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AV
» Recall: for any n x n matrix A, we get a transformation
AX

T:R" — R" defined by T(X) =

» Each input vector X gets transformed to some output vector y.

» Usually both the the direction and magnitude of y = Ax are
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Multiplication operators

For any scalar A, we can consider the function f) : R” — R" given
by f)\()_f) = AX.

This is just scalar multiplication.
Note fy is also a matrix transformation: f, = f4, where

- - _ 2 ° o
A0 .- 0 Do o0
0O X\ --- 0 o o -4

0 0 -+ A DA = Y

where /I, is the n X n identity matrix.

A% = (NI = A(3-%)= >X
for 29y R
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Invariant directions for matrix transformations

For the matrix A = \/,,, AX is always parallel to x.
For other matrices, there may be no vectors with this property: for
example, if A is the rotation matrix in R? (unless @ is a multiple of

27T) A Cx@ —Sin @] A\',‘ ? G
S)/\ KOS@ \-;

In other cases, AX is parallel to X for some vectors but not others.

For example, the shear T ({‘6']) _—(‘;]

T (R)

N
) x|\ |1 1] [x 0 ’[|
T y|) |0 1 y’T([']- ']
T =T @)
Recommended reference: Understanding Linear Algebra by David
Austin.
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http://merganser.math.gvsu.edu/david/linear.algebra/ula/ula/sec-eigen-intro.html
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Eicenvalues and eigenvectors
g g la\m loo‘ ¢ \§

Definition
For any n X n matrix A, we say that a scala s an eigenvalue for

A if there exists @ector X, called an eigenvector, such
that

'-5-.-A>?:)\>_<’

Example
Show that [4] and [ L ] are eigenvectors of A = [_1 5
s‘.
I

—1
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Eigenvectors and characteristic directions

Theorem

Suppose X is an eigenvector of an n X n matrix A, with eigenvalue
A. Then for any scalar k # 0, kx is also an eigenvector of A,
corresponding to the same eigenvalue.

’Prmo L‘Li Y, Loy A~ e \a{ obr =T
\&WJUL A Than EX kj
I[\()(i\ = k(AY\: l< (> \ ACkX)

(k#&
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Finding eigenvalues and eigenvectors

Let A be an n x n matrix, and suppose X is an eigenvalue of A.
Then there exists a non-zero vector X such that AX = AX.JThat is,

% # 0 and O
AX = Ai = (A= A,)X =0,

\a_>1)? :é ) X#0O

V\oﬂ\oyn-eovs 530\4_,«\ NM Lfiv"cj .So X—img

r‘s Ao o‘n\é rff,
2de¥(n-31)=0 AT 55 aat b

»//———’—_

Theorem
A scalar \ € C is an eigenvalue of A if and only if det(A— \l,) =0
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The characteristic polynomial

Definition
For any n X n matrix A, we define its characteristic polynomial by
N
() = det(x, — A). = (e (A1)
(rsd A-%L )

Note: The eigenvalues of A are precisely the zeros of the
characteristic polynomial of A.

A
C,or(X\ :Xn* QoYX A AX A do

|
= fed s fochring
(

Math 1410 Linear Algebra Eigenvalues and Eigenvectors March 26, 2020



Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick


Sean Fitzpatrick



Finding the characteristic polynomial

Example

Find the characteristic polynomial of A =

Co (A = dat (X1 -A)
= X-1 -3 | |

-1

- (K= - ) - '(Cq——&d))

x % IXZAX —2xFL Cx 8 LX —9
—SxXEF3IXx — |,

|

’X"S

O %X-3 -2

L %
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0 3 2

12 0
= &-1)| X-3 -¢L
-2 W
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Examples

Find the eigenvalues of: )(L_ dx+d -\ = XLdx 4
1 A— 2 1 -2 -1 _ (X-'ZAL— \ ‘-(*—3)(""\
12 -\ ¥-17
> B 3 1] - ((\(,l\_l\ ((X-Z] M)
| :0 3. = (x-Dx-\)
3. C= 2 _01] '—‘°\""\\M° >\:\)>:1.
- Ry 6

Col) = b (KI-D = | %3 21 | = 3T

. =

o x-3| 2=2 (i)

L ‘ = X" | = (x-2) ()
\0 rea/( >:i(:fC\

,Q,:%u\v\\m
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Finding eigenvectors A-SL = ("\ _ "3
o |
== (1]
So we find eigenvectors by solving homogeneous systems!
g& A = [Z’ \’) L\U.\ A‘-—\) .k:l
|7

Tor Azl 1 cole (/l—ﬁl)s"(:—é

e F T i

\
Vz{ﬂ*»{‘” QT = J=~K
~X | - | L= |
pokx=l Y [1]

» Suppose A is an eigenvalue of A.
» Then Av = \v for some J) vector V.

» That means V is a solution to (A — A)X = 0.
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Example A% (,\{ ﬂ(\\] : (c&] pe=(; 7l ',]

- (-%
Find the eigenvalues and eigenvectors of A = [_15 _15] - '41
&'Q‘)'(A’X’S): I-A -% = (- X\L—lg
-S ('>\ — }L—Z>“‘\-2§
i \n&\v are = AL-ZA'Z\‘
£Y\ >\°z Q) A:"‘\. '—(A"Q\(k"q\

G
Tor AZC: A-fol:(-ffsyfﬁ,{' \} Xk =0
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Example

3 0 0
Find the eigenvalues and eigenvectors of A= |1 1 -1
5 1 3

— ZXJerO\S'v!
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Example

4 2 -1
Find the eigenvalues and eigenvectors of A= [ 2 3 -1
10 8 -3
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Example . AT
P Nee | A - A ] _
0 1 1
Find the eigenvalues and eigenvectorsof A= |1 0 1].
1 1 0
(A(,Q:dnjr(xj«'?&):%y_\ — | :X\X"l—(—\)—‘—’\
A-1 x - -1 X R
H-1 -1 X Sy -
— (%+\) = \ Q K \

= XX ) 2 (ox-1) = (e

— X (3(’ ) (\(—I—\) — ) (x_y\)
— (%)) (% (v- D= 5N = (e (K= -2) = RICEAICN

(Y (x=2) A=-1, A=2L.
Ne-l: A-(-DL =psz = [ 1 ‘Y’Z“ﬁ [

I
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