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Abstract. Let4n? betheorderof a Bush-typeHadamardnatrix with
g=(2n+ 1)2 aprimepower. It is shavn thatthereis a weighingmatrix

W(A(Q"+ g™+ + g+ 1)n?, 49™n?)
which canbe usedto constructa pair of symmetricdesignswith the parameters
V=4 g g D, k=g"(207 +n), A=q"(n*+n)

for every positive integer m. As a corollary we geta new classof symmetricdesignswith
parameters

v=16"+q™  +---+q+1)n?, k=g"(8n’+2n), A=qg"(4n?+2n)

for all positive integersm andn, where4n is the ordera Hadamardmatrix.

1 Introduction

A Bush-typeHadamardnatrix is a block matrix H = [Hij] of order4n? with block
size2n, Hij = Jon andHijdon = JonHij = 0,1 # j, 1 <i<2n, 1 < j < 2n, where
Jon is the 2n by 2n matrix of all entriesl. It is known that symmetricBush—type
Hadamardmnatricesexist for all orders16n for all valuesof n for which thereis a
Hadamardnatrix of order4n, see[8] for details.

A balancedyeneralizedveighingmatrix BGW(v,K,A) overagroupG is ama-
trix W = [wij] of orderv , with w;; € GU {0} suchthateachrow andcolumnof W
hask non-zercentriesandfor eachk # |, the multiset{wkjwﬁl 1L LV, #
0,w; # 0} contains\ /|G| copiesof every elemeniof G.

In [7] the authoruseda Bush—typeHadamardmatrix of order4n?, with q =
(2n— 1)? a prime power, in a classof balancedgeneralizedweighing matrices
over acyclic groupto constructa new classof symmetricdesignswith parameters
v=4(q"+gq™ 14 -+ g+ 1), k = g"(2n°—n), A = q"(n? —n), for everypositive
integersm. Thesesymmetricdesignavereshowvn to begeneratedhn pairsby equat-
ing certainentriesof aweighingmatrix to zero.Thefirst classof symmetricdesigns
with theseparametersvasfirst constructedby loninin [6] for n = 3. More precisely
lonin [6] useda very specialregularHadamardnatrix of order36in aclassof bal-
ancedgeneralizedveighingmatrices BGW(q"+ g™ +--- +q+1,q",q"— g™ 1)
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overacyclic groupof ordert, whereq is a prime power, mis a positive integerand
t isadivisor of g— 1, to constructhis symmetricdesigns.

In this paperwe againusea Bush—typeHadamardmatrix of order4n?, but this
time with g = (2n+ 1)? a prime power to constructthe sisterclassof symmetric
designswith parameters = 4(q™+g™ 1 +.-- + g+ 1), k = qM(2n2 +n), A =
g™(n? + n) for every positive integerm. We will shawv thatthesedesignsagainare
generatedn pairs,but unlike the designsdn [7], theblocksof the designsherehave
some“commonintersections”We usetheterm“Siamesewin design”to draw the
attentionto this property

The problemof investigatinghe existenceof Bush—typeHadamardnatricesof
order4n?, n anoddinteger, is atoughone.lt is quiteinterestingio notethatif such
matricesexist, thenthe constructionmethodgivenin this papersimplifieslonin’s
methodsignificantly Moreover, the methodusedin this paperproducesaninfinite
classof new symmetricdesignsrom ary Bush—typeHadamardnatrix of new order
4n?, n odd suchthatthe number(2n+ 1)? is a prime power, see[5]. On the other
hand,the nonexistenceof a symmetricBush—typeHadamardmatrix of order 4n?
would imply the noneistenceof projective planeof order2n. The noneistenceof
a symmetricBush—typeHadamardmatrix of order36 hasbeenestablishedn [2],
thoughin a completelydifferentsetting.The smallestorderfor which the existence
of Bush—typeHadamardnatricesis unknowvnis 196 = 14%. We conjecturehere,as
in [7], thatBush-typeHadamardnatricesexist for all orders4n?, n anoddinteger,

Fora(0,£1)-matrixK, letK = KT —K~, whereK* andK~ are(0, 1)-matrices.
TheKronecler productof two matricesA = [a;;] andB, denotedA® B, is defined,
asusual,by A® B = [a;;B]. For amatrix A = [a;;], denoteby |A| the matrix [|aj]].
Throughouthe paper — represents-1.

2 Bush-type Hadamard matrices and Siamese twin designs

K. A. Bush[1] provedthatif thereexistsa projectie planeof order2n, thenthere
is aHadamardmatrix H of order4n?, suchthat:

1. H is symmetric.
2. H =[Hij], whereH;; areblocksof order2n, Hjj = Jo, andH;jJon = JonHij = 0,
fori£j,1<i<2n,1<j<2n

Bushsinterestwasmainly in the nonecistenceof suchmatricesWhereaghereare
differentmethodsto constructmatricesof order16n? of the above type, (see[8]),
we arenot awareof noneistenceof matricesof this form of order4n? for any odd
valueof n,n> 3.

Pleasenote that in this paperby a Bush-typeHadamad matrix we meanan
Hadamardmatrix satisfyingonly condition2 above, aswe do not needto assume
thatH is symmetridfor our constructionFor completeneswe includethefollowing
resultof theauthor[8].

Theorem 1. Let4n bethe order of a Hadamad matrix, thenthere is a Bush-type
Hadamad matrix of order 16n°.
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Proof. Let K be a normalizedHadamardmatrix of order4n. Letrq, ro, ..., ran be
therow vectorsof K. LetCi =rlri, i = 1,2,...,4n. Thenit is easyto seethat:

1. Ct =G, fori=1,2,...,4n.

2. C1 = dan, Gdan = G = 0,fori= 2,...,4n.
3. CiCtj =0,fori#j,1<i,j<4n.

4. 3 CCH= 1612145,

Now letH = circ(Cy,Cy, ... ,Can), theblockcirculantmatrixwith firstrow C;C; . . . Cap.
ThenH is a Bush-typeHadamardnatrix of order16n?.

Example2. Let
1111
11 -—--—
K= 1-1-
1--1
Then,
r1:(1111)
r2:(11——)
I’3=(1—1—)
r4:(1——1)
1111
1111
Ci=rin=17771
1111
11—
11--—
C2=I’t2r2= -_11
-—-11
1-1-—
-1-1
C3=I’t3r3= 1-1—
-1-1
1--1
_11_
Ca=rlyrs= 11
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ThenH = circ(Cy,Cy,C3,Cy) is thefollowing matrix,

111111--1-1-1--1
111111-—-1-1-11-
1111--111-1--11-
1111--11-1-11--1
1--1111111--1-1-
~11-111111---1-1
~11-1111--111-1-
1--11111--11-1-1
1-1-1--1111111--
~1-1-11-111111--—
1-1--11-1111--11
~1-11--11111--11
11--1-1-1--11111
11--—-1-1-11-1111
- -111-1--11-1111
- -11-1-11--11111|

Lemma3. LetH beaBush-typdHadamad matrixof order4n?. LetH = Ht —H~.
Thenead of HT andH ™ + Ion® Jon is @ Symmetrig(4n?, 2n? 4+ n,n? + n)—design.
Furthermog, thetwo designsshare the diagonalblock entriesl o, ® Jon.

Proof. The proofis simple,but we presentan unusualproof herewhich inspiresa
similar proof for Theorem8; the mainresultof the paper

Firstnotethat,

H++H_ = J2n®J2n.
S0,2H* = H + Jon ® Jon. Now,

AHTHT = (H + Jon ® Jon) (H' + Jon ® Jon)
= HH' +4n°Jn @ Jon + 4(n2 +1))J2n® Jon
= 4n2|4n2 + 4([‘12 +N)Jon ® Jon.

Therefore HTH*' = n?l ;2 + (N? 4 N)Jon ® Jon. ThismeanghatH* is asymmetric
(4n?,2n? 4 n,n? +n)—designlt is similarly simpleto seethatH ~ + Ion® Jon is alsoa
symmetric(4n?, 2n? 4 n,n? 4+ n)—designNote thatBush—typenesis essentiafor H
to beatwin design.Computercomputatiorshovs thatthetwo designsaredifferent
in general.
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Example4. LetH bethematrix of example2, then,H™ is the following matrix,

[1111110010101001]
1111110001010110
1111001110100110
1111001101011001
1001111111001010
0110111111000101
0110111100111010
1001111100110101
1010100111111100
0101011011111100
1010011011110011
0101100111110011
1100101010011111
1100010101101111
0011101001101111

10011010110011111]|

andthematrixH™ + lon ® Jon is

[1111001101010110]
1111001110101001
1111110001011 001
1111110010100110
0110111100110-01
1001111100111010
1001111111000101
0110111111001010
0101011011110011
1010100111110011
0101100111111100
1010011111111100
0011010101101111
0011101010011111
1100010110011111
[1100101001101111]

Notethatthetwo designshareonly thediagonalblock entries.

3 A cyclic subgroup of signed permutation matrices

Let SPy bethesetof all signedpermutatiormatricesof orderm. LetU = circ(0, 1,0,. ..
bethecirculantshift permutatiormatrix of order2n (thisis a circulantmatrix of or-
der2nwith firstrow 010...0) andN = diag(—, 1,1, ...,1) bethediagonaimatrix of
order2nwith —1atthe(1, 1)-positionandl elsavhereonthediagonalLetE =UN,
thenE isin SPon. LetGan={Y =E'®ly:i =1,2,...,4n} =<y >.
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Lemma 5. Gay is acyclic subgoupof SP,,2, of order 4n.

Proof. For 1 <r < 2n, (UN)" is U" with its first r columnsnegated.Thusy?" =
E2®lon = —lon® lon = —lgp2. It now follows that Gap is a cyclic subgroupof
P2, of order4n.

NotethatGan is a (signed)groupsubgroupof SP,2 andy e, Y= 0.

Examples. Letn=2in lemmabs, then

01,00
B [ oow0
y=E®la=| 4 g9,
1,000
0 0140
o, | o ool
V=E'®l = 1,000
0 —1,00
00 01,
s |-wo0 00
Y =E'gls= 0 -1, 0 0
0 0 —I40
1,0 0 O
4 | o-s0 0
Vi=E'ela=| o o', o
0 0 0 —I,

v4+j — E(4+j)®|4: —El Rlg= —Vj,j =1,2,3,4

Sofor this example,Gg = {y = E'® I4:i = 1,2,...,8} is the cyclic subgroupof
SPy6, Of order8.

Lemma7. Letq= (2n+ 1)? bea prime power Thenthere is a balancedwveighing
matrix BGW(q"+ g™ +---+ g+ 1,d™, g™ — g™ 1) overthe cyclic group Gy, for
ead positiveinteger m.

Proof. Notethat4n is adivisorof q— 1 andapply[3], IV.4.22,0r [4], Theoren®.2.

4 The Siamese Twin Designs

lonin [6] wasthefirst to investigatesymmetricdesignswith parameters = 4(q™ +

g™ 4 4+ g+ 1) k =gM(2n? +n), A = g"(n?+ n) for every positiveintegerm

andn = 3. In [7], the authorconsideredhe casewhereq = (2n— 1)2 wasa prime

power. We now considerthe casewhereq = (2n+ 1)? is a prime power.
Thefollowing is the mainresultof this paper
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Theorem 8. LetH bea Bush—typeHadamad matrix of order 4n? with q = (2n+
1)? a prime power Thenthere is a weighingmatrix

W™+ g™+ -+ g+ 1)n? 49™n?)
which canbeusedto constructa Siameséwin designwith parametes
Vm=4(@"+q" g+ D, Km=qT(2074N), Am=q"(n?+n),
for each positiveinteger m.

Proof. Letmbeapositiveinteger LetW = [wi;] bethebalancedjyeneralizeaveigh-
ing matrix BGW(v,K,\) of Lemma7, wherev = g™+ g™ 1+ ...+ q+1,k =q",
A =g™—g™ L. Considetheblockmatrix A = [Hwi] of orderdvn?. Let AA' = [By].
Fork #1,

v

Ba = Hwi (Hw;))'

=1

H (wijwh ) H'

Il
M-

= H(

t t
ijW” )H

M-

- Ayt —
= H( %‘m%y)H =0.

&

Fork=1,

v
By =H Z (ijW|jt) H!
=1

= KHH"

= 4nPKlzn.

SoA is aweighingmatrix W(4n?v, 4n’k). Now, let
D = [MWij + (20 ® J2n) |Wij ],

whereM = H — lz2n ® Jon. This matrix (which is obtainedfrom A by negatingsome
entries)containsasymmetricdesignswith theparametersym = 4(q™+ g™ 1 +-- -+
q+1)n?, Km = gq™(2n +n), Am = q™(n? + n) for every positive integer m. To see
this, let

D=D"-D = [MWij + (I2n ® J2n) [Wij]]-

Now obsene that
Dt+D™ = [(J2n® Jzn) |Wij ].
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Therefore,
2D = [Mwij + ((J2n + I2n) © Jan) [wij .
Firstnotethatfor all i, j, k.1,
((J2n =+ 12n) ® Jon) Wi ) (Mwig ) = (MWig ) ((J2n + I2n) ® Jan) [Wij ) = O
Also notethata calculationon [Mw; ;] akin of thaton A above would give,
[Mwij ] [Mwij ] = k(ly @ MM").

So,we have,

4DTD = [((Jan+ 12n) @ Jon) (Wi ][ ((J2n + 12n) @ Jan) [Whj |]* + [Mwi ] [Mw; ]

= [((J2n+ 12n) @ Jzn) Wi [][( (J2n + 120) @ Jon) [Wij []' + K (Iy @ MM").

Fork #1,

v
Z (Jon+12n) ® JZn) | W j |(((J2n +I2n) ®\]2n) Wi |)t

v
((J2n+ I2n ®JZn Z |ij||W|j JZn+ |2n)®\]2n)
=1

- % ((32n+12n) ® Jan) (Jn ® l2n) ((Jn + I2n) © J2n)

— % ((Jzn +1l2n) ® Jzn) (Jzn ® I2n) ((J2n +ln) ® JZn)

= % (2n+1)235n ® 200

= M2n+ 1)2020 ® Jon
= 4n(n+1)g"Jon ® Jon.

Therefore,all the (k,1), 1 < k # | < v blocks of the matrix D¥D*! consistof the
matrix n(n+ 1)g"Jon ® Jon.
For k =1 we have,

(((32n +120) ® J2n) (Wi ) (((J2n + I2n) ® Jon) Wi ) +

< 'U‘M<

|\/|W|<J'(|\/|ij)t

Il
ik

= K((Jon+12n) ® Jon) ((Jon + 12n) ® Jzn)t +MMY)
= g™ (4042 + 4An(N+ 1) Ion ® Jon).
From this we concludethat all the (k,k),1 < k < v blocks of the matrix D*D*!

consistof the matrix qm(n2I4nz +n(n+1)Jon® J2n) . ThereforeD* is a symmetric
(Vm, Km, Am)—design.
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By asimilar agumentwe canshow that

1
5 1= Mij - ((Jon + l2n) ® Jan) Wi ]

is alsoa symmetric(vm, Km, Am)—design Pleasenotethatthe two designssharethe
part(lon ® Jon) |wWij | andboth couldbe obtainedfrom theweighingmatrix A.

Corollary 9. Let4n betheorder of a Hadamad matrixwith g = (4n+1)2 a prime
power Thenthere is a weighingmatrix

W(16(q™+ g™ + - + g+ 1)n?, 169™n?)
fromwhich two symmetrialesignsare geneiatedwith the parametes
Vn=16(q"+q" 4+ g+ D)%, km=g"(8n?+2n), Am=q"(4n?+2n)
for everypositiveinteger m.
Proof. Thisfollowsfrom Theoremsl and8.
Remarkl0. Corollary9 providesanew classof symmetricdesigns.
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