Math 1410-Solutions for Assignment 6
Submitted Friday, November 4

1. Giventhe vectoraa= (1,1,1), b=(—-2,-1,2), and v=(3,4,7). Express
the vector _vas a linear combination od and b.

Solution:

We want to find scalar€; and ¢, such that = cia+cob, or

c1(1,1,1) + c(—2,-1,2) = (3,4,7).

Focusing on the first component of each vector (i.e.xtkeordinate), we

have c; (1) +c2(—2) = (3), or c1 —2c; = 3, which is a linear equation.
Focusing on the second and third components of each veates gs two

more linear equations, which together form the followingehr system:

cpL — 2 =

3
cC — C = 4
ciL + 2c0 = 7

To solve this system, we form its augmented matrix:

1 -2|3
1 -1/4
1 2|7

Notice that the entries in the first three columns of this aeigied matrix
are the components of the vectas b, and v respectively. Now we need
to find the reduced echelon form of this matrix:

—R1+R2 é _i i
—R1+R3 o 4lz



0
1
0

~ 1
—2R2+R1 0
—4R2+R3 0

5
1].
0

The solutionisc; =5 and ¢, = 1. Therefore, = 5a+ 2b.

. Show that thepan{(—1,0, 1), (—2,0,—2)} consists of all three dimensional
vectors with the second component O.

Solution:

We need to show that every vector of the fofr0, z), wherex andz are
real, isinspan{(—1,0,1),(—2,0,—2)}. Avectorisinthe spanaf1,0,1)
and(—2,0,—2) if it is a linear combination of—1,0,1) and(—2,0,—2).
So, we need to show that every vector of the fqp0, z) is a linear com-
bination of(—1,0,1) and(—2,0,—2). To do this, we solve the following
system (shown as an augmented matrix) ¢prand c;:

[ -1 —2|x]

0O 0|0

| 1 -2z ]

N [ 1 2| —x]

S B I

N [ 1 2] —x ]

R2 +— R3 é_g é
N 1 2] —x

—R1+R2 8_3 XJ(;Z



(1 2| —x ]
~ Xtz
—%RZ 01 4
_0 0 0 ]
"1 0 %( -
~ Xtz
—2R2+R1 01 4
_0 0 0 ]

For any reak andz, there is a solution foc; andc,. Thus, every vector
of the form (x,0,2) is in the span of—1,0,1) and(—2,0,—2). Hence,
span{(—1,0,1),(—2,0,—2)} consists of all three dimensional vectors with
the second component O.

3. Given S={(1,0,1,1),(0,1,1,1),(1,1,0,1)},
(a) determine whether the vector=(—2,—3,3,—1) isin the span o8,
Solution:

Again, v isinthe span o§ifitis a linear combination of the vectors
in S. To determine if it is, we solve the following system for, ¢y,

andca: i

1 0 1|-2

01 1/ -3

110 3

11 1|1

N (1 0 1|-2

—ri+rs |01 13

Rl+r4 | O P AP0

01 0] 1



N 10 1|-2
—r2+r3 |01 1=3
R2+r4 |20 21 8

|0 0 —-1| 4]
(10 1]-2°
~ 01 1/-3
—3R3 00 1/-4
|0 0 —-1| 4]

~ (1 0 0] 2
-R3+R1 |0 1 0| 1
-R3+R2 |0 0 1|-4
R3+R4 |0 0 0 O

The system is consistent, so ig a linear combination of the vectors
in S. Ergo, v inthe span of.

(b) and if the vector is in the span, write it as a linear corabon of ele-
ments ofS.

Solution:

From the work above, we see tltat= 2,c, = 1, andcs = —4. Hence,

v=2(1,0,1,1)+1(0,1,1,1) — 4(1,1,0,1).

4. Which of the following subsets are subspace®¥? You need to justify
your claim.

(@) {(x,0,2): x=3z}
Solution:

Every vector in this set has the forf8z, 0, z). To determine if this set
is a subspace @&3, we need to determine if it is closed under vector

4



addition and scalar multiplication.

To check closure under vector addition, ley « (3z, 0, z) and
Vo, = (322, 0, o) be any vectors in the set. Then,

y1+¥2 = (3217 07 Zl)+(3227 07 22)
= (321+322, 0, 21+22)

= (B(za+2),0, (a+2)),

S0 \; +V, is also in the set. Consequently, the set is closed under
vector addition.

To check closure under scalar multiplication, lef = (3zp, 0, Z) be
any vector in the set and lsbe any scalar. Then,

Vo = (320, 0, 20) = (s(3%), 0, s(20))

= (3s2, 0, s2) = (3(s20), 0, (s)),

so sv is also in the set. Thus, the set is closed under scalar mul-
tiplication. Since it is closed under both vector additiom acalar
multiplication, this set is a subspaceRf.

(b) {(X,y,Z) : X+3y_22: 5}
Solution:

Let v be any vector in this set. In order for this set to be a subspace
of R3, it must be closed under scalar multiplication. Thus, tleis s
must contain every scalar multiple of, mcluding Ov= 0= (0,0,0).
However,(0,0,0) does not satisfx+ 3y—2z=5, s0(0,0,0) is notin

the set.

Therefore, this set is NOT a subspaceRsf



(C) {(X,y,Z) : 3X+3y—Z:O}
Solution:

Solving the equationy3+ 3y — z= 0 for z, we find that every vector in
this set has the forrtx, y, 3x+3y). As before, to determine if this set
is a subspace @3, we need to determine if it is closed under vector
addition and scalar multiplication.

To check closure under vector addition, let = (X1, y1, 3x1 + 3y1)
and W% = (X2, Y2, 3X2+ 3y2) be any vectors in the set. Then,

Vi+Vy = (X1, Y1, 31+ 3y1) + (X2, Y2, 3X2+ 3y2)
= (X1+X2, y1+Y2, 3x1+ 3y1+ 3%+ 3y»)
= ((x1+x2), (Y1+VY2), 3(Xxt+x2)+3(y1+VY2)).

Since \; + Vs is also in the set, the set is closed under vector addition.

To check closure under scalar multiplication, 1gt=v(xo, Yo, 3Xo+ 3Yo)
be any vector in the set and kebe any scalar. Then,

Vo = (X0, Yo, 30+ 3Yo) = (X0, SYo, S(3%0+3Y0))
= (SX07 SYo, 3SX0+3WO)

= ((s0), (0), 3(s%0) +3(sy0))-

Sincesv is also in the set, the set is closed under scalar multipdicat
Since the set is closed under both vector addition and scaldipli-
cation, it is a subspace &¢.



d) {(xy,2): xy+z=0}
Solution:

If this set is a subspace &, then it must be closed under vector ad-
dition. However, the vectorfl,0,0) and(0,1,0) are in the set, but
their sum,(1,0,0) + (0,1,0) = (1,1,0), is not.

Since this set is not closed under vector addition, it is NQilaspace
of R3.

@) {(xy,2): x¥*=0}
Solution:
If X2 =0, thenx = 0, so every vector in this set has the fof@ y, z).

To check if this set is closed under vector addition, let=(0, y1, z1)
and » = (0, y2, o) be any vectors in the set. Then,

Vi+Vo = (0, y1, z1)+ (0, yo, 22)
= (07 Y1+Y2, Zl+22)7

which is also in the set, so the set is closed under vectotiaddi

To check closure under scalar multiplication, leg=v (0, yo, 2o)
be any vector in the set and kebe any scalar. Then,

S\_/O = S(Oa y07 ZO) = (Oa Sy07 SZO)a

which is also in the set, so the set is closed under scalarpticdition.
Since the set is closed under both vector addition and scaldipli-
cation, it is a subspace &.



) {(xy,2): x+3y—z=0 and X—3y+z=0}
Solution:

Solving the linear system formed by the equatimrs3y —z= 0 and
2x—3y+z=0, we find thatx = 0 andz = 3y, so every vector in the
set has the forng0, y, 3y).

To check if this set is closed under vector addition, let=\(0, y1, 3y1)
and v = (0, y2, 3y2) be any vectors in the set. Then,

Vi+Vo = (0, y1, 3y1)+ (0, y2, 3y2)
= (0, y1+Y2, 3y1+ 3y2)

= (0, (ya+y2), 3(y1+V¥2)),

which is also in the set, so the set is closed under vectotiaddi

To check closure under scalar multiplication, lef=v (0, Yo, 3Yo)
be any vector in the set and kebe any scalar. Then,

svg = s(0, Yo, 3yo) = (0, syo, s(3yo))

= (0, (sy0), 3(5%0)).

which is also in the set, so the set is closed under scalarpticdition.
Since the set is closed under both vector addition and scaldipli-
cation, it is a subspace &E.

5. Consider the system of the linear equatio®$ = 0, whereA is anyn x m
matrix andX a column vector of dimensiom. Show that

S={X: AX=0},

the solution set of the system, is a subspadR"af



Solution:

To show thatSis a subspace &™, we need to show that it is closed under
vector addition and scalar multiplication. To show closuneler vector
addition, letX; and X, be any column vectors i6. Then,AX; = 0 and
AX; =0, so

A(X1+X2) =AX1+AX2=0+0=0,

which shows thaiX; + Xo is also a solution oAX = 0. In other words,
X1+ Xo is also inS, soSis closed under vector addition.

To show closure under scalar multiplication, Xgtbe any column vector in
Sand letc be any scalar. The®Xy =0, so

A(CXo) = cAXg = ¢ (AX) =¢(0) =0,

which shows thatXg is also a solution oAX = 0. In other words,cXg is
also inS, soSis closed under scalar multiplication.

SinceSis closed under vector addition and scalar multiplicatibis,a sub-
space ofR™.

. (Bonus) A plane irR3 is the set of all vectorgx,y, z) satisfying an equa-
tion like ax+ by+cz=d. Show that a plane is a subspace if and only if it
contains the origin.

Solution:

Since this is an “if and only if” statement, we need to prowva thoth direc-
tions.

(=) Assume that the plane is a subspac®%fand pick any vector \n
the plane. Then, the plane must be closed under scalar huadtipn, so
it must contain every scalar multiple of, mcluding Ov=0=(0,0,0). In



other words, the plane must contain the origin.

(«<=) Assume that the plane contains the origin. Th@n0,0) must sat-
isfy the equatiorax+ by + cz = d, which means thad = 0.

Now, let v; = (X1, Y1, z1) and W = (X2, Y2, Z2) be any vectors in the
plane. Then,ax; +by; +cz =0 andaxy+ by, +cz =0, so

a(x1+x2) +b(yr+y2) +c(z+2)
= ax+axy+byi +by,+cz1 +cz
= (axq+by1+cz)+ (axe+by2 +c2)
= (0)+(0) =0,

so the plane contains; 4 Vv,. Thus, the plane is closed under vector addi-
tion.

Next, let s = (X0, Yo, Zo) be any vector in the plane and e any scalar.
Then, axo+byo+¢Z =0, so

a(sxo) +b(syo) +c(sw) = asxo+bsyo+csz
= s(axo+byo+cz) =s(0) =0,

so the plane containsvy. Hence, the plane is closed under scalar multipli-
cation.

Ergo, the plane is a subspaceR.
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