Math 1410-Solutions for Assignment 5
Submitted Friday, October 21

. Evaluate each of the following determinants:

1 3 0
5 -4 1.
-1 2 1
Solution:
1 30
5 -4 1
-1 2 1
= 1 3 0
—5R1+ R2 0 -19 1
R1+R3 0 51
_ 1| —19 01
- ey TR
_ 2| —19 1
- (_1) 5 1‘
3 -19 1
a 51
- (—19)(1) — (2) (5)
= —-19-5
= —24.
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2. Evaluate the following determinant using the cofactgramsion along the first
row. Also, compute the determinant using the cofactor egjmindown the
second column.

1 2 3
4 5 —6|.
-7 8 1

Solution:

Along the first row:

1 2 3
4 5 -6
-7 8 1

- +w| g @) 3 el 4G
= (5D~ (~8)®)]2[4)(1) ~ (~6)(~7)]+3[4)(®) ~ (5)(~7)]
= [563—-2[-38+3[67

= 53+76+201

= 330

Down the second column:

12 3
45 -6
78 1

4 -6 13 1 3

= (2)‘ -7 1‘“5)‘ -7 1‘_(8)‘4 —6‘

= =2[(#1) - (-6)(=7]+5[(1)(D) - ((=7)]-8[(1)(~6) — (3)(4)]
= —2[-3§+5[22—8[-1§]
= 76+110+ 144

= 330, as expected.



3. Find the inverse of each of the following matrices usirey¢bfactor method:

Solution:
1 -1 5
Let A= 1 1 1 |. Then, the cofactors &t are
3 -4 2
11
— j— 1+l = —(— =
I BV BRI CU R
1 1
A12 = (_1)1+2 3 2‘:_[2_3]:1;
1 1
_ (_1\1+3 e A_9— _
Az = (-1) 3_4‘ 4-3=-7,
oy = (12| T 5‘=—[—2—(—2o>]=—18,
4 2
1 5
— (_1\2+2 —92_15—
A2 = (1) 3 2‘_2 15=-13,
1 1
Py = (02| 3 | =-la-a1-1
-1 5
_ o \3+1 __1_5_ _
15
Azr = (_1)3+2 1 1‘:_[1_5]:4;
and Agz = (—1)%+3 1 _1‘:1—(—1):2




Alternately, if you can do the correct calculations in yoeat, you can write
each cofactor oA as a subscript of the corresponding entryApés follows:
o —loy  Se9
g L1y L
-6 —Ha 2
Using cofactor expansion along any row or column (say, therse row), we
find |A| = (1)(—18) + (1)(—13) + (1)(1) = —30. SinceA| # 0, Adoes indeed
have an inverse. To find it, we take the matrix of the cofactors
A1 Az Ais
6 1 -7
Acr A2 Aez |=| —-18 =13 1|,

6 4 2
Az1 Az2 Az

compute its transpose to find the adjoin#of

6 1 717" 6 —18 —6
adjA)=| -18 -13 1| =| 1 -13 4],

—6 4 2 -7 1 2

and finally multiply the adjoint oA by 1 to obtain

A
6 -18 -6
a1

B -7 1 2
6 =18 -6 1 3 1
-30 -30 -30 -5 5 5
| 4 13 4 |_| _1 138 _2
- -30 -30 -30 - 30 30 15
-7 1 2 L -1 _1
-30 -30 =30 30 30 15



Solution:

Then, the cofactors @ are
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-2 0 0 0 0

B3 = +| 1 0 O :+(-1-(—2)‘3 0‘):—2(0):0,
0 30
1 0 O 0 0

B3 = —[{5 0 O =—<+(1)‘3 0D=—(O)=O,
0 3 0
1 -2 0

Bss = +|5 10 :-l-(O):O,
0 0 0
1 -2 0 1 _2

Bsa = —|5 1 0/=—(+(Q3|; 7|)=-31D=-33
0 0 3
-2 0 0 0 0

Bsj1 = -— 10 0(=—(+(-2 o _7 =2(0) =0,
0 2 —7
1 0 0 0 0

Bsj, = +|(5 0 0 :+(+(1)‘2 4 D_—}_(O)_O’
0 2 -7
1 -2 0

Bag = —|5 1 0 =—(+(—7)‘é _i D=7(11)=77,
0 0 -7
1 -2 0 1 —2

and B4 = +|5 1 0/=+(+(2 =2(11) =22

0o 0 2 5 1

So, writing each cofactor dB as a subscript of the corresponding entryBof
yields

1oy —2-109 O O

Suy  Lay  Oo  Op




Like before, we use cofactor expansion along any row or cal(say, the fourth
row) to find|B| = (3)(77) = 231. SincgB| # 0, B has an inverse. To find it, we
take the matrix of the cofactors,

Bi1 Bi2 Biz Bia

21 -105 O 0
42 21 0 0
0 0 0 -33 |’
0 o 77 22

Bo1 B2z B2z Boa

Bs31 B3z Bssz Bsa

Bs1 Bsz Bsaz Baa

compute its transpose to find the adjoinByf

t

21 -105 O 0 21 42 0O O

agip— |42 2L 0 0| _|-10521 0 o0
BI=1 0 0 0 -33]| " o o o 77|
0 0 77 22 0 0 -33 22

and lastly multiply the adjoint oB by % to obtain

21 42 0 0
,_1]-10521 0 0

231 0 O 0 77
0 0 —-383 22
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4. Find all values ofa, b, ¢ andd for which the following matrix is singular (a
square matriA is called singular ifA| = 0):

2a -1 1 1
b 2 1 1
0 0c d
0O 0 1 -4

Solution:

We first need to find the determinant of this matrix, as follows

2a -1 1 1
b 2 1 1
0 0O c d
0O 0 1 -4
2a —-1|1 1
b 2‘1 1
o 0 O|c d
0 0|1 -4
| 2a -1 c d
- b 2|1 -4

(4a+Db)-(—4c—d)

—(4a-+b)(4c+d).

By observation, we see that the determinant of this matrixifsda+b =0 or
4c+d = 0. Therefore, this matrix is singular for the following vakiofa, b, c,
andd:

( 1

a:—zs
b = S
<

_ 1
c = -1t
d = t




5. Prove or disprove each of the following statements:
(a)|A+B| = |A| + |B], for all (square) matrice& andB.

Solution: This statement is FALSE.

10

LetA= [ 0 0

o[22

0 1

Then,|A| =0, and|B| =0, so|A|+|B| =0+0=0. HoweverA+B=15, so
|A+B|=|l2| =1.

Hence |A+ B| # |A| + |B| for all square matrice8 andB.

(b) |2A] = 8|A|, for all 3 by 3 matriced\.
Solution: This statement is TRUE.

Let A be any 3x 3 matrix. Then,

|2A

12(13A)|
= |(213)A|

= [23]-|A]

-
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2 0

= +(2)‘ 0 2

\-|A|

2[4—0]|A|

= 8|A|, asrequired.
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() |[(AB)~Y| = Wl\sr for all nonsingular (square) matricAsandB.

Solution: This statement is TRUE.

Let AandB be nonsingular matrices of sirex n. Then,|A| # 0 and|B| # 0, so
AandB are invertible i.e. botA~! andB~! exist. Moreover,

B-1A-lAB=1,
= (AB)"}(AB) =1,

(AB)~*(AB)| = [In

!

= [(AB)7!|-|AB| =1
= [(AB)![-(JA-|B) =1

= |(AB)7! = (afg asrequired.

6. Use the Cramer’s rule to solve the following system ofdinequations for any
values ofa # 0 andb # 2:

X + ay + bz = 10
X + ay + 2z = 2
2xX + ay + 3z = 5
Solution:
1 ab
LetA=| 1 a 2 |,andfori=1,2,3, letA be the matrix obtained by re-
2 a 3

10
placing columri of A with the colummB = [ 2 ] .
5
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|A2|

—R2+R1

—2R2+R3
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1 a 10
and |Ag] = ; a é
a
_ 1 a 10
—R1+R2 (2) 2 _58
1
- 9|3
= 8C-a)
= —8a.

X = A1l a(14-3b)
= A T Taeop
y = Al _ b+6
- A T al-b
zZ = Al _ —8a
- A T al2-by
_ 3b—14
X = b—2
_ b+6
or Y = —ap2
_ 8
Z —_ m.
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