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Taylor polynomials

Recall: given a function f differentiable at c, its linear approximation at c
is given by (@
U(z) = flo) LS () (z — o).

Higher-order approximations are given by Taylor polynomials:

- f(f)(c) k
P, (z) = (z—)".
TG

If a Taylor polynomial is centred at 0, we call it a Maclaurin polynomial.
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Taylor series

The Taylor series of an infinitely differentiable function f(z) is given by

) (¢
P :2_%1%@— o

When c is zero, we get the Maclaurin series for f.
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Equality of series and function

Recall the Lagrange formula for the remainder R,(z) = f(x) — Pp(x)

obtained when we approximate a function f by its degree n Taylor

polynomial:

f(n-ﬁ-U(t) n+1

(@ ="

(n+1)!

where t is some number between z and ¢. For many common functions,

it's not hard to show that lim R,(z) =0 for all z in the radius of
n—o0

R, (z) =

convergence of the Taylor series. Letting n — oo in the equality
G(x) = Pp(z) + Rn(xa we get

Pur ~F N Zf(n (z—0o)",

provided z is within the interval of convergence of the series, and is such
that R,(z) — 0.
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Common Taylor series

Give the Taylor series for:

Q f(z) = ¢, centred at 0. ‘g ” = e‘) ‘f b =

@ y(z) = cos(z), centred at 0. A=, 3 {‘(')] = \ 2 (‘) =1,
@ Ai(z) = In(z), centred at 1. C f ’ (o) Xn 8 ><"I
Give the interval of convergence for each one. a2 N\ fmo N

Cos(p)=\ ©=Uo INQ ('J—_ o heo = Z’(ﬁ@i\
—S'al0) = O "N Nz
Ceosm = -1 220 [ Ko g L“i,)' | et

S (0) —,:J 422 ) _-.)\? hWih=-\ 01]

C 23(0\ = o hll\( X = _L] \" Q) -

n
C (’H N )(ﬂ = —203) \I\ N=-u3)
n=e (2! “ ~
W = (_\_j'“ﬁ\\ll = ar®
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Manipulating power series

We can add, subtract, multiply and divide power series. Substitution
works, too. (Sort of.) In the case of Taylor series, this is equivalent to
doing the same to the corresponding functions.

Example

Determine Taylor series for:

® fy= - :*a"”— £

1—=zx =0 (§
X 3t [V e
Sin(z) = siaG - | xX=-XxX71X \(
Qg(l“)— ()_S'\K\Q ( = 2\

AR
e - \‘ﬁ/—Jénn
Q h(z) = (x)' DR
0 st =sn) = Z ek N el
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Binomial series

oo

We have (1 + 2)¢ = Z (%) a¥, for |2) < 1. But note the binomial

k=0
coefficients are a bit different if « is not a positive integer:

<z> _afa—1)- -I-d(a —k+1)

Example ol AW (‘”
" . k{‘ S

Find Taylor series for:

I l, 2z 2!
0 fin)= V7 = (@) = {1 ( t\(m ,/g

e R < e LA ATV X
-;(\-\.y; —C o
(k=-2) L = 2 Yo"
) nca T
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Creating new functions

Many new functions (not expressible in terms of elementary functions)
arise as power series, often as solutions to differential equations.

Example (Bessel functions.)

The Bessel functions are named after Friedrich Bessel, who found them as
solutions to Kepler's equations. They also show up in problems involving
vibrations. The Bessel function of order zero is given by

o9 -1 n‘,KZn
Jo(a) =Y %

n=0

The Bessel function of order one is given by

ce (_1)nx2n—|—1
W@ =2 s
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Limits using Taylor series

Example

Evaluate the limit:

0 iy -2 g (s - (-

¥=o

JIF —1 o 0= Q- | _xFro )=
S At b LOBY S BT s A
250 2 B oo X\ 41
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Integrals using Taylor series

We saw earlier that given a power series E az(z— ¢)", we have

[\ "

0 A \ b

Lt "/ (Zan(az—c )dx_z / z—o)"
a n=0

Now that we know Taylor series replacements for many functions, we can
use this to integrate.

Example

Compute the integral fol smﬂfﬁ dx. What is the error in your approxmiation
if you use the first 5 terms in the sum to estimate the value of the integral?

Sinbd) ) (@m"xw") A Sne) . = Z o
‘l [+]

X Ao (Zas)) 0= 0 (2 Gn)
n o1tn —_ l |
= O N X A= —— -
n=o " (2nd)! lS!(lY) 155C? 1520000
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Examples by request

I'll try to fit in a few examples here based on what you asked for on the
forum. If you've tuned in live you can suggest others in the comments.
Note: | have no questions planned on direction fields for the test.
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A population model  f (qv,_ \ 1;2{: * I"(‘L)

3

he | | |7 —P(93 —
Consider the logistic population mode dt 500 ( P-

@ For which values of P is the population increasing? Decreasing?
@ Find P(t) given that P(0) = 48.

- + _ P’ 1n Crus.\oss é\r’ 0<vZa}

o b A e e By Sw- P> Aa3.

= 34 seo (L + ) =34k

S:o )oﬁ) t q3 \ P ayp
w 0n ) = In(ay-P =222k +C
?N‘ﬂka\ 'g(f-c o0
A+ B = Soo k:o" 9ﬂ(43l-,0n(wﬂ=C
5w hmen) AN

ACq3-P) B = soo A= s:_g *= s,%o
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A rate in/rate out problem

Suppose a water tank is being pumped out at 3 L / min . The water tank
starts at 10 L of clean water. Water with toxic substance is flowing into
the tank at 2 L / min , with concentration 20@g / L at time t. When the
tank is half empty, how many grams of toxic substance are in the tank
(assuming perf&t mixing)?
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Convergence tests

Determine if the series converges \®°
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