An exact algebraic predicate for maintaining the topology of the Additively Weighted Voronoi diagram^∗

François Anton ♮ , David Kirkpatrick ♮ and Darka Mioc^† ♮ Department of Computer Science, University of British Columbia 201-2366 Main Mall, Vancouver, B.C., Canada, V6T 1N4 {fanton,kirk}@cs.ubc.ca

1 Introduction

The ordinary Voronoi diagram has been extended or generalised in several directions, and these generalised Voronoi diagrams have found many practical applications (see [3] for a general survey on Voronoi diagrams). Abstract Voronoi diagrams [6] include a large number of concrete Voronoi diagrams, e.g., Voronoi diagrams for point sites under any L_p -metric, 1 ≤ p ≤ ∞, or under any convex distance function, whose unit circle is algebraic. Furthermore, they comprise weighted Voronoi diagrams and Voronoi diagrams for line segments or circles under the Euclidean metric.

The Additively Weighted Voronoi diagram is related to the Apollonius Tenth problem. The Appolonius Tenth problem is to find a circle Γ tangent to three given circles C_1, C_2, C_3 (see Fig. 1).

Figure 1: The Apollonius Tenth problem.

∗Keywords: Additively Weighted Voronoi diagram, algebraic predicates, exact predicates, Gröbner basis †Research realized during a post-doctoral fellowship at INRIA Sophia-Antipolis from December 2000 to July 2001

In this work, we have developed an exact algebraic predicate of degree 16 for computing the topology of the Additively Weighted Voronoi diagram, i.e. the relationship of adjacency between Voronoi regions of weighted points. This predicate would be the core of an algorithm for constructing incrementally the Additively Weighted Voronoi diagram. This work extends the work of Anton, Mioc and Gold [2] on dynamic Additively Weighted Voronoi diagrams by addressing the robustness issue with an exact predicate. The exact computation of the Additively Weighted Voronoi diagram has not been addressed until Anton et al. [1]. That paper addressed the exact predicate for the offline construction of the dual of the Additively Weighted Voronoi diagram from the dual of the Power Voronoi diagram of spheres by using the relationship between the Additively Weighted Voronoi diagram in the plane and the Power Voronoi diagram of spheres in the threedimensional space. In this paper, we address a direct exact predicate for maintaining the topology of the Additively Weighted Voronoi diagram in an incremental way. The motivation for an exact predicate lies in the fact that without an exact computation of the topology of the Additively Weighted Voronoi diagram, some geometric and topologic inconsistencies may appear (see Fig. 2,3 and 4). In their independent work, Karavelas and Emiris [5] provided several exact predicates of maximum degree 16 for achieving the same incircle / orientation / edge-conflict-type / difference of radii test as we do in a single predicate. They reduced the degree of their incircle predicate from 28 to 20 and then to 16 using Sturm sequences and invariants.

In the next section we introduce the preliminaries necessary for developing the algebraic predicate. We will explore it in Section 3.

2 Preliminaries

Let N be the set of integers, R be the set of reals, and R^2 be the euclidean plane. Let P = {P_1, ..., P_n} be the set of generators or sites, where P_i is the weighted

Figure 2: The starting configuration: there are three weighted points (whose corresponding weight circles are drawn in bold) for which the dual of the Voronoi diagram is drawn in dashed lines. All the weighted points are centered on the axis drawn as a dashed and dotted line. Portions of the Appolonius circles tangent to the weight circles have been drawn in plain lines

point located at p_i ∈ R^2 and of weight w_i ∈ R. Let C_i be the circle centred at p_i and of radius w_i, which we call weight circle hereafter.

The Voronoi region of P_i is defined by: V (P_i) = { M ∈ R^2 |∀j : d(M, p_i) − w_i ≤ d(M, p_j ) − w_j } , where d is the Euclidean distance between points. The Additively Weighted Voronoi diagram of P is defined as V (P) = {V (P_i) |P_i ∈ P} (see Figure 5).

The Additively Weighted Voronoi diagram defines a network composed of edges (loci of points having two nearest neighbours), and vertices (loci of points having three nearest neighbours).

3 The exact algebraic predicate

We consider the maintenance of the topology of the Additively Weighted Voronoi diagram in an incremental way: we check the validity of a triangle of the dual graph of the Additively Weighted Voronoi diagram with respect to a newly inserted weighted point [2]. Thus, four weighted points P_1, P_2, P_3 and P_4 are given: the

Figure 3: The real configuration after addition of the fourth weigted point (bold weight circle), which is also centered on the axis drawn as a dashed and dotted line.

first three are supposed to define a triangle in the dual graph of the Additively Weighted Voronoi diagram, and the last one is the newly inserted weighted point. Let (x_1, y_1), (x_2, y_2), (x_3, y_3) and (x_4, y_4) be the coordinates of p_1, p_2, p_3 and p_4. There are two possible outcomes to the above test of validity: either the triangle is valid with respect to the newly inserted weighted point and the triangle remains in the new dual, or the triangle is not valid with respect to the newly inserted weighted point and the triangle will not be present in the dual any longer. We can see an example of the later case (which we call a switch condition) in Fig. 6. The triangle P_1P_2P_3 is not valid with respect to the weighted point P_4, thus the triangles P_1P_2P_3 and P_2P_3P_4 must switch their common boundary, and become the triangles P_1P_2P_4 and P_1P_3P_4.

The predicate consists of determining if one of the additive distance from the real vertices among the two additively weighted Voronoi vertices of P_1, P_2 and P_3 to P_4 is greater than or equal to the additive distance to P_1 (see Fig. 6).

The additively weighted Voronoi vertex I with coordinates (x, y) can be obtained algebraically by computing the common intersection of the three circles C^′_1, C^′_2 and C^′_3 (see Fig. 7) expanding (or shrinking) from the three first circles C_1, C_2 and C_3 all at the same rate. The common signed expansion of the first three circles is denoted by r. The circle C^{′′} centred on (x, y) and of radius r is either externally tangent to the first three circles (if the expansion r is positive) or internally tangent to the first three circles (if the expansion r is negative).

The intersection of three expanding circles I = C^′_1 ∩

Figure 4: The configuration computed by an approximate algorithm: the difference between real and percieved situations has been exaggerated in order to show the difference. While on the left of the axis of symmetry the weight circle of the newly inserted weighted point has been correctly perceived to intersect the left Appolonius circle, on the right of the axis of symmetry the weight circle of the newly inserted circle has been incorrectly perceived not to intersect the right Appolonius circle. There is an inconsistency within the topology: the crossing of edges in the topology on the right of the axis of symmetry, and an inconsistency between topology and geometry: the topology does not respect the symmetry with respect to the axis of symmetry.

C^′_2 ∩ C^′_3 can be computed algebraically as the solution of the following system of three quadratic equations:

(x − x_1)^2 + (y − y_1)^2 − (r_1 + r)^2 = 0 (x − x_2)^2 + (y − y_2)^2 − (r_2 + r)^2 = 0 (x − x_3)^2 + (y − y_3)^2 − (r_3 + r)^2 = 0 Subtracting one of the equations from the remaining two results in a system of 2 linear equations, from which x and y may be expressed in terms of r . Substitution in the first equation then leads to a quadratic equation in r. This means that the unknown quantities x, y, r can be expressed in terms of quadratic radicals as functions of the given centers and radii.

Even though the simplest thing to do at this point would be to compute the two Voronoi vertices and use their computed coordinates and corresponding signed expansion in the computation of the predicate, it is not desirable because the radicals involved in such an intermediate computation would imply more sign determinations as intermediate computations. In order to get the exact predicate in a more elegant and simpler way, we evaluated the predicate without explicitely solving the system of three quadratic equations defining the Voronoi vertex. For this purpose, we used Gröbner

Figure 5: The Additively Weighted Voronoi diagram: the weight circles are drawn as plain disks with a small hole at their centres, the Additively Weighted Voronoi diagram is drawn in plain thick hyperbola segments, and the topology, i.e. the dual is drawn in dashed lines

bases [4]. Gröbner bases are used in Computational Algebraic Geometry in order to compute a canonic representative of the remainder of the division of one polynomial by several polynomials. The Gröbner basis for this system provides a set of polynomials that defines uniquely the algebraic relationships between variables for the solutions of the system. The initial (largest with respect to some monomial order [4]) monomials of each one of the polynomials of the Gröbner basis form an ideal. The monomials that do not pertain to this ideal form a basis for the remainders of the division of a polynomial by the polynomials of the system. The size of this basis corresponds to the number of solutions of the system counted with their multiplicity. In our case, there are two solutions.

We computed the Gröbner basis of the ideal corresponding to I = C^′_1 ∩ C^′_2 ∩ C^′_3. This Gröbner basis consists of the previously mentioned quadratic equation in r and linear equations in x, y and r. We considered the operation of multiplication of polynomials by the polynomial (x_4 − x)^2 + (y_4 − y)^2 − (r + r_4)^2, which expresses the relative position of C_4 with respect to C^{′′}. This is a linear mapping. The operation of this mapping on the canonic representative of the remainder of the division of a polynomial by the three polynomials of the system is also a linear mapping that can be expressed by a matrix.

Firstly, we compute the matrix M = ( m_{00} m_{01} m_{10} m_{11} ) of the following mapping M_{(x4−x)}2_{+(y4−y)}2_{−(r+r4)}2 :

Figure 6: The predicate for maintaining the topology of the Additively Weighted Voronoi diagram

[p] −→ [( (x_4 − x)^2 + (y_4 − y)^2 − (r + r_4)^2 ) p ] . The eigenvalues of this matrix are the values of (x_4 − x)^2 + (y_4 − y)^2 − (r + r_4)^2 taken by the possible values of the solutions (x, y, r) of the system (see Theorem 4.5, page 54 in [4]). The eigenvalues of M are the solutions of det (M − λId) = 0, i.e. the roots of

λ^2 − λ (m_{00} + m_{11}) + (m_{00}m_{11}) − (m_{01}m_{10}) = 0 (1)

The values of the predicate are determined by the sign of the roots of Equation 1 (which are the eigenvalues of M). If there is only one eigenvalue and it is 0 then the fourth circle is tangent to the circle externally tangent to the first three circles. If the sgn(Δ) (where Δ = (m_{00} + m_{11})^2 − 4 (m_{00}m_{01} − m_{01}m_{10}) ) is negative then there is no switch condition (see Fig. 8 ). If the sgn(Δ) is 0 or positive then we have to evaluate the sign of the roots of the quadratic equation.

When there is only one double root of Equation 1 then we have the following two possibilities: either the value of the root of Equation 1 is positive or 0 and the triangle will not switch, or the value of the root of Equation 1 is negative and the triangle will switch (see Fig. 6). When there are two real roots of Equation 1 we have two triangles to consider (see Fig. 9). The triangles that belong to the roots with a negative value will switch (see Fig. 9).

The total degree of this algebraic predicate (i.e. of the polynomial whose sign is the value of the predicate) is 16. There is not enough space to show the elements of the matrix of the multiplication operator here, but the Macaulay 2 code is presented in the appendix.

Figure 7: The Additively Weighted Voronoi vertex as the common intersection of three expanding/shrinking circles

4 Conclusions

We have provided an exact predicate for the computation of Voronoi diagrams for circles in the plane. The degree of this predicate is 16.

5 Acknowledgments

The first author research has received the financial support of the French Government (BGF) and of the Institut National de Recherche en Informatique et en Automatique (INRIA).

References

[1] F. Anton, J.-D. Boissonnat, D. Mioc, and M. Yvinec. An exact predicate for the optimal construction of the Additively Weighted Voronoi diagram. In Proceedings of the European Workshop on Computational Geometry 2002, Warsaw, Poland.

[2] F. Anton, D. Mioc, and C. Gold. Dynamic Additively Weighted Voronoi diagram made easy. In Proceedings of the 10th Canadian Conference on Computational Geometry, August 1998, Montréal, Canada, pages 92–93.

[3] F. Aurenhammer and R. Klein. Voronoi diagrams.

In Handbook of computational geometry, pages 201– 290. North-Holland, Amsterdam, 2000.

[4] D. Cox, J. Little, and D. O’Shea. Using algebraic geometry. Springer-Verlag, New York, 1998.

Figure 8: No switch due to the absence of real Voronoi vertex

[5] M. I. Karavelas and I. Z. Emiris. Predicates for the Planar Additively Weighted Voronoi Diagram. ECG Technical Report ECG-TR-122201-01, IN- RIA, 2002.

[6] R. Klein. Concrete and abstract Voronoï diagrams.

Springer-Verlag, Berlin, 1989.

APPENDIX

Macaulay 2 code for the predicate: gbT race 4 dim F ractionF ield := F − > 0 P = frac(QQ[a, b, c, d, e, f, g, h, i, j, k, l]) R = P [x, y, t] cercle1 = (x − a)^2 + (y − b)^2 − (c + t)^2 cercle2 = (x − d)^2 + (y − e)^2 − (f + t)^2 cercle3 = (x − g)^2 + (y − h)^2 − (i + t)^2 emptycircle = ideal(cercle1, cercle2, cercle3) ecgb = gb emptycircle print ecgb eckb = basis cokernel gens ecgb print eckb kl = sort(flatten(entries(eckb))) kmind = splice {0..#kl − 1} scan(kl, entry− > print ring entry); hashlist = pack(2, mingle(kl, kmind)); feetmon = applyKeys(hashT able hashlist, key− > toString(key)); compmat = f − > (htl = apply(kl, be− > hashT able(pack(2, mingle(apply(flatten(entries( (coefficients((f ∗ be)%ecgb))#0)), item − > feetmon#(toString(item))), flatten( entries((coefficients((f ∗ be)%ecgb))#1)))))); matrix(table(#kl, #kl, (i, j)− > if (htl#i)#?j then

Figure 9: Two triangles can be possibly switched simultaneously by the addition of a single weighted point

(htl#i)#j else 0))); matp2 = compmat((x − j)^2 + (y − k)^2 − (t + l)^2); m00 = matp2 (0, 0) m01 = matp2 (0, 1) m10 = matp2 (1, 0) m11 = matp2 (1, 1) cm00 = coefficients m00 cm000 = cm00#0 cm001 = cm00#1 cm01 = coefficients m01 cm010 = cm01#0 cm011 = cm01#1 cm10 = coefficients m10 cm100 = cm10#0 cm101 = cm10#1 cm11 = coefficients m11 cm110 = cm11#0 cm111 = cm11#1