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Abstract. Let 4n2 betheorderof aBush-typeHadamardmatrix with
q � � 2n � 1� 2 a primepower. It is shown thatthereis a weighingmatrix

W
�
4
�
qm � qm� 1 �	�
�
�
� q � 1� n2 � 4qmn2 �

whichcanbeusedto constructa pair of symmetricdesignswith theparameters

ν � 4
�
qm � qm� 1 �	�
���
� q � 1� n2 � κ � qm � 2n2 � n� � λ � qm � n2 � n�

for every positive integer m. As a corollary we get a new classof symmetricdesignswith
parameters

ν � 16
�
qm � qm� 1 �
�
�
��� q � 1� n2 � κ � qm � 8n2 � 2n� � λ � qm � 4n2 � 2n�

for all positive integersmandn, where4n is theordera Hadamardmatrix.

1 Introduction

A Bush-typeHadamardmatrix is a block matrix H ���Hi j � of order4n2 with block
size2n, Hii � J2n andHi jJ2n � J2nHi j � 0, i �� j, 1 � i � 2n, 1 � j � 2n, where
J2n is the 2n by 2n matrix of all entries1. It is known that symmetricBush–type
Hadamardmatricesexist for all orders16n2 for all valuesof n for which thereis a
Hadamardmatrix of order4n, see[8] for details.

A balancedgeneralizedweighingmatrix BGW � ν � κ � λ � overa groupG is a ma-
trix W ���wi j � of orderν , with wi j � G ��� 0 � suchthateachrow andcolumnof W
hasκ non–zeroentriesandfor eachk �� l , themultiset � wkjw� 1

l j : 1 � j � ν � wkj ��
0 � wl j �� 0 � containsλ ���G � copiesof everyelementof G.

In [7] the authoruseda Bush–typeHadamardmatrix of order4n2, with q �� 2n  1� 2 a prime power, in a classof balancedgeneralizedweighing matrices
over a cyclic groupto constructa new classof symmetricdesignswith parameters
ν � 4 � qm ! qm� 1 !#"$"%"�! q ! 1� n2, κ � qm � 2n2  n� , λ � qm � n2  n� , for everypositive
integersm. Thesesymmetricdesignswereshown to begeneratedin pairsby equat-
ing certainentriesof aweighingmatrix to zero.Thefirst classof symmetricdesigns
with theseparameterswasfirst constructedby Ionin in [6] for n � 3.Moreprecisely,
Ionin [6] useda very specialregularHadamardmatrix of order36 in a classof bal-
ancedgeneralizedweighingmatricesBGW � qm ! qm� 1 !&"$"%"$! q ! 1 � qm � qm  qm� 1 �'
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overa cyclic groupof ordert, whereq is a primepower, m is a positive integerand
t is a divisorof q  1, to constructhis symmetricdesigns.

In this paperwe againusea Bush–typeHadamardmatrix of order4n2, but this
time with q �(� 2n ! 1� 2 a prime power to constructthe sisterclassof symmetric
designswith parametersν � 4 � qm ! qm� 1 !)"$"%"*! q ! 1� n2, κ � qm � 2n2 ! n� , λ �
qm � n2 ! n� for every positive integerm. We will show that thesedesignsagainare
generatedin pairs,but unlike thedesignsin [7], theblocksof thedesignsherehave
some“commonintersections”.We usetheterm“Siamesetwin design”to draw the
attentionto thisproperty.

Theproblemof investigatingtheexistenceof Bush–typeHadamardmatricesof
order4n2, n anoddinteger, is a toughone.It is quiteinterestingto notethatif such
matricesexist, thenthe constructionmethodgiven in this papersimplifiesIonin’s
methodsignificantly. Moreover, themethodusedin this paperproducesan infinite
classof new symmetricdesignsfrom any Bush–typeHadamardmatrixof new order
4n2, n oddsuchthat the number � 2n ! 1� 2 is a primepower, see[5]. On the other
hand,the nonexistenceof a symmetricBush–typeHadamardmatrix of order4n2

would imply thenonexistenceof projective planeof order2n. Thenonexistenceof
a symmetricBush–typeHadamardmatrix of order36 hasbeenestablishedin [2],
thoughin a completelydifferentsetting.Thesmallestorderfor which theexistence
of Bush–typeHadamardmatricesis unknown is 196 � 142. We conjecturehere,as
in [7], thatBush-typeHadamardmatricesexist for all orders4n2, n anoddinteger.

For a � 0 �
+ 1� -matrixK, let K � K ,- K � , whereK , andK � are � 0 � 1� -matrices.
TheKronecker productof two matricesA ��� ai j � andB, denotedA . B, is defined,
asusual,by A . B ��� ai jB� . For a matrix A ��� ai j � , denoteby �A � thematrix �/� ai j � � .
Throughoutthepaper,  represents 1.

2 Bush-type Hadamard matrices and Siamese twin designs

K. A. Bush[1] provedthat if thereexistsa projective planeof order2n, thenthere
is a Hadamardmatrix H of order4n2, suchthat:

1. H is symmetric.
2. H �0�Hi j � , whereHi j areblocksof order2n, Hii � J2n andHi jJ2n � J2nHi j � 0,

for i �� j, 1 � i � 2n, 1 � j � 2n.

Bush’s interestwasmainly in thenonexistenceof suchmatrices.Whereasthereare
differentmethodsto constructmatricesof order16n2 of the above type, (see[8]),
we arenot awareof nonexistenceof matricesof this form of order4n2 for any odd
valueof n, n 1 3.

Pleasenote that in this paperby a Bush-typeHadamard matrix we meanan
Hadamardmatrix satisfyingonly condition2 above, aswe do not needto assume
thatH is symmetricfor ourconstruction.For completenessweincludethefollowing
resultof theauthor[8].

Theorem 1. Let 4n be the order of a Hadamard matrix, thenthere is a Bush-type
Hadamard matrix of order16n2.
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Proof. Let K be a normalizedHadamardmatrix of order4n. Let r1, r2, 2%2$2 , r4n be
therow vectorsof K. Let Ci � rt

i r i , i � 1 � 2 �$2%2$2%� 4n. Thenit is easyto seethat:

1. Ct
i � Ci , for i � 1 � 2 �%2$2%2$� 4n.

2. C1 � J4n, CiJ4n � J4nCi � 0, for i � 2 �$2$2%2$� 4n.
3. CiCt

j � 0, for i �� j, 1 � i � j � 4n.

4. ∑4n
i 3 1CiCt

i � 16n2I4n.

Now letH � circ � C1 � C2 �%2$2$24� C4n � , theblockcirculantmatrixwith first rowC1C2 2$2%2 C4n.
ThenH is a Bush-typeHadamardmatrix of order16n2.

Example2. Let

K �
566
7

1 1 1 1
1 1  � 
1  1  
1  � 1

8:99
;

Then,

r1 �=< 1 1 1 1 >
r2 �?< 1 1  @ A>
r3 � < 1  1  >
r4 � < 1  � 1 >

C1 � rt
1r1 �

566
7

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

8:99
;

C2 � rt
2r2 �

566
7

1 1  B 
1 1  B  � 1 1 � 1 1

8 99
;

C3 � rt
3r3 �

566
7

1  1   1  1
1  1   1  1

8:99
;

C4 � rt
4r4 �

566
7

1  � 1 1 1   1 1  
1  � 1

8:99
;
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ThenH � circ � C1 � C2 � C3 � C4 � is thefollowing matrix,

CDDDDDDDDDDDDDDDDDDDDDDDDDD
E

1 1 1 1 1 1  B 1  1  1  B 1
1 1 1 1 1 1  B @ 1  1  1 1  
1 1 1 1  B 1 1 1  1  @ 1 1  
1 1 1 1  B 1 1  1  1 1  B 1
1  B 1 1 1 1 1 1 1  B 1  1   1 1  1 1 1 1 1 1  B @ 1  1 1 1  1 1 1 1  B 1 1 1  1  
1  B 1 1 1 1 1  B 1 1  1  1
1  1  1  � 1 1 1 1 1 1 1  �  1  1  1 1  1 1 1 1 1 1  � 
1  1  @ 1 1  1 1 1 1  B 1 1 1  1 1  � 1 1 1 1 1  B 1 1
1 1  B 1  1  1  � 1 1 1 1 1
1 1  B @ 1  1  1 1  1 1 1 1 � 1 1 1  1  @ 1 1  1 1 1 1 � 1 1  1  1 1  � 1 1 1 1 1

FHGGGGGGGGGGGGGGGGGGGGGGGGGG
I

Lemma 3. LetH bea Bush-typeHadamardmatrixof order4n2. LetH � H ,  H � .
Theneach of H , andH � ! I2n . J2n is a symmetric� 4n2 � 2n2 ! n � n2 ! n� –design.
Furthermore, thetwodesignsshare thediagonalblock entriesI2n . J2n.

Proof. Theproof is simple,but we presentanunusualproof herewhich inspiresa
similarproof for Theorem8; themainresultof thepaper.

First notethat,

H , ! H � � J2n . J2n 2
So,2H , � H ! J2n . J2n. Now,

4H , H , t �=� H ! J2n . J2n �J� Ht ! J2n . J2n �� HHt ! 4n2J2n . J2n
! 4 � n2 ! n�%� J2n . J2n� 4n2I4n2

! 4 � n2 ! n� J2n . J2n 2
Therefore,H , H , t � n2I4n2

! � n2 ! n� J2n . J2n. ThismeansthatH , is asymmetric� 4n2 � 2n2 ! n � n2 ! n� –design.It is similarly simpleto seethatH � ! I2n . J2n is alsoa
symmetric� 4n2 � 2n2 ! n � n2 ! n� –design.NotethatBush–typenessis essentialfor H
to bea twin design.Computercomputationshows thatthetwo designsaredifferent
in general.
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Example4. Let H bethematrix of example2, then,H , is thefollowing matrix,CDDDDDDDDDDDDDDDDDDDDDDDDDD
E

1 1 1 1 1 1 0 0 1 0 1 0 1 0 0 1
1 1 1 1 1 1 0 0 0 1 0 1 0 1 1 0
1 1 1 1 0 0 1 1 1 0 1 0 0 1 1 0
1 1 1 1 0 0 1 1 0 1 0 1 1 0 0 1
1 0 0 1 1 1 1 1 1 1 0 0 1 0 1 0
0 1 1 0 1 1 1 1 1 1 0 0 0 1 0 1
0 1 1 0 1 1 1 1 0 0 1 1 1 0 1 0
1 0 0 1 1 1 1 1 0 0 1 1 0 1 0 1
1 0 1 0 1 0 0 1 1 1 1 1 1 1 0 0
0 1 0 1 0 1 1 0 1 1 1 1 1 1 0 0
1 0 1 0 0 1 1 0 1 1 1 1 0 0 1 1
0 1 0 1 1 0 0 1 1 1 1 1 0 0 1 1
1 1 0 0 1 0 1 0 1 0 0 1 1 1 1 1
1 1 0 0 0 1 0 1 0 1 1 0 1 1 1 1
0 0 1 1 1 0 1 0 0 1 1 0 1 1 1 1
0 0 1 1 0 1 0 1 1 0 0 1 1 1 1 1

F GGGGGGGGGGGGGGGGGGGGGGGGGG
I

andthematrixH � ! I2n . J2n isCDDDDDDDDDDDDDDDDDDDDDDDDDD
E

1 1 1 1 0 0 1 1 0 1 0 1 0 1 1 0
1 1 1 1 0 0 1 1 1 0 1 0 1 0 0 1
1 1 1 1 1 1 0 0 0 1 0 1 1 0 0 1
1 1 1 1 1 1 0 0 1 0 1 0 0 1 1 0
0 1 1 0 1 1 1 1 0 0 1 1 0  0 1
1 0 0 1 1 1 1 1 0 0 1 1 1 0 1 0
1 0 0 1 1 1 1 1 1 1 0 0 0 1 0 1
0 1 1 0 1 1 1 1 1 1 0 0 1 0 1 0
0 1 0 1 0 1 1 0 1 1 1 1 0 0 1 1
1 0 1 0 1 0 0 1 1 1 1 1 0 0 1 1
0 1 0 1 1 0 0 1 1 1 1 1 1 1 0 0
1 0 1 0 0 1 1 1 1 1 1 1 1 1 0 0
0 0 1 1 0 1 0 1 0 1 1 0 1 1 1 1
0 0 1 1 1 0 1 0 1 0 0 1 1 1 1 1
1 1 0 0 0 1 0 1 1 0 0 1 1 1 1 1
1 1 0 0 1 0 1 0 0 1 1 0 1 1 1 1

FHGGGGGGGGGGGGGGGGGGGGGGGGGG
I

Notethatthetwo designshareonly thediagonalblock entries.

3 A cyclic subgroup of signed permutation matrices

LetSPm bethesetof all signedpermutationmatricesof orderm. LetU � circ � 0 � 1 � 0 �$2%2$2$� 0�
bethecirculantshift permutationmatrixof order2n (this is acirculantmatrixof or-
der2n with first row 010 2$2$2 0) andN � diag�� -� 1 � 1 �$2%2$2$� 1� bethediagonalmatrixof
order2n with  1atthe � 1 � 1� -positionand1 elsewhereonthediagonal.Let E � UN,
thenE is in SP2n. Let G4n �K� γi � Ei . I2n: i � 1 � 2 �$2%2$2$� 4n ���ML γ N .
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Lemma 5. G4n is a cyclic subgroupof SP4n2, of order4n.

Proof. For 1 � r � 2n, � UN � r is U r with its first r columnsnegated.Thusγ2n �
E2n . I2n �O I2n . I2n �O I4n2. It now follows that G4n is a cyclic subgroupof
SP4n2, of order4n.

NotethatG4n is a (signed)groupsubgroupof SP4n2 and∑γ P G4n
γ � 0.

Example6. Let n � 2 in lemma5, then

γ � E . I4 �
566
7

0 I4 0 0
0 0 I4 0
0 0 0 I4 I4 0 0 0

8:99
;

γ2 � E2 . I4 �
566
7

0 0 I4 0
0 0 0 I4 I4 0 0 0
0  I4 0 0

8:99
;

γ3 � E3 . I4 �
566
7

0 0 0 I4 I4 0 0 0
0  I4 0 0
0 0  I4 0

8:99
;

γ4 � E4 . I4 �
566
7
 I4 0 0 0
0  I4 0 0
0 0  I4 0
0 0 0  I4

8:99
;

γ4, j � E Q 4, j R . I4 �0 E j . I4 �0 γ j � j � 1 � 2 � 3 � 4 2
So for this example,G8 �(� γi � Ei . I4: i � 1 � 2 �$2$2%2$� 8 � is the cyclic subgroupof
SP16, of order8.

Lemma 7. Let q �@� 2n ! 1� 2 bea primepower. Thenthere is a balancedweighing
matrix BGW � qm ! qm� 1 !S"%"$"%! q ! 1 � qm � qm  qm� 1 � over thecyclic groupG4n for
each positiveinteger m.

Proof. Notethat4n is adivisorof q  1 andapply[3], IV.4.22,or [4], Theorem2.2.

4 The Siamese Twin Designs

Ionin [6] wasthefirst to investigatesymmetricdesignswith parametersν � 4 � qm !
qm� 1 !S"$"$"$! q ! 1� n2, κ � qm � 2n2 ! n� , λ � qm � n2 ! n� for everypositive integerm
andn � 3. In [7], theauthorconsideredthecasewhereq �B� 2n  1� 2 wasa prime
power. We now considerthecasewhereq �0� 2n ! 1� 2 is a primepower.

Thefollowing is themainresultof this paper.
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Theorem 8. Let H bea Bush–typeHadamard matrix of order 4n2 with q ��� 2n !
1� 2 a primepower. Thenthere is a weighingmatrix

W � 4 � qm ! qm� 1 !S"$"%"$! q ! 1� n2 � 4qmn2 �
which canbeusedto constructa Siamesetwin designwith parameters

νm � 4 � qm ! qm� 1 !S"%"$"$! q ! 1� n2 � κm � qm � 2n2 ! n�J� λm � qm � n2 ! n�J�
for each positiveinteger m.

Proof. Let mbeapositiveinteger. LetW �T�wi j � bethebalancedgeneralizedweigh-
ing matrix BGW � ν � κ � λ � of Lemma7, whereν � qm ! qm� 1 !)"$"$"%! q ! 1, κ � qm,
λ � qm  qm� 1. ConsidertheblockmatrixA �U�Hwi j � of order4νn2. Let AAt �T�Bkl � .
For k �� l ,

Bkl � ν

∑
j 3 1

Hwkj � Hwj l � t
� ν

∑
j 3 1

H � wkjwl j
t � Ht

� H � ν

∑
j 3 1

wkjwl j
t � Ht

� H � ∑
γ P G4n

λ
4n

γ � Ht � 0 2
For k � l ,

Bkl � H
ν

∑
j 3 1
� wkj wl j

t � Ht

� κHHt

� 4n2κI2n 2
SoA is a weighingmatrixW � 4n2ν � 4n2κ � . Now, let

D �0�Mwi j
! � I2n . J2n �V�wi j � � �

whereM � H  I2n . J2n. This matrix (which is obtainedfrom A by negatingsome
entries)containsasymmetricdesignswith theparameters,νm � 4 � qm ! qm� 1 !W"$"$"X!
q ! 1� n2, κm � qm � 2n2 ! n� , λm � qm � n2 ! n� for every positive integerm. To see
this, let

D � D ,  D � �@�Mwi j
! � I2n . J2n �V�wi j � � 2

Now observethat
D , ! D � �@� < J2n . J2n > �wi j � � 2
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Therefore,
2D , �0�Mwi j

! <$� J2n
! I2n �Y. J2n > �wi j � � 2

First notethatfor all i � j � k � l ,
<4� J2n

! I2n �Z. J2n > �wi j � �J� Mwkl � t �@� Mwkl �[<\� J2n
! I2n �Z. J2n > �wi j � � t � 0 2

Also notethatacalculationon �Mwi j � akinof thatonA abovewould give,

�Mwi j � �Mwi j � t � κ � Iν . MMt �J2
So,we have,

4D , D , t �=�X<4� J2n
! I2n �Z. J2n > �wi j � � ��<4� J2n

! I2n �Z. J2n > �wi j � � t ! �Mwi j � �Mwi j � t�=�X<4� J2n
! I2n �Z. J2n > �wi j � � ��<4� J2n

! I2n �Z. J2n > �wi j � � t ! κ � Iν . MMt �*2
For k �� l ,

ν

∑
j 3 1

<%� J2n
! I2n �Y. J2n > �wkj �]�:<4� J2n

! I2n �Z. J2n > �wj l � � t
� < � J2n

! I2n �Y. J2n >^� ν

∑
j 3 1
�%�wkj �/�wl j

t � � < � J2n
! I2n �Y. J2n >

� λ
2n
< � J2n

! I2n �Z. J2n > � J2n . I2n � < � J2n
! I2n �Z. J2n >

� λ
2n
< � J2n

! I2n �Z. J2n > < J2n . I2n > < � J2n
! I2n �Z. J2n >

� λ
2n
< 2n ! 1� 2J2n . 2nJ2n� λ � 2n ! 1� 2J2n . J2n� 4n � n ! 1� qmJ2n . J2n 2

Therefore,all the � k � l � , 1 � k �� l � ν blocksof the matrix D , D , t consistof the
matrixn � n ! 1� qmJ2n . J2n.
For k � l wehave,

ν

∑
j 3 1

<V<4� J2n
! I2n �Z. J2n > �wkj � > <V<4� J2n

! I2n �Z. J2n > �wkj � > t !
ν

∑
j 3 1

Mwkj � Mwkj � t
� κ < � J2n

! I2n �Z. J2n > < � J2n
! I2n �Z. J2n > t ! MMt �� qm < 4n2I4n2

! 4n � n ! 1� J2n . J2n >[2
From this we concludethat all the � k � k �*� 1 � k � ν blocks of the matrix D , D , t

consistof thematrix qm < n2I4n2
! n � n ! 1� J2n . J2n > . Therefore,D , is a symmetric� νm � κm � λm � –design.
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By a similarargumentwe canshow that

1
2
�H Mwi j

! <%� J2n
! I2n �Z. J2n > �wi j � �

is alsoa symmetric � νm � κm � λm � –design.Pleasenotethat thetwo designssharethe
part � I2n . J2n �:�wi j � andbothcouldbeobtainedfrom theweighingmatrixA.

Corollary 9. Let4n betheorderof a Hadamard matrixwith q �0� 4n ! 1� 2 a prime
power. Thenthere is a weighingmatrix

W � 16� qm ! qm� 1 !S"$"%"$! q ! 1� n2 � 16qmn2 �
fromwhich twosymmetricdesignsare generatedwith theparameters

νm � 16� qm ! qm� 1 !S"%"$"$! q ! 1� n2 � κm � qm � 8n2 ! 2n�*� λm � qm � 4n2 ! 2n�
for everypositiveinteger m.

Proof. This followsfrom Theorems1 and8.

Remark10. Corollary9 providesanew classof symmetricdesigns.

Acknowledgment. Theresearchis supportedby anNSERCoperatinggrant.
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