’) to

(=b a)w, (a b)X, ww+trace(X'X);
this Jacobian is given here:

du dv dr dy dz da db du dv' da' dy dY

-b a 0 0 0 v —u 0 0 0 0
0 0 —a O b —=x 0 0 0 0
0 0 0 b a z 0 0 0 0
o W2y 220 v T oy 2z

o
S OO O

where the second and third rows correspond to the function with value

a b) X. This system of equations forms an H-bundle over P!, so we can
specialize the [a : b] coordinates to [1 : 0] without loss of generality. Now
we can see that if the rank of this matrix is less than 4 on éil) x C then
v’ =y’ =0, which implies *w’X’w’ = 0, which contradicts (v, X') € C§.
Therefore, f o (m(Ll) x id) is smooth on CN'il) x Cg. Now, by Lemma 7.2.2,

R (1 =0.

q’fo(wy)xid) c xc;;)

By smooth base change, this implies
PEve, IC(1¢,) = 0.

(b) The argument showing PEve, ZC(1¢,) = 0 is similar to (a) above. To find
the singularities of fo (wil) x id) on d&l) x CF we simply add the equation
that defines C} to the list of functions in the case above. The Jacobian
for the functions

(=b a)w, (a b)X, ww+ trace(X'X), w' =0,

is given here,

du dv dxr dy dz da db du dv di’ dy dZ

-b a 0 0 0 v —u 0 0 0 0 0
0 0 —a 0 b -2 =z 0 0 0 0 0
0 0 0 b a z Y 0 0 0 0 0
o W2 oy 220 0 w v oz oy 2z
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0,



(c)

(d)

where, as above, rows two and three refer to (e  b) X. Arguing as above,
by setting [a : b)) = [1 : 0] we find z = z = v = 0. If the rank of this
Jacobian were less than 6 then v’ = ¢ = 0 so ‘wX’w = 0, which would
force the point to be non-regular in the conormal bundle. It follows that

fo (m(ll) x id) is smooth on the regular part of éil) x C¥. Therefore,
PBRve, IC(1¢,) = 0.
The closed equation that cuts out Cj is rank X’ = 1. Thus, to find the
singular locus of f o (m(ll) x id) on éil) x C3 we consider the functions
(=b a)w, (a b)X, ww+trace(X'X), det X',
and the associated Jacobian, below.
du dv dxr dy dz da db du dv di dy dZ

-b a 0 0 0 v —u 0 0 0 0 0

0 0 —a O b —x =z 0 0 0 0 0

0 0 0 b a z Y 0 0 0 0 0

o W2 oy 22 0 0 w v oz oy 2z

o o 0o 0 o O o0 0 0 gy 2 2
i

If the rank of this Jacobian is not maximal, then u’ = 3’ = 0, which implies
fw'X'w' = 0 which contradicts (w’, X') € C3. Thus, fo (wfll) x id) is
smooth on C’il) x C5. It follows that

PRy, IC(1¢,) = 0.

The closure of Cy x C} is cut out by the equations

zutzv=0,, zutyo=0, u’ 2 +2v'7 +v"7y.

We wish to find the restriction of
f=zx' +222 +yy +uu + o0
to Cy x Cf in local coordinates. Localize away from v = 0, and v = 0

and note that this implies that y # 0 on C4 x CJ; note also that (z4,&4)
lies in this open subvariety. Then

2 N 2 ’
—v —vz , U , v,
SO we may rewrite
! ! / i !
f=axx' +2z2" +yy +uu' +ovv

v !

2 v u'\? v
_ _ I 97 I - / . / /
= (u) yx 2uyz y<v’> x +2u,z+uu + vv

vy 2 w2 v oo
=y <7> —<,> x’—2<+/)z’ +uu’ + v’
u v u o v

1

= —— (uu' + ') ((vv’ —uu') 2’y — 2uv' 2y + u2v’2>
u2v’?

This gives us f expressed in the form ¢XY where ¢ is non-vanishing and

non-singular, X and Y are both non-singular on Cy x Cj (for X this is

because the differential of v’ is non-zero for Y it is because the differential
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of 2’ is non-zero). It follows from Corollary 7.2.6 that the vanishing cycles
functor evaluates to a constant sheaf, so
pEVC4 IC(1C4) = ZC(]loax)'
This completes the calculations needed for row 6 of Table 16.2.4.
We show how to compute row 12. As recalled in Section 10.2.6, PEve IC(F¢,) =

0 unless C C Cy, and PEvc, IC(Fe,) = IC(Fo,); see Section 16.2.5. So here we
determine PEve, IC(Fc,) for i = 0,1,2. Recall the cover 7y : C\¥ — €, from
Section 16.2.3. As above, we begin by finding the singularities of the composition
fo (wis) x id) on 5‘&3) x CF. The equations that define Cv'ig) x C} as a subvariety
of V x A% x P! x V* with coordinates (w, X, A, B, [a : b],w’, X') are

(a b) (g)—o, (a b)X =0,
(—b a)w:O7 X:(A B) g )
(-B A)w=0, 'wX =0, det(X) = 0,

together with the equations that define C in terms of w’ and X’. The conormal
bundle to this variety is generated by the differentials of the functions

@n(z) b aw

together with the equations that define C¥. We find the singular locus of fo (774(13) X
id) on C’f’) x CF by checking the rank of the Jacobian of these functions. This will
determine the support of the sheaf

(155) R® (1

Fo(r§P xid)\ P x )-

If fo (7@(13) x id) is smooth on 5’&3) x C} or if the restriction of this sheaf to the
preimage of (Cy X C})reg under m(f’) x id is 0, then Evg, Fo, = 0. However, if the
restriction of (155) to the preimage of (Cy X CJ)yeg under m(lg) x id is not 0, then
to determine PEve, IC(F¢,) we must calculate the pushforward of this restriction
along the proper morphism 7r4(13) x id (and in principle eliminate any contribution
from PEve,(1¢,), however in each of the following three cases there is none). We
now show the remaining calculations for row 12.

(e) To find the support of (155) when C; = Cs, we consider the differentials

of the following functions.

(=b a)w, (a b) (g), w'w + trace(X'X), det X'.

This gives the following Jacobian, in which we hide z, y and z since we
have z = —A2, 2 = AB and y = B?. In this table the rows are the
differentials of the above functions, in that order, and to save space, we
set A':= — Az’ + B2’ and B := A2’ + By':

du dv dA dB da db du dv' dx' dy dZ

-b a 0 0 v —u 0 0 0 0 0
0 0 a b A B 0 0 0 0 0
u v 24" 2B 0 0 U v —A%? B? 24B
0 0 0 0 0 0 0 0 y x’ 2z



(f)

Again we observe that this system of equations is an Hy-bundle over P!
and therefore we can set [a : b] = [1 : 0] without loss of generality. If we
do this we find v = z = z = A = 0. Moreover, if we suppose that the
rank is not maximal, then v/ = 0 by inspecting the first four columns and
y' = 0 by inspecting the fourth column. This implies ‘w’X’w’ = 0 with
contradicts (w’, X') € C5. Thus, the singular locus of f o (m(f’) x id) on
d&g) x C5 is empty. It follows that

PBve, IC(Fy) = 0.

To find the support of (155) when C; = C1, we consider the differentials
of the following functions.

(=b a)w, (a b (g) race(X'X).

In this case we have v’ = v/ = 0, so they may be omitted, and so the
relevant Jacobian is:

du dv dA dB da db dx' dy d7

-b a 0 0 v —u 0 0 0
0 O a b A B 0 0 0
0 0 24" 2B" 0 0 —A%? B? 24B,

where, as above, we set A':= — Az’ + Bz’ and B’ :=Az' + By’. On
Cf’) x C7 we find that the singular locus of f o (Wf) x id) is cut out by

A=B=0, (—b a)sz.

This is already sufficient to conclude that PEve, ZC(Fe,) # 0. Since we
only need to compute the vanishing cycles (155) over the regular part
of the conormal bundle, we may assume w # 0. We claim that local
coordinates for the regular part of the conormal bundle are given by
(X', w). Indeed, the coordinate [a : b] is determined by w and all other
coordinates are zero on the singular locus. It follows from this that the
map from the singular locus to T¢ (V) )reg is one-to-one. Moreover, we are
free to localize away from the exceptional divisor of the blowup and thus
essentially ignore [a : b] while computing the vanishing cycles. Doing this,
we can give new coordinates for our variety by setting

()=

for some new coordinate c. That is, on this open we have local coordinates
u,v,c,x’,y’, 2/, with no relations, and we wish to compute

R¢)02(7u2$’+2uvz’+v2z') (]1)

The function —u?z’ 4 2uvz’ + v?2z’ is smooth and non-vanishing on the
regular part of the conormal bundle, so by setting h = —u2a’ + 2uvz’ +
122/, we may consider the smooth map on our open subvariety induced
from the map A® — A? given on coordinates by (u,v,c,2’,y’,2')
(¢, h). By smooth base change R®.2(_y25/ 42002/ +0v221)(1) is the pullback
of R® 2, (1). It follows from Lemma 7.2.4 that R®2j, (1) is the skyscraper

sheaf on ¢ = 0 associated to the cover arising from taking the square root
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of h. Pulling this back, we have the same. This is the cover associated to
the sheaf Fp, in Section 16.2.5, so

pEvcl IC(.FC4) = E(fol )

To find the support of (155) when C; = Cy, we consider the differentials
of the following functions.

(=b a)w, (a b) <g) , w'w + trace( X' X).
This determines the following Jacobian, in which we again use the notation
A':= — Az’ + Bz’ and B':= Az’ + By':
du dv dA dB da db du dv dx' dy @ dZ

-b a 0 0 v —u 0 0 0 0 0
0 0 a b A B 0 0 0 0 0
u v 24" 2B 0 0 U v —A%2 B? 2AB.

The singular locus of f o (m(f’) x id) on éf’) x C§ is
u=v=A=B=0, (a b)w =0.

Note, this is already sufficient to conclude that PEve, ZC(Fe,) # 0. We
may assume w’ # 0, since we only need to compute (155) the vanishing
cycles over the regular part of the conormal bundle. Local coordinates for
the conormal bundle are now given by (w’, X’). Since [a : b] is determined
by w’, and all other coordinates are zero, it follows that the map from the
singular locus to T¢ (V) )reg is one-to-one. In the following, wherever we
write (a,b) you should interpret this as either (1,b) or (a, 1) as though we
were working in one of the two charts for P!.

We pick new local coordinates in a neighbourhood of the singular
locus: these will be [a : b], ¢, d, X', w’ with the change of coordinates given
by (A4, B) = ¢(=b,a) and (u,v) = d(a,b). The function ww’ + trace(X X’)
may now be re-written in the form

Maww+8@b@x«j>

The functions h = (¢ b)w' and g = (b a) X’ <_ab> are smooth (on

the regular part of the conormal bundle). We may thus consider the map
to A* induced by:

([a:b],e,d, X" w") = (c,d, h, g)

The map ww’ + trace(X X') is simply the pullback of dh + c2g. Thus, if
we can compute RP gy, 2,4(1) on A*, by smooth base change this will give
us R®,y 4 trace(x7x) (1) over the regular part of the conormal bundle. By
Proposition 7.2.5, we see that R®ge 2,(1) is the skyscraper sheaf over
d = h = ¢ = 0 associated to the cover coming from adjoining the square
root of g. Pulling this back to 5’&3) x C¢ and identifying the singular locus
with the regular part of the conormal, we conclude that

pEVCU IC(]:C'4) :E(‘FOO)

by comparing the covers associated to the local systems in Section 16.2.5.



(h) The computations for PEve, ZIC(F¢,) are essentially the same as those for
PEve, IC(1¢,). While working on the cover one has x = A% y = B2
z = AB, the result is that one finds

f=xz + 227 +yy +w 4+ v
1
= —— (w + ) ((v’v’ —wu') 2’ B? — 2uv'2' B? + uQU’Q) .
u?v

Taking the proper pushforward we obtain a direct sum of two sheaves,
however as PEve, ZC(1¢, ) was the constant sheaf, we realize PEve, IC(F¢,)
will be the non-trivial factor.

PRve, IC(Fe,) = IC(Fo,)-

TABLE 16.2.3. PBv : Perp, (Vi) — Perp, (Tf;, (Vi)reg) on simple
objects, for A : Wr — LG given at the beginning of Section 16.
See also Table 16.2.4.

Pers, (V) —%  Pers, (Tj, (VA)reg)
IL(le,) = IC(lo,)
IC(1e,) = IC(lo,)
IC(1le,) +  IC(Lo,) ®IC(Loy)
IC(1le,) +— IC(1e,)
IC(Le,) +—  IC(Loy) ®IC(1o,)
IC(Lle,) = IC(lo,)
IC(1le,) +— IC(1ey)
IC(1les) = IC(Lo,) ®IC(Lo,)
IC(le,) = IC(lo,)
IC(Le,) = IC(Lo,) ®IC(1lo,)
IC(Fe,) +—  IC(Fo,)
IC(Fe,) =  IC(Fo,) ®IC(Fo,) ® IC(Fo,)
IC(Fes) =  IC(Eos)
IL(Fe,) = IC(Fo,)dIC(Fo,) & IC(Fo,)
IC(Ec,) + IC(Eo,)DIC(Fo,) DIC(En,) DIC(En,)
© IC(Fo,) ®IC(Eo,) ® IC(Fo,) ® IC(Lo,)

16.2.7. Normalization of Ev and the twisting local system. Using Table 16.2.4
we find our second case when the equivariant local system 7 is non-trivial:

T = ]1§90 o1, o L) o 1%, @ 15, @ ]lﬁgs @Eﬁ% ®1f, .

We use 7 in Table 16.5.5 to calculate PNEv : Perg, (Va) — Perg, (T, (Va)reg);
compare with Table 16.2.4

16.2.8. Vanishing cycles and the Fourier transform. Compare Table 16.2.6 with
the Fourier transform from Section 16.2.4 to confirm (134) in this example.
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TABLE 16.2.4. Bvws : Perg, (V)) — LOCH)\(T;IA(V)\)sreg) on simple
objects; see also Table 16.2.3. Here we use the notation

Evs; := Bvsc,.

| P [ BsP EsiP EsP EssP EsiP EssP BsP Ewsr P
IC(Le,) || ++ 0 0 0 0 0 0 0
C(1c,) 0 ++ 0 0 0 0 0 0
IC(le,) | —— 0 — 0 0 0 0 0
C(1c,) 0 0 0 ++ 0 0 0 0
IC(Ley) || O 0 ++ - 0 0 0 0
C(1e,) 0 0 0 0 + 0 0 0
(1) 0 0 0 0 0 + 0 0
ZC(1cg) 0 — 0 0 0 0 — 0
C(1ley) 0 0 0 0 0 0 0 ++
C(Le,) 0 0 0 0 0 0 ++ -
IC(Fey) 0 0 —+ 0 0 0 0
IC(Fey) | —+  —+ 0 0 - 0

TC(Fey) 0 0 0 0 0 +—
C(Fe,) || O -+ 0 - 0 —+
() || +- —+ o 4+— -+ - — -+ -

16.2.9. Arthur sheaves. Arthur perverse sheaves in Perg, (V)), decomposed into
pure packet sheaves and coronal perverse sheaves, are displayed in Table 16.2.7.

16.3. ABV-packets.

16.3.1. Admissible representations versus perverse sheaves. Using Vogan’s bi-
jection between Perp, (VA)jlirSI:)ple and IIY"°(G/F) as discussed in Section 10.3.1, we
now match the 8 Langlands parameters from Section 16.1.1 with the 8 strata from
Section 16.2.1 and the 15 admissible representations from Section 16.1.2 with the
15 perverse sheaves from Section 16.2.3; see Table 16.3.1.

16.3.2. ABV-packets. Using the bijection from Section 16.3.1 and the cal-
culation of the functor Ev from Section 16.2.6, we now easily find the ABV-

packets H?BV(G/F ) for Langlands parameters ¢ with infinitesimal parameter

A : Wr — LG, using Section 10.3.2. We record the stable distributions nmE"s arising
from ABV-packets through our calculations in Table 16.3.2. We will examine the
invariant distributions nﬁi’s, later.

16.3.3. Kazhdan-Lusztig conjecture. Using the bijection of Section 16.1.4, we
compare the multiplicity matrix from Section 16.1.3 with the normalized geometric
multiplicity matrix from Section 16.2.3. Since ‘myep = My, this confirms the
Kazhdan-Lusztig conjecture (147) in this example. Recall that this allows us to
confirm Conjecture 2 as it applies to this example, as explained in Section 10.3.3.

16.3.4. Aubert duality and Fourier transform. To verify (148), use Vogan’s
bijection from Section 16.3.1 to compare Aubert duality from Section 16.1.5 with
the Fourier transform from Section 16.2.4.
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TABLE 16.2.5. PNEv : Perp, (Vi) — Perp, (17, (Va)reg) on simple
objects, for A : Wr — LG given at the beginning of Section 16.
See also Table 16.5.5

ol
z
o

Perp, (Vi) — Perm, (Tj, (Va)reg)
IL(1le,) +— IC(lo,)
IL(1le,) = IC(1lo,)
IC(le,) = IC(lo,) ®IC(Lo,)
IC(1le,) +— IC(le,)
IC(Ley) = IC(Lo,) ®IC(Lo,)
IL(1le,) = IC(lo,)
IC(1le,) +— IC(1le,)
IC(le,) = IC(lo,) ®IC(Lo,)
IL(1le,) = IC(lo,)
IC(Le,) = IC(Lo,) ®IC(Log)
IC(Fe,) +—  IC(Eo,)
IC(Fe,) +— IC(Fo,) DIC(Fo,) ®IC(Fo,)
IC(Fcs) +—  IC(Fos)
IC(Fe,) = IC(Fo,) ©@IC(Fo,) & IC(Fo,)
IC(Ec,) w IC(Eo,)DIC(En,) DIC(En,) DIC(En,)
® IC(Fo,) ® IC(Fo,) ® IC(Fo,) ® IC(Eo,)

16.3.5. Normalization. To verify (150), compare the twisting characters y.
of Ay from Section 16.1.5 with the restriction 7y to T (Vi)reg of the 7 from
Section 16.2.8. In both cases the character is trivial except on Ay, and Ay,
where it is the character (——), using notation from Section 16.1.4. Using this
notation, here is another perspective on 7, where for each C' C V) we display the
corresponding character of AZI°. As a provocation, we also display the parity of
the eccentricities of the orbits C.

H Co C1 Cy (C3 Cy C5 Cg Oy
Tc ++ ++ — ++ + + —— 4+
(=1)cc 1 1 -1 1 11 -1 1

16.3.6. ABV-packets that are not Arthur packets. We conclude Section 16.3 by
drawing attention to the two ABV-packets H(;“;FV(G/F) and HﬁgBV(G/F) that are
not Arthur packets, as ¢; and ¢3 are not of Arthur type. While the following
two admissible homomorphisms Ly x SL(2,C) — G are not Arthur parameters
because they are not bounded on Wp,

wl(wv‘ray) = VQ(y)@(V%(dw)®V2(x))v
Us(w,z,y) = wa(z) ® (13(dw) ® 1a(y)),

they do behave like Arthur parameters in other regards, as we now explain. First
¢y, = ¢1 and ¢y, = ¢3. We note too that 13 is the Aubert dual of ¢);. Let us
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TABLE 16.2.6. Comparing this table with Table 16.2.2 verifies
(134) in this example. Recall the notation O; ::TC”ii(VA)sreg and

that ﬁE?i denotes the extension by zero of E% from T, (V) )sreg to
TITI)\ (V/\)sreg-

| Perr, (1) ™5 Locw, (Tir, (Vi)ses) 5 Loca, (T, (Vi) £ Pera, (V) |

C(le,) +— 1%, — ]lﬁoa “ IC(Lcg)
IC(ley)  +— 15, — 11?9r “~  IC(ley)
C(le,) 15, ® LY, — 1hs ® L “ IC(Ley)
IC(ley)  — 1%, — 11E9§ “~ IC(ley)
C(Ley) LY, &L, — Los ® Lo “— IC(lcy)
C(le,) +— 1%, — 1592 “~ TC(lcy)
C(ley) 1%, — 1, “— IC(Lcy)
C(Lleg)  +— 1%, @ L3, — ngg @ L1, “~  IC(Lcr)
C(le,) 15, — 1%, “~ IC(Lc:)
C(Le,) LY, & LY, — Los @ LY, “ IC(le)
IC(Fe,) £, > 5};5 —  IC(Fcy)
IC(Fe,) =  Fo,0Fo, ®Fo, =  For ®Fo @Fos 1 IC(Fey)
IC(Fe,) +— T — J—"éé “ IC(Fep)
IC(Fo;) = Fo,@Fo, ®Fp, = Fou®Fo ©Fb 1 IC(Fop)
IC(Ec;) = Eb ®EHDES, v Eb ®EL ®ES.  — IC(Ecy)
B EH, B F5,® @shz@ﬁg@
Fo, ®Fo, ®EY, Foos ® Fopr ® Eds
TABLE 16.2.7. Arthur sheaves
Arthur || pure packet coronal
sheaves || sheaves sheaves
Ac, IC(1ey) @ IC(1e,) ® IC(Fe,) ® IC(Ec,)
Ac, IC(Lle,) @ IC(Ley) ®IC(Fe,) ®IC(Ec,)
Ac, IC(Ley,) ®IC(Fey) ® IC(Lcs) BIC(Ec,)
Acy, || IC(Les) @ IC(Les) @ IC(Fe,) ® IC(Ecy)
Ac, || ZC(Lle,) @ IC(Fe,) @ C(Ec,)
Acy IC(lcs) & IC(Fe,) ®IC(Ec,)
Acg IC(Lleg) ®IC(Fey) ® IC(Lc,) ®IC(Ec,)
Ac, || ZC(le,) @ IC(Le,) ® IC(Fe,) ® IC(Ec,)
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TABLE 16.3.1. Bijection between equivalence classes of irreducible
admissible representations of pure rational forms of SO(7) and
isomorphism classes of simple perverse sheaves on V)

Per s, (Va)%mPle || TIZ™(G/F)
IC(1c,) (m(¢0),0)
IC(1e, ) (m(¢1),0)
IC(1c,) (m(¢2,+),0)
IC(1c,) (m(¢3,+),0)
IC(Lcy) (m(¢3,—),0)
Ic(1e,) (7(¢a,+),0))
ZC(1cs) (7(¢s5),0)
IC(1c,) (m(¢6, +),0)
Ic(1c,) (m(¢7, ++),0)
IC(Lc,) (7(¢7,——),0)
IC(F>) (m(¢p2, =), 1)
IC(Fy) (7(pa,—), 1)
IC(Fe) (m(¢6,—), 1)
1C(F7) (m(p7, —+),1)
1C(&r) (m(¢7, +-), 1)

TABLE 16.3.2. Stable virtual representations arising from ABV-
packets. For typographic reasons, we use the abbreviated notation
T =7(pi), T :=m(hs, ) and wEE 1= m(¢y, £4).

define

ABV- || pure L-packet coronal

packets || representations representations
gy || [(m0,0)] +(m3, 0)] + [(m3, )] + [(w =, 1)]
ng; || [(m1,0)] +H(my D]+ (g, 0)] + [77 7, 1)]
gs || (m3,0)] = [(m3, 1)) =[(m5,0)] + [(m7 =, 1)]
gy || 1w, 0)] + (75, 0)] ~[(x7 D] = (777, 1))
gy || (w3, 0)] = [(m, 1) =[(mF =, 1)]
ge || l(ms,0)] +H(mr D]+ (7, 1)
nge || (75, 0)] = [(mg , 1)] =[(m7 =, 0)] + (777, 1)]
g || (73, 0)] + [(m7 —,0)] = [(m7 . 1)] = [(mF ~, 1)]

W (G/F)=TgPY(G/F)  and - IGT(G/F) =TV (G/F).
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Then IT}"(G/F) and 11} (G/F) define the following pseudo-Arthur packets for
G and G:

My (G(F)) = {m(¢1), m(de,+)},
H’L/JJ(G(F)) = {77((25374')’ 7T(¢3a_)}7

and

le (Gl(F)) = {ﬂ—(¢4a_)a 7T(¢77+_)}7

Hwa(Gl(F)) = {ﬂ-(¢7a_+)?ﬂ-(¢77+_)}'
Aubert duality defines a bijection between I, (G(F')) and IL, (G(F')) and between
Iy, (G1(F)) and IIy, (G1(F)). Moreover, it follows from the Kazhdan-Lusztig

conjecture, which we have already established for this example in Section 16.3.3,
that the associated distributions

@121 = Ox(p1) T On(g6,4)
Oy, = Ox(ps+) T On(gs,—)
and
o
Oy 1= ~ (=On(4s) = On(4r.1))
O = = (+On(gr.—4) T On(pri))

are stable. Moreover, using the characters of microlocal fundamental groups arising
from our calculation of the functor Eve, and Eve, we may define @ghs, @gll’s,
0 . and ©F .. It follows from Section 16.1.6 that these distributions coincide
with the endoscopic transfer of stable distributions from an elliptic endoscopic
group G'; those stable distributions on G’(F') also arise from ABV-packets that
are not Arthur packets. In these regards, the pseudo-Arthur packets Iy, (G(F)),

Iy, (G1(F)), Iy, (G(F)), and 1L, (G1(F)) behave like Arthur packets.

16.4. Endoscopy and equivariant restriction of perverse sheaves. In
this section we will calculate both sides of (151) for G = SO(7) and the elliptic
endoscopic G’ = SO(5) x SO(3), which already appeared in Section 16.1.6. This
will illustrate how the Langlands-Shelstad lift of ©, on G'(F') to ©y , on G(F) is
related to equivariant restriction of perverse sheaves from V) to the Vogan variety
Vv for G’; see Section 16.1.6 for 9.

The endoscopic datum for G’ includes s € H given by

10 0 0 00
01 0 0 00
~loo -1 0 0 o0
1o 0 0 -1 00
00 0 0 10
00 0 0 01
Note that
Alo|B A B
zo) =4 (O TEL0 )12 ] ) espnmespf = 5ot xsp(a)
clol|D




16.4.1. Endoscopic Vogan variety. The infinitesimal parameter A : Wr — LG
factors through € : G’ < LG to define N : Wr — LG’ by

w*? 0 0 0
M) — 0 |w* o 0 w*? 0
(w) = 0 0 |w\_1/2 0 ) 0 |w|—1/2
0 0 0 w2

To simplify notation below, let us set G(*) := SO(3) and G® := SO(5) and define
AW We 5 26 and A®@ Wi — LGP accordingly. Also set

HW ::Z@(l)()\(l)) and H® =Zgw) (A2
and VY :=V, ¢, and V® :=V, (). Then,

Hy=HY x H® and Vy=V® xv®,

with the action of H™) on V() given in Section 12 and the action of H® on V(2
given in Section 14. It follows that, with reference to Sections 12 and 14, V). is
stratified into eight Hy/-orbits:

Cuz % Cy Cy x Cy Cy x Cy Co x Cy
Cuz X Co Cz X CO Cu X CO CO X Co.

For all H/-orbits C’ C Vi, the microlocal fundamental group AT is canoni-
cally isomorphic to the centre Z(G') = Z(G?®)) x Z(GW), because we have chosen
G’ so that the unramified infinitesimal parameter \ is regular semisimple at Fr.
Consequently, the image of Z(a\’) under ¢ : G/ < G is the group S[2] introduced
in Section 16.1.4.

16.4.2. Restriction. We now describe the restriction functor DZ,HA(VA) —
Dlgv Hy (V) on simple perverse sheaves, after passing to Grothendieck groups.

res : Pery, (Vi) — KPergy,, (Vi)
IC(]lCO) = IC(]lCO X ]lco)[o]
IC(]ICl) — IC(]lcu X ]lco)[l]
IC(]].C2) — IC(]]-CT X ]]-C’o)[l] @IC(]].CO X ]]-Cy)[l] @IC(]].CO X ]]-Co)[l]
ZC(]].C3) — ZC(]]-CT X Il.cy)[l]
ﬂj(ﬁcB) — ZC(,CCI X 5cy)[l} EBZC(ILCO X ﬂco)[l]
IC(]lC4) — %(]lcx X HCO)[Q] @IC(]lCu X ]lcy)[l]
IC(]ICS) — E(]lcu X 1c, )[2] @IC(]ICL X1c )[2] @E(]ICO X lcy)[Q]
® IC(Lo, WEc,)[2] ®IC(1c, K 1g,)[2]
IC(]]-C(;) — E(]]'Cua‘ X ICO)[Z] @IC(]]-CU, X 101/)[2} @IC(ILCU X ]]'C'o)[ﬂ
%(107) — ZC(ILCM X ]lcy)[ﬂ
E(£C7) — IC(,CCM X gcy)[2] @:Z:C(]lcu X 100)[2]
and

IC(.FCQ) —> IC(,CCT X ]].co)[l] EBIC(]].CO X 501/)[1]

IC(]‘-C4) — E(ﬂcu &501,)[1] @%(ﬁcz X HCO)[Q}

IC(Fg,) + IC(Le,, Wlg,)[2] ®IC(1e, K Ee,)[2]

e(Fe,) = IC(Le,, Wle,)[2] ©IC(Le, W, )[2] © IC(Le, W 1g, )[4]

® IC(1c, W&, )[4]
IL(Ec,) v IC(Le,,WEc,))2]®IC(Lc, KEc,)2]
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16.4.3. Restriction and vanishing cycles. Although the inclusion V) < V)
induces a map of conormal bundles € : T7; , (Vi) < T, (Va), this does not restrict
to a map of regular conormal bundles. Instead, we have

T, (Vidreg N Th,(Vadreg = T¢yxcy (VA )reg
Te,(Vareg 0 Th,(Vadreg = T&, xco (VA )reg
Te,(Vareg 0 Th,(Vadreg = T&yxc, (Var)reg
T8, (Va)reg N Th,(Va)reg = T¢, o, (VA )reg
Té’4(V)\)reg N TI*{N(VA’)reg =

Té’g,(v)\)reg N TI*{A/(VA’)reg =0

T(%(V)\)reg N TI?A/(VA’)reg = Té’wao(V)\’)reg
TE‘7(V>\)reg n TI?A,(VX)reg = Té’mey(V/\’)reg

Thus, the hypothesis for (151) is met only for (2/,¢') € T} , (Vi )reg from the list

of regular conormal bundles appearing on the right-hand side of these equations.
We now prove an interesting instance of (151): the case P = ZC(E¢,). From

Section 16.4.2 we see that, in the Grothendieck group of Pery,, (T , (Vi )reg):

PR/ (IC(E@)\VX,)
PR/ (IC(/:,CW X gcy) (&) IC(ﬁcm X 5cy))
= (B 1(le,,) BB TC(E,) ) @ (PBD T0(Le,) W B TC(EC,) )
= ((Z(Lo,,) ®IC(Lo,)) W (IC(Eo,) ®IC(Eo,)))
@ ((ZC(Lo,) ®IC(Lo,)) W (IC(Eo,) ® IC(Eo,)))
= %(ﬁow X goy) @%(ﬁow X 8(90) @m(ﬁou D 8(9y)
®©IC(Lo, WEp,) DIC(Lo, WEop,) ®IC(Lo, K Eo,)
@ IC(Lo, &5(%) S IC(Lo, R Eo,).

On the other hand, recall from Section 16.2.7 that

pEVIC(‘SC7) - ZC(507) @IC(E"OG) EBIC(5(95) @ZC(504)
©IC(Fo,) ®IC(Fo,) © IC(Fo,) ®IC(Eo,)-

We can now easily calculate both sides of (151) on all six components of Ty, (V)regN
T;IA/ (V)\,)rEg'
(Co x Co). If (2',€") € T¢, o (Var)reg then (z,8) € T (VA)reg- In this case the
left-hand side of (151) is

(_1)dim(Co><Co) tracea; (pEVIE(SC7)|VA/)
= (=1)"trace(;1,-1) ZC(Lo, W Eo,)

= (-)+1,-D)
= -1

(z',¢")

)

while the right-hand side of (151) is

(—1)dim o trace,, (PEVIC(Ec,))
(—1)dim o trace,, IC(Eo, )
trace(11,-1) ZC(£o,)
(+-)(+1,-1)

= -1

(:€)

This confirms (151) on T . o, (VaA/)reg-
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(Cu x Cy). If (2,8") € T, « 0y (Var)reg then (z,8) € T (Vi)reg- In this case the
left-hand side of (151) is

(—1)dm(@uxCo) trace,; (PBV IC(Ec,)v,,)
= (—1)1 trace(y1,-1) IC(Lo, KEp,)
()

= —’—1’

(x',¢7)

while the right-hand side of (151) is

(—1)3mC trace,, (PEVIC(Ec,))
= (=1)3mC trace,, ZIC(Fo,)
= (=1)*trace(t1,—1) ZC(Fo,)
= ()LD

= +1.

(:€)

This confirms (151) on T¢, , o (Vs )reg-
(Co x Cy). If (2,&') € T, v, (Va)reg then (z,€) € T¢, (Va)reg- In this case the
left-hand side of (151) is

(—1)dim(CO><Cy) traceals (PEV,ZC(EC7)|V/\,)(
= (—1)1trace(+1,,1)IC(£@O X goy)

= ()41 1)

+1,

z’,£’)

while the right-hand side of (151) is

(—1)3mC2 race, (PEvIC(Ec.))
(—1)3mC2 trace, IC(Fo,)
= (—I)Qtrace(H,_l)ZC(}'oz)
- 11

(z,£)

This confirms (151) on T¢ . o, (V' )reg-

Cp x Cy). If (2',¢") € T} Vi )reg then (z,€) € T, (V) )reg- In this case the
Y CyxCy g Cs g
left-hand side of (151) is

(71)dim(C’z><Cy) tracea; (PEv’%(€c7)|vA,)(w, ¢)
= (—1)2 trace(y1,-1) ZC(EOI X 5oy)
= -1

)

while the right-hand side of (151) is

(—1)4m S trace,, (PEVIC(Ec,))
= (=1)4m%% trace,, IC(Fo,)
(—1)3 trace(1q,—1) ZC(Fo,)
= —(H(HL )

= -1

(w,8)

This confirms (151) on 1%, xc, (VA" )reg-
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(Oux X Co)

(Cuz x Cy).

If (2/,¢) € T, oy (Vi )reg then (z,8) € T, (Va)reg- In this case the
left-hand side of (151) is

(71)dim(Cw xCo) tracea/s (pEV/E(ECHNVA/)
= (=1)*trace(t1,-1) ZC(Lo,, R &o,)

(==)(+1,-1)
= -1

(z',¢")

)

while the right-hand side of (151) is

(—1)dim e trace,, (PEVIC(Ec,))
= (=1)4mC% trace,, IC(Eo,)
(—1)* trace(1,-1) ZC(Eo,)
= ()LD

- 1

(:€)

This confirms (151) on T, o, (Var)reg-

If (2/,¢") € T¢.,, xc, (VA )reg then (z,£) € T¢, (VA)reg. In this case the
left-hand side of (151) is

(—1)dim(CusxC) trace, (PEV IC(Ec)|v,,)
= (—=1)3tracet1,-1) ZC(Lo,, K &o,)
—(—)(+1,-1)

= —|—1’

(z,€")

while the right-hand side of (151) is

(=1)4m 7 trace,, (PEVIC(Ec,))

= (=1)¥mO trace,, IC(Eo,)

= (—=1)°trace11,-1) ZC(Eo,)
~(h)(+, )

= +1.

(z:€)

This confirms (151) on T¢, ¢, (VAr)reg-

This confirms (151) for P = IC(E¢, ).
We now prove another interesting instance of (151): the case P = IC(F¢,)-
From Section 16.4.2 we see that, in the Grothendieck group of Peryr,, (T , (Vi )reg),

4=V (IC(‘FC4)|VA/)
= "R/ (IC(]]-Cu X gcy)[l] @IC(Z:CI D ]]'Co))

(PEV(Z)ZC(]lcu) X PEv(l)IC(Scy)> @ (pEv(Q)IC(Ecm) X pEv(UIC(nCO))
= (It(lp,) R (IC(Co,) ® IC(Eo,))) ® ((IC(Lo,) ® IC(Lo,)) K IC(10,))

IC(1o, ﬁgoy) BIC(lo, REp,) ®IC(Lo, X Lo,) DIC(Lo, K 1o,).

On the other hand, recall from Section 16.2.7 that

PEVIC(Fe,) = IC(Fo,) ®IC(Fo,) B IC(Fo,).

We can now easily calculate both sides of (151) on all six components of T, (Vi )reg

TITIN (V/\’)reg-
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(Co x Cp).

(Cu X CQ)

(Co X Cy)

(Cp x Cy).

If (2/,¢') € T¢, « 0y (Var )reg then the left-hand side of (151) is

(_1)dim(C’o><Co) traceag (pEVIZC(sz;)'V,\/)(z’
= (=1)°trace(11,—1)ZC(Lo, M 1o,)

= (=+)(+1,-1)

= +17

)

while the right-hand side of (151) is

(—1)4mCo trace, (PEVIC(Fc,))
= (=1)3m% trace,. ZC(Fo,)
= trace(t1,-1) ZC(Fo,)

= (0L

- 41

This confirms (151) on T, o, (Var)reg for P = IC(Fc, ).
If (2/,¢") € T¢, w0y (Var)reg then (2,8) € T¢ (Va)reg- In this case the
left-hand side of (151) is

(—1)dim(CuxC0) trace,, (PB IC(Fey)lv,,)
= (—1)1 trace(41,-1) IC(]lou X goo)

= ()]
= +1,

(z:€)

(z,¢7)

while the right-hand side of (151) is

(—1)dim trace,, (PEvIC(F¢,))
= (=1)dim trace,, IC(Fo, )
= (—l)ztrace(ﬂ,_l)ZC(}'ol)
= (D)

- 11

(z7£)

This confirms (151) on T¢, , o, (Vi )reg for P = IC(Fc, ).
If (2/,¢) € T¢ o, (Vi )reg then (z,£) € T¢, (Va)reg- In this case the
left-hand side of (151) is

(fl)dim(c(]xcy) traceq, (pEv’E(fc4)|VA,)
= (=1)'trace11,-1)0
= O7

(‘/EI )5/)

while the right-hand side of (151) is

(—1)3mC2 trace, (PEVIC(Fc,))
= (=1)3mC2 race,, 0
= 0.

(z:€)

This confirms (151) on T¢, ¢, (Var)reg for P = IC(Fc,)-
If (2/,¢') € T¢, ¢, (Var)reg then (@,£) € T, (Va)reg- In this case the
left-hand side of (151) is

(fl)dim(cz xCy) traceq, (pEv' IC(Fey)lv,, )
= (=1)*tracet1,-1)0
= ()7

('/EI ?5/)
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while the right-hand side of (151) is
(—1)dim CS.traceaS (PEVIC(Fc,))
= (=1)4m% trace,, 0
= 0.
This confirms (151) on T¢, ¢ (Va)reg for P =IC(Fc,).
(Cuz x Co). I (2',&") € T4, w0y (Vi )reg then (z,8) € T¢, (Va)reg- In this case the
left-hand side of (151) is
(_1)diIl’l(Cu1 xCo) traceq, (pEV,IC(]:C4>|V/\/)
= (—1)*tracet1,_1)0
= 0,
while the right-hand side of (151) is
(—1)dim Cf"traceas (PEVIC(Fc,))
= (=1)3m% trace,, 0
= 0.
This confirms (151) on T¢, o, (Var)reg for P = IC(F¢,).
(Cug % C,). T (2, €') € Téwxcy(vk’)reg then (x,€) € T¢, (Vi )reg- In this case the
left-hand side of (151) is
(—1)dim(Cuz xCy) trace,/ (pEv’IC(Ec7)|VX,)
= (—1)3trace11,-1)0
= 07
while the right-hand side of (151) is
(—1)dim Citrace% (PEVIC(Fe,))
= (=1)4mC trace,, 0
= 0.
This confirms (151) on T¢, ¢, (Var)reg for P =IC(Fc,).
This confirms (151) for P = ZC(F¢,).

(w,8)

(z',¢7)

(2,8)

(z,€")

(w,8)
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16.5. Tables for the SO(7) example. Here we gather together all the main
results of the calculations performed in Section 16.

TABLE 16.5.1. Arthur packets for representations of G(F') and
G1(F) with infinitesimal parameter A. For typographic reasons,
here we use the abbreviated notation m; :=7(¢;), 73 :=7(¢i, %)
and 7 F := 7 (¢, £4).

|, (G(F) |11y, (G(F)) [ Ty, (G1(F)) [ 11, (G (F)) |

{mo} {mo, m3 } 0 {my. 777}
{m} undefined 0 undefined
{nf} w1 {7t}
{73} undefined 0 undefined
{ri} {m{} {my } {my. 777}
{ms} {ms} 0 {my "om7 7}
{mg } {mg,m ) || {76} {r37}
{W%H_’W?__} {W%H_’ﬂ—;_} {W7_+77T;__} {7r7_+,7r;'_}

TABLE 16.5.2. ABV-packets for representations of G(F) and
G4 (F) with infinitesimal parameter A\. Comparing this table with
the table above shows that all Arthur packets for admissible rep-
resentations with infinitesimal parameter A are recovered from
ABV-packets. Again we use the abbreviated notation m; :=w(¢;),
7E i=m(¢i, £) and 7EE = (¢, £1).

|1, (G(F) | IBY(G(F)) || 11, (G (F)) | IABY (G (F)) |

{mo} {mo, 73} 0 {my 77}
{mi} {1, md } 0 {ry 777}
{m3} {ms ™3} {m } {my, 737}
{r3, 75} |[{m3, 75} 0 {ms "7 7}
{rf {m {ms} {ry 7i ™}
{ms} {ms} 0 {o7 7, mf™}
{ms} {rg, 777} | {6} {677}

{md Ty T} [ {md Tmr ) || s ) [ )
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TABLE 16.5.3. Pure Arthur packets, decomposed into pure L-
packets IT;""(G'/F) and the coronal representations. The notation
(m,9) is explained in Section 3.8 and recalled in Section 10.1.2. For
typographic reasons, we use the abbreviated notation m; :=7(¢;),
mE i=7(¢i, m) and 7L == m(y, ).

’ pure Arthur packet H pure L-packet coronal representations ‘
e (G/F) [0, 0], [r3,0], [rs, 1], [777,1]
Hp“re( /F) [73,0], [m3,1], [r3,0], [737,1]
I (G/F) [7,0], [r 1], [m 1]
I (G/F) [7s5, 0], [r7 1), [7F7,1]
I (G/F) [7g",0], [mg, 1], [r7 =, 0], [m7 1]
2 (G/F) [w7*,0], [r7 ~,0], [m7 7,1], [7f~,1]
TABLE 16.5.4. ABV-packets IT3PV(G/F), decomposed into pure
L-packets IIJ""(G// F) and the coronal representations. Comparing
this table with the table above verifies Conjecture 1(a) in this case.
The same comparison shows that not all ABV-packets are pure
Arthur packets. For typographic reasons, we use the abbreviated
notation m; :=m(¢;), 1 :=m(¢;, w) and 7L :=7(¢;, £4).
’ ABV-packet H pure L-packet coronal representations ‘
g7V (G/F) || [m0,0] [r3, 0], [y, 1], [7F . 1]
a2V (G/F) || [r(¢1),0] [y, 1), [mg, 0, w7, 1]
gV (G/F) || [73,0], [m3 . 1] [m5,0], [r7 1]
HABV(G/F) [m5,0], [75, 0] [rz 10, [ed 7, 1)
ot (G/F) || [, 0], [ry,1] [r7 1]
HABV(G/F) [75, 0] [W;+’ 1], [7r7+77 1]
WV (G/F) || [nd,0], [mg 1] [r7 =, 0], [7F7,1]
UPY(G/F) || 73,0, w7 =, 0], [vr 5,1, [, 1]
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TABLE 16.5.5. NBws : Perg, (Vi) — Loca, (T%, (VA )sreg) on simple
objects. See also Table 16.2.5. Here we use the notation

NEvs; := NEws¢,.

| P [[NEwoP NEsiP NEs;P NEssP NEwsP NEssP NEsgP  NEsy P
(e, || ++ 0 0 0 0 0 0 0
(1)) 0 ++ 0 0 0 0 0 0
(e, | —- 0 ++ 0 0 0 0 0
(1) 0 0 0 ++ 0 0 0 0
1C(Ley) 0 0 _ i 0 0 0 0
(1c,) 0 0 0 0 + 0 0 0
(1c,) 0 0 0 0 0 + 0 0
(1) 0 _— 0 0 0 0 ++ 0
(1c,) 0 0 0 0 0 0 0 ++
(Le,) 0 0 0 0 0 0 _— _—
C(Fe,) 0 - 0 0 0 0

(Fe,) || -+ —+ 0 0 - 0 0

TC(Feg) 0 0 0 0 —+

IC(Fc.,) 0 —+ 0 - 0 —+
Ec) || +- —+ —+ —+ - - +— -

TABLE 16.5.6. The characters (-,m), of Ay. Comparing this
table with Table 16.5.5 verifies Conjecture 1 in this example.

E LComy Comyy Comyy Comyy Comyy (Comy,
(o) ++ 0 0 0 0 0
m(p2,+) —— - 0 0 0 0
m(p3, — 0 — 0 0 0 0
(¢4, + 0 0 + 0 0 0
m(¢s5) 0 0 0 + 0 0
(6, +) 0 0 0 0 ++ 0
w(p7, ++) 0 0 0 0 0 4t
(7, ——) 0 0 0 0 — —
(o, —) 0 +— 0 0

m(pa, —) —+ 0 - 0

(g, —) 0 0 0 —+

7(¢7, —+) 0 0 - 0 —t
m(p7, +—) +— —+ - - +— +—
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TABLE 16.5.7. Multiplicities of admissible representations in stan-
dard modules. We use the abbreviated notation m; :=m(¢;),
7t i=7(¢i,m) and 7T =71 (¢;, £+) and we also set M, := M (¢;),

MZ :=7(¢;, ) and MFE = 7n(¢;, +).
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TABLE 16.5.8. The normalized geometric multiplicity matrix.
The table records the multiplicity of Lo in £’ ﬁc, |c; recall the nota-
tion £*:=7C(Lc)[— dim C]. Comparing this table with the table
above verifies the Kazhdan-Lusztig conjecture in this case; see also
Table 16.2.1. This confirms Conjecture 2 as it applies to this ex-
ample, arguing as in Section 10.3.3.
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