Math 1410-Solutions for the Final Exam Practice Sheet
The Final Exam will be 9:00am—-11:00am, Friday, DecembeirlBE250
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1. Let A= 2 1 -9 -10 |. Find abasis and the dimension of
-2 0 4 6

(a) the row space o4,

Solution:

We need to find the reduced echelon fornPof
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To form a basis of the row space Af we can use the non-zero rows of the
reduced echelon form & i.e.

{(1a 07_25 0)7 (07 17_57 0)7 (Oa 0: 07 1)}

is a basis of rowf). Alternately, if we do not switch any rows, we can use
the rows inA corresponding to the rows in which the leading ones appear
in the reduced form oA. i.e.

{(07 17_57 4)7 (Za 17_97_10)7 (_27 07 4: 6)}

is also a basis of row).

Lastly, the dimension of a space is the number of vectorsibasis, so the
dimension of rowA) is 3.

(b) the solution set ofx = 0.
Solution:

We use the work done iA. First, letx=[w x y z ]t. Then, the
general solution oAx =0 is

w 2y 2
X1 _ | S| _ 5
y|[T v| 7Y
z 0 0

Therefore{(2, 5, 1, 0)} is a basis of the solution set 8k = 0, and the
dimension of this solution set is 1.

13’ 13’ 13 5 5 65 65 65
form an orthonormal basis f@&3.

4 12 4 48 2
2.Sh0wthay1:(3 )'92:( 30)'and93:(36 8 5)

Solution:

vou = (3V(A) & (AV(3) b0 2 12_
=17=2 7 \13) \5 13 5 ~ 65 65

3.3 4 48 (12)( 25) 108 102 300
13 65/ 845 845 845



ot = (2)(36) 4 (3 (28) Lo 144 _144_

=277 \5) \65 5/) \ 65 T 325 325

= J(2) s (A) 4 (222, /8, 16 14 [169_,

==\ \13 13 13) ~ V169 " 169 " 169 V169
4\? 3\ ? ) [16 9 [25

||| = \/(g) + <—g> + (0)° = 25 + 25~ \25 = 1, and

| = \/ﬁ L 4® 2% [1296 2304, 625 _ [4225 L

== Ve T 6 " 6% 4225 " 4225 4225 \ 4225

So u;, Uy, and u; form an orthonormal basis fd&S.

3. Letvyy=(1,1,1,1), v,=(3,1,9,-5), andvy = (13 -3, 11, -1).
(a) Use Gram-Schmidt to orthonormalizeg, v,, and vs.
Solution:

Uu = v = (17 17 17 1)7

_ P _ Voou
U = Vo — projgl\_IZ =V, — Uy o Ug U

= (37 15 97_5) - % (1) 13 1: 1)
= (37 17 97_5) - (27 27 2, 2)

= (1,-1,7,-7), and

U3 = V3 — proj, Vs — proj,vs
= V, — Vzouy _ V3o
- =3 Uou —1 Wou, =2

= (13,-3,11,-1) — ¥4 (1,1, 1, 1) — S23501,-1,7,-7)
= (137_37 117_1) - 2740 (17 17 17 1) - %8(17_17 77_7)
= (17 27 27 O) - (57 57 57 5) - (17_17 77_7)

= (77_77_1a 1)



(b)

(c)

We now normalize these vectorsto create the orthonormil §ag, w,, ws}:

1 1 1111
w = —u=—=(1111) = PR E
= e = Ve ) (z 22 2)
1 1 1 1 7 7
= ~ u=—(1-17-7=(—-= - "),
Yo = gl %2 = Jaoo ) (10’ 10° 10° 1o>
1 1 7 7 1 1
and = = 7,-7,-1,1) = { —,—,———, — .
Y = g% = vaoe R Y (10’ 10" 10’ 10)
Determine whethea = (8, 8, 0, 0) is in the span ofv,, v,, v3}.

Solution:
projy,a + proj,,a + proj,a
= (@ow)w + (@ow) W, + (aow) Wy
— 11 11 1 1 7 7 7 7 1 1
= 8(3, 23 3) + (351 10— 1) + (30—~ 10 10)
= (4,4,4,4 +0+0+#a

soais not in the span ofvy, Vo, Va}.

Determine whetheb = (30,—30,—40, 40) isin spadVy, Vs, V3}.
Solution:
proj,, b + proj,,b + proj, b
= (bow)w + (bow)w, + (bows) ws

:o(

NI
NI

’ %’ %) + (-50) (%)a_%)a %)7_1_70) + (50) (%)7_%)’_%)’ 1_ji))

= 0+ (=5, 5,—35, 35) + (35—35,—5, 5)

7

= (30,—30,—40, 40) = b,

sobis in spafyy, V,, Vs}.



-1 -3 0 6 12 O
4. Let A= 3 5 0| andB=| 12 -1 0 |.

0O 0 2 0 0 15
(a) Show that(1,—1, 0) is an eigenvector of and find the corresponding
eigenvalue.
Solution:
We need to show thatk = [1 -1 0 ]t is a non-zero solution of

Ax = Ax for some value of the scalac

SERHE RS

Therefore,(1,—1, 0) is an eigenvector of, and its corresponding eigen-
value is 2.

(b) Find all the eigenvalues &.

Solution:
IA — All
-1-A =3 0
= 3 5—-A 0
0 0 2-A
-1-\ -3
= Q_Aw 3 5—A‘

= (2=-NM[(-1-M(E-N-B)(-3)]
= (2=A)[-5+A—5A+A%+9]

= (2=-N[N-4\+4]

= (2=-N[A-2)(A-2)]

= —-(A-2?%

So, the only eigenvalue &fis 2.



(c) Find a basis for each eigenspace\of
Solution:

The augmented matrix for the systefA—2l)x = 0 is

I

w

w
[eNeoNe)

o

o oo
o

o
[oNeN

so {(-1, 1, 0), (0, O, 1)} is a basis of the eigenspace.

(d) IsAdiagonalizable?
Solution:

We do not have enough linearly independent eigenvectokdotreate an
invertible 3x 3 matrixP, soA is not diagonalizable.



(e) Find all the eigenvalues &

Solution:
|B — Al
6—N 12 0
= 12 —-1-A O
0 0 15—\
6—\N 12
- (15‘”‘ 12 _1_)\‘

= (15-M[(6-N)(-1-1)—(127]
= (15-A)[-6—6A+A+A2— 144
= (15-2)[A2-5r—150

= (15-M)[(A - 15) (A +10)]

= —(A—15%(A+10).
So, the eigenvalues &are 15 and-10.
(f) Find a basis for each eigenspaceBof

Solution:

A =15 The augmented matrix for the systefB — 151)x = 0 is

6— (15) 12 0o |o

12 -1-(15 0 0

| o 0 15— (15) [ 0
[ —9 12 0]0
= | 12 -16 0|0
o 0 0|0
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The general solution to this system is

4 4

X 3y 3 0
yl=|vy |[=y|]1l]|+z]| 0],
z y4 0 1

S0 {(g, 1, 0> , (0, 0, 1)} is a basis of this eigenspace.

A = —10 The augmented matrix for the systefB — (—10)I)x = 0 is

[ 6—(—10) 12 0 0

12 -1-(-10) 0 0

o 0 15— (—10) | 0
(16 12 0[O0
= |12 9 oo
| 0 0 25/0




N (1 2 0]0]
1
LR1
6 3
%m 1 2 0|0
2R3
25 [ 0 0 1]0
(1 2 0]0]
R I I
| 0 0 1]0
(1 2 0]0]
R2 +— R3 0 0 110
| 0 0 0]0

The general solution to this system is

SO { (—%, 1, O) } is a basis of this eigenspace.

(g) Orthonormalize the vectors found in (f), using Gram+&adt if necessary.

Solution:

The vectors(%, 1, 0>, (0, 0, 1), and (—Z, 1, 0) are already orthogo-

nal, so we just need to normalize them:

1 4 1 /4 4 3
TE Lo (é’ L ") = 57 (é’ L ") = (é’ 5 ")'

1
Moo oV =7009=001



1 3 1 3 3 4
and ——— (—-,10) =— (—-,1,0) = {—=, =
(h) Use the vectors found in (g) to create a maRithat diagonalizeB.

Solution:

The columns oP are the vectors we found in (g):

3 4
-5 5 0
— 4 3
P = : £ 0
0 01
We now verify thatP diagonalize$:
r_3 4 1t 3 4
-5 5 0 -5 5 0

P'BP =

gis
glw
o
(GEN
gilw
o

6 12 0
12 -1 O
0 0 15

o
o
[
o
o
[

a4 -
-5 5 0
6 12 O
— 4 3
= 43 0||l-8 9 0
0 0 15
| 0 0 1)
[—-10 0 O
= 0 15 0| =D.
0 0 15

D is a diagonal matrix, sB diagonalizes\.

() Find the (1,1)-entry irB°.
Solution:

B> = PD°P!

10



24 0] -2 8o
-10 0 O
= d 20 0 15 0 220
0 0 15
| 0 0 1] | 0 01
[ _3 4 07 -3 4 9
5 5 5 5
[ -10° 0 0 ]
= : 20 0 15 0 2 2o
| 0 0 17 |
| 0 0 1] 0 0 1
(-3 &8 0][2(10°) —3(1®) 0
= | 5 3 0||s(%) (%) 0
| 0o 0 1]] o 0 15
[ - (1) +Z(15) E(1P)+E(1F) 0
= | 2A®)+E1P) -Z2P)+5(10) O
i 0 0 15

9 16
] Tig =0
So, the (1,1)-entry o’ is € (105) + 5% (155) or 450000.

5. Determine whether each statement is true or false. Yystifr answer.
(a) (br —cq, cp—ar, ag— bp) is orthogonal to botlfa, b, ¢) and(p, g, r).
Solution: This statement is TRUE.
(br—Cq, Cp_ar7 aq_bp) o (a, b7 C)

(br —cqg)a + (cp—ar)b + (ag—bp)c
bra — cga + cpb — arb + agc — bpc = 0, and

(br—Cq, Cp_ar: aq_bp) o (pa q7 r)
(br —ca)p + (cp—ar)q + (aq—bp)r
brp — cgp + cpq — arq + agr — bpr = 0.

11



(b) {(x, y): X2 =xy} is a subspace d&?.
Solution: This statement is FALSE.

This subset oR? containg(0, 1) and(1, 1), but it does not contain

01+ (11 =(12.

(c) If 0is an eigenvalue of anx n matrix A, thenA is invertible.
Solution: This statement is FALSE.

Let O be an eigenvalue &f. ThenA = 0 satisfiedA—AlI| =0
= |A-0l|=0 = |A|=0,

which means thaA is not invertible.

(c) (Bonus) If 0is an eigenvalue of arx n matrix A, thenA is not invertible.
Solution: This statement is TRUE.

Let O be an eigenvalue & Then,\ = 0 satisfiedA—Al| =0
= |A-0l|=0 = |A| =0,

which means thaA is not invertible.

(d) (Bonus) IfA3+8I =0 andA' = A, thenA is both invertibleand diagonal-
izable.
Solution: This statement is TRUE.

Let A be a matrix that satishp® + 81 = 0 andA! = A. To show thatA is
invertible, we manipulaté® + 8/ =0

— A=_8 :—%A%l = A(—%AZ) =1.

. . o . 1
SinceA is square (necessarily is invertible, andA™! = — =A%, Next,

if A=A, thenA is symmetric, so by Theorem 5.4 on page 160 of the
textbook, A must be diagonalizable.
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