MATH 2000 ASSIGNMENT 5 SOLUTIONS

Throughout this assignment, let A, B, C' and D be any sets.

l.ay)C N B = {a| xe€C and x € B}.
b)D UC = {z| xzeD or zeC}.

c)C =D iff (Vo) (2zeC & ze€D).
d)D C Aiff (Vo) (zeD = z€A).
e)C = {z|zgCl.

YD — C = {z| x€ D and z ¢ C}.
g)C x B = {(z,y) | x€C and y € D}.
h) Ui, G = {z | x € C; for some i€ I},
i) (Ver Di = {x | v€D; forall i€}

j) P(A) (The power set of A) = {B | BC A}.
k) S is a partition of A S is a partition of A if it satisfies :

L.LVXeS, X£0
2. VX, Y €S, either X =Y or XNY =90
3. Uyxes X =A

2. a) State one of De Morgan’s laws for logic:
~ (P A Q) is equivalent to ~ PV ~ Q.
b) State one of De Morgan’s laws for sets: A N B = A U B.
c) State one of the Distributive Laws for logic:
A (Q V R)isequivalent to (P A Q) V (P N R).
d) State the tautology for the negation of an implication:
~ (P = (@) isequivalent to P A ~ Q.

3. For each i in the natural numbers, let A; = {7, 2¢, 3i}, and
BZ- ={—i,—i+1,—i+2,...,0}. Find the following sets:
1 = {1,2,3}, AQ = {2,4, 6} and A3 = {3,6,9}

\_/\_/

b By ={-1,0}, By ={-2,-1,0} and By = {—3,—2,—1,0}.
o) U, A = {123469}

d) U2, 4 = N.

)Nt i = {} =10

f) AlﬁBl = @

g) Uj:IBi = {_4a -3, 7_170}

h)US, B = {...,—2,—1,0}.

) A%, B = {-1,0}

4. Page 29 Question 1.17
Let U = {1,3,...,15} be the universal set, A = {1,5,9,13}, and B = {3,9,15}.
Determine the following :

a) AUB = {1,3,5,9,13,15} D)

= {9} ¢) A—B = {1,5,13}
d) B—A = {3,15} e) 5

AN
A = {3711 15} f)AnB = {1,5,



Page 30 Question 1.26

For a real number r, define A, = {r?}, B, as the closed interval [r — 1, r + 1],
and C, as the interval (r,00). For S = {1,2,4}, determine:

a) UpesAa = A4UAUA; ={1}U{4} U {16} = {1,4,16} and

NoesAa = AiNANA ={1}Nn{4}n{16} = 0

b) UocoBa = BIUB,UB, = [0,2]U[L,3]U[3,5] = [0,5] and
Nuce Ba = BiNByNB, = [0,2]N[1,3]1[3,5] = 0

¢) UpesCa = C1UC,UC, = (1,00)U(2,00) U (4,00) = (1,00) and
NuesCa = C1NCyNCy = (1,00)N(2,00) N (4,00) = (4,00)

Question 1.29

Let A ={a,b,...,z} be the set consisting of the letters of the alphabet. For o € A,
let A, consist of a and the two letters that follow it, where A, = {y,z,a} and
A, = {7,a,b}. Find a set S C A of smallest cardinality such that |J,.qAa = A.
Explain why your set S has the required properties.

Solution: Since there are 26 letters in the alphabet, |A| = 26.
Now since |A,| =3, |S| must be at least 9. So let S = {a,d, g, 75, m,p,s,v,y}.
Then |, g Ao = A UA;UA;UA UA, UA,UA;UA,UA,
= {a,b,c} U{d,e, fYU{g, h,i} U{j,k, 1} U{m,n, o} U{p,q,r}U
{s,t,u} U{v,w,z} U{y, z,a}
=A

a€eS

Question 1.32  Which of the following are partitions of A = {a,b,c,d,e, f,g}?
a) S1 = {{a,c,e,g},{b, f},{d}} is a partition

b) Sy = {{a,b,c,d},{e, f}} is not a partition since g ¢ | JSs.

c)S; = {{A}} is a partition

d) Sy = {{a},0,{b,c,d},{e, f,g}} is not a partition since () € Sy

e) S5 = {{a,c,d},{b,g},{e},{b, f}} is not a partition since {b, g} N {b, f} # 0

Question 1.34 Let A = {1,2,3,4,5,6}.
Give an example of a partition S of A such that |S| = 3. eg S = {{1,2,3},{4},{5,6}}
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Question 1.36 Give an example of three sets A, Sp, and Sy such that Sy is a partition
of A, S, is a partition of Sy and |Sy| < |S:| < |A].

eg A = {1,2,3,4} S, = {{1},{2},{3,4}} and S, — {{{1},{2}},{{3,4}}}



Question 1.38 Give an example of a partition of IN into three subsets.
There are many possibilities. Here are a couple.

eg S = {{1,2,3}, (4,5,6,7}, {n:n > 8}}
eg S = {{n :n = 0(mod 3)},{n:n = 1(mod 3)},{n: n = 2(mod 3)}}

Question 1.41 Let A = {z,y,z} and B = {z,y}. Determine A x B.
AxB = {(z,2), (z,y), (y,2), (y,9), (z,7), (z,9)}

Question 1.42 Let A = {1, {1}, {{1}}}. Determine A x A.
AxA = {<171>’ (17{1})7 (1’{{1}})7

{131, {13413, ({13 {{1}}),

{13h D, ({13 {1, ({13 1)) )

Question 1.43 Let A = {a,b}. Determine A x P(A).
P(A) = {@, {a}) {b}’ A}
Ax P(A) = {(a,0), (a,{a}), (a, {b}), (a,4), (b,0), (b,{a}), (b, {b}), (b,A)}

Question 1.44 Let A= {0,{0}}. Determine A x P(A).
P(A) = {0, {0}, {{0}}, A}
AxP(A) = {(0,0), 0,{0}), 0, {{0}}), (0, 4), ({0}.0), ({0}.{0}), ({0}, {{0}}), ({0}, A)}

5. Page 103 Question 4.27 Let A and B be sets.
Prove that AU B = (A—-B)U(B—A)U(ANB).

PROOF: This is a set equality proof, for-all-iff.

Let z € U.
reA U B
SreAorxeB
&S (reAand (r€Borx¢gB))or (x€Band (x € Aorz & A))
since PA TRUE & P.
S (xeAandre B)or (re€ Aand z & B) or
(reBandz € A)or (x € Band z ¢ A) by distributive law
sSreANBorrxeA—Borzxe ANBorze B—A
SreA—Borx e B—Aorx € ANB by idempotence,commutative and associative

sre ((A—B)u(B—A)u(AmB)).



Question 4.29 Let A and B be sets. Prove that AN B = Aifand only if A C B.
PROOQOF": This is an iff set proof; we break it into two parts

Part I. Prove thatif A N B = Athen A C B.

PROOQOF": This is an If-Then set proof.

ASSUME: A N B = A SAVE this for later use.
GOAL: A C B. Subset proof

Let z € U.
r € A = xe€ANB by the assumption
= x€A and z€ B
= x € B by removing clauses
Part II. Prove thatif A € Bthen A N B = A.
PROOQOF": This is an If-Then set proof.

ASSUME: A C B,soforall z,if x € Athen x € B. SAVE this for later use.
GOAL: A N B = A. Set equality proof (two subset proofs)

Part A: Show ANBCA Part B: Show AC ANB
Let z € U. Let z € U.
re AN B re A
= x€A and z€B = rxe€Aandz € A by idempotence
= x €A by removing clauses = rx€ Aand z € B by assumption
= r€ANB



Question 4.31 Prove that if A and B are sets such that AU B # (),
then A # () or B # ().

PROOF: This is an If-Then set proof. I will show a direct proof and a contrapositive
proof.

Direct Contrapositive

ASSUME: AUB # 1) ASSUME: A= (and B=10

GOAL: A#Qor B+ GOAL: AuB=1

Let z € U. Since A = ) and B = (); AUB = QU = (.

Since AU B # (), there is an element in it.
reAUB=zvcAorzeB

So there is an element in A or in B

So either A is not empty or B is not.

So A# () or B#0.

Question 4.32 Let A={ne€ Z:n=1(mod 2)} and B={n € Z : n = 3(mod 4)}.
Prove B C A.

PROOF: Subset proof

Let n,k € Z.

neB=4(n—-3) =2>n=4k+3 =n=4k+2+1 =n=2k+1)+1 =nec A
since k+1€ Z.

Question 4.34 Prove that AN B = BN A for every two sets A and B.

PROOF: Set equality proof

Let z € U.
T€EANB & r€Aandz€e€B & z€Bandxce A & € BNA.

Question 4.35
Prove that AN (BUC) = (AN B)U(ANC) for every three sets A, B and C.

PROOF: Set equality proof

Let x € U.
reAN(BUC) ©rzeAandze (BUC)
srxeAand (re Borxel)
&S (rxeAandz e B)or (r € Aand xz € C) by distributive law
sre(ANB)orxe (ANC)
sre(ANB)UANC)
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Question 4.38 Let A, B and C' be sets. Prove that (A—B)U(A—-C) =

PROOF: Set equality proof

A—(BNC).

using previous results

(A—B)U(A-C) = (ANB)U(ANC) = AN(BUC) = AN(BNC) =

A—(BNO).

Question 4.39 Let A, B and C be sets. Prove that AU (BNC) = (ANB)U(A-C).

PROOF: Set equality proof
AU(BNC) = AN(BNO)
= An(BUC)
= ANn(BUCQ)
= (ANB)U(ANCQO)
= (ANB)U(A-C).

Question 4.40 Let A and B be sets.

using previous results

Prove that Ax B = (ifandonlyif A = §or B = 0.

PROOF:

PART I :
Proveif Ax B=0then A=0or B=10

Proof by contradiction
ASSUME: Ax B = () and

A # Qand B #
Let z,y € U
A # = dr € A and
B # = dyeB
Therefore (z,y) € A x B
This is a contradiction since A x B = ()
Therefore if A x B = () then

A = (Qor B = 0.

Y
0
0

If and only if set proof so break into two parts.

PART II:
Proveif A=0 or B=0then A x B = 0.

ASSUME: A = QorB =0
GOAL: Ax B=10.

WLOG pick A =10
SoAxB=0xB = (.



Question 4.43 Let A, B and C be nonempty sets.
Prove that A x C C B x C if and only if A C B.

PROOF: If and only if set proof so break into two parts.

PART I: PART II:
Prove if Ax C C B x C, then A C B. Prove if AC B, then Ax C C B x C.

ASSUME: AxCCBxC ASSUME: ACB
GOAL: ACB. GOAL: AxCCBxC.

Let z,y € U Note 3y € C since C # 0 | Let (z,y) € U
reA= (r,y) e AxCforsomeyecC |(r,y) e AxC=zwecAandyecC

= (x,y) € Bx C by assumption =zr€BandyeC
=zr € BandyeCl. by assumption
= x € B by removing clauses = (z,y) € BxC.

Question 4.46 Let A, B,C and D be sets.
Prove that (A x B)N(C' x D)= (ANC) x (BND,).

PROOF: Set equality proof

Let (z,y) e U

(z,y) € (Ax B)Nn(C x D)
& (z,y) € Ax B and (z,y) € C x D
SreAandye Bandxe Candye D
SreAandxreCandye Bandye D by commutativity and associativity
sre(ANC)andy € (BN D)
& (z,y) € (ANC) x (BN D).
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Question 5.19 Let S = {p+¢v2 : pgeQ}and T = {r+sV3 : r,s € Q}.
Prove that SNT = Q.

PROOF: Set equality proof (two subset proofs)

PART I PART II:

Prove SNT C @ by contradiction Prove Q C SNT

ASSUME:SNT ¢ Q Let v € Q

That is 3z € SNT and = & Q Now z =z + (0)(v/2) so z € S

Andr =2+ (0)(V3)sox €T

resSNT SoxeSandx €T

=zrxeSandxeT

Sc=p+qg/2and z=r+s5V3 Therefore x € SNT

Ifg=0o0ors=0thenxz €@
which is a contradiction
If ¢ # 0 and s # 0 then p+¢v2 = r+5V/3
And p—r = s5V3 — qv2
Squaring both sides gives
(p—7)% =352 +2¢° — 25¢\/6

Rearranging we get /6 = W

contradiction since v/6 is irrational
Therefore SNT C Q.




6. Prove that (A — B) U (B — A) € AN B.

PROOF: This is a Subset Proof, so Direct proof of for-all-if-then.

Let x € U.

e

4

R

re (A - B)U (B — A)
re A— Bo e B - A
(reA andz¢gB) or (x€B and =z ¢ A)

((xEA and © ¢ B) or$€B> and((xeA and © ¢ B) orx€A>
by distributive law
((xEA orx€B) and (r¢ B orxGB))

and ((:B €A or xgA)and (x¢B or = ¢ A)) by distributive law
(re A orx e B) and (TRUE) and (TRUE) and (z ¢ B or = ¢ A)
(reA orxeB)and (x¢ B or x¢ A) since PA TRUE = P
r¢&B or ¢ A by removing clauses
x¢ A or x¢ B by commutativity
~ (r€A and z € B) by DeMorgan’s
~ (re AN B)
r ¢ AN B
reA N B.

7. Provethat 0 — A = 0.

PROOF:  Use a contradiction proof.

ASSUME: 0 — A #0.

Since ) — A #( thereis an element in ) — A

re ) — A = zehanda g A

But this is a contradiction since ) does not contain any elements.
Therefore ) — A = ().

8 Provethat A U (BN C) = (AU B)n (AU Q).

PROOF: This is a set equality proof, for-all-iff.

Let z € U.
reAU (BNC) & z€A OR (re€B and z€()

& (x€A or z€B) and (z€ A or xz€C)
by distributive law

& €A U DB and zv€eAUC

< ze€(AU B N (AUC).
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9. Prove that (A — C) — (B — C) = (A - B) — C.
PROOF: This is a set equality proof, for-all-iff.

Let x € U.
re (A —-C) - (B - 0)

& (e A and ¢ C) and ~(x € B and z ¢ C).

& (€ Aand ¢ C) and (z¢€ B or x € C) by De Morgan’s law

& (r€ Aand ¢ C and ¢ B) or (x€ A and ¢ C and z € (),
by distributive law.

& € A and ¢ C and ¢ B, by PV FALSE equivalent to P.

& z€ A and ¢ B and ¢ C, by commutativity

& (x €A - B) and z ¢ C

< o €(A - B) - C.

10. Prove that (A N B) — (A — C)=A n (B n O).
PROOF: This is a set equality proof, for-all-iff.

Let x € U.

re(ANB) — (A - C0C)

(xe€A and z€B) and ~ (z€ A and z ¢ C)

(reA and € B) and (z¢€ A or x € C) by De Morgan’s law

(xeA and z€B and ¢ A) or (x€A and z € B and z € ()
by distributive law.

r€A and z€ B and x € C since FALSE V P is equivalent to P.

r€A and (z€ B and z € ()

reA N (BnNCO).

tee

te0

11. Prove thatif A € B and ¢ € D then A - D C B — (C.
PROOF: This is a If-Then set proof

ASSUME: A C B, ie,forallz,ifxre A then x € B.
and C C D, ie,forallz,ifze C then x€ D.
Keep these assumptions to use later.

GOAL: show that A — D C B — (. Thisis a subset proof; for-all-if-then

Let x € U.
xreA - D = zxze€ A and x¢&D
= x€ B and z¢C
by 1st assumption and contrapositive of 2nd assumption.
= zx€ B - C.

10



12. Prove that if A € B then B — (B — A) = A
PROOF: This is a If-Then set proof.

ASSUME: A C B, soVz, ifx € A then z € B.
SAVE this for later use!

GOAL: B - (B - A = A

This is a set equality proof, for-all-iff. Break into two parts

Part1: B — (B — A) C A.

Let z € U.

r €B — (B — A)

x €B and z ¢ (B — A)

r€B and ~ (xeB — A)

r€B and ~ (x€ B and z ¢ A)

r€B and (x¢ B or x€ A) by De Morgan’s

(reB and v ¢ B) or (x € B and x € A) by Distributive
(x € B and z € A), using FALSE V P equivalent to P
xr € A using removing clauses.

R R

Part II. A C B — (B — A).

Let z € U.
r e A
= (r € A and z € A), using Idempotence
= (r € B and z€ A), by the assumption
= (re€B and x¢B) or (x € B and z€ A) wusing FALSE VP & P
= z€B and (¢ B or v € A) by Distributive
= x€B and ~ (zr€ B and ¢ A) by De Morgan’s
= z€B and ~ (zx€B — A)
= x €B and ¢ (B — A)
= x €B — (B - A).

11



13. Provethat A U B C B iff A C AN B.
PROOQOF": This is an iff set proof; we break it into two parts
Part I: Prove thatif A U B € Bthen A C A N B.
PROOQOF": This is an If-Then set proof.

ASSUME: A U B C B,soforallz,ifxr € A U Bthenx € B.
SAVE this for later use.

GOAL: A C AN B.
Let x € U.
r € A = x€A and z € A by idempotence
= x€A and (z€ Aorx € B), by adding clauses
= €A and €A U B
= x€A and z € B, by the assumption
= x€ AN B.
Part II. Prove thatif A € A N Bthen A U B C B.
PROOQOF": This is an If-Then set proof.

ASSUME: A C AN B,soforall z,ifx € Athenx € A N B.
SAVE this for later use.

GOAL: AU B C B.

Let x € U.

r€e AUB = x€A o z€B
= x€A N B or x € B, byassumption
= (r€A and x€B) or x€B
= x€&€ B or xe&€ B, byremoving clauses
= x€ B.

12



14. Prove that (A x B) U (C x D) € (AU C) x (B U D).

PROOF: This is a subset proof, for-all-if-then.
NOTE typical elements are ordered pairs!

Let (z,y) € U.

(x,y) € (A x B) U (C x D)
= (r,y) €A x B or (z,y)eC x D
= (re€Aand ye B) or (ze€C and ye€ D)
= (r€eAorzeC)and (y € Borx e () and

(xeAorye D)and (y € Bory € D) by distributive law, twice

= (xe€A or ze€(C) and (y€ B or ye€ D), by removing clauses
=r€AUC and ye B U D
= (z,y) € (AU C) x (B U D).

15. Prove that if A C Band C C Dthen A x (B — D) C B x (B — (O).

PROOF: This is an if-then set proof.

ASSUME: A C B, soVz, ifx € A then z € B;
and C € D, soVx, ifx e C then z € D.

SAVE this for later use!

GOAL: Ax (B—-D) € Bx (B-20).
This is a subset proof, for-all-if-then statement. Typical elements are ordered pairs.

Let (z,y) € U.
(x,y) € A x (B - D)
xr € A and y € B — D
xr€ A and (y€ B and y¢ D)
xr€ B and (y€ B and y¢ D) by assumptionz € A=z € B
r€ B and (y€ B and y ¢ C)
by CONTRAPOSITIVE of the assumption v € C = x € D
re B and ye B — C
(v,y) € B x (B — O).

L4l

4y
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16. Let A; be a family of sets indexed by set I.
Prove that B — (U,c; 4i) = (ies (B N 4).

PROOF: This is a set equality, so a for-all-iff.

Let z € U.
re€B — (Ui 40)

(Vicl)(r€B andz e A)
(Viel)(ze B N A)

& z€ B and ~ (vel, A)

& x€ B and ~ (Fiel)(ze A)
& we B and (Viel) ~ (ze A)
& wxe€ B and (Viel) (zgA)

& xz€ B and (Vicl)(z€ A)

&

&

&

17. Prove that B U ((,c; 4i) = Nier (B U A)).

PROOF: This is a set equality, so a for-all-iff.

Let z € U.

v eB U (N A)
& xze€B or (re()g A)
& ze€B or Viel)(zed)
& (Viel)(zreB or xze i)

18. Let A; and B; be two families of sets, with indices ¢ € I.
Prove that (UiEI Bl) U (Uiel AZ) = UiEI (BZ U Az)

PROOF: This is a set equality, so a for-all-iff.

Let z € U.

x e (Uie[ Bi) U (Uie[ Ai)
& (e UiEI B;) or (r€ UiGI A;)
& (Fdiel)(zeB;) or (Jiel)(re 4A)
& (Fdiel)(zeB;, orxe A)
& (Fiel)(ze B U A
& T E UiGI (Bl UAl)
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19. Let C' be any set.
a) Prove that if C C Athen C CA U B.

PROOEF:
a) This is an if then set proof.

ASSUME: that C' C A; this means (Vz)(z € C = x € A). Save for later!

GOAL: show C C AU B.
This is a subset proof, for-all-if-then proof.

Let x € U.

relC =uxeA, by the assumption
=x€A or z€B, byadding clauses.
=zrec AUB.

b) Prove that P(A) C P(A U B).

PROOF:
This is a subset proof. But note that typical elements here are SETS!

Let C e U.
CeP(A) = CCA

= CCAUB, by parta)
= C e P(AUB).
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20. a) Prove that if A C Band S CA NC,then S CB N C.

PROOF:
This is an if then set proof.

ASSUME: that A € Band S CA N C,
this means (Vz)(zr € A = z€ B), and Vz)(xeS=z2ze€ANC).

GOAL: show SC B n C.
This is a subset proof, a for-all-if-then.

Let x € U.

resS =zxreANC, by assumption that S C ANC,
=x€ A and xz€C,
=x € B andx € (C, by assumption A C B
=x € B or x€(C Dby tautology PANQ = PV Q
=xe€ B UC.

b) Prove that if A C B then P(A N C) C P(B n C).

PROOF:
This is an if-then set proof.

ASSUME: that A C B, save this for later.

GOAL: Show that P(A N C) € P(B U (O).
Note: typical elements here are SETS!

Let S € U.

SeP(AnC) =S CANnC
= SCB U C, byassumption A C B and part a)
=SeP(B UO).
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