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. R\ & 7
Effect of row operations L, — R,

Theorem: -2, A

det B= —det A.

Q If Bis obtained from A using the row operation kR; — R;,
then det B = kdet A.

‘ If B is obtained from A_usi e row operation
Ri+ bRy = Ry, theet B=det Ay k& —R; —o

O If Bis obtained from @using the row operation R; <> R, then

\

\\
H

\s (u-k—-aJh Auv\*"*féaf v

Note: these effects are most easily observed in elementary matrices!

\o o
[“I,?g Q/L:”Z.Ev oo\rx:\(..
co | o\l o

at+(2) =4 At ®)= -4 Ri—1Ry>K,

‘Z'}—-’)‘YK) (‘; \ ?J & c\, _O+]
09 S o \
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Examples R - C.C.C &‘?
@ Suppose Bis obtaine!i%o.?n(ﬁﬁu(s'i?l‘%g‘&z'{ca JlnAé row. operations:

o ok A O B 208, 2gFo

9 2 —> RQ &L%| =J-l\-\3\_

@ Ry <+ Its :t“.h\'m\

Q@ R3s+ 3Ry — Rs _ _\_E

= Ryz= — dw
If det B= —7, what is det A7 Je-B = dut }__ _ IA‘LAL(A\
@ If Aisa4 x4 matrix and det A = —3, what is the value of det(2A4)7

=) ob.\-(A) =18

L dbe) = dk @)= 3
Q R
A—s T Sk a) = 2 (3)

2 1 ™Y
e ztg,_.ﬂ.;t - (G (—3)
vl Z gﬂ [T
Y2 2_?-&\—“12\ 18
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Properties of Determinants

Theorem:

Let A and B be n x n matrices. Then:

gdap) (At =1011B)

A matrix A is invertible if and only if det(A) # 0. Furthermore, if A
is invertible, then

Q det(AB) = det(

@ det(AT) = det(A) o't i

9 det(kA) - E_ﬂ det(A) i’\bu\' :TE'L (%*B);’
Theorem: |

det(A™1) = detl(A)'
A =1 AWl =4
(aa'l= 1T vl :i/m\
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Examples AR are Uy
Given that det A = 3 and det B = —2, what is the value of:

0 det(428) = dat (A. ARR©)
det(B~'AB _ \alla\imhielie)
e ) = \A\ \B\’5 = (7.\ = -

2ot () duk B dut (B)

- J_(B\&L(A)M) =3

dab o) = duk@a) duk (1)

< 2%p\- L= s =12,
IR\ -2
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More examples

What can you say about det A if:
o AQZA \" 4— =) X = "'l
Q@ A'=1 |A\'1 =4 X =

@ PA=P, wher P\4 0

A% A %\ =P

A\ = \?)
A-A=A W)

1o\ 18] = \A\ S1Al=A

or lA\L— \A\: O
oc (a\(\m\-1=0
\Q\.‘.O o€ j_
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The cofactor matrix ('\).-\-v»'mu\'\-s PN |

-\
Recall: given an n x n matrix A, the (4, ) cofactor is th&wumber
Oy = (—1)" det M;;, where Mj; is the (4, 7) minor. The matrix of
cofactors of A is the matrix cof(A) whose (i, j) entry is Cy. Example: find

2 -1 3 _ 2 )
cof (A) ifA{U 4 -2]. Co= ¥ \\ —:\\ =-3
\Hi __1 9 Cl-s‘__ '7_—\\; 4_
= N |4 - = - | -\
cv= |8 o\ Lt U
3) + a2
_ 1S -\= -
C\L—(’DL|? ;—\ l C-)L—_—li )= 4
o -2
Ciy = D™ o *\:—"t Ciz=3[2-V\=d
-\ o N
Cy\ = __.\-\ s\: 3 cd(A) = | -2
e +®) \—3-3 A
-0 A 8
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The adjugate matrix

Definition:

The adjugate of an n x n matrix A is given by adj(A) = cof(A4)7.

Theorem:

For any n X n matrix A, yR
y n X at (lA\ ) »
A-adi(4) = det(D)h 12 ) g JiCA)

B A

T
-1 -1 -4 . -3 —\
_3 -3 \X - - -1 = ﬁA)(‘A\
—lo 4 O -4\
(2 -V 3 R -% o é}
A (f, q4 —L\\ A N’\S(ﬁ\ (o -4 o}
\ -\ O
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Examples

Use the formula A= =

IAI
2 1 -3
Q@ A4=1|3 0 2 — Exva o
0 1 4
Y0 2
Q@ A=1|0" -z 2
T 0 3
(%(A—\: 3 alx Xt
O 3-x* O
xt -1 -X
m\_ -y | ! x\
* 3
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Cramer's Rule

Suppase we have a system of n equations in n unknowns, written as
* det A = 0, then A is not invertible, and this system has either
no

otert!on, or infinitely many solutions. If det A # 0, then

I
N
L
Sl
I
I
=
—~
N
[
ISl

z

Result: if A; denotes the matrix obtained by replacing column ¢ of A by b,

then
0,
@
for i=1,2,...,n. (Theoretically and historically interesting, but not very
practical.)
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Example

Use Cramer's rule to solve the system:
(cosO)x— (sinf)y = 4
(sin@)z+ (cos@)y= W,

where 6 is an angle and W is some unknown (but presumably very
important) number.

- - SWG6-
A= [Coss -sine A= K A a,w]
SinG (& W

\p\ = oSO +3I0 \/l\\ = deesO WAL =X

- _ [eese o
-1 IR A

= wweeso —ASnG Y
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